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866 Electrical Technology

25.1. Introduction

“Energy can neither be created nor be destroyed”. We can only change its forms, using
appropriate energy-conversion processes.

An interesting aspect about the energy in “Electrical form” is that neither it is so available
directly from nature nor it is
required to be finally consumed in
that form. Still, it is the most
popular form of Energy, since it
can be transported at remote
Load-locations, for optimum
utilization of resources. Further,
technological progress has now
made it possible to device
Electrical-Power-modulation
systems so flexible and
controllable that modern systems
tend to be energy-efficient, with
increase in life-span of main
equipment and the associated
auxiliary components (like
switches, connecting cables,
contactors, etc.) since it is now
possible to avoid overstrain (= over-currents or over-voltage) on the system. This means a lot for
the total production process (for which electrical energy is being used) since the quality of the
production improves, and plant-maintenance is minimal. Energy-conversion systems then assume
still higher importance.

Energy conversion takes place between well known pairs of forms of Energy: Electrical ↔
Chemical, Electrical ↔ Thermal, Electrical ↔ Optical, Electrical ↔ Sound, and Electrical ↔
Mechanical are the common forms with numerous varieties of engineering - applications. Electrical
↔ mechanical conversion is the focus of discussion in this chapter.

The elements of electro-mechanical energy conversion shall deal with basic principles and
systems dealing with this aspect. Purpose of the study is to have a general approach to understand
to design, and later to modify the system with the help of modern technologies, for overall
improvisation.

It is necessary to be aware about:

(a)  basic conditions to be fulfilled by the conversion system.

(b)  methods for innovating the conversion systems.

Electromechanical energy-conversion finds applications in following categories of systems:

(a)  transducers: Devices for obtaining signals for measurement / control,

(b)  force-producing devices: Solenoid-actuators, relays, electromagnets,

(c)  devices for continuous-energy-conversion: Motors / Generators

These systems have different configurations. But the principles of their working are
common. Understanding these principles enables us to analyze / design / improvise / innovate such
systems. As a result of such development, newer types of motors and the associated modern power
controllers have recently been manufactured and become popular. Controllers using power-

Generator
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Elements of Electromechanical Energy Conversion 867

electronics switching devices offer energy-efficient, user-friendly, and high-performance drives.
Their initial investment may be larger but two important parameters justify their use: (i)
Considerable energy is saved, resulting into payback periods as short as 18-24 months, (ii)  The
controllers ensure to limit the currents to pre-set values under conditions of starting /overload/
unbalanced supply. Hence, the entire system enjoys longer life. Both these effects lead to better
production-process and hence these are readily acceptable by industries.

25.2 Salient Aspects of Conversions
Purpose of electro-mechanical conversion device is to change the form of energy. Here, for

simpler discussion, only rotary systems will be dealt with. When it is converting mechanical input
to electrical output the device is “generating”. With electrical input, when mechanical output is
obtained, the device is motoring.

Some simple aspects of an electrical machine (motor / generator) have to be noted at this
place:

(1) Electrical machine has a Stator, a Rotor, and an air-gap in between the two. For a flux path,
the magnetic circuit has these three parts in series. In general, magnetic poles are established
in Stator and in Rotor.

(2) Magnetic effects of following types can be
categorized:

(a) Electromagnetic: Due to currents passed
through windings on Stator and / or Rotor,
producing certain number of poles on these
members.

(b) Permanent Magnets: One side (Stator or
Rotor) can have permanent magnets.

(c) Reluctance variation: Surface of Rotor
near the air-gap can be suitably shaped to
have a particular pattern of Reluctance-
variation so as to control the machine behaviour as per requirements.

(3) Basic conditions which must be satisfied by such devices are:
(a) Equal number of poles must be created on the two sides.
(b) In some cases, reluctance-variation is primarily used for machine-action. The Stator

side must accommodate a winding carrying current for the electromagnetic effect, when
rotor surface is shaped so as to have the desired pattern of reluctance variation. Or,
non-cylindrical rotor cannot have the current -carrying winding for machine action.

(4) Out of stator, rotor and air-gap, maximum energy-storage at any angular position takes
place in the air-gap, since its reluctance is highest out of the three members.

(5) Stored energy must depend on rotor-position and the device tends to occupy that angular
position which corresponds to maximum stored energy. If this position varies as a function
of time, the device produces continuous torque.

(6) Ideal output of a motor is a constant unidirectional torque with given currents through its
windings. In some cases, the output torque (as a compromise) is an average value of a
cyclically varying torque.

(7) Where current-switching is done for motor-control, as in modern controllers, instantaneous
effect has to be understood to conclude on any of the points mentioned above.

(8) A device can work either as a generator or as a motor, provided pertinent conditions are
satisfied for the concerned mode of operation.

Stator and Rotor
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868 Electrical Technology

25.3. Energy – Balance
For an electro-mechanical system, following terms are important:

(i) Electrical port (= armature terminals): receiving / delivering electrical energy.

(ii) Mechanical port (= shaft): delivering / receiving mechanical energy.

(iii) Coupling field: Magnetic field or Electric field.

Even though, theoretically, both the types
of fields mentioned above are able to convert the
energy, the magnetic medium is most popular since
the voltage levels required are not very high, and
the devices of given power rating are smaller in
size and are economical. Hence, only those will be
dealt with.

It is obvious that an electrical motor
receives energy at the electrical port and delivers it
at the mechanical port. While an electric generator
receives the energy at the mechanical port and
delivers it at the electrical port. It is also known
that the following losses take place in such systems and are dissipated away as heat: (i) i2r losses
in the windings of the machines, (ii) friction and windage losses, (iii) core-losses.

These can be either neglected or attached to electrical port, mechanical port and coupling
magnetic field respectively, for simpler analysis. With this, the simple energy balance equation can
be written as:

Change in Electrical Energy =  Change in Mechanical Energy + Change in Field-Energy

dWelec = dWmech  + dWfld                                    . . .(25.1)

It is natural that this equation has +ve signs for electrical and mechanical-energy-terms
when the device is motoring. For generating mode, however, both the terms assume –ve signs.

In case no mechanical work is done, eqn. (25.1) reduces to eqn. (25.2) below indicating that
Electrical energy - input is stored in the magnetic field.

dWelec = dW 
fld . . . (25.2)

25.4.  Magnetic-field System: Energy and Co-energy

25.4.1 Linear System

Fig. 25.1 (a) Magnetic circuit

Conversion of electrical energy into mechanical
energy
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Elements of Electromechanical Energy Conversion 869

A simple magnetic current is shown in  Fig 25.1 (a), with assumptions that air-gap length
at the joints is negligible, and the magnetic medium is not saturated. With A as the cross-sectional
area of the core and Lm as the mean length of the path, a coil with N turns carrying a current of  i
amp has an mmf of F, establishing a flux of φ, related by

         φ =  F × m

where m =  Permeance of the Magnetic circuit

=  µoµr   A/Lm

   with µr =  relative permeability of the magnetic medium,

This corresponds to the following relationships:

Coil Inductance,  L = N2 m  = Nφ / i =  λ / i

where λ  =   flux-linkage of the coil, in weber-turns

Wfld  = Energy stored in the coil  = ½  Li2 = ½ N2 m  i
2 =  ½ F2 m

           = ½ F(F m )  =  ½ Fφ                    . . . (25.3)

In this eqn., m  is the slope of the characteristic in Fig 25.1 (b). Hence, the inductance is
proportional to the slope of F-φ plot.  In Fig., 25.1 (b), for the operating point  A, the mmf is F1
and the flux  φ1. At the point A, the energy stored in the field is given by eqn. below:

Wfld  =  ½ F1 φ1

F1 is due to the current i1. Wfld is given by area OATO in Fig 25.1(b).

In Fig 25.1(b), the origin refers to the system without magnetization.

The system can reach the point A, starting  from O as the current in the coil is increased
from O to i1 .

Let us understand the intermediate events.

At point B, the flux is φ due to the mmf   F.

An increment in coil current results into increase in mmf   by  dF. This increases the core-
flux by dφ. New operating point is C.

Eqn. (25.3) is to be suitably re-written in terms of these incremental values.

Wfld = ∫  dWfld =  
1

0

φ

∫ Fdφ = 
1

0

φ

∫  (area of the strip NBB’Q) = area of triangle OAT

       = (1/ m )
1

0
.

φ
φ∫ dφ = ½.φ1 . F1 . . . (25.4)

Fig. 25.1 (b) Characteristic of a magnetic circuit Fig. 25.1 (c) Energy and co-energy
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870 Electrical Technology

Alternatively, we have the area of elemental strip kBB″M  =  φ . dF

 Area of   ∆  OAS = 
1

0

F

∫   (area of the strip KBB″M)

=  
1

0

F

∫ φ  .  dF = m  
1

0

F

∫  F  dF = m    F1
2/2  =  ½ F1 φ1                       . . . (25.5)

In order to distinguish with respect to the terms in eqn. (25.4), this area is called as the
“Co-energy of the field” and is represented by W′ fld. For a Linear system, however, for a given
operating point, say A, the two energy-terms are equal. Hence,

Wfld = W´fld = ½ F1φ1 = ½ Li1
2                                                              . . . (25.6)

In order to have a simple and clear distinction between the two energy terms, it can be said
that the differential variable “Current” (or mmf ) is related to Co-energy and the differential
variable  “flux - linkage” (or flux) is related to Energy.

This energy stored in the magnetic field comes from the electrical source connected to the
coil in Fig. 25.1(a).

25.4.2. A Simple Electromechanical System

A simple electro-mechanical system is shown in Fig. 25.2(a).

Reference point O corresponds to the
unstretched spring. Energy stored in the spring is
then Zero. In position A of the movable member,
the spring is elongated by x, and the corresponding
energy stored in the spring is ½ Ks x

2, where Ks is
“spring-constant” of the linear system in Nw / m. In
Fig  25.2 (a), the distance OA is x. The elemental
distance AB is dx, so that OB is x + dx. For simpler
analysis, it is assumed that magnetic material is
highly permeable and that the clearance at point M
(for movement of the member) is negligible. So
that the mmf of the coil is required to drive the flux
in the region OABC only. The flux-mmf

Fig. 25.2 (a) Fig. 25.2 (b)

A simple electromechanical system
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Elements of Electromechanical Energy Conversion 871

relationships are plotted for these two positions in Fig 25.2 (b). In position A, the movable member
has moved a distance of x from its unstretched position or reference point. Let the operating point
be H, so that the coil-mmf OA (=F) establishes a flux OB (=φ). In this position, the movable
member experiences a force in such a direction that the energy stored in the field tends to increase.
It tends to reach B, so that an additional displacement of dx shifts the characteristic upwards and
final operating point in position B is C�. From H to C�, the operating point can move in any one
of the following ways:

(a)  HC� vertically, if the mechanical movement is too slow so that change of flux is slow
and induced emf in the coil is negligible. This corresponds to the coil-mmf remaining constant at
F during the transition. Constant mmf means vertical travel of the operating point from H to C�.

(b)  H to K horizontally and then K to C�along the characteristic corresponding to (x + dx)
as the displacement of the movable part. This is possible when the motion is very fast, resulting
into flux remaining constant till the operating point traverses from H to K. Then, from K to C�,
the flux increases, an emf in induced the coil and the mmf finally  reaches its value of F, at the
point C´.

(c)  In reality, the transition from H to C� will be somewhere in between these two
extremes mentioned above.

However, for simplicity, one of these extreme conditions has to be accepted. In (a) above,
the mmf remains constant. In (b) above, the flux (and hence the flux-linkage) remains constant. Let
us take the case of constant-mmf. If the process has taken a time of dt,

Electrical-energy input during the process = dWelec

=   (voltage applied to the coil)  ×  current  ×  dt  =  eidt

=   dλ /dt  ×  i  ×  dt  =  idλ  =   i N dφ   =  Fdφ  =  area of rectangle B′HC′D
In this case, coil-resistance has been neglected.

25.4.2.1. In terms of Field Energy

At the previous operating point H, the energy stored in the magnetic field,

Wfld1 = area of ∆ OHB´

At the new position corresponding to the operating point C′, the field energy stored is given
by Wfld2  = area of the ∆ OC�D

The difference of these two is the change in the energy stored in the
magnetic field     =  dWfld   =   ½ [OA� × A�C�  –  OA� × A� H]

                                     =  ½ OA�  [A� C� × A� H]  =  ½ OA�  HC�

                                     =  ½ . F . dφ  =  ½  dWelec

Out of the energy delivered by the source, half is stored in the magnetic field. Where has
the remaining half been utilized? Obviously, this must have been transformed into the mechanical
work done. In this case, neglecting losses, it is finally stored in the stretched spring due to its
elongation by dx.

Comparing this with the equation (25.1),

             dWelec  = dWmech + dWfld

                       = dWmech + ½  dWelec

or          dWmech = dWfld = ½  dWelec

Consider that a force F is operative at the displacement of x. This force is in such a
direction that x increases or the movable member is attracted towards D. In the same direction, a
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displacement by dx results into the increase in the energy stored by the spring. Relating the
concerned terms,

  F  =  ks.x

   dWmech =  mechanical work done against the force of the stretched spring

=  – F dx = dWfld

or  F =  – dWfld / dx, in this case

=  – δWfld / δx, in general

Alternatively, the difference in the energy stored in the spring also gives a very useful
relationship.

In the position corresponding to x + dx, the energy stored in the spring

=  ½  ks (x + dx)2.  Similarly, at x, the energy   =  ½  ks  x
2

Difference =  ½   ks  [(x
   +  dx)2  – (x)2]

=  ½   ks  [ x
2  + 2.x.dx + (dx)2 – x2]

=  ½   ks  [2.  x.  dx],   neglecting  (dx)2

            =  ks. x. dx = F dx

This difference is nothing but dWmech, which is equal in magnitude to dWfld and confirms the
relationship obtained earlier.

25.4.2.2. In terms of field Co-energy

Proceeding along lines similar to those while dealing with field-energy above, following
relationships exist. For simpler discussion, the transition is assumed to be along HKC�. Neglecting
area of the small triangle HKC�, we have

at x,  W´fld1 =   area of  ∆  OA´H

at x + dx,   W�fld2 = area of  ∆  OA´C´ (neglecting ∆ HKC´)

    dW�fld =   W�fld2 – W�fld1 = φ. dF  where dF = MA�

=   Co-energy in the field   F  dx

Hence,     F =  +  dW�fld / dx, in this case

=  +  δW�fld / δx, in general

25.5.  Energy in Terms of Electrical Parameters

In the preceding article, the energy and force were related in terms of magnetic-system
parameters, namely flux and mmf, through the third parameter, the permeance.

It is at times convenient to relate these things in terms of electrical-system-parameters,
namely, the inductances and currents. That is being dealt with here only for linear systems.  Let 
be the permeance of the magnetic circuit and L be the coil-inductance.

Wfld  =  Field-energy  =  ½  F φ  =  ½ Ni  (Ni ) = ½  (N2 )i2

      =  ½  Li2

                    F = – dWfld /dx  =  – ½ . i2. dL/dx

Thus, a force exists if the coil-inductance is dependent on x. Such analysis is more suitable
when the system has more than one coils coupled through the magnetic circuit. If two such coils
are considered, following data should be known for evaluation of the force, in case of linear
displacement:

L11   =  self inductance of coil - 1

L22   =  self inductance of coil - 2
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L12   =  Mutual inductance between two coils, 1 and 2

i1, i2 =  currents through the two coils.

Wfld =  Total energy stored in the field  = ½ L11 i1
2  +  ½  L22  i

2
2  +  L12 i1 i2

Magnitude of Force,  F = dWfld /dx  = ½ i2
1  dL11 / dx  + ½ i22  dL22 /dx  +  i1i2  dL12 /dx

From the right-hand side of this equation, it is noted that the inductance-term which is
dependent on x contributes to the force.

25.6. Rotary Motion
Most popular systems for electro-

mechanical energy are Generators and
Motors. The preceding discussion dealt with
the Linear motions, wherein x represented the
displacement parameter, and force was being
calculated.

Now we shall deal with the rotary
systems, wherein angular displacement
parameters (such as θ) and corresponding
torque developed by the system will be
correlated, through a systematic procedure for a typical rotary machine.

25.6.1. Description of Simple System
A simple rotary system has a

‘stator’ and   a ‘rotor’. Air-gap
separates these two. Stator has two
similar coils ‘a’ and ‘b’ located at
900 electrical, with respect to each
other. Inner surface of the stator is
cylindrical. Outer surface of the rotor
is also cylindrical resulting into
uniform air-gap length for the
machine.

The diagram represents a two-
pole machine. Axis of coil ‘a’ may be
taken as reference, with respect to
which the rotor-coil axis makes an
angle of  θ, at a particular instant of
time. For a continuous rotation of the
rotor at ω radians / sec, θ = ωt. Coil-
‘b’-axis is perpendicular to the
reference, as shown. Due to the
uniform air-gap length, and due to the
perpendi-cularity between coils ‘a’
and ‘b’, inductance-parameters
exhibit the following patterns:

Let x represents the inductance parameter as a function of θ. The subscripts indicate the
particular parameter. xaa = self-inductance of coil ‘a’ , xab  = mutual inductance between coils a and
b and so on.  x  represents value of the particular inductance parameter, which will help in knowing
the variation of inductance  with θ.

Fig. 25.3. Simple rotary system

Rotary motion
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(a)  Self inductances of coils ‘a’ and ‘b’ are not dependent on rotor position.

    xaa = Laa and xbb =  Lbb, at all values of θ.

(b)  Mutual inductance between stator coils ‘a’ and ‘b’ is zero, due to perpendicularity.

      xab = zero, for all values of θ.

(c)  Self-inductance of rotor-coil is constant and not dependent on θ.

      xra= Lrr  (= constant), at all values of θ.

(d)  When ‘r’ and ‘a’ coils have their axes aligned, at θ = 0, the mutual inductance between
them is maximum, which is denoted by xar. At θ  =  900, their axes are perpendicular resulting into
no coupling or zero mutual inductance. When θ  = 1800, r and a coils are aligned in anti-parallel
way and hence maximum mutual inductance exists between them with negative sign.

Further, whatever happens to coupling between r and  a  at a value of θ  happens to that
between r and b with a delay of 900. All these are mathematically represented as :

xra =  Lra cos θ = Lra   cos (ωrt)

xrb = Lra  sin θ  = Lra   sin (ωrt) = Lra  cos (ωrt – 900)

Since ‘a’ and ‘b’ coils are alike, the maximum mutual inductance is represented by the same
term Lra.

25.6.2. Energy stored in the coils

Energy stored in the magnetic field can either be expressed in terms of mmf and flux or be
expressed in terms of inductance-terms and coil currents. If ia, ib and ir are the coil-currents, stored-
energy-terms are as given below:

(i) W1 =  Energy  in Self-ind. of coil ‘a’:  ½ Laa i
2
a

(ii) W2 =  Energy  in Self-ind. of coil ‘b’:  ½ Lbb i
2
b

(iii) W3 =  Energy  in Self-ind. of coil ‘r’:   ½ Lrr  i
2
r

(iv) W4 =  Energy  in mutual inductance between ‘a’ and ‘r’: xra ir ia = xra ir ia = xra .cos θ.ir. ia

(v) W5 =  Energy  in mutual inductance  between ‘b’ and ‘r’ :  xrb  ir .  ib =  xra  sin θ. ir  .  ib

W =  Total energy stored in the system  =  Sum of all the energy-terms cited above

=  W1 + W2 + W3 + W4 + W5

T =  Torque produced =  δW / δθ
If ia, ib, ir are assumed to be constant currents, for simplicity, so that their derivatives with

respect to θ (and hence with respect to time t) are zero, the energy-terms which include constant
inductances do not contribute to torque. W1, W2, and W3 thus cannot contribute to torque. W4 and
W5 contribute to torque related by:

 T =  δW / δθ  =  δ / δθ  [W4  +  W5] = δ / δθ   [Lra iria cos θ  +  Lra irib sin θ ]
=   Lra ir    [ – ia sin θ +  ib cos θ ]

If ia = ib =  is, T = Lra ir is    [– sin θ  + cos θ ]
For such a system, the torque is zero at θ  =  + 45o, and the torque is maximum at θ   =  – 45o.

If one of the stator currents is reversed, the result differs. For this, let ia  =  – is  and  ib  =  + is

T = Lra ir is [sin θ  +  cos θ ]

And the maximum torque occurs at  θ =  450. This is a position for rotor, which is midway
between the two stator coils.
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25.6.2.1. Different Categories
From the torque expressions above, it is clear that the torque exists only when stator and

rotor-coils carry currents. When only stator-coils (or only rotor coil) carry current, torque cannot
be produced.

(a)  One coil each on Stator and on Rotor
In the above  mentioned case, let us excite only one stator-coil. Let  ia =  is,  ib = 01   and ir

maintained as before.

T  = – Lra  iris  sin θ
Following observations are made for such a case:

(i) At θ = 0, T = 0, Mutual inductance xra is maximum (= Lra) and hence the stored energy
in mutual inductance is maximum, but torque is zero.

(ii) At θ = 900, T is maximum. xra is zero, hence the concerned stored energy is zero.

(iii) As seen earlier, W4 =  Lra iria cos θ  =  Lra iris  cos θ
Torque  =  dW4 / dθ = iris  d (Lra cos θ) / dθ
Contributed by W4, the power is related as follows:

Power  =  rate of change of energy with time

         = dW4 / dt = dW4 / dθ. dθ / dt = T. ωr = iris Lra (– sin θ ) ωr

Magnitudes of these terms are maximum for θ  = 900. If  θ can be set at 900, at all instants
of time, torque obtained is maximum. Such a situation
does exist in a d. c. machine in which rotor carries an
armature winding which is a lap- or wave-connected
commutator winding. The brushes are so placed on the
commutator that rotor-coil-axis satisfies the above-
mentioned condition of θ = 900, irrespective of the
rotor-position or rotor speed. Such an equivalence of a
rotating armature coil with such an effectively
stationary coil is referred to as a quasi-stationary
coil. It means that a rotating coil is being analyzed as
a stationary coil due to its typical behaviour for
electro-mechanical energy conversion purposes.

(b) Two stator coils carrying two-phase
currents and rotor-coil carrying d. c.:   When

two stator coils carry
two-phase alternating
currents, a synchronously
rotating mmf is established. If the rotor-coil carries direct current, and
the rotor is run at same synchronous speed, a unidirectional constant
torque is developed. Mathematically, similar picture can be
visualized, with a difference that the total system is imagined to rotate
at synchronous speed. Such a machine is Synchronous machine, (to
be discussed in Later chapters). It can be understood through the
simple system described here.

(c) Machines with Permanent Magnets.
With suitable interpretation, the field side of the simple

system can be imagined to be with permanent magnets in place of
coil-excited electromagnets. All the interpretations made above are

Permanent magnet synchronous motor for
washing machine

Permanent magnet
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valid, except for the difference that in this case there is no  scope for controlling the rotor-coil-
current-magnitude.

(d )  Machines with no rotor coil, but with premeance variation.
Smooth cylindrical rotor surfaces do not exist in such cases. There are no rotor-coils. Due

to geometry of the rotor surface, stator-coil- self inductances vary with rotor position. Thinking on
lines of relating energy terms and their derivatives for torque-calculations, the working principles
can be understood. With simple construction,
Reluctance motors belong to this category.

(e) Switched currents in Stator
Coils.

In yet another type, stator coils are
distributed and properly grouped. One group
carries currents during certain time interval.
Then, this current is switched off. Another
group carries current in the next time interval
and so on. The rotor surface is so shaped that
it responds to this current switching and
torque is produced. Even though stator-coil-
inductances are complicated functions of rotor
position, the method of analysis for such
machines is same. Prominent types of
machines of this type are:  switched reluctance motors, stepper motors, etc.

25.6.2.2. Vital Role of Air-gap
Magnetic circuit of an electrical machine has a flux established due to coil-mmfs. This flux

is associated with stator core, rotor core and air-gap. An important point for understanding is to
know which out of these three stores major portion of the field energy. Through an illustrative case,
it will be clear below, in example 25.1.

Example 25.1.  Let a machine with following
data be considered.

Calculate the energy stored in the air-gap and
compare the same with that stored in the cores.

Stator-core outer diameter    = 15 cm

Stator-core inner diameter = 10.05 cm

Rotor-core outer diameter = 10.00 cm

Rotor-core inner diameter = 5 cm

Axial length of the machine = 8 cm

Effect of slotting is neglected. The core
volumes and air-gap volume for the machine shown
in Fig  25.4  have to be calculated.

Solution.
Volume of Stator-core   = (π / 4)  ×  (152 – 10.052)  ×  8  cm3  = 779  cm3

Volume of Rotor-core   = (π / 4)  ×  (102 – 52) × 8 cm3   =  471 cm3

Volume of air-gap in the machine =  (π / 4) × (10.052 – 102) × 8  cm3

=  6.3 cm3

Fig. 25.4

Current in stator coils
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Let the relative  permeability of the core material be 1000. If the flux density is B Wb / m2,
and µ is the permeability, the energy-density is  ½ x B2 / µ  Joules / m3.  Let the flux density be
1.20  Wb / m2.  Energy density in air-gap  =   ½ × 1.202 / (4 π × 10–7) = 572350  Joules / m3

       =  0.573  Joules / cm3

Energy stored in air-gap = 0.573 × 6.3  =  3.6  Joules

Energy-density in Magnetic medium   =  ½ × 1.202 / (4π × 10–7 × 1000) = 573  J / m3

It is assumed only for simplicity that the flux density is same for the entire core of stator
and of rotor.

Energy stored in stator-core  =  573 × 779 × 10–6 = 0.45  Joule

Energy stored in rotor-core   =  573  ×  471 × 10–6 = 0.27  Joule

It is worth noting that even though the ratio of volumes is 198, the ratio of energies is 0.2,
since, for the present case,

volume of (Stator - core +Rotor - core) 779 471
198

Volume of air - gap 6.3vK
+= = =

kE  =  Energy stored in cores / Energy stored in air-gap  = (0.45  +  0.27) / 3.6 =  0.2

The ratio are like this due to µr being 1000, and  kv / kE  = 198 /0.2  = 1000

Alternatively, an air-gap of volume 6.3 cm3, [surrounded by the magnetic medium of
µr  =  1000] is equivalent to the magnetic medium of volume  6.3 × 1000  cm3.

Convertedequivalent volume of air-gap 6300

Volume of (Stator + Rotor) 779 471
=

+

Energystored in air-gap 3.6
5

Energystored in (Stator + Rotor) (0.45 0.27)
= =

+

This correlates the various parameters and confirms that the stored energy is maximum in the
air-gap.

Or, one can now say that in the process of electro-mechanical energy-conversion, the air-gap
plays a very vital role.

However, the stator-core and rotor-core help in
completing the flux-path in a well defined manner for
effective and efficient working of a rotary machine.

Example 25.2.  An electromagnetic relay has
an exciting  coil of 800 turns. The coil has a cross-
sectional area of 5 cm × 5 cm. Neglect reluctance of
the magnetic circuit and fringing.

(a)  (i)  Find the coil inductance if the air-gap
length is 0.5 cm.

       (ii) Find the field energy stored for a coil
current of 1.25 amp.

(b)  Coil-current remaining constant at 1.25 A,
find the mechanical energy  output based on field-
energy changes when the armature moves to a
position for which x = 0.25 cm.  Assume slow
movement of armature.

Fig. 25.5 Electro-magnetic relay
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(c)  Repeat (b) above based on force-calculations and mechanical displacement.

(d) What will be change in above results of mechanical work done, if the mechanical
   movement is fast, keeping the flux initially constant ?

Solution.

(a) (i) Permeance at air-gap = 
4

7 2 70
2

5 5 10
4 10 10 6.28 10

0.5 10

µ π
−

− − −
−

× ×
= × × = ×

×

Coil Inductance = N2  m  = 800 × 800 × 6.28 × 10–7 = 0.402 H
(ii) Energy stored in magnetic field = 1/2  Li2 = 1/2 × 0.402 × 1.252

          = 0.314  joule

(iii) 
2 7 4

2 20 1/ 2 800 800 4 10 5 5 10
1/ 2 ( ) 1/ 2fd

x

H A
W L x i i

l x

− −
′   × × × × × × ×

= = = × 
 

µ π

     
3

21.005 10
i

x

−×= ×

2 3
3 2

2

[ (1.005 10 )] 1
[1.005 10 ]f

x

i
F i

x x

δ
δ

−
−× × −= = × × ×

This is to be evaluated at    x = 0.5 × 10–2

        

3

2 2

1.005 10 1.25 1.25
62.8 NW

(0.5 10 )

−

−

− × × ×= = −
×

This force has to be balanced by the spring-tension.

(b)    Energy-computations : Inductance for x = 0.25 cm is first calculated. L(x2) = N2 m 2

= 800 × 800 × 2 × 6.28 × 10–7  =  0.804 Henry

If the mechanical movement is slow, net mmf
remains unchanged and the operating point moves
along HC vertically upwards and settles at C. Added
Electrical Energy input during change-over of the
operating point from H to C,

=  area  of  rectangle  BDCH = (φ2 – φ1) F1

2 1( ). ( )L x i L x i
Ni

N

− 
  

= i2  [L (x2) – L (x1) ] = 1.252 × [0.804 – 0.402]

         = 0.628  joule

Out of this, the additional stored energy in field,    dWfld =  ½ [L(x2) – L(x1)]

                                 =  0.314  joule

The remaining 0.314 joule is transformed into mechanical form and is related to the work-
done. This is obtained when the force on moving member is multiplied by the displacement.

∴  
2

1

x

x∫  dWmech =  0.314  joule

(c) As in a (iii) above,

F(x) = [1.005 × 10–3 × 1.252] [–1/x2]

Fig. 25.6 Graphical correlation of
energy-terms for the relay
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dWmech  =  F(x).dx

   Wmech =  
2

1

x

x∫ F(x)dx  =  k.  [
2

1

x

x∫  –1/ x2dx] = – k. 
2

1

x

x∫  x–2dx

2
3 2 21 1 1.005 1.25

1.005 10 1.25 10 2 0.314
0.25 0.5 10

− × = × × × − × = × =  
 joule

This agrees with answer obtained in (b) above.

With fast movement of armature, the operating point will move from H to K first, then
follow the path KC.

This means that the energy represented by the area of the triangle KHC corresponds to the
reduced consumption of energy.

OC has a slope of m 2   = 12.56 × 10–7

OH has a slope of m 1   =   6.28  × 10–7

BK = mmf required for establishing a flux of φ1 with an air-gap of 0.25 cm

BK =  ½  OA  =  ½  × (800  ×  1.25) = 500 amp-turns = HK in the present case.

Area of the triangle KHC =  ½  ×  KH × HC

=  ½  × 500 × [φ2 – φ1]

= ¼th  of area of rectangle BDCH, in this case

= ¼  × 0.628  =  0.157  joule.

Hence, Electrical energy fed during this process  =  area  BKCD

 =  area  BDCH  – area KHC  =  0.628 – 0.157  =  0.471  joule

Increase in field energy stored  ∆W�

fld = area OKH

 = area OHC – area KHC  =  0.314 – 0.157  =  0.157

Mechanical Energy output  =  0.471 – 0.157 = 0.314 Joule

It indicates that with fast movement, the electrical energy-input and the field-stored energy
have decreased by 0.157 J each but the mechanical-energy-term remains unaffected by fast or slow
movements of armature.

25.7. Dynamic Equations and System-model of a Simple System
It is quite necessary to analyze electro-mechanical conversion system for predicting the

performance and/or for monitoring the system. A simple system is being taken up here to deal with
dynamic equations and a simple model with its components is being related to the system. The
details will vary from system to system, and accordingly the equations will vary.

Fig. 25.7 shows different components of such a system meant for electrical to mechanical
conversion. On one side, an electrical source feeds the device at the ‘electrical port’. On the other
side, a force fe is developed at the ‘mechanical port’. Mechanical load is connected to this port.

(a)  At Electrical Port : A voltage source is shown to feed the device. r is its effective
internal resistance. At the electrical port, the inputs are λ (= flux linkage with the coil) and i. From
λ  , the voltage induced in the coil can always be evaluated.

(b) Role of the Conversion device: With these inputs, the device converts the energy into
mechanical form, and is available as a force fe (in case of linear motions), and, displacement x
measured from a suitable reference.
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(c) At the Mechanical Port: The possible items are: spring, damper, mass and an applied
mechanical force. Their natural and simple dependence on displacement x and its derivatives are
indicated below:

(i) Spring:   Force required to overcome spring elongation is proportional to the
displacement x.

(ii) Damper: Force required to overcome damping action in the system is proportional to
derivative of x.

(iii) Mass: Force required to overcome acceleration of mass is proportional to second
derivative of x.

(iv) Applied force, fo: This has to be overcome by fe . In terms of an equation, these terms
are related as follows:

fe  =  ks  (x – xo)  +  Bx + M x  +  fo

where

ks  =  spring constant

xo = value of x for unstretched spring

B  = damping constant

M = Mass to be accelerated

fo = External mechanical force applied to the system.

25.8. Statically induced emf and Dynamically Induced emf :
In Fig. 25.7 source voltage is  νo. Let L (x) be the coil inductance as a function of

displacement x. In a very general case,

νo (t)  =  ri  +  dλ /dt

          =  ri  +  d /dt  [L (x) × i]

          =  ri  +  L (x). di / dt + i. dL (x)/dx.  dx/dt

The second term on the right-hand side is statically induced emf (or transformer-emf), since
change of current with time is responsible for it. This cannot produce any force (or torque) and
hence cannot convert energy from electrical to mechanical form (or vice-versa).

The third term on the right hand side includes the speed (= dx/dt) and dependence of L (x)
on x. Any of these, if non-existent, will mean that third term reduces to zero. This term relates
dynamically induced emf (= speed emf) and is the main indicator of the process of electro-

. ..

Fig. 25.7 Linear motion: MODEL
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mechanical energy conversion. So, for conversion, there must be an inductance which varies with
the system position, and a motion must be there. In addition, coil must carry a current.

Having understood the linear-motion-system, it is easier to understand the system with
rotary motion, with due modifications.

Example 25.3.  A doubly excited rotating machine has the following self and mutual
inductances.

  rs   =  40 Ω ,    Ls  =  0.16 H

  rr   =  2  Ω ,     Lr  =  0.04 + 0.02 cos 2θ
Msr  =  0.08 cos θ

where θ  is the space-angle between axes of  rotor-coil and of stator-coil. The rotor is revolving
at a speed of 100 radians/sec. For is = 10 Amp d. c., and ir = 2 Amp d. c., obtain an expression
for torque and corresponding electrical power.

[Rajiv Gandhi Technical University, Bhopal, Summer 2001]

Solution. Wfld  = Total energy stored

=  ½   Ls   i
2

s   +  1/2 Lr i
2
r   +  Msr  isir

=   ½   (0.16)   i2
s  +  ½   [0.04 + 0.02  cos 2θ]i2

r

                                                                               +   [0.08 cos θ] isir

since is and ir are direct currents of constant magnitudes, there is no variation with φ or with t.

Relating torque with Wfld and substituting current-magnitudes,

Torque, T = 
flddW

dθ
−

  =   – [0  +  ½  × 0.02 × 22  (– 2sin 2 θ) + 0.08  (–sin θ ) (10 × 2)]

                       =  0.08  sin 2 θ + 1.6   sin θ

                       = 1.6 sin θ  + 0.08 sin 2 θ  Nw-m

On the right hand side, the first term is
electromagnetic Torque which is dependent on
both the currents. Second term is dependent only
on one current, and is of the type categorized as
Reluctance-torque which depends on non-
cylindrical shape,in this case, on the stator side,
as shown in Fig. 25.8

Starting from Wfld, electrical power can

be expressed, since it is well -known that

Power  =  time rate of change of energy

     Electrical power,   
flddW

p
dt

=

                                2 21 1
2 2s rs r ST s r

d
L i L i M i i

dt
 = + + 

                                2 21 1
2 2( ) ( ) ( )S s r s r srr

d d d
i L i L i i M

dt dt dt
= + +

Fig. 25.8
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2 21 1
2 2( ) ( ) ( )S s r s r str

d d d d d d
i L i L i i M

d dt d dt d dt
     = + + +          

θ θ θ
θ θ θ

221 1
2 2[zero] 100 [ 0.02 2 sin 2 ] 100S ri i= × + − × × θ × [ 0.08sin ] 100s ri i+ − θ ×

Substituting numerical values of currents,the electrical power is expressed as a function of

θ, as below :

p = [zero +   (– 8)   sin 2θ   +   (–160) sin θ] watts

= [– 160  sin θ –  8 sin  2θ ] watts

Proper interpretation of sign of power (as dependent on θ) is important. Positive power is

received by the coils, while negative power is received by the source.

Example 25.4. An inductor has an inductance which varies with displacement  x as

        L = 2 Lo / [1 +  (x / xo)]

Where Lo = 50 mh,  xo =  0.05cm,   x =  displacement in cm,

The coil –resistance is 0.5 ohm.

(a) The displacement x is held constant at 0.075 cm, and the current is increased  from 0 to 3
amp. Find the resultant magnetic stored energy in the inductor.

(b) The current is then held constant at 3 amp and the displacement is increased to 0.15 cm.  Find
the corresponding change in the magnetic stored energy.

Note.  Assume that all electrical transients are negligible.

Solution.  (a)  Inductance at x = 0.075 cm is calculated first.

 
0

1

2
40mH

1 (0.075 / 0.05)

L
L = =

+

λ1   =  L1 × current = 120 × 10–3, corresponding to point A in Fig. 25.9

Wfld  = ½ L1 (3)2   =  ½  (40 × 10–3  × 9) =  0.18   joule

(b)  Inductance for x = 0.15 cm is to be calculated now.

0
2

2
25mH

1 (0.075 / 0.05)

L
L = =

+

With current held constant at 3amp, the flux-Linkage is now
λ2=  (25 × 10-3)  × 3 = 75 × 10-3

Since the current  is constant at 3amp, magnetic stored
energy is reduced by the area of triangle OAB, in Fig. 25.9

Area of triangle OAB  = ½  ×  3 × (120 –75) 10-3 = 0.0675
joule

Check :   Stored-energy at B in terms of L2 and i, is given by
Wfld  =  ½  (25 x 10-3 ) × 32 =0.1125 joule

Alternatively,          Wfld2 = Wfld1  –  area of   ∆   OAB

                                  = 0.18  –   0.0675 = 0.1125 Joule Fig. 25.9
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Example 25.5.  If the inductor in the previous case is
connected to a voltage source which increases from 0 to 3 V
[part (a)]  and then is held constant at 3 V [part (b)],repeat
the problem, assuming that electrical transients are
negligible.

Solution.  Coil resistance is 0.5 ohm. When the
voltage reaches 3 V, the coil current is 6 amp. In part (a), L1
=  40 mH. Hence, Wfld3  =  energy stored   =  ½  L1 i

2
l  = 0.72

joule, at point C in Fig. 25.10.  In part (b), L2 = 25 mH.  The
current is held constant at  6  amp. Working on similar lines,

∆ Wfld = change in the field energy stored = area of
triangle  ODC     or     ∆Wfld = Wfld3 – Wfld4

Wfld =   ½ × 25 × 10–3 × 36 = 0.45 Joule, at point D

Change in energy stored in the field   = Wfld3  –  Wfld4 = 0.72 –  0.45 = 0.27 joule

Or              ∆ Wfld = area of  ∆ODC = ½ × 6 × (λ3 – λ4)

  Here      λ3  = 40 × 10–3 × 6, and  λ4 = 25 × 10–3 × 6

      ∆ Wfld  =  ½ × 6 × 6 × 10–3 (40 – 25) = 0.27  joule

Example 25.6.  A coil of an electromagnetic relay is associated with a magnetic circuit
whose reluctance is given by

 = a  +  bx

where a and b are positive constants decided by the details of the magnetic circuit, in which x is
the length of the air-gap between fixed and movable members. If the coil is connected to an A.C.
source where voltage is described by

ν  =  Vm  sin ωt,

find the expression for the average force on armature, with air-gap held constant at x.

Solution. If φ =  flux established, in Webers

                N =  number of turns on the coil,      λ  =  flux-linkage in Weber-turns

             Wfld =  ½    φ2

And force    2 21 1
2 2

fldW
F b

x x

δ δ
δ δ

= = φ = − φ

The current in the coil is given by

di
v R L

dt
= +

for which, the steady-state solution for current with an a.c. voltage applied to the coil is

given by

      
1

2 2 2

( )
where tan

V L
I

RR L

−= ∠ − =
+

ωθ θ
ω

RMS voltage,  V  =  (Vm) / 2

Fig. 25.10
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Instantaneous current  i is expressed as

     2 2 2

2
sin ( )

V
i t

R L
ω

ω
= −θ

+

Further,  L  =  N2/

  2 2 2

2
/ sin ( )

( ) ( )

N V
Ni t

R N
= = ω −θ

+
φ

ω

Force,   
2 2

2
2 2 2

sin ( )
( ) ( )f

bN V
F t

R N
−= −

+
ω θ

ω

The last term sin2 (ωt – θ) has a time average (over a cycle) of   ½.

Hence, average force, 
2 2

1
2 2 2 2

av
( ) ( )f

bN V
F

R N
= −

+ ω
( )

Force is in such a direction that x will be reduced, or that the energy stored tends to
increase.

Example 25.7.  Two coupled coils
have self- and mutual-inductances as
expressed below:

      L11  =  1  +  (1 / x),

L22  =  0.5  +  (1 / x),

      L12  =  L21  =  1 / x

These expressions are valid over a
certain range of linear displacement x, in
cms. The first coil is excited by a constant
current of 20 A and the second one, by a
constant current of  – 10 A. Find

(a)  mechanical work done if x
changes from 0.5 to 1.0 cm

(b)  energy supplied by the two
electrical sources in (a) above.

Solution. With data given, substituting the values of currents,

2 21 1
2 211 1 12 1 2 22 2

225 (50 / )
fldW L i L i i L i

x

= + +
= +

2/ 50 /f fldF W x xδ δ= − =

 (a)  
1.0 2

0.5
(50 / )mechW x dx∆ =∫

               1 1.0
0.550[ / 1] 50 joulesx−= − = +

Two coupled coils
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At  x  =  0.5,  Wfld  = 325  joules, and

at  x = 1.0,  Wfld  = 275  joules

Thus, increase in x from 0.50 to 1.0 cm decreases the stored energy in the field from 325
to 275 joules. The field-system, thus, releases an energy of 50 joules.

(b)   Calculations of Energy input from electrical sources –

       λ1 =    L11 i1  + L12 i2
        = 20  [1 + (1/ x)]  –  10 (1 / x) = 20 + (10 / x)

At   x =  0.5,  λ1  =  20  +  20  =  40  Wb-turns

       x =  1.0,   λ1 =  20  +  10  =  30  Wb-turns

∆Welec1 =  i1 [change in λ1  due to displacement]

=   20 × (–10)  =  – 200 Joules

Similarly,       λ2    =  L12 i1  +  L22 i2 =  –5  +  (10 / x)

At  x  = 0.5,   λ2   =  –5 + 20  =   + 15  Wb-turns

      x  = 1.0,   λ2    =  –5 + 10  =   + 5    Wb-turns

∆Welec2  =  (–10) (–10)  =  + 100  Joules.

Seeing the signs and numerical values, it can be seen that Source 1 receives an energy of
200 Joules, which comes from three constituents:

      100 J   from source 2,

        50 J   from field energy stored,

and     50 J   from mechanical system.

Tutorial Problems 25.1

(a)    A magnetic circuit has a coil with 1000 turns. Its reluctance is expressed as

  = [ 8.5   +   40  g]  ×  10+3   MKS units

where  g  =  air- gap length in mm, between fixed and movable parts. For a coil current of 2.0
amp held constant and with slow movement, calculate the change in the field energy stored, if the length
of the air-gap changes from 0.20 to 0.15 cm. Calculate the mechanical force experienced by the system.

Hint:  ∆ We  =  i ( λ2   –  λ1),  ∆ Wfld  =  ½  ∆ We

Force,  F  =   –  ∆ Wfld  / ∆ x

[Ans. ∆Wfld  =  6.60 J,  Force  =  13200 Nw]

(b) An electro-magnetic relay with an air-gap of x cm has the current and flux-linkage relation-
ship as

i  =  λ2    +   λ  (o.5 – x)2   amp, for  x  <  0.5 cm

Find the force on armature as a function of  λ  and  x.

Hint:    Wf (λ1 x)  = 
1.0

0.5∫ id λ

         And  Ff  =  – δWf  /  δx

[Ans. Wf  ( λ , x)  =  ( λ3/3)  +  ( λ2/2) (0.5 – x)2

             Ff  =  λ2  (0.5 – x)
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Contacts

Pivot

Insulator

Relay
Output

Iron
core

Coil

Pivoted
iron
armature

(c)  For a rotary system, the stator-coil and the rotor-coil have self and mutual-inductances as
described below, with suffix 1 for stator and 2 for rotor:

L11     =  L22  =  4  –  (6θ / π )    for     0 <  θ  <  π / 2

      =   1   +  (6 / π)  ( θ – 0.5 π)   for  π / 2  < θ < π
(Note: Self inductances cannot be negative.)

L12  =  L21 = 6 (1 – 2θ/π) for  0 < θ < π
Evaluate the inductances and the torque for  θ  =  π / 4 and the two coil currents of 5 amp constant

in magnitude.

Hint:  δ L / δθ contributes to torque.

[Ans. L11  =  L22  =  2.5 H

L12  =   +  3 H

T    =   450 / π  Nw]

Electromagnetic Relay
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26.1. Generator Principle26.1. Generator Principle26.1. Generator Principle26.1. Generator Principle26.1. Generator Principle

An electrical generator is a machine
which converts mechanical energy (or
power) into electrical energy (or power).

The energy conversion is based on the
principle of the production of dynamically
(or motionally) induced e.m.f.  As seen
from Fig. 26.1, whenever a conductor cuts
magnetic flux, dynamically induced e.m.f.
is produced in it according to Faraday’s
Laws of Electromagnetic Induction.  This
e.m.f. causes a current to flow if the con-
ductor circuit is closed.

Hence, two basic essential parts of an
electrical generator are (i) a magnetic field
and (ii) a conductor or conductors which
can so move as to cut the flux.

26.2.  Simple Loop Generator26.2.  Simple Loop Generator26.2.  Simple Loop Generator26.2.  Simple Loop Generator26.2.  Simple Loop Generator

ConstructionConstructionConstructionConstructionConstruction

In Fig. 26.1 is shown a single-turn rectangular copper coil ABCD rotating about its own axis in a
magnetic field provided by either permanent magnet is or electromagnets.  The two ends of the coil

Fig. 26.1

are joined to two slip-rings ‘a’ and ‘b’ which are insulated from each other and from the central shaft.
Two collecting brushes (of carbon or copper) press against the slip-rings.  Their function is to collect
the current induced in the coil and to convey it to the external load resistance R.

The rotating coil may be called ‘armature’ and the magnets as ‘field magnets’.

WWWWWorororororkingkingkingkingking

Imagine the coil to be rotating in clock-wise direction (Fig. 26.2).  As the coil assumes successive
positions in the field, the flux linked with it changes.  Hence, an e.m.f. is induced in it which is

Cut-away view of dc generator
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proportional to the rate of change of flux linkages (e = NdΦdt).  When the plane of the coil is at right
angles to lines of flux i.e. when it is in position, 1, then flux linked with the coil is maximum but rate
of change of flux linkages is minimum.

It is so because in this position, the coil sides AB and CD do not cut or shear the flux, rather they
slide along them i.e. they move parallel to them.  Hence, there is no induced e.m.f. in the coil.  Let us
take this no-e.m.f. or vertical position of the coil as the starting position.  The angle of rotation or
time will be measured from this position.

Fig. 26.2 Fig. 26.3

As the coil continues rotating further, the rate of change of flux linkages (and hence induced
e.m.f. in it) increases, till position 3 is reached where θ = 90º.  Here, the coil plane is horizontal i.e.
parallel to the lines of flux.  As seen, the flux linked with the coil is minimum but rate of change of
flux linkages is maximum.  Hence, maximum e.m.f. is induced in the coil when in this position
(Fig. 26.3).

In the next quarter revolution i.e. from 90º to 180º, the flux linked with the coil gradually
increases but the rate of change of flux linkages decreases.  Hence, the induced e.m.f. decreases
gradually till in position 5 of the coil, it is reduced to zero value.

So, we find that in the first half revolution of the coil, no (or minimum) e.m.f. is induced in it
when in position 1, maximum when in position 3 and no e.m.f. when in position 5.  The direction of
this induced e.m.f. can be found by applying Fleming’s Right-hand rule which gives its direction
from A to B and C to D.  Hence, the direction of current flow is ABMLCD (Fig. 26.1).  The current
through the load resistance R flows from M to L during the first half revolution of the coil.

In the next half revolution i.e. from 180º to 360º, the variations in the magnitude of e.m.f. are
similar to those in the first half revolution.  Its value is maximum when coil is in position 7 and
minimum when in position 1.  But it will be found that the direction of the induced current is from D
to C and B to A as shown in Fig. 26.1 (b).  Hence, the path of current flow is along DCLMBA which
is just the reverse of the previous direction of flow.

Therefore, we find that the current which we obtain from such a simple generator reverses its
direction after every half revolution.  Such a current undergoing periodic reversals is known as alter-
nating current.  It is, obviously, different from a direct current which continuously flows in one and
the same direction.  It should be noted that alternating current not only reverses its direction, it does
not even keep its magnitude constant while flowing in any one direction.  The two half-cycles may be
called positive and negative half-cycles respectively (Fig. 26.3).

For making the flow of current unidirectional in the external circuit, the slip-rings are replaced
by split-rings (Fig. 26.4).  The split-rings are made out of a conducting cylinder which is cut into two
halves or segments insulated from each other by a thin sheet of mica or some other insulating mate-
rial (Fig. 26.5).
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As before, the coil ends are joined to these segments on which rest the carbon or copper brushes.
It is seen [Fig. 26.6 (a)] that in the first half revolution current flows along (ABMNLCD) i.e. the

brush No. 1 in contact with segment ‘a’ acts as the positive end of the supply and ‘b’ as the negative
end.  In the next half revolution [Fig. 26.6 (b)], the direction of the induced current in the coil has
reversed.  But at the same time, the positions of segments ‘a’ and ‘b’ have also reversed with the

Fig. 26.4 Fig. 26.5

result that brush No. 1 comes in touch with the segment which is positive i.e. segment ‘b’ in this
case.  Hence, current in the load resistance again flows from M to L.  The waveform of the current
through the external circuit is as shown in Fig. 26.7.  This current is unidirectional but not continu-
ous like pure direct current.

Fig. 26.6 Fig. 26.7

It should be noted that the position of brushes is so arranged that the change over of segments ‘a’
and ‘b’ from one brush to the other takes place when the plane of the rotating coil is at right angles to
the plane of the lines of flux.  It is so because in that position, the induced e.m.f. in the coil is zero.

Another important point worth remembering is that even now the current induced in the coil
sides is alternating as before.  It is only due to the rectifying action of the split-rings (also called
commutator) that it becomes unidirectional in the external circuit.  Hence, it should be clearly under-
stood that even in the armature of a d.c. generator, the induced voltage is alternating.

26.3.26.3.26.3.26.3.26.3. Practical GeneratorPractical GeneratorPractical GeneratorPractical GeneratorPractical Generator

The simple loop generator has been considered in detail merely to bring out the basic principle
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underlying construction and working of an actual generator illustrated in Fig. 26.8 which consists of
the following essential parts :

1. Magnetic Frame or Yoke 2. Pole-Cores and Pole-Shoes
3. Pole Coils or Field Coils 4. Armature Core

5. Armature Windings or Conductors 6. Commutator
7. Brushes and Bearings
Of these, the yoke, the pole cores, the armature core and air gaps between the poles and the

armature core or the magnetic circuit whereas the rest form the electrical circuit.

Fig. 26.8

26.4.26.4.26.4.26.4.26.4. YYYYYokokokokokeeeee

The outer frame or yoke serves double purpose :
(i) It provides mechanical support for the poles

and acts as a protecting cover for the whole machine
and

(ii) It carries the magnetic flux produced by the
poles.

In small generators where cheapness rather than
weight is the main consideration, yokes are made of
cast iron.  But for large machines usually cast steel or
rolled steel is employed.  The modern process of form-
ing the yoke consists of rolling a steel slab round a cy-
lindrical mandrel and then welding it at the bottom.  The feet and the terminal box etc. are welded to
the frame afterwards.  Such yokes possess sufficient mechanical strength and have high permeability.

26.5.26.5.26.5.26.5.26.5. PPPPPole Corole Corole Corole Corole Cores and Pes and Pes and Pes and Pes and Pole Shoesole Shoesole Shoesole Shoesole Shoes

The field magnets consist of pole cores and pole shoes.  The pole shoes serve two purposes

Yoke

Shaft

Commutator

Lugs
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Field Poles Yoke

Field
Winding

Armature
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Feet
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(i) they spread out the flux in the air gap and also, being of larger cross-section, reduce the reluctance
of the magnetic path (ii) they support the exciting coils (or field coils) as shown in Fig. 26.14.

There are two main types of pole construction.
(a) The pole core itself may be a solid piece made out of either cast iron or cast steel but the pole

shoe is laminated and is fastened to the pole face by means of counter sunk screws as shown in
Fig. 24.10.

(b) In modern design, the complete pole cores and pole shoes are built of thin laminations of
annealed steel which are rivetted together under hydraulic pressure (Fig. 26.11).  The thickness of
laminations varies from 1 mm to 0.25 mm.  The laminated poles may be secured to the yoke in any of
the following two ways :

(i) Either the pole is secured to the yoke by means of screws bolted through the yoke and
into the pole body or

(ii) The holding screws are bolted into a steel bar which passes through the pole across the
plane of laminations (Fig. 26.12).

Fig. 26.9 Fig. 26.10

Fig. 26.11 Fig. 26.12
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26.6.26.6.26.6.26.6.26.6. Pole CoilsPole CoilsPole CoilsPole CoilsPole Coils

The field coils or pole coils, which consist of copper wire or strip, are former-wound for the
correct dimension (Fig. 26.13).  Then, the former is removed and wound coil is put into place over the
core as shown in Fig. 26.14.

When current is passed through these coils, they electromagnetise the poles which produce the
necessary flux that is cut by revolving armature conductors.

26.7.26.7.26.7.26.7.26.7. ArArArArArmamamamamaturturturturture Core Core Core Core Coreeeee

It houses the armature conductors or coils and causes them to rotate and hence cut the magnetic
flux of the field magnets.  In addition to this, its most important function is to provide a path of very
low reluctance to the flux through the armature from a N-pole to a S-pole.

It is cylindrical or drum-shaped and is built up of usually circular sheet steel discs or laminations
approximately 0.5 mm thick (Fig. 26.15).  It is keyed to the shaft.

The slots are either die-cut or punched on the outer periphery of the disc and the keyway is
located on the inner diameter as shown.  In small machines, the armature stampings are keyed directly
to the shaft.  Usually, these laminations are perforated for air ducts which permits axial flow of air
through the armature for cooling purposes.  Such ventilating channels are clearly visible in the lami-
nations shown in Fig. 26.16 and Fig. 26.17.

Fig. 26.13 Fig. 26.14

Up to armature diameters of about one metre, the circular stampings are cut out in one piece as
shown in Fig. 26.16.  But above this size, these circles, especially of such thin sections, are difficult
to handle because they tend to distort and become wavy when assembled together.  Hence, the circu-
lar laminations, instead of being cut out in one piece, are cut in a number of suitable sections or
segments which form part of a complete ring (Fig. 26.17).

Fig. 26.15 Fig. 26.16
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A complete circular lamination is made up of four
or six or even eight segmental laminations.  Usually, two
keyways are notched in each segment and are dove-tailed
or wedge-shaped to make the laminations self-locking in
position.

The purpose of using laminations is to reduce the
loss due to eddy currents.  Thinner the laminations, greater
is the resistance offered to the induced e.m.f., smaller the
current and hence lesser the I2 R loss in the core.

26.8.26.8.26.8.26.8.26.8.          ArArArArArmamamamamaturturturturture e e e e WWWWWindingsindingsindingsindingsindings

The armature windings are usually former-wound.
These are first wound in the form of flat rectangular coils and are then pulled into their proper shape
in a coil puller.  Various conductors of the coils are insulated from each other.  The conductors are
placed in the armature slots which are lined with tough insulating material.  This slot insulation is
folded over above the armature conductors placed in the slot and is secured in place by special hard
wooden or fibre wedges.

26.9.26.9.26.9.26.9.26.9. CommutatorCommutatorCommutatorCommutatorCommutator

The function of the commutator is to facilitate collection of current from the armature conduc-
tors.  As shown in Art. 26.2, it rectified i.e. converts the alternating current induced in the armature
conductors into unidirectional current in the external load circuit.  It is of cylindrical structure and is
built up of wedge-shaped segments of high-conductivity hard-drawn or drop forged copper.  These

Fig. 26.18 Fig. 26.19

segments are insulated from each other by thin layers of mica.  The number of segments is equal to the
number of armature coils.  Each commutator segment is connected to the armature conductor by
means of a copper lug or strip (or riser).  To prevent them from flying out under the action of centrifu-
gal forces, the segments have V-grooves, these grooves being insulated by conical micanite rings.  A
sectional view of commutator is shown in Fig. 26.18 whose general appearance when completed is
shown in Fig. 26.19.

26.10.26.10.26.10.26.10.26.10. Brushes and BearingsBrushes and BearingsBrushes and BearingsBrushes and BearingsBrushes and Bearings

The brushes whose function is to collect current from commutator, are usually made of carbon or

Fig. 26.17
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graphite and are in the shape of a rectangular block.  These brushes are housed in brush-holders
usually of the box-type variety.  As shown in Fig. 26.20, the brush-holder is mounted on a spindle and
the brushes can slide in the rectangular box open at both ends.  The brushes are made to bear down on
the commutator by a spring whose tension can be adjusted by changing the position of lever in the
notches.  A flexible copper pigtail mounted at the top of the brush conveys current from the brushes
to the holder.  The number of brushes per spindle depends on the magnitude of the current to be
collected from the commutator.

Because of their reliability, ball-bearings are frequently employed, though for heavy duties, roller
bearings are preferable.  The ball and rollers are generally packed in hard oil for quieter operation and
for reduced bearing wear, sleeve bearings are used which are lubricated by ring oilers fed from oil
reservoir in the bearing bracket.

26.11.26.11.26.11.26.11.26.11. ArArArArArmamamamamaturturturturture e e e e WWWWWindingsindingsindingsindingsindings

Now, we will discuss the winding of an ac-
tual armature.  But before doing this, the mean-
ing of the following terms used in connection with
armature winding should be clearly kept in mind.

26.12.26.12.26.12.26.12.26.12. Pole-pitchPole-pitchPole-pitchPole-pitchPole-pitch

It may be variously defined as :
(i) The periphery of the armature divided

by the number of poles of the generator
i.e. the distance between two adjacent
poles.

(ii) It is equal to the number of armature conductors (or armature slots) per pole. If there are 48
conductors and 4 poles, the pole pitch is 48/4 = 12.

26.13.26.13.26.13.26.13.26.13. ConductorConductorConductorConductorConductor

The length of a wire lying in the magnetic field and in which an e.m.f. is induced, is called a
conductor (or inductor) as, for example, length AB or CD in Fig. 26.21.

Fig. 26.20
Bearing

Armature winding

Spindle
hole

Brush
box

Tension
adjusting
handle

Spring

Carbon
brushes

Flexible
Cu-pig tail
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26.14.26.14.26.14.26.14.26.14. Coil and Coil and Coil and Coil and Coil and WWWWWinding Elementinding Elementinding Elementinding Elementinding Element

With reference to Fig. 26.21, the two conductors AB and CD along with their end connections
constitute one coil of the armature winding.  The coil may be single-turn coil (Fig. 26.21) or multi-
turn coil (Fig. 26.22).  A single-turn coil will have two conductors.  But a multi-turn coil may have
many conductors per coil side.  In Fig. 26.22, for example, each coil side has 3 conductors.  The

Fig. 26.24

Fig. 26.21 Fig. 26.22 Fig. 26.23

group of wires or conductors constituting a coil side of a multi-turn coil is wrapped with a tape as a
unit (Fig. 26.23) and is placed in the armature slot.  It may be noted that since the beginning and the
end of each coil must be connected to a commutator bar, there are as many commutator bars as coils
for both the lap and wave windings (see Example 26.1).

The side of a coil (1-turn or multiturn) is called a winding element.  Obviously, the number of
winding elements is twice the number of coils.

26.15.26.15.26.15.26.15.26.15. Coil-span or Coil-pitch (YCoil-span or Coil-pitch (YCoil-span or Coil-pitch (YCoil-span or Coil-pitch (YCoil-span or Coil-pitch (YSSSSS)))))

It is the distance, measured in terms of armature
slots (or armature conductors) between two sides of a
coil.  It is, in fact, the periphery of the armature spanned
by the two sides of the coil.

If the pole span or coil pitch is equal to the pole
pitch (as in the case of coil A in Fig. 26.24 where pole-
pitch of 4 has been assumed), then winding is called
full-pitched.  It means that coil span is 180 electrical
degrees.  In this case, the coil sides lie under opposite
poles, hence the induced e.m.fs. in them are additive.
Therefore, maximum e.m.f. is induced in the coil as a
whole, it being the sum of the e.m.f.s induced in the two
coil sides.  For example, if there are 36 slots and 4 poles,
then coil span is 36/4 = 9 slots.  If number of slots is 35,
then YS = 35/4 = 8 because it is customary to drop
fractions.

If the coil span is less than the pole pitch (as in coil
B where coil pitch is 3/4th of the pole pitch), then the
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winding is fractional-pitched.  In this case, there is a phase difference between the e.m.fs. in the two
sides of the coil.  Hence, the total e.m.f. round the coil which is the vector sum of e.m.fs. in the two
coil sides, is less in this case as compared to that in the first case.

26.16.26.16.26.16.26.16.26.16. Pitch of a Pitch of a Pitch of a Pitch of a Pitch of a WWWWWinding (Y)inding (Y)inding (Y)inding (Y)inding (Y)

In general, it may be defined as the distance round the armature between two successive conduc-
tors which are directly connected together.  Or, it is the distance between the beginnings of two
consecutive turns.

Y = YB − YF ........for lap winding

= YB + YF ........for wave winding
In practice, coil-pitches as low as eight-tenths of a pole pitch are employed without much serious

reduction in the e.m.f.  Fractional-pitched windings are purposely used to effect substantial saving in
the copper of the end connections and for improving commutation.

26.17.26.17.26.17.26.17.26.17. Back Pitch (YBack Pitch (YBack Pitch (YBack Pitch (YBack Pitch (YBBBBB)))))

The distance, measured in terms of the armature conductors, which a coil advances on the back
of the armature is called back pitch and is denoted by YB.

As seen from Fig. 26.28, element 1 is connected on the back of the armature to element 8.
Hence, YB = (8 − 1) = 7.

26.18.26.18.26.18.26.18.26.18. FrFrFrFrFront Pitch (Yont Pitch (Yont Pitch (Yont Pitch (Yont Pitch (YFFFFF)))))

The number of armature conductors or elements spanned by a coil on the front (or commutator
end of an armature) is called the front pitch and is designated by YF.  Again in Fig. 26.28, element 8
is connected to element 3 on the front of the armature, the connections being made at the commutator
segment.  Hence, YF = 8 − 3 = 5.

Alternatively, the front pitch may be defined as the distance (in terms of armature conductors)
between the second conductor of one coil and the first conductor of the next coil which are connected
together at the front i.e. commutator end of the armature.  Both front and back pitches for lap and
wave-winding are shown in Fig. 26.25 and 26.26.

Fig. 26.25 Fig. 26.26 Fig. 26.27

26.19.26.19.26.19.26.19.26.19. Resultant Pitch (YResultant Pitch (YResultant Pitch (YResultant Pitch (YResultant Pitch (YRRRRR)))))

It is the distance between the beginning of one coil and the beginning of the next coil to which it
is connected (Fig. 26.25 and 26.26).

As a matter of precaution, it should be kept in mind that all these pitches, though normally
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stated in terms of armature conductors, are
also sometimes given in terms of armature
slots or commutator bars because commuta-
tor is, after all, an image of the winding.

26.20.26.20.26.20.26.20.26.20. Commutator Pitch (YCommutator Pitch (YCommutator Pitch (YCommutator Pitch (YCommutator Pitch (Y
GGGGG
)))))

It is the distance (measured in commu-
tator bars or segments) between the segments
to which the two ends of a coil are connected.
From Fig. 26.25 and 26.26 it is clear that for
lap winding, YC is the difference of YB and
YF whereas for wavewinding it is the sum of
YB and YF.  Obviously, commutator pitch is
equal to the number of bars between coil
leads.  In general, YC equals the ‘plex’ of the
lap-wound armature.  Hence, it is equal to 1,
2, 3, 4 etc. for simplex-, duplex, triplex–and
quadruplex etc. lap-windings.

26.21.26.21.26.21.26.21.26.21. Single-laySingle-laySingle-laySingle-laySingle-layer er er er er WWWWWindingindingindingindinginding

It is that winding in which one conductor or one coil side is placed in each armature slot as shown
in Fig. 26.27.  Such a winding is not much used.

26.22.26.22.26.22.26.22.26.22. TTTTTwwwwwo-layo-layo-layo-layo-layeeeeer r r r r WWWWWindingindingindingindinginding

In this type of winding, there are two conductors or coil sides per slot arranged in two layers.
Usually, one side of every coil lies in the upper half of one slot and other side lies in the lower half
of some other slot at a distance of approximately one pitch away (Fig. 26.28).  The transfer of the
coil from one slot to another is usually made in a radial plane by means of a peculiar bend or twist at
the back end as shown in Fig. 26.29.  Such windings in which two coil sides occupy each slot are
most commonly used for all medium-sized machines.  Sometimes 4 or 6 or 8 coil sides are used in
each slot in several layers because it is not practicable to have too many slots (Fig. 26.30).  The coil
sides lying at the upper half of the slots are numbered odd i.e. 1, 3, 5, 7 etc. while those at the lower
half are numbered even i.e. 2, 4, 6, 8 etc.

Fig. 26.29 Fig. 26.30

Fig. 26.28

Commutator

YF = 5

YB = 7
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26.23.26.23.26.23.26.23.26.23. DegrDegrDegrDegrDegree of Ree of Ree of Ree of Ree of Re-entrant of an e-entrant of an e-entrant of an e-entrant of an e-entrant of an ArArArArArmamamamamaturturturturture e e e e WWWWWindingindingindingindinginding

A winding is said to be single re-entrant if on tracing
through it once, all armature conductors are included on
returning to the starting point.  It is double re-entrant if
only half the conductors are included in tracing through
the winding once and so on.

26.24.26.24.26.24.26.24.26.24. MultipleMultipleMultipleMultipleMultiplex x x x x WWWWWindingindingindingindinginding

In such windings, there are several sets of completely
closed and independent windings.  If there is only one set
of closed winding, it is called simplex wave winding.  If
there are two such windings on the same armature, it is
called duplex winding and so on.  The multiplicity affects
a number of parallel paths in the armature.  For a given
number of armature slots and coils, as the multiplicity
increases, the number of parallel paths in the armature
increases thereby increasing the current rating but
decreasing the voltage rating.

26.25.26.25.26.25.26.25.26.25. LaLaLaLaLap and p and p and p and p and WWWWWavavavavave e e e e WWWWWindingsindingsindingsindingsindings

Two types of windings mostly employed for drum-type armatures are known as Lap Winding and
Wave Winding.  The difference between the two is merely due to the different arrangement of the end
connections at the front or commutator end of armature.  Each winding can be arranged progressively
or retrogressively and connected in simplex, duplex and triplex.  The following rules, however, apply
to both types of the windings :







Multiplex Winding

Wave winding
Lap winding

(i) The front pitch and back pitch are each approximately equal to the pole-pitch i.e. windings
should be full-pitched.  This results in increased e.m.f. round the coils.  For special pur-
poses, fractional-pitched windings are deliberately used (Art. 26.15).

(ii) Both pitches should be odd, otherwise it would be difficult to place the coils (which are
former-wound) properly on the armature.  For exmaple, if YB and YF were both even, the all
the coil sides and conductors would lie either in the upper half of the slots or in the lower

21 22 23 24 1 2 3 4 5 6 7
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half.  Hence, it would become impossible for one side of the coil to lie in the upper half.
Hence, it would become impossible for one side of the coil to lie in the upper half of one slot
and the other side of the same coil to lie in the lower half of some other slot.

(iii) The number of commutator segments is equal to the number of slots or coils (or half the
number of conductors) because the front ends of conductors are joined to the segments in
pairs.

(iv) The winding must close upon itself i.e. if we start from a given point and move from one coil
to another, then all conductors should be traversed and we should reach the same point again
without a break or discontinuity in between.

26.26.26.26.26.26.26.26.26.26. Simplex Lap-winding*Simplex Lap-winding*Simplex Lap-winding*Simplex Lap-winding*Simplex Lap-winding*

It is shown in Fig. 26.25 which employs single-turn coils. In lap winding, the finishing end of
one coil is connected to a commutator segment and to the starting end of the adjacent coil situated
under the same pole and so on, till and the coils have been connected.  This type of winding derives
its name from the fact it doubles or laps back with its succeeding coils.

Following points regarding simplex lap winding should be carefully noted :
1. The back and front pitches are odd and of opposite sign.  But they cannot be equal.  They

differ by 2 or some multiple thereof.
2. Both YB and YF should be nearly equal to a pole pitch.

3. The average pitch YA = 
2

B FY Y+
.  It equals pole pitch = 

Z
P

.

4. Commutator pitch YC = ±1.  (In general, YC = ± m)
5. Resultant pitch YR is even, being the arithmetical difference of two odd numbers, i.e., YR =

YB − YF.
6. The number of slots for a 2-layer winding is equal to the number of coils (i.e. half the

number of coil sides).  The number of commutator segments is also the same.

* However, where heavy currents are necessary, duplex or triplex lap windings are used.  The duplex lap
winding is obtained by placing two similar windings on the same armature and connecting the even-
numbered commutator bars to one winding and the odd-numbered ones to the second winding.  Similarly,
in triplex lap winding, there would be three windings, each connected to one third of the commutator bars.

Simplex lap winding
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7. The number of parallel paths in the armature = mP where m is the multiplicity of the winding
and P the number of poles.
Taking the first condition, we have YB = YF ± 2.**

(a) If YB > YF i.e. YB = YF + 2, then we get a progressive or right-handed winding i.e. a winding
which progresses in the clockwise direction as seen from the commutator end.  In this case, obviously,
YC = + 1.

(b) If YB < YF i.e. YB = YF − 2, then we get a retrogressive or left-handed winding i.e. one which
advances in the anti-clockwise direction when seen from the commutator side.  In this case, YC = −1.

(c) Hence, it is obvious that

YF = 1Z
P

− for progressive winding and YF = 1Z
P

+ for retrogressive winding

YB = 1Z
P

+ YB = 1Z
P

−

Obviously, Z/P must be even to make the winding possible.

26.27.26.27.26.27.26.27.26.27. Numbering ofNumbering ofNumbering ofNumbering ofNumbering of Coils and Commutator Segments Coils and Commutator Segments Coils and Commutator Segments Coils and Commutator Segments Coils and Commutator Segments

In the d.c. winding diagrams to follow, we will number the coils only (not individual turns).  The
upper side of the coil will be shown by a firm continuous line whereas the lower side will be shown by
a broken line.  The numbering of coil sides will be consecutive i.e. 1, 2, 3 ..... etc. and such that odd
numbers are assigned to the top conductors and even numbers to the lower sides for a two-layer
winding.  The commutator segments will also be numbered consecutively, the number of the seg-
ments will be the same as that of the upper side connected to it.

Example 26.1.  Draw a developed diagram of a simple 2-layer lap-winding for a 4-pole genera-
tor with 16 coils.  Hence, point out the characteristics of a lap-winding.

(Elect. Engineering, Madras Univ. 1981)
Solution.  The number of commutator segments = 16
Number of conductors or coil sides 16 × 2 = 32 ; pole pitch = 32/4 = 8
Now remembering that (i) YB and YF have to be odd and (ii) have to differ by 2, we get for a

progressive winding YB = 9 ; YF = −7 (retrogressive winding will result if YB = 7 and YF = −9).
Obviously, commutator pitch YC = −1.

[Otherwise, as shown in Art. 26.26, for progressive winding

YF = 321 1
4

Z
P

− = −  = 7 and YB = 
321 1
4

Z
P

− = +  = 9]

The simple winding table is given as under :

Back Connections Front Connections
1 to (1 + 9) = 10 → 10 to (10 − 7) = 3
3 to (3 + 9) = 12 → 12 to (12 − 7) = 5
5 to (5 + 9) = 14 → 14 to (14 − 7) = 7
7 to (7 + 9) = 16 → 16 to (16 − 7) = 9
9 to (9 + 9) = 18 → 18 to (18 − 7) = 11
11 to (11 + 9) = 20 → 20 to (20 − 7) = 13
13 to (13 + 9) = 22 → 22 to (22 − 7) = 15
15 to (15 + 9) = 24 → 24 to (24 − 7) = 17
17 to (17 + 9) = 26 → 26 to (26 − 7) = 19
19 to (19 + 9) = 28 → 28 to (28 − 7) = 21

** In general, YB = YF ± 2m where m = 1 for simplex lap winding and m = 2 for duplex lap winding etc.
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21 to (21 + 9) = 30 → 30 to (20 − 7) = 23
23 to (23 + 9) = 32 → 32 to (32 − 7) = 25
25 to (25 + 9) = 34 = (34 − 32) = 2 → 2 to (34 − 7) = 27
27 to (27 + 9) = 36 = (36 − 32) = 4 → 4 to (36 − 7) = 29
29 to (29 + 9) = 38 = (38 − 32) = 6 → 6 to (38 − 7) = 31
31 to (31 + 9) = 40 = (40 − 32) = 8 → 8 to (40 − 7) = 33 = (33 − 32) = 1

The winding ends here because we come back to the conductor from where we started.
We will now discuss the developed diagram which is one that is obtained by imagining the

armature surface to be removed and then laid out flat so that the slots and conductors can be viewed
without the necessity of turning round the armature in order to trace out the armature windings.  Such
a developed diagram is shown in Fig. 26.31.

Fig. 26.31

The procedure of developing the winding is this :
Front end of the upper side of coil No. 1 is connected to a com-

mutator segment (whose number is also 1).  The back end is joined
at the back to the 1 + 9 = 10th coil side in the lower half of 5th slot.
The front end of coil side 10 is joined to commutator segment 2 to
which is connected the front end of 10 − 7 = 3 i.e. 3rd coil  side
lying in the upper half of second armature slot.  In this way, by
travelling 9 coil sides to the right at the back and 7 to the left at the

Fig. 26.32
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front we complete the winding, thus including every coil side once till we reach the coil side 1 from
where we started.  Incidentally, it should be noted that all upper coil sides have been given odd
numbers, whereas lower ones have been given even numbers as shown in the polar diagram (Fig.
26.32) of the winding of Fig. 26.31.

Brush positions can be located by finding the direction of currents flowing in the various conduc-
tors.  If currents in the conductors under the influence of a N-pole are assumed to flow downwards (as
shown), then these will flow upwards in conductors under the influence of S-pole.  By putting proper
arrows on the conductors (shown separately in the equivalent ring diagram), it is found that commu-
tator bars No. 1 and 9 are the meeting points of e.m.fs. and hence currents are flowing out of these
conductors.  The positive brushes should, therefore, be placed at these commutator bars.  Similarly,
commutator bars No. 5 and 13 are the separating points of e.m.fs. hence negative brushes are placed
there.  In all, there are four brushes, two positive and two negative.  If brushes of the same polarity are
connected together, then all the armature conductors are divided into four parallel paths.

Fig. 26.33

Division of conductors into parallel paths is shown separately in the schematic diagram of Fig.
26.34.  Obviously, if Ia is the total current supplied by the generator, then current carried by each
parallel path is Ia/4.

Summarizing these conclusions, we have
1. The total number of brushes is equal to the number of poles.
2. There are as many parallel paths in the armature as the number of poles.  That is why such a

winding is sometimes known as ‘multiple circuit’ or ‘parallel’ winding.  In general, number
of parallel paths in armature = mP where m is the multiplicity (plex) of the lap winding.  For
example, a 6-pole duplex lap winding has (6 × 2) = 12 parallel paths in its armature.

3. The e.m.f. between the +ve and −ve brushes is equal to the e.m.f. generated in any one of the
parallel paths.  If Z is the total number of armature conductors and P the number of poles,
then the number of armature conductors (connected in series) in any parallel path is Z/P.

o

p
a

b

c

d

e

f

g

h
i

j

k

l

m

n

www.EngineeringBooksPdf.com



904 Electrical Technology

∴ Generated e.m.f. Eg = (Average e.m.f./conductor) × 
Z
P

 = eav × 
Z
P

4. The total or equivalent armature resistance can be found as follows :
Let l = length of each armature conductor; S = its cross-section

A = No. of parallel paths in armature = P − for simplex lap winding

R = resistance of the whole winding then R = 
l

Z
S
ρ ×

Fig. 26.34

Resistance of each path = lZ
S A
ρ
×

There are P (or A) such paths in parallel, hence equivalent resistance

=
2

1 lZ lZ
A SA SA

ρ ρ× =

5. If Ia is the total armature current, then current per parallel path (or carried by each conduc-
tor) is Ia/P.

26.28.26.28.26.28.26.28.26.28. SimpleSimpleSimpleSimpleSimplex x x x x WWWWWavavavavave e e e e WWWWWinding*inding*inding*inding*inding*

From Fig. 26.31, it is clear that in lap winding, a conductor (or coil side) under one pole is
connected at the back to a conductor which occupies an almost corresponding position under the next
pole of opposite polarity (as conductors 3 and 12).  Conductor No. 12 is then connected to conductor
No. 5 under the original pole but which is a little removed from the initial conductor No. 3.  If,
instead of returning to the same N-pole, the conductor No. 12 were taken forward to the next N-pole,
it would make no difference so far as the direction and magnitude of the e.m.f. induced in the circuit
are concerned.

* Like lap winding, a wave winding may be duplex, triplex or may have any degree of multiplicity.  A
simplex wave winding has two paths, a duplex wave winding four paths and a triplex one six paths etc.
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Fig. 26.35

As shown in Fig. 26.35, conductor AB
is connected to CD lying under S-pole
and then to EF under the next N-pole.  In
this way, the winding progresses, pass-
ing successively under every N-pole and
S-pole till it returns to a conductor A′B′
lying under the original pole.  Because
the winding progresses in one direction
round the armature in a series of ‘waves’,
it is known as wave winding.

If, after passing once round the ar-
mature, the winding falls in a slot to the

left of its starting point (as A′B′ in Fig. 26.35) then the winding is said to be retrogressive.  If, how-
ever, it falls one slot to the right, then it is progressive.

Assuming a 2-layer winding and supposing that conductor AB lies in the upper half of the slot,
then going once round the armature, the winding ends at A′B′ which must be at the upper half of the
slot at the left or right.  Counting in terms of conductors, it means that AB and A′B′ differ by two
conductors (although they differ by one slot).

From the above, we can deduce the following relations.  If P = No. of poles, then
YB = back pitch
YF = front pitch

then YA =
2

B FY Y+
 = average pitch ; Z = total No. of conductors or coil sides

Then, YA × P = Z ± 2 YA = 
2Z

P
±

Since P is always even and Z = PYA ± 2, hence Z must always be even.  Put in another way, it

means that 
2Z

P
±

 must be an even integer.

The plus sign will give a progressive winding and the negative sign a retrogressive winding.

Points to Note :Points to Note :Points to Note :Points to Note :Points to Note :

1. Both pitches YB and YF are odd and of the same sign.
2. Back and front pitches are nearly equal to the pole pitch and may be equal or differ by 2, in

which case, they are respectively one more or one less than the average pitch.
3. Resultant pitch YR = YF + YB.
4. Commutator pitch, YC = YA (in lap winding YC = ±1).

Also, YC = No. of Commutator bars 1
No. of pair of poles

±

5. The average pitch which must be an integer is given by

YA =
12 No. of Commutator bars 12

/ 2 No. of pair of poles

Z
Z

P P

+± ±= =

It is clear that for YA to be an integer, there is a restriction on the value of Z.  With Z = 32, this
winding is impossible for a 4-pole machine (though lap winding is possible).  Values of Z = 30 or 34
would be perfectly alright.

}  nearly equal to pole pitch
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6. The number of coils i.e. NC can be found from the relation.

NC =
2

2
APY ±

This relation has been found by rearranging the relation given in (5) above.
7. It is obvious from (5) that for a wave winding, the number of armature conductors with 2

either added or subtracted must be a multiple of the number of poles of the generator.  This
restriction eliminates many even numbers which are unsuitable for this winding.

8. The number of armature parallel paths = 2m where m is the multiplicity of the winding.

Example 26.2.  Draw a developed diagram of a simplex 2-layer wave-winding for a 4-pole d.c.
generator with 30 armature conductors.  Hence, point out the characteristics of a simple wave
winding. (Elect. Engg-I, Nagpur Univ. 1991)

Solution.  Here, YA = 
30 2

4
±

  = 8* or 7.  Taking YA = 7, we have YB = YF = 7

Fig. 26.36

As shown in Fig. 26.36 and 26.37, conductor No. 5 is taken to conductor No. 5 + 7 = 12 at the
back and is joined to commutator segment 5 at the front.  Next, the conductor No. 12 is joined to
commutator segment 5 + 7 = 12 ( ∵  YC = 7) to which is joined conductor No. 12 + 7 = 19.  Continuing
this way, we come back to conductor No. 5 from where we started.  Hence, the winding closes upon
itself.

* If we take 8, then the pitches would be : YB = 9 and YF = 7 or YB = 7 and YF = 9.  Incidentally, if YA = YC is
taken as 7, armature will rotate in one direction and if YC = 8, it will rotate in the opposite direction.
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The simple winding table is as under :
Back Connections Front Connections
1 to (1 + 7) = 8 → 8 to (8 + 7) = 15
15 to (15 + 7) = 22 → 22 to (22 + 7) = 29
29 to (29 + 7) = 36 = (36 − 30) = 6 → 6 to (6 + 7) = 13
13 to (13 + 7) = 20 → 20 to (20 + 7) = 27
27 to (27 + 7) = 34 = (34 − 30) = 4 → 4 to (4 + 7) = 11
11 to (11 + 7) = 18 → 18 to (18 + 7) = 25
25 to (25 + 7) = 32 = (32 − 30) = 2 → 2 to (2 + 7) = 9
9 to (9 + 7) = 16 → 16 to (16 + 7) = 23
23 to (23 + 7) = 30 → 30 to (30 + 7) = 37 = (37 − 30) = 7
7 to (7 + 7) = 14 → 14 to (14 + 7) = 21
21 to (21 + 7) = 28 → 28 to (28 + 7) = 35 = (35 − 30) = 5
5 to (5 + 7) = 12 → 12 to (12 + 7) = 19
19 to (19 + 7) = 26 → 26 to (26 + 7) = 33 = (33 − 30) = 3
3 to (3 + 7) = 10 → 10 to (10 + 7) = 17
17 to (17 + 7) = 24 → 24 to (24 + 7) = 31 = (31 − 30) = 1

Since we come back to the conductor No. 1 from where we started, the winding gets closed at this
stage.

Brush PositionBrush PositionBrush PositionBrush PositionBrush Position

Location of brush position in wave-winding is slightly
difficult.  In Fig. 26.36 conductors are supposed to be
moving from left to right over the poles.  By applying
Fleming’s Right-hand rule, the directions of the induced
e.m.fs in various armature conductors can be found.  The
directions shown in the figure have been found in this
manner.  In the lower part of Fig. 26.36 is shown the
equivalent ring or spiral diagram which is very helpful in
understanding the formation of various parallel paths in the
armature.  It is seen that the winding is electrically divided
into two portions.  One portion consists of conductors lying
between points N and L and the other of conductors lying
between N and M.  In the first portion, the general trend of
the induced e.m.fs. is from left to right whereas in the second
portion it is from right to left.  Hence, in general, there are only two parallel paths through the winding,
so that two brushes are required, one positive and one negative.

From the equivalent ring diagram, it is seen that point N is the separating point of the e.m.fs.
induced in the two portions of the winding.  Hence, this fixes the position of the negative brush.  But
as it is at the back and not at the commutator end of the armature, the negative brush has two
alternative positions i.e. either at point P or Q.  These points on the equivalent diagram correspond
to commutator segments No. 3 and 11.

Now, we will find the position of the positive brush.  It is found that there are two meeting
points of the induced e.m.fs. i.e. points L and M but both these points are at the back or non-commu-
tator end of the armature.  These two points are separated by one loop only, namely, the loop com-
posed of conductors 2 and 9, hence the middle point R of this loop fixes the position of the positive
brush, which should be placed in touch with commutator segment No. 7.  We find that for one
position of the +ve brush, there are two alternative positions for the −ve brush.

Taking the +ve brush at point R and negative brush at point P, the winding is seen to be divided
into the following two paths.

Fig. 26.37
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In path 1 (Fig. 26.36) it is found that e.m.f. in conductor 9 is in opposition to the general trend
of e.m.fs. in the other conductors comprising this path.  Similarly, in path 2, the e.m.f. in conductor
2 is in position to the direction of e.m.fs. in the path as a whole.  However, this will make no
difference because these conductors lie almost in the interpolar gap and, therefore e.m.fs. in these
conductors are negligible.

Fig. 26.39

Again, take the case of conductors 2 and 9 situated between points L and M.  Since the armature
conductors are in continuous motion over the pole faces, their positions as shown in the figure are
only instantaneous.  Keeping in this mind, it is obvious that conductor 2 is about to move from the
influence of S-pole to that of the next N-pole.  Hence, the e.m.f. in it is at the point of reversing.
However, conductor 9 has already passed the position of reversal, hence its e.m.f. will not reverse,

Fig. 26.38
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rather it will increase in magnitude gradually.  It means that in a very short interval, point M will

Fig. 26.40

become the meeting point of the e.m.fs.  But as it lies at the back of the armature, there are two
alternative positions for the +ve brush i.e. either point R which has already been considered or point
S which corresponds to commutator segment 14.  This is the second alternative position of the posi-
tive brush.  Arguing in the same way, it can be shown that after another short interval of time, the
alternative position of the positive brush will shift from segment 14 to segment 15.  Therefore, if one
positive  brush is in the contact with segment 7, then the second positive brush if used, should be in
touch with both segments 14 and 15.

It may be noted that if brushes are placed in both alternative positions for both positive and
negative (i.e. if in all, 4 brushes are used, two +ve and two −ve), then the effect is merely to short-
circuit the loop lying between brushes of the same polarity.  This is shown in Fig. 26.40 where it will
also be noted that irrespective of whether only two or four brushes are used, the number of parallel
paths through the armature winding is still two.

Summarizing the above facts, we get
1. Only two brushes are necessary, though their number may be equal to the number of poles.
2. The number of parallel paths through the armature winding is two irrespective of the number

of generator poles.  That is why this winding is sometimes called ‘two-circuit’ or ‘series’
winding.

3. The generator e.m.f. is equal to the e.m.f. induced in any one of the two parallel paths.  If eav
is the e.m.f. induced/conductor, then generator e.m.f. is Eg = eav × Z/2.

4. The equivalent armature resistance is nearly one-fourth of the total resistance of the arma-
ture winding.

5. If Ia is the total armature current, then current carried by each path or conductor is obviously
Ia/2 whatever the number of poles.

26.29.26.29.26.29.26.29.26.29. Dummy or Idle CoilsDummy or Idle CoilsDummy or Idle CoilsDummy or Idle CoilsDummy or Idle Coils

These are used with wave-winding and are resorted to when the
requirements of the winding are not met by the standard armature
punchings available in armature-winding shops.  These dummy coils
do not influence the electrical characteristics of the winding because
they are not connected to the commutator.  They are exactly similar
to the other coils except that their ends are cut short and taped.  They
are there simply to provide mechanical balance for the armature be-
cause an armature having some slots without windings would be out
of balance mechanically.  For example, suppose number of armature
slots is 15, each containing 4 sides and the number of poles is 4.  For
a simplex wave-windings, Dummy coils
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YA =
2 60 2

4
Z

P
± ±=

which does not come out to be an integer (Art. 26.28) as required by this winding.  However, if we
make one coil dummy so that we have 58 active conductors, then

YA =
58 2

4
±

 = 14 or 15

This makes the winding possible.

26.30.26.30.26.30.26.30.26.30. Uses of LaUses of LaUses of LaUses of LaUses of Lap and p and p and p and p and WWWWWavavavavave e e e e WWWWWindingsindingsindingsindingsindings

The advantage of the wave winding is that, for a given number of poles and armature conductors,
it gives more e.m.f. than the lap winding.  Conversely, for the same e.m.f., lap winding would require
large number of conductors which will result in higher winding cost and less efficient utilization of
space in the armature slots.  Hence, wave winding is suitable for small generators especially those
meant for 500-600 V circuits.

Another advantage is that in wave winding, equalizing connections are not necessary whereas in
a lap winding they definitely are.  It is so because each of the two paths contains conductors lying
under all the poles whereas in lap-wound armatures, each of the P parallel paths contains conductors
which lie under one pair of poles.  Any inequality of pole fluxes affects two paths equally, hence their
induced e.m.fs. are equal.  In lap-wound armatures, unequal voltages are produced which set up a
circulating current that produces sparking at brushes.

However, when large currents are required, it is necessary to use lap winding, because it gives
more parallel paths.

Hence, lap winding is suitable for comparatively low-voltage but high-current generators whereas
wave-winding is used for high-voltage, low-current machines.

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No. 26.1 26.1 26.1 26.1 26.1

1. Write down the winding table for a 2-layer simplex lap-winding for a 4-pole d.c. generator having
(a) 20 slots and (b) 13 slots. What are the back and front pitches as measured in terms of armature conductors ?

[Hint : (a) No. of conductors = 40 ; YB = 11 and YF = −−−−−9] (Elect. Engineering, Madras Univ. 1978)

(b) No. of conductors = 26 ; YB = 7 ; YF = −5

2. With a simplex 2-layer wave winding having 26 conductors and 4-poles, write down the winding
table.  What will be the front and back pitches of the winding ?

[Hint : YF = 7 and YB = 5] (Electric Machinery-I, Madras Univ. Nov. 1979)
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3. Is it possible to get simplex wave winding for a 4-pole d.c. machine with 28 conductors ?  Explain the
reason for your answer. [No, it would contain only 4 conductors]

4. State for what type of winding each of the following armatures could be used and whether the wind-
ing must be four or six-pole if no dummy coils are to be used (a) 33 slots, 165 commutator segments (b) 64
slots, 256 commutator segments (c) 65 slots, 260 commutator segments.

[(a) 4-pole lap with commutator pitch 82 or 83 or 6-pole lap.
(b) 4-pole lap or 6-pole wave with commutator pitch 85.
(c) 6-pole wave with commutator pitch 87.]

26.31.26.31.26.31.26.31.26.31. TTTTTypes of Generaypes of Generaypes of Generaypes of Generaypes of Generatortortortortorsssss

Generators are usually classified according to the way in which their fields are excited.  Genera-
tors may be divided into (a) separately-excited generators and (b) self-excited generators.

(a) Separately-excited generators are those whose field magnets are energised from an inde-
pendent external source of d.c. current.  It is shown diagramatically in Fig. 26.41.

(b) Self-excited generators are those whose field magnets are energised by the current pro-
duced by the generators themselves.  Due to residual magnetism, there is always present some flux in
the poles.  When the armature is rotated, some e.m.f. and hence some induced current is produced
which is partly or fully passed through the field coils thereby strengthening the residual pole flux.

There are three types of self-excited generators named according to the manner in which their
field coils (or windings) are connected to the armature.

(i) Shunt wound
The field windings are connected across or in parallel with the armature conductors and have the

full voltage of the generator applied across them (Fig. 26.42).
(ii) Series Wound

Fig. 26.41 Fig. 26.42 Fig. 26.43

In this case, the field windings are joined
in series with the armature conductors (Fig.
26.43).  As they carry full load current, they
consist of relatively few turns of thick wire or
strips.  Such generators are rarely used except
for special purposes i.e. as boosters etc.

(iii) Compound Wound
It is a combination of a few series and a

few shunt windings and can be either short-shunt
or long-shunt as shown in Fig. 26.44 (a) and Fig. 26.44
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(b) respectively.  In a compound generator, the shunt field is stronger than the series field.  When
series field aids the shunt field, generator is said to be commutatively-compounded.  On the other
hand if series field opposes the shunt field, the generator is said to be differentially compounded.
Various types of d.c. generators have been shown separately in Fig. 26.45.

Fig. 26.45

26.32.26.32.26.32.26.32.26.32. BrBrBrBrBrush Contact Drush Contact Drush Contact Drush Contact Drush Contact Dropopopopop

It is the voltage drop over the brush contact resistance when current passes from commutator
segments to brushes and finally to the external load.  Its value depends on the amount of current and
the value of contact resistance.  This drop is usually small and includes brushes of both polarities.
However, in practice, the brush contact drop is assumed to have following constant values for all
loads.

0.5 V for metal-graphite brushes.

2.0 V for carbon brushes.
Example 26.3.  A shunt generator delivers 450 A at 230 V and the resistance of the shunt field

and armature are 50 Ω and 0.03 Ω respectively.  Calculate the generated e.m.f.

Solution.  Generator circuit is shown in Fig. 26.46.

Current through shunt field winding is
Ish = 230/50 = 4.6 A

Load current             I = 450 A

∴  Armature current Ia = I + Ish

= 450 + 4.6 = 454.6 A
Armature voltage drop

IaRa = 454.6 × 0.03 = 13.6 V
Fig. 26.46
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Now Eg = terminal voltage + armature drop

= V + IaRa

∴ e.m.f. generated in the armature
Eg = 230 + 13.6 = 243.6 V

Example 26.4.  A long-shunt compound generator delivers a load current of 50 A at 500 V and
has armature, series field and shunt field resistances of 0.05 Ω, 0.03 Ω and 250 Ω respectively.
Calculate the generated voltage and the armature current.  Allow 1 V per brush for contact drop.

(Elect. Science 1, Allahabad Univ. 1992)
Solution.  Generator circuit is shown in  Fig. 26.47.

Ish = 500/250 = 2 A
Current through armature and series winding is

= 50 + 2 = 52 A

Voltage drop on series field winding
= 52 × 0.03 = 1.56 V

Armature voltage drop

IaRa = 52 × 0.05 = 2.6 V
Drop at brushes = 2 × 1 = 2 V
Now, Eg = V + IaRa + series drop + brush drop

= 500 + 2.6 + 1.56 + 2 = 506.16 V
Example 26.5.  A short-shunt compound generator delivers a load current of 30 A at 220 V, and

has armature, series-field and shunt-field resistances of
0.05 Ω, 0.30 Ω and 200 Ω respectively.  Calculate the
induced e.m.f. and the armature current.  Allow 1.0 V per
brush for contact drop.

(AMIE Sec. B. Elect. Machines 1991)
Solution.  Generator circuit diagram is shown in Fig.

26.48.
Voltage drop in series winding = 30 × 0.3 = 9 V
Voltage across shunt winding = 220 + 9 = 229 V

Ish = 229/200 = 1.145 A
Ia = 30 + 1.145 = 31.145 A

IaRa = 31.145 × 0.05 = 1.56 V

Brush drop = 2 × 1 = 2 V
Eg = V + series drop + brush drop + IaRa

= 220 + 9 + 2 + 1.56 = 232.56 V

Example 26.6.  In a long-shunt compound generator, the terminal voltage is 230 V when gen-
erator delivers 150 A.  Determine (i) induced e.m.f. (ii) total power generated and (iii) distribution
of this power.  Given that shunt field, series field, divertor and armature resistance are 92 Ω, 0.015
Ω, 0.03 Ω and 0.032 Ω respectively.

(Elect. Technology-II, Gwalior Univ. 1987)
Solution.          Ish = 230/92 = 2.5 A

                   Ia = 150 + 2.5 = 152.5 A

Fig. 26.47

Fig. 26.48
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Since series field resistance and divertor resistances
are in parallel (Fig. 26.49) their combined resistance is

= 0.03 × 0.015/0.045 = 0.01 Ω
Total armature circuit resistance is

= 0.032 + 0.01 = 0.042 Ω
Voltage drop = 152.5 × 0.042 = 6.4 V

(i) Voltage generated by armature
Eg = 230 + 6.4 = 236.4 V

(ii) Total power generated in armature

EgIa = 236.4 × 152.5 = 36,051 W

(iii)  Power lost in armature
IaRa = 152.52 × 0.032 = 744 W

Power lost in series field and divertor = 152.52 × 0.01 = 232 W
Power dissipated in shunt winding = VIsh = 230 × 0.01 = 575 W
Power delivered to load = 230 × 150 = 34500 W

Total  = 36,051 W.
Example 26.7.  The following information is

given for a 300-kW, 600-V, long-shunt compound
generator : Shunt field resistance = 75 Ω, armature
resistance including brush resistance = 0.03 Ω,
commutating field winding resistance = 0.011 Ω,
series field resistance = 0.012 Ω, divertor resistance
= 0.036 Ω. When the machine is delivering full load,
calculate the voltage and power generated by the
armature.

  (Elect. Engg-II, Pune Univ. Nov. 1989)
Solution. Power output = 300,000 W

Output current = 300,000/600
= 500 A

Ish = 600/75 = 8 A,

Ia = 500 + 8 = 508 A
Since the series field resistance and divertor resistance are in parallel (Fig. 26.50) their combined

resistance is

     = 
0.012 0.036

0.048
×

 = 0.009 Ω
Total armature circuit resistance

= 0.03 − 0.011 + 0.009 = 0.05 Ω
Voltage drop = 508 × 0.05 = 25.4 V

Voltage generated by armature
= 600 + 25.4 = 625.4 V

Power generated = 625.4 × 508 = 317,700
W = 317.7 kW

26.33.26.33.26.33.26.33.26.33. GeneraGeneraGeneraGeneraGenerated E.M.Fted E.M.Fted E.M.Fted E.M.Fted E.M.F.....     or E.M.For E.M.For E.M.For E.M.For E.M.F..... Equa Equa Equa Equa Equation of a Generation of a Generation of a Generation of a Generation of a Generatortortortortor

Let Φ = flux/pole in weber
Z = total number of armature conductors

Fig. 26.50

Fig. 26.49
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= No. of slots × No. of conductors/slot
P = No. of generator poles
A = No. of parallel paths in armature
N = armature rotation in revolutions per minute (r.p.m.)
E = e.m.f. induced in any parallel path in armature

Generated e.m.f. Eg = e.m.f. generated in any one of the parallel paths i.e. E.

Average e.m.f. generated/conductor = 
d
dt
Φ

 volt ( ∵ n = 1)

Now, flux cut/conductor in one revolution dΦ = ΦP Wb
No. of revolutions/second = N/60 ∴ Time for one revolution, dt = 60/N second
Hence, according to Faraday’s Laws of Electromagnetic Induction,

E.M.F. generated/conductor = 
60

d PN
dt
Φ Φ=  volt

For a simplex wave-wound generatorFor a simplex wave-wound generatorFor a simplex wave-wound generatorFor a simplex wave-wound generatorFor a simplex wave-wound generator

No. of parallel paths = 2

No. of conductors (in series) in one path = Z/2

∴ E.M.F. generated/path =  
60 2 120
PN Z ZPNΦ Φ× =  volt

For a simplex lap-wound generatorFor a simplex lap-wound generatorFor a simplex lap-wound generatorFor a simplex lap-wound generatorFor a simplex lap-wound generator

No. of parallel paths = P

No. of conductors (in series) in one path = Z/P

∴ E.M.F. generated/path = 
60 60
PN Z ZN

P
Φ Φ× =  volt

In general generated e.m.f. Eg = ( ) volt
60
ZN P

A
Φ ×

where A = 2-for simplex wave-winding
= P-for simplex lap-winding

Also, Eg = ( ) ( ) ( )1 2.
2 60 2

N P Z PZ
A A

π ωΦΦ =
π π

 volt − ω in rad/s

For a given d.c. machine, Z, P and A are constant.  Hence, putting Ka = ZP/A, we get

Eg = Ka Φ N volts––where N is in r.p.s.
Example 26.8.  A four-pole generator, having wave-wound armature winding has 51 slots, each

slot containing 20 conductors.  What will be the voltage generated in the machine when driven at
1500 rpm assuming the flux per pole to be 7.0 mWb ? (Elect. Machines-I, Allahabad Univ. 1993)

Solution. Eg = ( )60
ZN P

A
Φ volts

Here, Φ = 7 × 10−3 Wb, Z = 51 × 20 = 1020, A = P = 4, N = 1500 r.p.m.

∴ Eg = ( )37 10 1020 1500 4
60 2

−× × ×
 = 178.5 V

Example 26.9.  An 8-pole d.c. generator has 500 armature conductors, and a useful flux of 0.05
Wb per pole.  What will be the e.m.f. generated if it is lap-connected and runs at 1200 rpm ?  What
must be the speed at which it is to be driven produce the same e.m.f. if it is wave-wound?

(U.P. Technical Univ. 2001)
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Solution.  With lap-winding, P = a = 8

                                  E = φ  (N/60) (P/a)
                                       = 0.05 × 500 × 20 × 1,

= 500 volts
for lap-winding

If it is wave-wound, P = 8, a = 2, P/a = 4

and E = 0.05 × 500 × (N/60) × 4
For E = 500 volts, N = 300 rpm

Hence, with wave-winding, it must be driven at 300
rpm to generate 500 volts.

Additional Explanation.  Assume 1 amp as the cur-
rent per conductor.

(a) Lap-wound, 1200 rpm : 500 V per coil-group, 8
groups in parallel

Net output current = 8 amp as in Fig. 26.51 (a).
Power output = 4 kW

(b) Wave-wound, 300 rpm : 2 groups in parallel, one
group has four coils in series, as shown in Fig. 26.51 (b).

Total power-output is now
500 × 2 = 1000 W.

It is reduced to one fourth, being proportional to the
speed.

Fig. 26.51(b)

Example 26.10.  A d.c. shunt generator has an induced voltage on open-circuit of 127 volts.
When the machine is on load, the terminal voltage is 120 volts.  Find the load current if the field-
circuit resistance is 15 ohms and the armature-resistance is 0.02 ohm.  Ignore armature reaction.

(Madras University April 1997, Bharathiar University Nov. 1997)
Solution.
Note :  Even though the question does not specify some conditions, the solution given here is

based on correct approach to deal with the case.
Generator on no load :
As shown in Fig. 26.52 (a), the machine is run at N1 rpm.

Eg = 127 + 8.47 × 0.02 = 127.17 volts
As in Fig. 26.52 (b), if = 8 amp

Fig. 26.51(a)
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Eg can be 127.17 volts, if the speed is increased to N2 rpm, such that

8.47 N1 = 8N2, or N2 = 
8.47

8  N1 = 1.05875 N1

Thus the effect due to 5.875% decrease in flux is compensated by 5.875% increase in speed.

Fig. 26.52

If Eg is assumed to remain unaltered at 127.17 V,

Ia =
127.17 120

0.02
−

 = 358.5 amp

Hence, IL = 358.5 − 8 = 350.5 amp.

Example 26.11(a).  An 8-pole d.c. shunt generator
with 778 wave-connected armature conductors and run-
ning at 500 r.p.m. supplies a load of 12.5 Ω resistance at
terminal voltage of 50 V.  The armature resistance is 0.24
Ω and the field resistance is 250 Ω.  Find the armature
current, the induced e.m.f. and the flux per pole.

(Electrical Engg-I, Bombay Univ. 1988)
Solution.  The circuit is shown in Fig. 26.53

Load current = V/R = 250/12.5 = 20 A
Shunt current = 250/250 = 1 A

Armature current = 20 + 1 = 21 A
Induced e.m.f. = 250 + (21 × 0.24) = 255.04 V

Now, Eg = ( )60
ZN P

A
Φ ×

∴ 255.04 = ( )778 500 8
60 2

Φ × ×

∴ Φ = 9.83 mWb

Example 26.11(b).  A 4-pole lap-connected armature of a d.c. shunt generator is required to
supply the loads connected in parallel :

(1) 5 kW Geyser at 250 V, and
(2) 2.5 kW Lighting load also at 250 V.
The Generator has an armature resistance of 0.2 ohm and a field resistance of 250 ohms.  The

armature has 120 conductors in the slots and runs at 1000 rpm.  Allowing 1 V per brush for contact
drops and neglecting friction, find

(1) Flux per pole, (2) Armature-current per parallel path.        (Nagpur University Nov. 1998)

Fig. 26.53
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Solution. Geyser current = 5000/250 = 20 A
Current for Lighting = 2500/250 = 10 A

Total current = 30 A
Field Current for Generator = 1 A

Hence, Armature Current = 31 A
Armature resistance drop = 31 × 0.2 = 6.2 volts

Generated e.m.f. = 250 + 6.2 + 2 = 258.2 V,
since E = Vt + Iara + Total brush contact drop
For a 4-pole lap-connected armature,
Number of parallel paths = number of poles = 4
(1) The flux per pole is obtained from the emf equation

258.2 = [φ Z N/60] × (p/a)
= [φ × 120 × 1000/60] × (4/4)
= 2000 φ

φ = 129.1 mWb
(2) Armature current per parallel path = 31/4 = 7.75 A.
Example 26.12.  A separately excited generator, when running at 1000 r.p.m. supplied 200 A at

125 V.  What will be the load current when the speed drops to 800 r.p.m. if If is unchanged ?  Given
that the armature resistance = 0.04 ohm and
brush drop = 2 V.

(Elect. Machines Nagpur Univ. 1993)
Solution.  The load resistance R = 125/200

= 0.625 Ω, in Fig. 26.54.
Egl = 125 + 200 × 0.04 + 2 = 135 V ; N1 =

1000 r.p.m.
At 800 r.p.m. Eg2 = 135 × 800/1000 = 108 V
If I is the new load current, then terminal volt-

age V is given by

   V = 108 − 0.04 I − 2 = 106 − 0.04 I
∴  I = V/R = (106 − 0.04 I)/0.635 ; I = 159.4 A

Example 26.13.  A 4-pole, 900 r.p.m. d.c. machine has a terminal voltage of 220 V and an
induced voltage of 240 V at rated speed.  The armature circuit resistance is 0.2 Ω.  Is the machine
operating as a generator or a motor ?  Compute the armature current and the number of armature
coils if the air-gap flux/pole is 10 mWb and the armature turns per coil are 8.  The armature is wave-
wound. (Elect. Machines AMIE Sec. B 1990)

Solution.  Since the induced voltage E is more than the terminal voltage ν, the machine is work-
ing as a generator.

E − V = IaRa or 240 − 220 = Ia × 0.2 ; Ia = 100 A

Now, Eb = ZN (P/A) or 240 = 10 × 10−3 × z × (900/600) (4/2) ; Z = 8000
Since there are 8 turns in a coil, it means there are 16 active conductors/coil.  Hence, the number

of coils = 8000/16 = 500.
Example 26.14.  In a 120 V compound generator, the resistances of the armature, shunt and

series windings are 0.06 Ω, 25 Ω and 0.04 Ω respectively.  The load current is 100 A at 120 V.  Find
the induced e.m.f. and the armature current when the machine is connected as (i) long-shunt and as
(ii) short-shunt.  How will the ampere-turns of the series field be changed in (i) if a diverter of 0.1
ohm be connected in parallel with the series winding ?  Neglect brush contact drop and ignore
armature reaction. (Elect. Machines AMIE Sec. B, 1992)

Fig. 26.54
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Solution. (i)  Long Shunt [Fig. 26.55 (a)]
Ish = 120/125 = 4.8 A ; I = 100 A ; Ia = 104.8 A

Voltage drop in series winding = 104.8 × 0.04 = 4.19 V

Armature voltage drop = 104.8 × 0.06 = 6.29 V
∴ Eg = 120 + 3.19 + 6.29 = 130.5 V
(ii) Short Shunt [Fig. 26.55 (c)]

Voltage drop in series winding = 100 × 0.04 = 4 V
Voltage across shunt winding = 120 + 4 = 124 V
∴ Ish = 124/25 = 5 A ; ∴ Ia = 100 + 5 = 105 A

Armature voltage drop = 105 × 0.06 = 6.3 V
Eg = 120 + 5 + 4 = 129 V

Fig. 26.55

When a diverter of 0.1 Ω is connected in parallel with the series winding, the diagram becomes
as shown in Fig. 26.55 (b).  As per current-divider rule, the current through the series winding is =
104.8 × 0.1/(0.1 + 0.04) = 74.86 A.  It means that the series field current has decreased from an
original value of 104.8 A to 74.86 A.  Since No. of turns in the series winding remains the same, the
change in series field ampere-turns would be the same as the change in the field current.  Hence, the
percentage decrease in the series field ampere-turns = (74.86 − 104.8) × 100/104.8 = −28.6%.

Example 26.15.  A 4-pole, long-shunt lap-wound generator supplies 25 kW at a termimal volt-
age of 500 V.  The armature resistance is 0.03 ohm, series
field resistance is 0.04 ohm and shunt field resistance is 200
ohm.  The brush drop may be taken as 1.0 V.  Determine the
e.m.f. generated.

Calculate also the No. of conductors if the speed is 1200
r.p.m. and flux per pole is 0.02 weber.  Neglect armature
reaction.

(Elec. Engineering-I, St. Patel Univ. 1986)
Solution. I = 25,000/500 = 50 A, Ish = 500/200 = 2.5 A

(Fig. 26.56)
Ia = I + Ish = 50 + 2.5 = 52.5 A

Series field drop = 52.5 × 0.04 = 2.1 V
Armature drop = 52.5 × 0.03 = 1.575 V

Brush drop = 2 × 1 = 2 V

Generated e.m.f., Eg = 500 + 2.1 + 1.575 + 2 = 505.67 V

Fig. 26.56
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Now, Eg = ( )60
ZN P

A
Φ

or 505.67 = ( )0.02 1200 4
60 4
Z× ×

, Z = 1264

Example 26.16.  A 4-pole d.c. generator runs at 750 r.p.m. and generates an e.m.f. of 240 V.
The armature is wave-wound and has 792 conductors.  If the total flux from each pole is 0.0145 Wb,
what is the leakage coefficient ?

Solution.  Formula used :

E = ( )60
ZN P

A
Φ

 volt ∴ 240 = 
750 792 4

60 2
Φ × × ×

∴ Working flux/pole, Φ = 0.0121 Wb ; Total flux/pole = 0.0145 Wb

∴ Leakage coefficient λ =
total flux/pole 0.0145

working flux/pole 0.0121
=  = 1.2

Example 26.17.  A 4-pole, lap-wound, d.c. shunt generator has a useful flux per pole of 0.07
Wb.  The armature winding consists of 220 turns each of 0.004 Ω resistance.  Calculate the terminal
voltage when running at 900 r.p.m. if the armature current is 50 A.

Solution.  Since each turn has two sides,
Z = 220 × 2 = 400 ; N = 900 r.p.m. ; Φ = 0.07 Wb ; P = A = 4

∴ Eg = ( ) ( )0.07 440 900 4.
60 60 4
ZN P

A
× ×Φ = ×  = 462 volt

Total resistance of 220 turns (or 440 conductors) = 220 × 0.004 = 0.88 Ω
Since there are 4 parallel paths in armature,
∴ Resistance of each path = 0.88/4 = 0.22 Ω
Now, there are four such resistances in parallel each of value 0.22 Ω
∴ Armature resistance, Ra = 0.22/4 = 0.055 Ω

Armature drop = IaRa = 50 × 0.055 = 2.75 Ω
Now, terminal voltage V = Eg − IaRa = 462 − 2.75 = 459.25 volt.
Example 26.18.  A 4-pole, lap-wound, long-shunt, d.c.

compound generator has useful flux per pole of 0.07 Wb.  The
armature winding consists of 220 turns and the resistance per
turn is 0.004 ohms.  Calculate the terminal voltage if the resis-
tance of shunt and series field are 100 ohms and 0.02 ohms
respectively ; when the generator is running at 900 r.p.m. with
armature current of 50 A.  Also calculate the power output in
kW for the generator.

(Basic Elect. Machine Nagpur Univ. 1993)

Solution. Eb = ( )0.07 (220 2) 900 4
60 4

× × × ×  = 462 V

As found in Ex. 26.17, Ra = 0.055 Ω
Arm. circuit resistance = Ra + Rse = 0.055 + 0.02 = 0.075 Ω
Arm. circuit drop = 50 × 0.075 = 3.75 V
V = 462 − 3.75 = 458.25 V, in Fig. 26.57.
Ish = 458.25/100 = 4.58 A ; I = 50 − 4.58 = 45.42 A
Output = VI = 458.25 × 45.42 = 20,814 W = 20.814 kW

Fig. 26.57
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Example 26.19.  A separately excited d.c.
generator, when running at 1200 r.p.m. supplies
200 A at 125 V to a circuit of constant resistance.
What will be the current when the speed is
dropped to 1000 r.p.m. and the field current is
reduced to 80% ?  Armature resistance, 0.04 Ω
and total drop at brushes, 2 V.  Ignore satura-
tion and armature reaction.

(Elect. Machines AMIE Sec. B, 1991)

Solution.  We will find the generated e.m.f.
when the load current is 200 A.

Eg1 = V + brush drop + IaRa = 125 + 200  × 0.04 = 135 V, in Fig. 26.58.

Now, Eg1 ∝  Φ1N1 and Eg2 ∝  Φ2N2

∴                2 2 2

1 1 1

g

g

E N
E N

Φ
=

Φ

or                   2 10000.8
135 1200

gE
= ×  = 90 V

Example 26.20(a).  A 4-pole, d.c. shunt generator with a shunt field resistance of 100 Ω and an
armature resistance of 1 Ω has 378 wave-connected conductors in its armature.  The flux per pole is
0.02 Wb.  If a load resistance of 10 Ω is connected across the armature terminals and the generator
is driven at 1000 r.p.m., calculate the power absorbed by the load.

(Elect. Technology, Hyderabad Univ. 1991)
Solution.  Induced e.m.f. in the generator is

Es = ( )60
ZN P

A
Φ  volt

= ( )0.02 378 1000 4
60 2

× ×
 = 252 volt

Now, let V be the terminal voltage i.e. the voltage available
across the load as well as the shunt resistance (Fig. 26.59).

Load current = V/10 A and Shunt current = V/100 A

Armature current = 
11 V

10 100 100
V V+ =

Now, V = Eg − armature drop

∴ V = 252 − 1 × 
11V
100 ∴ V = 227 volt

Load current = 227/10 = 22.7 A,  Power absorbed by the load is = 227 × 22.7 = 5,153 W
Example 26.20(b).  A four-pole, lap-wound shunt generator has 300 armature-conductors and

a flux/pole of 0.1 Wb.  It runs at 1000 r.p.m.  The armature and field-resistances are 0.2 ohm and 125
ohms respectively.  Calculate the terminal voltage when it is loaded to take a load current of 90 A.
Ignore armature reaction. (Nagpur University, April 1999)

Solution.  First, the e.m.f .should be calculated
E = 0.1 × 300 × (1000/60) × (4/4) = 500 volts

The field current 500/125 = 4 amp
For the load current of 90 amp, armature current = 94 amp

Iara = 94 × 0.20 = 18.8 volts
Terminal voltage, V = 500 − 18.8 = 481.2 volts

Fig. 26.58

Fig. 26.59
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Note : Due to the reduction in terminal voltage (as an effect of loading), the shunt field current tends to
decrease, which will further reduce V.  To compensate for this, either increase the speed slightly or decrease the
shunt-field-circuit resistance slightly.

Example 26.21(a).  A 6-pole dc generator runs at 1200
r.p.m. on no-load and has a generated e.m.f. of 250 V.  Its arma-
ture diameter is 350 mm and the radial air-gap between the
field poles and the armature is 3 mm.  The axial length of the
field poles is 260 mm and the field pole effective coverage is
80% including fringing.  If the armature has 96 coils having 3
turns per coil and is wound duplex lap, calculate (a) flux per
pole (b) effective pole arc length and (c) average air-gap flux
density.

Solution. (a)  Z = (96 × 3) × 2 = 576, P = 6, A = P × plex
= 6 × 2 = 12, N = 1200 r.p.m.

∴ 250 = ( )576 1200 6
6 12

Φ × ×
 ; ∴ Φ  = 0.0434 Wb

(b) Inner diameter of the pole shoe circle is = 350 + 6 = 356 mm.
Since there are 6 poles, the net field pole flux coverage is 80% of one-sixth of the pole shoe

circle.  Hence, the effective pole arc length is

= 
1
6  × πd × 0.8 = 

1
6  × π × 356 × 0.8 = 149 mm = 0.149 m.

(c) Pole surface area = pole shoe arc × axial length of the pole (Fig. 26.60).
= 0.149 × 0.260 = 0.03874 mm2

∴ Flux density B = 0.0434/0.03874 = 1.12 T

Example 26.21(b).  A 4-pole d.c. Generator with 1200 conductors generates 250 volts on open
circuit, when driven at 500 rpm.  The pole-shoes have a bore of 35 cm and the ratio of pole-arc to
pole pitch is 0.7, while, the length of the pole shoe is 20 cm.  Find the mean flux density in the airgap.

 (Bharthiar Univ. Nov. 1972 & April 1998)

Solution.  For a diameter of 35, 4-pole machine has a pole-pitch of (35π/4) = 27.5 cm
Since pole-arc/pole pitch is 0.7, Pole-arc = 0.7 × 27.5 = 19.25 cm
Pole area = 19.25 × 20 = 385 sq. cm.
Substituting in the e.m.f. equation, 250 = (φ ZN/60) (p/a)
For Lap-winding, in the case, p = a = 4
Hence, flux/pole = (250 × 60)/(1200 × 500) = 0.025 Wb
This flux is uniformly distributed over the pole-area.
Mean flux density in the air-gap = (0.025)/(385 × 10−4) = 0.65 Wb/m2

Example 26.21(c).  A four-pole lap-wound dc shunt generator having 80 slots with 10 conduc-
tors per slot generates at no-load an e.m.f. of 400 V, when run at 1000 rpm.  How will you obtain a
generated open-circuit voltage of 220 V ? (Nagpur University November 1996)

Solution. (i)  Keeping operating speed at 1000 rpm only, change the flux per pole
The O.C. e.m.f. is given by E = (φ ZN/60) × (P/a)
For the given operating conditions,

400 = φ × (80 × 10) × (1000/60) × (4/4)
which gives φ = 30 mWb
When speed is kept constant at 1000 rpm only,

E ∝ φ
Or to get 220 V on O.C., φ2 = (220/400) × 30 mWb = 16.5 mWb

Fig. 26.60
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Thus, by increasing the shunt-field-circuit resistance with the help of adding external rheostatic,
the current in the field-circuit is decreased so as to decrease the flux to 16.5 mWb.

(ii) Keep same flux per pole, change the speed.
If φ is held constant at 30 mWb, an O.C. e.m.f. of 220 V is obtained at a speed of N r.p.m., given

by
220 = 30 × 10−3 × 800 × N/60,  N = 550 rpm

At 220 V, the flux can be maintained at 30 mWb provided the field current is unchanged.
400/Rf 1 = 200/Rf 2

or Rf 2 = 0.55 Rf 1

Thus, the field circuit resistance must be reduced to the new value of 0.55 Rf1 in order to obtain
30 mWb of flux per pole from a voltage of 220 V.

(iii) Any other combination of proper speed and flux/pole can be chosen and worked out on
similar lines.

Example 26.21(d).  A short-shunt d.c. compound generator supplies 200 A at 100 V.  The resis-
tance of armature, series field and shunt field windings are 0.04, 0.03 and 60 ohms respectively.
Find the emf generated.  Also find the emf generated if same machine is connected as a long-shunt
machine. (Nagpur University, April 1998)

Solution.  With short-shunt connection, shown in Fig. 26.61 (a).
Va = armature terminal voltage = 100 (200 × 0.03) = 106 V

Shunt field current = 106/60 = 1.767 amp

Armature current = Ia = 200 + 1.767 = 201.767 amp
Armature induced e.m.f. = 106 + (201.767 × 0.04) = 114.07 volts

Fig. 26.61(a)

Now, with long-shunt connection shown in Fig. 26.61 (b),

Shunt field current = 100/60 = 1.667 amp

Armature current = 201.667 amp

Total voltage drop in armature and series field winding

= 201.667 (0.04 + 0.03) = 14.12 volts

Armature induced e.m.f. = 100 + 14.12 = 114.12 volts
Note :  In case of long shunt connection, the generator has to develop the e.m.f. with shunt field current

slightly reduced, compared to the case of short shunt connection.  However, the series field winding carries a
slightly higher current in latter case.  Still, in practice, slight speed adjustment (or shunt field rheostatic varia-
tion) may be required to get this e.m.f., as per calculations done above.
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Example 26.22.  A long shunt dynamo run-
ning at 1000 r.p.m. supplies 20 kW at a terminal
voltage of 220 V.  The resistance of armature,
shunt field, and series field are 0.04, 110 and 0.05
ohm respectively.  Overall efficiency at the above
load is 85%.  Find :

(i) Copper loss,

(ii) Iron and  friction loss,

(iii) Torque developed by the prime mover.
(Amravati University 1999)

Solution.  IL, Load current = 
20, 000

220  = 90.91 amp

Shunt field current, If =
220
110  = 2 amp

Armature current, Ia = 92.91 amp
Input power = 20,000/0.85 = 23529 watts

Total losses in the machine = Input − Output = 23529 − 20,000 = 3529 watts

(i) Copper losses :
Power loss in series field-winding + armature winding = 92.912 × 0.09 watts = 777 watts
Power-loss in shunt field circuit : 22 × 110 = 440 watts

Total copper losses = 777 + 400 = 1217 watts

(ii) Iron and friction losses = Total losses − Copper losses
= 3529 − 1217 = 2312 watts

(iii) Let T = Torque developed by the prime-mover
At 1000 r.p.m., angular speed, ω = 2π × 1000/60 = 104.67 rad./sec

T × ω = Input power
∴ T = 23529/104.67 = 224.8 Nw-m

26.34.26.34.26.34.26.34.26.34. IrIrIrIrIron Loss in on Loss in on Loss in on Loss in on Loss in ArArArArArmamamamamaturturturturtureeeee

Due to the rotation of the iron core of the armature in the magnetic flux of the field poles, there
are some losses taking place continuously in the core and are known as Iron Losses or Core Losses.
Iron losses consist of (i) Hysteresis loss and (ii) Eddy Current loss.

(i) Hysteresis Loss (Wh)
This loss is due to the reversal of magnetisation of the armature core.  Every portion of the

rotating core passes under N and S pole alternately, thereby attaining S and N polarity respectively.
The core undergoes one complete cycle of magnetic reversal after passing under one pair of poles.  If
P is the number of poles and N, the armature speed in r.p.m., then frequency of magnetic reversals is
f = PN/120.

The loss depends upon the volume and grade of iron, maximum value of flux density Bmax and
frequency of magnetic reversals.  For normal flux densities (i.e. upto 1.5 Wb/m2), hysteresis loss is
given by Steinmetz formula.  According to this formula,

Wh = ηB1.6
max  f V watts

where V = volume of the core in m3

η = Steinmetz hysteresis coefficient.

Fig. 26.61(b)
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Value of η for :

Good dynamo sheet steel = 502 J/m3, Silicon steel = 191 J/m2, Hard Cast steel = 7040 J/m3, Cast
steel = 750 − 3000 J/m3 and Cast iron = 2700 − 4000 J/m3.

(ii) Eddy Current Loss (We)
When the armature core rotates, it also cuts the magnetic flux.  Hence, an e.m.f. is induced in the

body of the core according to the laws of electromagnetic induction.  This e.m.f. though small, sets up
large current in the body of the core due to its small resistance.  This current is known as eddy current.
The power loss due to the flow of this current is known as eddy current loss.  This loss would be
considerable if solid iron
core were used.  In or-
der to reduce this loss
and the consequent heat-
ing of the core to a small
value, the core is built up
of thin laminations,
which are stacked and
then riveted at right
angles to the path of the
eddy currents.  These
core laminations are in-
sulated from each other
by a thin coating of var-
nish.  The effect of laminations is shown in Fig. 26.62.  Due to the core body being one continuous
solid iron piece [Fig. 26.62 (a)], the magnitude of eddy currents is large.  As armature cross-sectional
area is large, its resistance is very small, hence eddy current loss is large.  In Fig. 26.62 (b), the same
core has been split up into thin circular discs insulated from each other.  It is seen that now each
current path, being of much less cross-section, has a very high resistance.  Hence, magnitude of eddy
currents is reduced considerably thereby drastically reducing eddy current loss.

It is found that eddy current loss We is given by the following relation :
We = KB2

max f 
2 t2V2 watt

where Bmax = maximum flux density f = frequency of magnetic reversals
t = thickness of each lamination V = volume of armature core.

It is seen from above that this loss varies directly as the square of the thickness of laminations,
hence it should be kept as small as possible.  Another point to note is that Wh ∝  f  but We ∝  f 2.  This
fact makes it possible to separate the two losses experimentally if so desired.

As said earlier, these iron losses if allowed to take place unchecked not only reduce the effi-
ciency of the generator but also raise the temperature of the core.  As the output of the machines is
limited, in most cases, by the temperature rise, these losses have to be kept as small as is economically
possible.

Eddy current loss is reduced by using laminated core but hysteresis loss cannot be reduced this
way.  For reducing the hysteresis loss, those metals are chosen for the armature core which have a low
hysteresis coefficient.  Generally, special silicon steels such as stalloys are used which not only have
a low hysteresis coefficient but which also possess high electrical resistivity.

26.35.26.35.26.35.26.35.26.35. TTTTTotal Loss in a Dotal Loss in a Dotal Loss in a Dotal Loss in a Dotal Loss in a D.C..C..C..C..C. Genera Genera Genera Genera Generatortortortortor

The various losses occurring in a generator can be sub-divided as follows :
(a) Copper Losses
(i) Armature copper loss = Ia

2Ra [Note : EgIa is the power output from armature.]

where Ra = resistance of armature and interpoles and series field winding etc.
This loss is about 30 to 40% of full-load losses.

Fig. 26.62
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(ii) Field copper loss.  In the case of shunt generators, it is practically constant and Ish
2 Rsh (or

VIsh).  In the case of series generator, it is = Ise
2Rse where Rse is resistance of the series field

winding.
This loss is about 20 to 30% of F.L. losses.

(iii) The loss due to brush contact resistance.  It is usually included in the armature copper loss.
(b) Magnetic Losses (also known as iron or core losses),

(i)  hysteresis loss, Wh ∝  B1.6
max  f and (ii) eddy current loss, We ∝  B2

max f 
2

These losses are practically constant for shunt and compound-wound generators, because in
their case, field current is approximately constant.

Both these losses total up to about 20 to 30% of F.L. losses.

(c) Mechanical Losses.  These consist of :
(i) friction loss at bearings and commutator.

(ii) air-friction or windage loss of rotating armature.

These are about 10 to 20% of F.L. Losses.
The total losses in a d.c. generator are summarized below :

Armature Cu loss
Copper losses Shunt Cu loss

Series Cu loss

Hysteresis
Total losses Iron losses

Eddy current

Friction
Mechanical losses

Windage

26.36.26.36.26.36.26.36.26.36. Stray LossesStray LossesStray LossesStray LossesStray Losses

Usually, magnetic and mechanical losses are collectively known as Stray Losses.  These are also
known as rotational losses for obvious reasons.

26.37.26.37.26.37.26.37.26.37. Constant or Standing LossesConstant or Standing LossesConstant or Standing LossesConstant or Standing LossesConstant or Standing Losses

As said above, field Cu loss is constant for shunt and compound generators.  Hence, stray losses
and shunt Cu loss are constant in their case.  These losses are together known as standing or constant
losses Wc.

Hence, for shunt and compound generators,

Applied  Voltage

Short Circuit Connections for Copper Loss Test

Short Circuit
Connection

W
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Total loss = armature copper loss + Wc = Ia
2Ra + Wc = (I + Ish)

2Ra + Wc.
Armature Cu loss Ia

2Ra is known as variable loss because it varies with the load current.

Total loss = variable loss + constant losses Wc

26.38.26.38.26.38.26.38.26.38. Power StagesPower StagesPower StagesPower StagesPower Stages

Various power stages in the case of a d.c. generator are shown below :

Following are the three generator efficiencies :
1. Mechanical Efficiency

ηm = total watts generated in armature
mechanical power supplied output of driving engine

g aE IB
A

= =

2. Electrical Efficiency

ηe = watts available in load circuit
total watts generated g a

C VI
B E I

= =

3. Overall or Commercial Efficiency

ηc = watts available in load circuit
mechanical power supplied

C
A

=

It is obvious that overall efficiency ηc = ηm × ηe.  For good generators, its value may be as high
as 95%.

Note.  Unless specified otherwise, commercial efficiency is always to be understood.

26.39.26.39.26.39.26.39.26.39. Condition fCondition fCondition fCondition fCondition for Maximor Maximor Maximor Maximor Maximum Efum Efum Efum Efum Efffffficiencicienciciencicienciciencyyyyy

Generator output = VI

Generator input = output + losses
= VI + Ia

2Ra + Wc = VI + (I + Ish)
2Ra + Wc ( ∵ Ia = I + Ish)

However, if Ish is negligible as compared to load current, then Ia = I (approx.)

∴ η = 2 2
output
input

a a c a c

VI VI

VI I R W VI I R W
= =

+ + + +
( ∵ Ia = I)

= 1

1 a cIR W
V VI

 + +  
Now, efficiency is maximum when denominator is minimum i.e. when

a cIR Wd
dI V VI

 +  
 = 0 or 2

a cR W
V VI

−  = or I2Ra = Wc

Hence, generator efficiency is maximum when
Variable loss = constant loss.
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The load current corresponding to maximum efficiency is given
by the relation.

I2Ra = Wc or I = c

a

W
R

.

Variation of η with load current is shown in Fig. 26.63.

Example 26.23.  A 10 kW, 250 V, d.c., 6-pole shunt generator
runs at 1000 r.p.m. when delivering full-load.  The armature has
534 lap-connected conductors.  Full-load Cu loss is 0.64 kW.  The
total brush drop is 1 volt.  Determine the flux per pole.  Neglect
shunt current.

(Elect. Engg. & Electronics, M.S. Univ./Baroda 1987)

Solution.  Since shunt current is negligible, there is no shunt Cu loss.  The copper loss occurs in
armature only.

I = Ia = 10,000/250 = 40 A ; Ia
2Ra = Arm. Cu loss or 402 × Ra = 0.64 × 103 ; Ra = 0.4 Ω

IaRa drop = 0.4 × 40 = 16 V ; Brush drop = 2 × 1 = 2 V

∴ Generated e.m.f. Eg = 250 + 16 + 1 = 267 V

Now, Eg = ( )60
ZN P

A
Φ  volt  ∴  267 = ( )534 1000 6

60 6
Φ × × ∴ Φ  = 30 × 10−3 Wb = 30 mWb

Example 26.24(a).  A shunt generator delivers 195 A at terminal p.d. of 250 V.  The armature
resistance and shunt field resistance are 0.02 Ω and 50 Ω respectively.  The iron and friction losses
equal 950 W.  Find

(a) E.M.F. generated (b) Cu losses (c) output of the prime motor
(d) commercial, mechanical and electrical efficiencies.

(Elect. Machines-I, Nagpur Univ. 1991)

Solution. (a) Ish = 250/50 = 5 A ; Ia = 195 + 5 = 200 A
Armature voltage drop = IaRa = 200 × 0.02 = 4 V

∴ Generated e.m.f. = 250 + 4 = 254 V

(b) Armature Cu loss = Ia
2Ra = 2002 × 0.02 = 800 W

Shunt Cu loss = V.Ish = 250 × 5 = 1250 W

∴ Total Cu loss = 1250 +  800 = 2050 W

(c) Stray losses = 950 W ; Total losses = 2050 + 950 = 3000 W

Output = 250 × 195 = 48,750 W ; Input = 48,750 + 3000 = 51750 W

∴ Output of prime mover = 51,750 W

(d) Generator input = 51,750 W ; Stray losses = 950 W

Electrical power produced in armature = 51,750 − 950 = 50,800

ηm = (50,800/51,750) × 100 = 98.2%

Electrical or Cu losses = 2050 W

∴ η e =
48, 750 100

48, 750 2, 050
×

+  = 95.9%

    and       ηc = (48,750/51,750) × 100 = 94.2%

Fig. 26.63
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Example 26.24(b).  A 500 V, D.C. shunt motor draws a line current of 5 amps, on light load. If
armature resistance is 0.15 ohm, and field resistance is 200 ohms, determine the efficiency of the
machine running as a generator, delivering a load current of 40 Amp.

(Bharathiar Univ. Nov. 1997)

Solution.  (i)  As a motor, on Light load, out of 5 Amps of line current, 2.5 Amps are required for
field circuit and 2.5 Amps are required for field circuit and 2.5 Amps are required for armature.
Neglecting copper-loss in armature at no load (since it works out to be just one watt), the armature-
power goes towards armature-core-loss and no-load mechanical loss at the rated speed.  This amounts
to (500 × 2.5) = 1250 watts.

(ii) As a generator, for a line current of 40 Amp, the total current for the armature is 42.5 amp.
Output of generator = 500 × 40 × 10−3 = 20 kW

Total losses as a generator = 1250 + field copper-loss + arm. copper-loss
= (1250 + 1250 + 42.52 × 0.15) watts = 2.771 kW

Efficiency = 20
20 2.771+

× 100 = 87.83%

Example 26.25.  A shunt generator has a F.L. current of 196 A at 220 V.  The stray losses are
720 W and the shunt field coil resistance is 55 Ω.  If it has a F.L. efficiency of 88%, find the armature
resistance.  Also, find the load current corresponding to maximum efficiency.

(Electrical Technology Punjab Univ. Nov. 1988)

Solution. Output = 220 × 196 = 43,120 W ; η = 88% (overall efficiency)
Electrical input = 43,120/0.88 = 49,000 W

Total losses = 49,000 − 43,120 = 5,880 W
Shunt field current = 220/55 = 4 A ∴   Ia = 196 + 4 = 200 A

∴ Shunt Cu loss = 220 × 4 = 880 W ; Stray losses = 720 W

Constant losses = 880 + 720 = 1,600
∴ Armature Cu loss = 5,880 − 1,600 = 4,280 W
∴ Ia

2Ra = 4,280 W

2002 Ra = 4,280 or Ra = 4,280/200 × 200 = 0.107 ΩΩΩΩΩ
For maximum efficiency,

I2Ra = constant losses = 1,600 W ; I = 1, 600 / 0.107  = 122.34 A

Example 26.26.  A long-shunt dynamo running at 1000 r.p.m. supplies 22 kW at a terminal
voltage of 220 V.  The resistances of armature, shunt field and the series field are 0.05, 110 and
0.06 Ω respectively.  The overall efficiency at the above load is 88%.  Find (a) Cu losses (b) iron and
friction losses (c) the torque exerted by the prime mover.

(Elect. Machinery-I, Bangalore Univ. 1987)

Solution.  The generator is shown in Fig. 26.64.
Ish = 220/110 = 2 A

I = 22,000/220 = 100 A,

Ia = 102 A
Drop in series field winding = 102 × 0.06 = 6.12 V
(a) Ia

2Ra = 1022 × 0.05 = 520.2 W

Series field loss = 1022 × 0.06 = 624.3 W
Shunt field loss = 4 × 110 = 440 W Fig. 26.64
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Total Cu losses = 520.2 + 624.3 + 440 = 1584.5 W
(b) Output = 22,000 W ; Input = 22,000/0.88 = 25,000 W

∴ Total losses = 25,000 − 22,000 = 3,000 W

∴ Iron and friction losses = 3,000 − 1,584.5 = 1,415.5 W

Now, 2
60

NT π× = 25,000 ;     T = 
25, 000 60

1, 000 6.284
×

×
 = 238.74 N-m

Example 26.27.  A 4-pole d.c. generator is delivering 20 A to a load of 10 Ω .  If the armature
resistance is 0.5 Ω and the shunt field resistance is 50 Ω, calculate the induced e.m.f. and the effi-
ciency of the machine.  Allow a drop of 1 V per brush.

(Electrical Technology-I, Osmania Univ., 1990)

Solution.  Terminal voltage = 20 × 10 = 200 V
Ish = 200/50 = 4 A ; Ia = 20 + 4 = 24 A

IaRa = 24 × 0.5 = 12 V ; Brush drop = 2 × 1 = 2 V

∴ Eg = 200 + 12 + 2 = 214 V, as in Fig. 26.65.
Since iron and friction losses are not given, only electrical

efficiency of the machine can be found out.
Total power generated in the armature

= 214 × 24 = 5,136 W
Useful output = 200 × 20 = 4,000 W

∴ η e = 4,000/5,136 = 0.779 or 77.9%

Example 26.28.  A long-shunt compound-wound generator gives 240 volts at F.L. output of 100
A.  The resistances of various windings of the machine are : armature (including brush contact) 0.1
Ω, series field 0.02 Ω, interpole field 0.025 Ω, shunt field (including regulating resistance) 100 Ω.
The iron loss at F.L. is 1000 W ; windage and friction losses total 500 W.  Calculate F.L. efficiency of
the machine. (Electrical Machinery-I, Indore Univ. 1989)

Solution. Output = 240 × 100 = 24,000 W

Total armature circuit resistance = 0.1 + 0.02 + 0.025 = 0.145 Ω
Ish = 240/100 = 2.4 A ∴  Ia = 100 + 2.4 = 102.4 A

∴ Armature circuit copper loss = 102.42 × 0.145 = 1,521 W

Shunt field copper loss = 2.4 × 240 = 576 W

Iron loss = 1000 W ;  Friction loss = 500 W

Total loss = 1,521 + 1,500 + 576 = 3,597 W ; η = 
24, 000

24, 000 3, 597+  = 0.87 = 87%

Example 26.29.  In a d.c. machine the total iron loss is 8 kW at its rated speed and excitation.  If
excitation remains the same, but speed is reduced by 25%, the total iron loss is found to be 5 kW.
Calculate the hysteresis and eddy current losses at (i) full speed (ii) half the rated speed.

(Similar Example, JNTU, Hyderabad, 2000)

Solution.  We have seen in Art. 26.32 that
Wh ∝ f and We ∝  f 2

Since f, the frequency of reversal of magnetization, is directly proportional to the armature speed,
Wh ∝ N and We  ∝   N2

Fig. 26.65
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∴ Wh = A × N and We = BN2,  where A and B are constants.
Total loss W = Wh + We = AN + BN2

Let the full rated speed be 1.

Then 8 = A × 1 + B × 12 or 8 = A + B ...(i)

Now, when speed is 75% of full rated speed, then

5 = A × (0.75) + B(0.75)2 ...(ii)

Multiplying (i) by 0.75 and subtracting (ii) from it, we get

0.1875 B = 1 ∴   B = 1/0.1875 = 5.33
kW

Substituting this value in (i) above

8 = 5.33 + A ∴ A = 2.67 kW

(i) Wh at rated speed = 2.67 kW, We at rated speed = 5.33 kW

(ii) Wh at half the rated speed = 2.67 × 0.5 = 1.335 kW

We at half the rated speed= 5.33 × 0.52 = 1.3325 kW

Example 26.30.  The hysteresis and eddy current losses in a d.c. machine running at 1000 r.p.m.
are 250 W and 100 W respectively.  If the flux remains constant, at what speed will be total iron losses
be halved ? (Electrical Machines-I, Gujarat Univ. 1989)

Solution.  Total loss W = Wh + We = AN + BN2

Now, Wh = 250 W ∴ A × (1000/60) = 250 ; A = 15

We = 100 W ∴ B × (1000/60)2 = 100 ; B = 9/25

Let N be the new speed in r.p.s. at which total loss is one half of the loss at 1000 r.p.m.  New loss
= (250 + 100)/2 = 175 W

∴ 175 = 15 N + (9/25)N2 or 9N2 + 375 N − 4,375 = 0

∴ N =
2375 375 36 4, 375 375 546

2 9 18
− ± + × − ±=

×  = 9.5 r.p.s = 570 r.p.m.*

Note.  It may be noted that at the new speed, Wh = 250 × (570/100) = 142.5 W and We = 100 × (570/1000)2

= 32.5 W.  Total loss = 142.5 + 32.5 = 175 W.

Example 26.31.  A d.c. shunt generator has a full load output of 10 kW at a terminal voltage of
240 V.  The armature and the shunt field winding resistances are 0.6 and 160 ohms respectively.  The
sum of the mechanical and core-losses is 500 W.  Calculate the power required, in kW, at the driving
shaft at full load, and the corresponding efficiency. (Nagpur University November 99)

Solution. Field current =
240
160

 = 1.5 amp,  Load current = 10, 000
240

 = 41.67 amp

Armature current = 41.67 + 1.5 = 43.17 amp
Field copper losses = 360 W, Armature copper losses = 43.172 × 0.6 = 1118 W

Total losses in  kW = 0.36 + 1,118 + 0.50 = 1,978 kW

Hence, Power input at the shaft= 11.978 kW

Efficiency =
10 100%

11.978
×  = 83.5%

* The negative value has been rejected–being mathematically absurd.
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Example 26.32.  A long shunt d.c. compound generator
delivers 110 kW at 220 V.

If ra = 0.01 ohm, rse = 0.002 ohm, and shunt field has a
resistance of 110 ohms, calculate the value of the induced
e.m.f.                 (Bharathithasan University Nov. 1997)

Solution. Load current = 110 × 1000/220

= 500 A

Shunt field current = 220/110 = 2 A

Armature current = 502 A

ra + rse = 0.012 ohm

Ea = 220 + [502 × (0.012)]

= 226.024 V

Example 26.33.  The armature of a four-pole d.c. shunt generator is lap-wound and generates
216 V when running at 600 r.p.m.  Armature has 144 slots, with 6 conductors per slot.  If this
armature is rewound, wave-connected, find the e.m.f. generated with the same flux per pole but
running at 500 r.p.m. (Bharathithasan University April 1997)

Solution.  Total number of armature conductors = Z = 144 × 6 = 864
For a Lap winding, number of parallel paths in armature = number of poles

In the e.m.f. equation, E = (φ ZN/60) (P/a)

Since P = a

E = φ ZN/60

216 = φ × 864 × 600/60 = 8640φ
Hence φ = 25 milli-webers

If the armature is rewound with wave-connection, number of parallel paths = 2.

Hence, at 500 r.p.m., with 25 mWb as the flux per pole.

the armature emf = (25 × 10−3 × 864 × 500/60) × 4/2

= 25 × 864 × 0.50 × 2/60

= 360 volts

Additional note :Additional note :Additional note :Additional note :Additional note :

Extension to Que :  Comment on the armature output power in the two cases.

Solution.  Assumption is that field side is suitably modified in the two cases.

Case (i) :  Lap-wound Machine at 600 r.p.m.

Armature e.m.f.= 216 V

Let each armature-conductor be rated to carry a current of 10 amp.

In simple lap-wound machines, since a four-pole machine has four parallel paths in armature, the
total armature output-current is 40 amp.

Hence, armature-output-power = 216 × 40 × 10−3 = 8.64 kW

Case (ii) :  Wave-wound machine, at 500 r.p.m.

Armature e.m.f. = 360 V

Due to wave-winding, number of parallel paths in armature = 2

Fig. 26.66.  Long-shunt d.c. compound
generator
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Hence, the total armature output current = 20 amp

Thus, Armature Electrical output-power = 360 × 20 × 10−3 = 7.2 kW
Observation.  With same flux per pole, the armature power outputs will be in the proportion of

the speeds, as (7.2/8.64) = 5/6).
Further Conclusion.  In case of common speed for comparing Electrical Outputs with same

machine once lap-wound and next wave-wound, there is no difference in the two cases.  Lap-wound
machine has lower voltage and higher current while the wave-wound machine has higher voltage and
lower current.

Example 26.34.  A 4-pole, Lap-connected d.c. machine has an armature resistance of 0.15 ohm.
Find the armature resistance of the machine is rewound for wave-connection.

(Bharthiar Univ. Nov. 1997)
Solution.  A 4-pole lap-winding has 4 parallel paths in armature.  If it is rewound for wave-

connection, the resistance across the terminal becomes (4 × 0.15) = 0.6 ohm, as it obvious from Fig.
26.67.

4 parallel paths (Lap-winding) 2 parallel paths (wave-winding)
Power rating = eI × 4 Power rating = (2e) × (2I) = 4eI

Resistance Between X and Y = r/4 Resistance Between M and N = r
(a)  Lap-winding (b)  Wave-winding

Fig. 26.67.  Resistances for different methods

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No. 26.2 26.2 26.2 26.2 26.2

1. A 4-pole, d.c. generator has a wave-wound armature with 792 conductors.  The flux per pole is
0.0121 Wb.  Determine the speed at which it should be run to generate 240 V on no-load. [751.3 r.p.m.]

2. A 20 kW compound generator works on full-load with a terminal voltage of 230 V.  The armature,
series and shunt field resistances are 0.1, 0.05 and 115 Ω respectively.  Calculate the generated e.m.f. when
the generator is connected short-shunt. [243.25 V] (Elect. Engg. Madras Univ. April, 1978)

3. A d.c. generator generates an e.m.f. of 520 V.  It has 2,000 armature conductors, flux per pole of
0.013 Wb, speed of 1200 r.p.m. and the armature winding has four parallel paths.  Find the number of poles.

[4] (Elect. Technology, Aligarh Univ. 1978)

4. When driven at 1000 r.p.m. with a flux per pole of 0.02 Wb, a d.c. generator has an e.m.f. of 200 V.
If the speed is increased to 1100 r.p.m. and at the same time the flux per pole is reduced to 0.019 Wb per pole,
what is then the induced e.m.f. ? [209 V]

www.EngineeringBooksPdf.com



934 Electrical Technology

5. Calculate the flux per pole required on full-load for a 50 kW, 400 V, 8-pole, 600 r.p.m. d.c. shunt
generator with 256 conductors arranged in a lap-connected winding.  The armature winding resistances is 0.1
Ω, the shunt field resistance is 200 Ω and there is a brush contact voltage drop of 1 V at each brush on full-
load. [0.162 Wb]

6. Calculate the flux in a 4-pole dynamo with 722 armature conductors generating 500 V when running
at 1000 r.p.m. when the armature is (a) lap connected (b) wave connected.

[(a) 41.56 mWb (b) 20.78 mWb] (City & Guilds, London)

7. A 4-pole machine running at 1500 r.p.m. has an armature with 90 slots and 6 conductors per slot.
The flux per pole is 10 mWb.  Determine the terminal e.m.f. as d.c. Generator if the coils are lap-connected.
If the current per conductor is 100 A, determine the electrical power.

[810 V, 324 kW] (London Univ.)

8. An 8-pole lap-wound d.c. generator has 120 slots having 4 conductors per slot.  If each conductor
can carry 250 A and if flux/pole is 0.05 Wb, calculate the speed of the generator for giving 240 V on open
circuit.  If the voltage drops to 220 V on full load, find the rated output of the machine.

[600 V, 440 kW]

9. A 110-V shunt generator has a full-load current of 100 A, shunt field resistance of 55 Ω and constant
losses of 500 W.  If F.L. efficiency is 88%, find armature resistance.  Assuming voltage to be constant at 110
V, calculate the efficiency at half F.L.  And at 50% overload.  Find the load current.

[0.078 ΩΩΩΩΩ ; 85.8% ; 96.2 A]

10. A short-shunt compound d.c. Generator supplies a current of 100 A at a voltage of 220 V.  If the
resistance of the shunt field is 50 Ω, of the series field 0.025 Ω, of the armature 0.05 Ω, the total brush drop is
2 V and the iron and friction losses amount to 1 kW, find

(a) the generated e.m.f. (b) the copper losses (c) the output power of the prime-mover driving the gen-
erator and (d) the generator efficiency.

[(a) 229.7 V (b) 1.995 kW (c) 24.99 kW (d) 88%]

11. A 20 kW, 440-V, short-shunt, compound d.c. generator has a full-load efficiency of 87%.  If the
resistance of the armature and interpoles is 0.4 Ω and that of the series and shunt fields 0.25 Ω and 240 Ω
respectively, calculate the combined bearing friction, windage and core-loss of the machine.

[725 W]

12. A long-shunt, compound generator delivers a load current of 50 A at 500 V and the resistances of
armature, series field and shunt field are 0.05 ohm and 250 ohm respectively.  Calculate the generated electro-
motive force and the armature current.  Allow 1.0 V per brush for contact drop.

[506.2 V ; 52 A] (Elect. Engg. Banaras Hindu Univ. 1977)

13. In a 110-V compound generator, the resistances of the armature, shunt and the series windings are
0.06 Ω, 25 Ω and 0.04 Ω respectively.  The load consists of 200 lamps each rated at 55 W, 110 V.

Find the total electromotive force and armature current when the machine is connected (i) long shunt
(ii) short shunt.  Ignore armature reaction and brush drop.

[(a) 1200.4, 104.4 A (b) 120.3 V, 104.6 A] (Electrical Machines-I, Bombay Univ. 1979)

14. Armature of a 2-pole, 200-V generator has 400 conductors and runs at 300 r.p.m. Calculate the
useful flux per pole. If the number of turns in each field coil is 1200, what is the average value of e.m.f
induced in each coil on breaking the field if the flux dies away completely in 0.1 sec ?

(JNTU, Hyderabad, 2000)

Hint: Calculate the flux per pole generating 200 V at 300 rpm. Calculate the e.m.f.  induced in 1200-turn
field coil due to this flux reducing to zero in 0.1 sec, from the rate of change of flux-linkage.

       [φφφφφ = 0.1 Wb, e = 1200  V]
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15. A 1500 kW, 550-V, 16 pole generator runs at 150 rev. per min. What must be the useful flux if there
are 2500 conductors lap-connected and the full-load copper losses are 25 kW? Calculate the area of the pole
shoe if the gap density has a uniform value of 0.9 wb/m2 and find the no-load terminal voltage, neglecting
armature reaction and change in speed.

(Rajiv Gandhi Techn. Univ., Bhopal, 2000)   [0.09944 m2, 559.17 V]

OBJECTIVE  TESTS – 26

1. The basic requirement of a d.c. armature wind-
ing is that it must be
(a) a closed one
(b) a lap winding
(c) a wave winding
(d) either (b) or (c)

2. A wave winding must go at least ............
around the armature before it closes back
where it started.
(a) once
(b) twice
(c) thrice
(d) four times

3. The d.c. armature winding in which coil sides
are a pole pitch apart is called ............ winding.
(a) multiplex
(b) fractional-pitch
(c) full-pitch
(d) pole-pitch

4. For making coil span equal to a pole pitch in
the armature winding of a d.c. generator, the
back pitch of the winding must equal the num-
ber of
(a) commutator bars per pole
(b) winding elements
(c) armature conductors per path
(d) armature parallel paths.

5. The primary reason for making the coil span
of a d.c. armature winding equal to a pole pitch
is to
(a) obtain a coil span of 180º (electrical)
(b) ensure the addition of e.m.fs. of consecu-

tive turns
(c) distribute the winding uniformly under

different poles
(d) obtain a full-pitch winding.

6. In a 4-pole, 35 slot d.c. armature, 180
electrical-degree coil span will be obtained
when coils occupy ............ slots.
(a) 1 and 10
(b) 1 and 9
(c) 2 and 11
(d) 3 and 12

7. The armature of a d.c. generator has a 2-layer
lap-winding housed in 72 slots with six con-
ductors/slot.  What is the minimum number of
commutator bars required for the armature?
(a) 72
(b) 432
(c) 216
(d) 36

8. The sole purpose of a commutator in a d.c.
Generator is to
(a) increase output voltage
(b) reduce sparking at brushes
(c) provide smoother output
(d) convert the induced a.c. into d.c.

9. For a 4-pole, 2-layer, d.c., lap-winding with
20 slots and one conductor per layer, the num-
ber of commutator bars is
(a) 80
(b) 20
(c) 40
(d) 160

10. A 4-pole, 12-slot lap-wound d.c. armature has
two coil-sides/slot.  Assuming single turn coils
and progressive winding, the back pitch would
be
(a) 5
(b)  7
(c) 3
(d)  6

11. If in the case of a certain d.c. armature, the
number of commutator segments is found ei-
ther one less or more than the number of slots,
the armature must be having a simplex ............
winding.
(a) wave
(b) lap
(c) frog leg
(d) multielement

12. Lap winding is suitable for ............ current,
............ voltage d.c. generators.
(a) high, low
(b) low, high
(c) low, low
(d) high, high
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ANSWERS

1.  (a)   2. (b)   3. (c)    4. (a)    5. (b)    6. (b)    7. (c)   8. (d ) 9. (b) 10. (b)

11. (a) 12. (a) 13. (c) 14. (b) 15. (d ) 16. (a) 17. (d ) 18. (b)

13. The series field of a short-shunt d.c. genera-
tor is excited by ............ currents.
(a) shunt
(b) armature
(c) load
(d) external

14. In a d.c. generator, the generated e.m.f. is
directly proportional to the
(a) field current
(b) pole flux
(c) number of armature parallel paths
(d)  number of dummy coils

15. In a 12-pole triplex lap-wound d.c. armature,
each conductor can carry a current of 100 A.
The rated current of this armature is ............
ampere.
(a) 600
(b) 1200

(c) 2400

(d) 3600

16. The commercial efficiency of a shunt gen-
erator is maximum when its variable loss
equals ............ loss.
(a) constant
(b) stray
(c) iron
(d) friction and windage

17. In small d.c. machines, armature slots are
sometimes not made axial but are skewed.
Though skewing makes winding a little more
difficult, yet it results in
(a) quieter operation
(b) slight decrease in losses
(c) saving of copper
(d) both (a) and (b)

18. The critical resistance of the d.c. generator is
the resistance of
(a) armature
(b) field
(c) load
(d) brushes (Grad. I.E.T.E Dec. 1985)
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Fig. 27.1

Fig. 27.2

27.1 Armature Reaction

By armature reaction is meant the effect of magnetic field set up by armature current on the
distribution of flux under main poles of a generator.  The armature magnetic field has two effects :

(i) It demagnetises or weakens the main flux and
(ii) It cross-magnetises or distorts it.
The first effect leads to reduced generated

voltage and the second to the sparking at the
brushes.

These effects are well illustrated in Fig.
27.1 which shows the flux distribution of a bi-
polar generator when there is no current in the
armature conductors.  For convenience, only
two poles have been considered, though the fol-
lowing remarks apply to multipolar fields as
well.  Moreover, the brushes are shown touch-
ing the armature conductors directly, although
in practice, they touch commutator segments,
It is seen that

(a) the flux is distributed symmetrically
with respect to the polar axis, which is
the line joining the centres of NS poles.

(b) The magnetic neutral axis or plane (M.N.A.) coincides with the geometrical neutral axis or
plane (G.N.A.)

Magnetic neutral axis may be defined as the axis along which no e.m.f. is produced in the arma-
ture conductors because they then move parallel to the lines of flux.

Or M.N.A. is the axis which is perpendicular to the flux passing through the armature.
As hinted in Art. 27.2, brushes are always placed along M.N.A.  Hence, M.N.A. is also called

‘axis of commutation’ because reversal of current in armature conductors takes place across this axis.
In Fig. 27.1 is shown vector OFm which rep-
resents, both in magnitude and direction, the
m.m.f. producing the main flux and also
M.N.A. which is perpendicular to OFm.

In Fig. 27.2 is shown the field (or
flux) set up by the armature conductors alone
when carrying current, the field coils being
unexcited.  The direction of the armature
current is the same as it would actually be
when the generator is loaded.  It may even be
found by applying Fleming’s Right-hand Rule.
The current direction is downwards in
conductors under N-pole and upwards in those
under S-pole. The downward flow is
represented by crosses and upward flow by
dots.

As shown in Fig. 27.2, the m.m.fs. of the armature conductors combine to send flux downwards
through the armature.  The direction of the lines of force can be found by applying cork-screw rule.
The armature m.m.f. (depending on the strength of the armature current) is shown separately both in
magnitude and direction by the vector OFA which is parallel to the brush axis.

So far, we considered the main m.m.f. and armature m.m.f. separately as if they existed indepen-
dently, which is not the case in practice. Under actual load conditions, the two exist simultaneously in
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the generator as shown in Fig. 27.3.

Fig. 27.3 Fig. 27.4

It is seen that the flux through the armature is no longer uniform and symmetrical about the pole
axis, rather it has been distorted.  The flux is seen to be crowded at the trailing pole tips but weakened
or thinned out at the leading pole tips (the pole tip which is first met during rotation by armature
conductors is known as the leading pole tip and the other as trailing pole tip). The strengthening and
weakening of flux is separately shown for a four-pole machine in Fig. 27.4.  As seen, air-gap flux
density under one pole half is greater than that under the other pole half.

If Fig. 27.3 is shown the resultant m.m.f. OF which is found by vectorially combining OFm and
OFA.

The new position of M.N.A., which is always perpendicular to the resultant m.m.f. vector OF, is
also shown in the figure.  With the shift of M.N.A., say through an angle θ, brushes are also shifted so
as to lie along the new position of M.N.A. Due to this brush shift (or forward lead), the armature
conductors and hence armature current is redistributed.  Some armature conductors which were earlier

Armature reaction
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under the influence of N-pole come under the influence
of S-pole and vice-versa.  This regrouping is shown in
Fig. 27.5, which also shows the flux due to armature
conductors.  Incidentally, brush position shifts in the
same direction as the direction of armature rotation.

All conductors to the left of new position of M.N.A.
but between the two brushes, carry current downwards
and those to the right carry current upwards.  The arma-
ture m.m.f. is found to lie in the direction of the new
position of M.N.A. (or brush axis).  The armature m.m.f.
is now represented by the vector OFA which is not ver-
tical (as in Fig 27.2) but is inclined by an angle θ to the
left.  It can now be resolved into two rectangular com-
ponents, OFd parallel to polar axis and OFC  perpen-
dicular to this axis.  We find that

(i) component OFC is at right angles to the vector
OFm (of Fig. 27.1) representing the main m.m.f.  It produces distortion in the main field and is hence
called the cross-magnetising or distorting component of the armature reaction.

(ii) The component OFd is in direct opposition of OFm which represents the main m.m.f.  It
exerts a demagnetising influence on the main pole flux.  Hence, it is called the demagnetising or
weakening component of the armature reaction.

It should be noted that both distorting and demagnetising effects will increase with increase in
the armature current.

27.2. Demagnetising and Cross-magnetising Conductors

The exact conductors which produce these distorting and demagnetising effects are shown in
Fig. 27.6 where the brush axis has been given a forward lead of θ so as to lie along the new position
of M.N.A.  All conductors lying within angles AOC = BOD = 2θ at the top and bottom of the armature,
are carrying current in such a direction as to send the flux through the armature from right to left.
This fact may be checked by applying crockscrew rule.  It is these conductors which act in direct
opposition to the main field and are hence called the demagnetising armature conductors.

Fig. 27.6 Fig. 27.7

Fig. 27.5
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Now consider the remaining armature conductors lying between angles AOD and COB.  As
shown in Fig. 27.7, these conductors carry current in such a direction as to produce a combined flux
pointing vertically downwards i.e. at right angles to the main flux.  This results in distortion of the
main field.  Hence, these conductors are known as cross-magnetising conductors and constitute dis-
torting ampere-conductors.

27.3. Demagnetising AT per Pole

Since armature demagnetising ampere-turns are neutralized by adding extra ampere-turns to the
main field winding, it is essential to calculate their number.  But before proceeding further, it should
be remembered that the number of turns is equal to half the number of conductors because two
conductors-constitute one turn.

Let Z = total number of armature conductors
I = current in each armature conductor

= Ia/2 ... for simplex wave winding
= Ia/P ... for simplex lap winding

θm = forward lead in mechanical or geometrical or angular degrees.

Total number of armature conductors in angles AOC and BOD is 
4
360

mθ
× Z

As two conductors constitute one turn,

∴ Total number of turns in these angles =
2
360

mθ
 × Z I

∴  Demagnetising amp-turns per pair of poles =
2
360

mθ
 × Z I

∴ Demagnetising amp - turns/pole =
360

mθ × ZI ∴  ATd  per pole = ZI × 
360

mθ

27.4. Cross-magnetising AT per pole
The conductors lying between angles AOD and BOC constitute what are known as distorting or

cross-magnetising conductors.  Their number is found as under :

Total armature-conductors/pole both cross and demagnetising = Z / P

Demagnetising conductors/pole = Z.
2
360

mθ
 (found above)

∴ Corss-magnetising conductors/pole =
2 21
360 360

m mZ Z Z
P P

θ θ − × = −  

∴ Cross-magnetising amp-conductors/pole =
21
360

mZI
P

θ −  

∴ Corss-magnetising amp-turns/pole = 1
2 360

mZI
P

θ −  
(Remembering that two conductors make one turn)

∴ ATc/pole = 1
2 360

mZI
P

θ −  
Note. (i) For neutralizing the demagnetising effect of armature-reaction, an extra number of turns may be

put on each pole.

No. of extra turns/pole =
d

sh

AT
I –for shunt generator
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= d
a

AT
I –for series generator

If the leakage coefficient λ is given, then multiply each of the above expressions by it.

(ii)  If lead angle is given in electrical degrees, it should be converted into mechanical degrees by the
following relation.

                                      θ (mechanical) =
2(electrical)

orpair of poles /2
e e

m PP
θ θθ θ = =

27.5. Compensating Windings

 These are used for large direct current machines
which are subjected to large fluctuations in load i.e. rolling
mill motors and turbo-generators etc.  Their function is
to neutralize the cross magnetizing effect of armature
reaction.  In the absence of compensating windings, the
flux will be suddenly shifting backward and forward with
every change in load.  This shifting of flux will induce
statically induced e.m.f. in the armature coils.  The
magnitude of this e.m.f. will depend upon the rapidity of
changes in load and the amount of change.  It may be so
high as to strike an arc between the consecutive
commutator segments across the top of the mica sheets
separating them.  This may further develop into a flash-
over around the whole commutator thereby short-
circuiting the whole armature.

These windings are embedded in slots in the
pole shoes and are connected in series with
armature in such a way that the current in them
flows in opposite direction to that flowing in
armature conductors directly below the pole
shoes.  An elementary scheme of compensating
winding is shown in Fig. 27.8.

It should be carefully noted that compensat-
ing winding must provide sufficient m.m.f so as
to counterbalance the armature m.m.f.  Let

Zc = No. of compensating conductos/pole face

Za = No. of active armature conductors/pole,
Ia = Total armature current

Ia/ A = current/armature conductor
∴   ZcIa = Za (Ia/A) or Zc = Za/A

Owing to their cost and the room taken up by
them, the compensating windings are used in the case of large machines which are subject to violent
fluctuations in load and also for generators which have to deliver their full-load output at consider-
able low induced voltage as in the Ward-Leonard set.

27.6. No. of Compensating Windings

No. of armature conductors/pole = Z
P

No. of armature turns/pole = 2
Z
P

Fig. 27.8

Compensating windings

Compensating
windings
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∴ No. of armature-turns immediately under one pole

=
Pole arc

0.7 (approx.)
2 Pole pitch 2
Z Z
P P

× = ×

∴ No. of armature amp-turns/pole for compensating winding

= 0.7 ×
2
Z
P

 = 0.7 × armature amp-turns/pole

Example 27.1.  A 4-pole generator has a wave-wound
armature with 722 conductors, and it delivers 100 A on full
load.  If the brush lead is 8°, calculate the armature
demagnetising and cross-magnetising ampere turns per pole.

(Advanced Elect. Machines AMIE Sec. B 1991)

Solution.  I = Ia /2 = 100/2 = 50A; Z = 722; θm = 8°

ATd / pole = ZI.
360

mθ
 = 722 × 50 × 8

360
 = 802

ATc / pole = ZI.
1

2 360
m

P
θ −  

= 722 × 50
1 8

2 4 360
 − × 

 = 37/8

Example 27.2  An 8-pole generator has an output of 200 A at 500 V, the lap-connected armature
has 1280 conductors, 160 commutator segments.  If the brushes are advanced 4-segments from the
no-load neutral axis, estimate the armature demagnetizing and cross-magnetizing ampere-turns per
pole.    (Electrical Machines-I, South Gujarat Univ. 1986)

Solution.  I = 200/8 = 25 A, Z = 1280, θm = 4 × 360 /160 = 9° ; P = 8
ATd / pole = ZIθm/360 = 1280 × 25 × 9/360 = 800

ATc / pole = ZI 1
2 360

m

p
θ −  

 = 1280 × 25 ( )1 9
2 360

−
× 8

 = 1200

Note.  No. of coils = 160, No. of conductors = 1280.  Hence, each coil side contains 1280/160 = 8 conductors.

Example 27.3(a).  A 4-pole wave-wound motor armature has 880 conductors and delivers 120 A.
The brushes have been displaced through 3 angular degrees from the geometrical axis.  Calculate
(a) demagnetising amp-turns/pole (b) cross- magnetising amp-turns/pole (c) the additional field
current for neutralizing the demagnetisation of the field winding has 1100 turns/pole.

Solution.  Z = 880; I = 120/2 = 60 A ; θ = 3° angular

(a) ∴   ATd = 880 × 60 × 3
360

 = 440 AT

(b) ∴   ATc = 880 × 60 ( )1 3
8 360

− = 880 × 7
60

 × 60 = 6,160

or Total AT/pole = 440 × 60/4 = 6600
Hence, ATC/pole  = Total AT/pole − ATd / pole = 6600 − 440 = 6160

(c) Additional field current = 440/1100 = 0.4 A.

Example 27.3(b).  A 4-pole lap-wound Generator having 480 armature conductors supplies a
current of 150 Amps.  If the brushes are given an actual lead of 10°, calculate the demagnetizing and
cross-magnetizing amp-turns per pole. (Bharathiar Univ.  April 1998)

Solution.  10° mechanical (or actual) shift = 20° electrical shift for a 4-pole machine.
Armature current = 150 amp

4-pole generator
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For 4-pole lap-wound armature, number of parallel paths = 4.  Hence, conductor-current = 150/4
= 37.5 amps.

Total armature amp-turns/pole =
(480 37.5)1 2250

2 14
×× =

Cross − magnetizing amp turns/pole = 2250 × ( )21 1750
180
× 20°− =

°
Demagnetizing amp turns/pole = 2250 × (2 × 20°/180°) = 500

Example 27.4.  A 4-pole generator supplies a current of 143 A.  It has 492 armature conductors
(a) wave-wound (b) lap-wound.  When delivering full load, the brushes are given an actual lead of
10°.  Calculate the demagnetising amp-turns/pole.  This field winding is shunt connected and takes
10 A.  Find the number of extra shunt field turns necessary to neutralize this demagnetisation.

(Elect. Machines, Nagpur Univ. 1993 & JNTU Hyderabad, 2000 & RGPU, Bhopal, 2000)

Solution. Z = 492 ; θm = 10° ; ATd / pole = Z I ×
360

mθ

Ia = 143 + 10 = 153 A ; I = 153/2 ... when wave-wound

= 153/4 ... when lap-wound

(a) ∴  ATd / pole = 492 153 10× ×
2 360 = 1046 AT

Extra shunt field turns = 1046/10 = 105 ( approx.)

(b) ATd / pole = 492 153 10× ×
2 360 = 523

Extra shunt field turns = 523/10 = 52 (approx.)

Example 27.5.  A 4-pole, 50-kW, 250-V wave-wound shunt generator has 400 armature con-
ductors.  Brushes are given a lead of 4 commutator segments.  Calculate the demagnetisation amp-
turns/pole if shunt field resistance is 50 Ω.  Also, calculate extra shunt field turns/pole to neutralize
the demagnetisation.

Solution.  Load current supplied = 50,000/250 = 200 A
Ish = 250/50 = 5 A ∴  Ia = 200 + 5 = 205 A

Current in each conductor I = 205/2 A

No. of commutator segments = N/A where A = 2 ... for wave-winding

∴     No. of segments = 400
2

 = 200 ; θ = 4
200

 × 360 = 36
5

 degrees

∴ ATd / pole = 205 36400
5

× ×
2 × 360

 = 820 AT

Extra shunt turns/poles =
AT 820

5
d

shI
= = 164

Example 27.6.  Determine per pole the number (i) of cross-magnetising ampere-turns (ii) of
back ampere-turns and (iii) of series turns to balance the back ampere-turns in the case of a d.c.
generator having the following data.

500 conductors, total current 200 A, 6 poles, 2-circuit wave winding, angle of lead = 10°,
leakage coefficient = 1.3 (Electrical Machines-I, Bombay University, 1986)

Solution.  Current/path, I = 200/2 = 100 A, θ = 10° (mech), Z = 500

(a) ATc / pole = ZI ( )1 10500 100
2 360 2 6 360

m

P
θ  1− = × −  × 

 =  2,778

(b) ATd / pole = 500 × 100 × 10/360 = 1390
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(c) Series turns required to balance the demagnetising ampere-turns are

= λ × 
AT 13901.3

200
d

aI
= × = 9

Example 27.7.  A 22.38 kW, 440-V, 4-pole wave-wound d.c. shunt motor has 840 armature
conductors and 140 commutator segments.  Its full-load efficiency is 88% and the shunt field current
is 1.8 A.  If brushes are shifted backward through 1.5 segments from the geometrical neutral axis,
find the demagnetising and distorting amp-turns/pole. (Elect. Engg. Punjab Univ. 1991)

Solution.  The shunt motor is shown diagrammatically in Fig. 27.9.
Motor output = 22,380 W ; η = 0.88

∴ Motor input = 22,380/0.88 W

Motor input current = 
22,380

0.88 440×  = 57.8 A

Ish = 1.8 A ; Ia = 57.8 − 1.8 = 56 A

Current in each conductor     = 56/2 = 28 A
θ = 1.5 × 360/140

= 27/7 degrees

∴ ATd / pole = 840 × 28 × 
27

7 360×  = 252

ATc / pole = Z I 1 1 27840 28
2 360 8 7 360

m

P

θ   − = × −   ×   
 = 2,688

Example 27.8.  A 400-V, 1000-A, lap-wound d.c. machine has 10 poles and 860 armature con-
ductors.  Calculate the number of conductors in the pole face to give full compensation if the pole
face covers 70 % of pole span.

Solution.  AT/pole for compensating winding

= armature amp-turn/pole × pole arc
pole pitch  = 0.7 ×

2
ZI
P

Here I = current in each armature conductor = 1,000/10 = 100 A
Z = 860 ; P = 10

∴ AT/pole for compensating winding = 0.7 × 860 × 100/2 × 10 = 3,010

Tutorial Problem No. 27.1

1. Calculate the demagnetising amp-turns of a 4-pole, lap-wound generator with 720 turns, giving
50 A, if the brush lead is 10º (mechanical). (250 AT/pole)

2. A 250-V, 25-kW, 4-pole d.c. generator has 328 wave-connected armature conductors.  When the
machine is delivering full load, the brushes are given a lead of 7.2 electrical degrees.  Calculate the cross-
magnetising amp-turns/pole. (1886, 164)

3. An 8-pole lap-connected d.c. shunt generator delivers an output of 240 A at 500 V.  The armature has
1408 conductors and 160 commutator segments.  If the brushes are given a lead of 4 segments from the no-
load neutral axis, estimate the demagnetising and cross-magnetising AT/pole.

(1056, 1584) (Electrical Engineering, Bombay Univ. 1978)
4. A 500-V, wave-wound, 750 r.p.m. shunt generator supplies a load of 195 A.  The armature has 720

conductors and shunt field resistance is 100 Ω.  Find the demagnetising amp-turns/pole if brushes are advanced
through 3 commutator segments at this load.  Also, calculate the extra shunt field turns required to neutralize
this demagnetisation. (600, 4800, 120)

Fig. 27.9
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5. A 4-pole, wave-wound generator has 320 armature conductors and carries an armature current of
400 A.  If the pole arc/pole pitch ratio is 0.68, calculate the AT/pole for a compensating winding to give
uniform flux density in the air gap. (5440)

6. A 500-kW, 500-V, 10 pole d.c. generator has a lap-wound armature with 800 conductors.  Calculate
the number of pole-face conductors in each pole of a compensating winding if the pole face covers 75 percent
of the pitch.

(6 conductors/pole)
7. Three shunt generators, each having an armature resistance of 0.1 ohm are connected across a common

bus feeding a two ohms load.  Their generated voltages are 127 V, 120 V, and 119 V.  Neglecting field currents,
calculate the bus voltage and modes of operations of the three machines. (JNTU, Hyderabad, 200)

Hint :  Solve the circuit from the data given.  Since the voltages differ considerably, first machine
with 127 V as the generated voltage with supply the largest current.

( I1 = 70 amp, Generating mode, I2 = 0,
Floating (= neither generating nor motoring).

I3 = −−−−−10 amp, motoring mode IL = 60 amp.)

27.7. Commutation

It was shown in Art 26.2 that currents induced in armature conductors of a d.c. generator are
alternating.  To make their flow unidirectional in the external circuit, we need a commutator.  More-
over, these currents flow in one direction when armature conductors are under N-pole and in the
opposite direction when they are under S-pole.  As conductors pass out of the influence of a N-pole
and enter that of S-pole, the current in them is reversed.  This
reversal of current takes place along magnetic neutral axis
or brush axis i.e. when the brush spans and hence short-
circuits that particular coil undergoing reversal of current
through it.  This process by which current in the short-cir-
cuited coil is reversed while it crosses the M.N.A. is called
commutation.  The brief period during which coil remains
short-circuited is known as commutation period Tc.

If the current reversal i.e. the change from + I to zero
and then to − I is completed by the end of short circuit or
commutation period, then the commutation is ideal.  If cur-
rent reversal is not complete by that time, then sparking is
produced between the brush and the commutator which re-
sults in progressive damage to both.

Let us discuss the process of commutation or current
reversal in more detail with the help of Fig. 27.10 where
ring winding has been used for simplicity.   The brush width
is equal to the width of one commutator segment and one
mica insulation.  In Fig. 27.10 (a) coil B is about to be short
circuited because brush is about to come in touch with
commutator segment ‘a’.  It is assumed that each coil carries
20 A, so that brush current is 40 A.  It is so because every coil meeting at the brush supplies half the
brush current lap wound or wave wound.  Prior to the beginning of short circuit, coil B belongs to the
group of coils lying to the left of the brush and carries 20 A from left to right.  In Fig. 27.10 (b) coil
B has entered its period of short-circuit and is approximately at one-third of this period.  The current
through coil B has reduced down from 20 A to 10 A because the other 10 A flows via segment ‘a’.  As
area of contact of the brush is more with segment ‘b’ than with segment ‘a’, it receives 30 A from the
former, the total again being 40 A.

Commutation
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Fig. 27.10 (c) shows the coil B in the middle of its short-circuit period.  The current through it has
decreased to zero.  The two currents of value 20 A each, pass to the brush directly from coil A and C
as shown.  The brush contact areas with the two segments ‘b’ and ‘a’ are equal.

In Fig. 27.10 (d), coil B has become part of the group of coils lying to the right of the brush.  It is
seen that brush contact area with segment ‘b’ is decreasing rapidly whereas that with segment ‘a’ is
increasing.  Coil B now carries 10 A in the reverse direction which combines with 20 A supplied by
coil A to make up 30 A that passes from segment ‘a’ to the brush.  The other 10 A is supplied by coil
C and passes from segment ‘b’ to the brush, again giving a total of 40 A at the brush.

Fig. 27.10 (e) depicts the moment when coil B is almost at the end of commutation or short-
circuit period.  For ideal commutation, current through it should have reversed by now but, as shown,
it is carrying 15 A only (instead of 20 A).  The difference of current between coils C and B i.e. 20.15
= 5 A in this case, jumps directly from segment b to the brush through air thus producing spark.

If the changes of current through coil B are plotted on a time base (as in Fig. 27.11) it will be
represented by a horizontal line AB i.e. a constant current of 20 A up to the time of beginning of
commutation.  From the finish of commutation, the current will be represented by another horizontal
line CD.  Now, again the current value is FC = 20 A, although in the reversed direction.  The way in
which current changes from its positive value of 20 A (= BE) to zero and then to its negative value of
20 A (= CF) depends on the conditions under which the coil B undergoes commutation.  If the current
varies at a uniform rate i.e. if BC  is a straight line, then it is referred to as linear commutation.
However, due to the production of self-induced e.m.f. in the coil (discussed below) the variations
follow the dotted curve.  It is seen that, in that case, current in coil B has reached only a value of KF
= 15 A in the reversed direction, hence the difference of 5 A (20 A − 15 A) passes as a spark.

So, we conclude that sparking at the brushes, which results in poor commutation is due to the
inability of the current in the short-circuited coil to reverse completely by the end of short-circuit
period (which is usually of the order of 1/500 second).

                       Fig. 27.10      Fig. 27.11
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At this stage, the reader might ask for the reasons which make this current reversal impossibly in
the specified period i.e. what factors stand in the way of our achieving ideal commutation.  The main
cause which retards or delays this quick reversal is the production of self-induced e.m.f. in the coil
undergoing commutation.  It may be pointed out that the coil possesses appreciable amount of self
inductance because it lies embedded in the armature which is built up of a material of high magnetic
permeability.  This self-induced e.m.f. is known as reactance voltage whose value is found as given
below.  This voltage, even though of a small magnitude, produces a large current through the coil
whose resistance is very low due to short circuit.  It should be noted that if the brushes are set so that
the coils undergoing short-circuit are in the magnetic neutral plane, where they are cutting no flux and
hence have no e.m.f. induced in them due to armature rotation, there will still be the e.m.f. of self-
induction which causes severe sparking at the brushes.

27.8.  Value of Reactance Voltage

Reactance voltage = coefficient of self-inductance × rate of change of current.
It should be remembered that the time of short-circuit or commutation is the time required by the

commutator to move a distance equal to the circumferential thickness of the brush minus the thick-
ness of one insulating plate of strip of mica.

Let Wb = brush width in cm; Wm = width of mica insulation in cm

v = peripheral velocity of commutator segments in cm/second

Then Tc = time of commutation or short-circuit = b mW W
v

−
second

Note.  If brush width etc. are given in terms of commutator segments, then commutator velocity
should also be converted in terms of commutator segments per second.

If I is the current through a conductor, then total change during commutation = I − (−I) = 2I.
∴ Self-induced or reactance voltage

=
c

IL
T
2× – if commutation is linear

= 1.11 
c

IL
T
2× – if commutation is sinusodial

As said earlier, the reactance e.m.f. hinders the reversal of current.  This means that there would
be sparking at the brushes due to the failure of the current in short-circuited coil to reach its full value
in the reversed direction by the end of short-circuit.  This sparking will not only damage the brush and
the commutator but this being a cumulative process, it may worsen and eventually lead to the short-
circuit of the whole machine by the formation of an arc round the commutator from brush to brush.

Example 27.9.  The armature of a certain dynamo runs at 800 r.p.m. The commutator consists
of 123 segments and the thickness of each brush is such that the brush spans three segments.  Find
the time during which the coil of an armature remains short-circuited.

Solution.  As Wm is not given, it is considered negligible.
Wb = 3 segments and ν = (800/60) × 123 segments/second

∴ commutation time = 
3 60

800 123
×
× = 0.00183 second = 1.83 millisecond

Example 27.10.  A 4-pole, wave-wound, d.c. machine running at 1500 r.p.m. has a commutator
of 30 cm diameter.  If armature current is 150 A, thickness of brush 1.25 cm and the self-inductance
of each armature coil is 0.07 mH, calculate the average e.m.f. induced in each coil during commutation.
Assume linear commutation.
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Solution.  Formula : E = L 2

c

I
T

Here L = 0.07 × 10−3 H, I = 150/2 = 75 A (It is wave-wound)
Wb = 1.25 cm,  Wm = 0 ...considered negligible

ν = π × 30 × (1500/60) = 2356 cm/s ; Tc = Wb/ν = 1.25/2356 = 5.3 × 10−4 second
E = L × 2I/Tc = 0.07 × 10−3 × 2 × 75/5.3 × 10−4 = 19.8 V

Example 27.11.  Calculate the reactance voltage for a machine having the following particu-
lars.  Number of commutator segments = 55, Revolutions per minute = 900, Brush width in commu-
tator  segments = 1.74, Coefficient of self-induction = 153 × 10−6 henry, Current per coil = 27 A.

(Advanced Elect. Machines.  AMIE Sec. Winter 1991)
Solution.  Current per coil, I = 27 A ; L = 153 × 10−6 H

ν = 55 × (900/60) = 825 segments/second; Tc = Wb.ν = 1.74/825 = 2.11 × 10−3 second

Assuming linear commutation, E = L × 2I/TC

∴ E = 153 × 10−6 × 2 × 27/2.11 × 10−3 = 3.91 V
Example 27.12.  A 4-pole, lap-wound armature running at 1500 r.p.m. delivers a current of 150

A and has 64 commutator segments.  The brush spans 1.2 segments and inductance of each armature
coil is 0.05 mH.  Calculate the value of reactance voltage assuming (i) linear commutation
(ii) sinusoidal commutation.  Neglect mica thickness.

Solution.  Formula : E = 2.
c

IL
T

  Now, L = 0.05 × 10−3 H; Wb = 1.2 segments

ν = 1500
60

× 64 = 1600 segments/second

∴ Tc = 1.2
1600

 = 7.5 × 10−4 second ; I = 150
4

 A = 37.5 A

∴ 2

c

I
T

= 5
4

2 37.5 10 A/s
7.5 10−

× =
×

For linear commutation, E = 0.05 × 10−3 × 105 = 5 V
For sinusoidal commutation, E = 1.11 × 5 = 5.55 V

27.9.  Methods of Improving Commutation

There are two practical ways of improving commutation i.e. of making current reversal in the
short-circuited coil as sparkless as possible.  These methods are known as (i) resistance commutation
and (ii) e.m.f. commutation (which is done with the help of either brush lead or interpoles, usually the
later).

27.10.  Resistance Commutation

This method of improving commutation consists of replacing
low-resistance Cu brushes by comparatively high-resistance carbon
brushes.

From Fig. 27.12, it is seen that when current I from coil’ C
reaches the commutator segment b, it has two parallel paths open to
it.  The first part is straight from bar ‘b’ to the brush and the other
parallel path is via the short-circuited coil B to bar ‘a’ and then to
the brush.  If the Cu brushes (which have low contact resistance) are
used, then there is no inducement for the current to follow the sec-

Fig. 27.12
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ond longer path, it would preferably follow the first path.  But when carbon brushes having high
resistance are used, then current I coming from C will prefer to pass through the second path because
(i) the resistance r1 of the first path will increase due to the diminishing area of contact of bar ‘b’ with
the brush and because (ii) resistance r2 of second path will decrease due to rapidly increasing contact
area of bar ‘a’ with the brush.

Hence, carbon brushes have, usually, replaced Cu brushes.  However, it should be clearly under-
stood that the main cause of sparking commutation is the self-induced e.m.f. (i.e. reactance voltage),
so brushes alone do not give a sparkless commutation; though they do help in obtaining it.

The additional advantages of carbon brushes are that (i) they are to some degree self-lubricating
and polish the commutator and (ii) should sparking occur, they would damage the commutator less
than when Cu brushes are used.

But some of their minor disadvantages are : (i) Due to their high contact resistance (which is
beneficial to sparkless commutation) a loss of approximately 2 volt is caused. Hence, they are not
much suitable for small machines where this voltage forms an appreciable percentage loss.  (ii) Ow-
ing to this large loss, the commutator has to be made some what larger than with Cu brushes in order
to dissipate heat efficiently without greater rise of temperature.  (iii) because of their lower current
density (about 7-8 A/cm2 as compared to 25-30 A/cm2 for Cu brushes) they need larger brush holders.

27.11.  E.M.F. Commutation
In this method, arrangement is made to neutralize the reactance voltage by producing a reversing

e.m.f. in the short-circuited coil under commutation.  This reversing e.m.f., as the name shows, is an
e.m.f. in opposition to the reactance voltage and if its value is made equal to the latter, it will com-
pletely wipe it off, thereby producing quick reversal of current in the short-circuited coil which will
result in sparkless commutation.  The reversing e.m.f. may be produced in two ways : (i) either by
giving the brushes a forward lead sufficient enough to bring the short-circuited coil under the influ-
ence of next pole of opposite polarity or (ii) by using interpoles.

The first method was used in the early machines but has now been abandoned due to many other
difficulties it brings along with.

27.12.  Interpoles of Compoles

These are small poles fixed to the yoke and
spaced in between the main poles.  They are wound
with comparatively few heavy gauge Cu wire turns
and are connected in series with the armature so that
they carry full armature current.  Their polarity, in
the case of a generator, is the same as that of the
main pole ahead in the direction of rotation (Fig.
25.13).

The function of interpoles is two-fold :

(i) As their polarity is the same as that of the
main pole ahead, they induce an e.m.f. in the coil
(under commutation) which helps the reversal of current.  The e.m.f. induced by the compoles is
known as commutating or reversing e.m.f.  The commutating e.m.f. neutralizes the reactance e.m.f.
thereby making commutation sparkless.  With interpoles, sparkless commutation can be obtained up
to 20 to 30% overload with fixed brush position.  In fact, interpoles raise sparking limit of a machine
to almost the same value as heating limit.  Hence, for a given output, an interpole machine can be
made smaller and, therefore, cheaper than a non-interpolar machine.

Interpoles

Interpoles

To load

Main field
pole
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As interpoles carry armature current, their commutating
e.m.f. is proportional to the armature current.  This ensures
automatic neutralization of reactance voltage which is also due
to armature current.  Connections for a shunt generator with
interpoles are shown in Fig. 27.14.

(ii) Another function of the interpoles is to neutralize the
cross-magnetising effect of armature reaction.  Hence, brushes
are not to be shifted from the original position.  In Fig 27.15, OF
as before, represents the m.m.f. due to main poles.  OA represents
the cross-magnetising m.m.f. due to armature.  BC which repre-
sents m.m.f. due to interpoles, is obviously in opposition to OA,
hence they cancel each other out.  This cancellation of cross-
magnetisation is automatic and for all loads because both are produced by the same armature
current.

The distinction between the interpoles and compensating windings should be clearly understood.
Both are connected in series and thier m.m.fs. are such as to neutralize armature reaction.  But compoles
additionally supply m.m.f. for counteracting the reactance voltage induced in the coil undergoing
commutation.  Moreover, the action of the compoles is localized, they have negligible effect on the
armature reaction occurring on the remainder of the armature periphery.

Fig. 27.14 Fig. 27.15

Example 27.13.  Determine the number of turns on each commutating pole of a 6-pole machine,
if the flux density in the air-gap of the commutating pole = 0.5 Wb/m2 at full load and the effective
length of the air-gap is 4 mm.  The full-load current is 500 A and the armature is lap-wound with 540
conductors.  Assume the ampere turns required for the remainder of the magnetic circuit to be one-
tenth of that the air gap. (Advanced Elect. Machines AMIE Sec.B, 1991)

Solution.   It should be kept in mind that compole winding must be sufficient to oppose the
armature m.m.f. (which is directed along compole axis) and to provide the m.m.f. for compole air-gap
and its magnetic circuit.

∴ NCP Ia = ZIC/2P + Bg lg/µ0

where NCP = No. of turns on the compole ; Ia = Armature current
Z = No. of armature conductors ; Ic = Coil current
P = No. of poles ; lg = Air-gap length under the compole

Z = 540 ; Ia = 500 A; Ic = 500/6 A; P = 6
∴ Arm.  m.m.f. = 540 × (500/6)/2 × 6 = 3750

Fig. 27.13
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Compole air-gap m.m.f. = Bg × lg/µ0 = 0.5 × 4 × 10−3/4π × 10−7 = 1591

m.m.f. reqd. for the rest of the magnetic circuit = 10% of 1591 = 159
∴ Total compole air-gap m.m.f. = 1591 + 159 = 1750
Total m.m.f. reqd. = 3750 + 1750 = 5500

∴ Ncp Ia = 5500 or Ncp  = 5500/500 = 11

27.13.  Equalizing Connections

It is characteristic of lap -winding that all conductors in any parallel path lie under one pair of
poles.  If fluxes from all poles are exactly the same, then e.m.f. induced in each parallel path is the
same and each path carries the same current.  But despite best efforts, some inequalities in flux
inevitably occur due either to slight variations in air-gap length or  in the magnetic properties of steel.
Hence, there is always a slight imbalance of e.m.f. in the various parallel paths.  The result is that
conductors under stronger poles generate greater e.m.f. and hence carry larger current.  The current
distribution at the brushes becomes unequal.  Some brushes are overloaded i.e. carry more than their
normal current whereas others carry less.  Overloaded brushes spark badly whatever their position
may be.  This results in poor commutation and may even limit the output of the machine.

Fig. 27.16

By connecting together a number of symmetrical points on armature winding which would be at
equal potential if the pole fluxes were equal, the difference in brush currents is diminished.  This
requires that there should be a whole number of slots per pair of poles so that, for example, if there is
a slot under the centre of a N-pole, at some instant, then there would be one slot under the centre of
every other N-pole.  The equalizing conductors, which are in the form of Cu rings at the armature
back and which connect such points are called Equalizer Rings.  The circulating current due to the
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slight difference in the e.m.fs. of various parallel paths, passes through
these equalizer rings instead of passing through the brushes.

Hence, the function of equalizer rings is to avoid unequal distri-
bution of current at the brushes thereby helping to get sparkless com-
mutation.

One equalizer ring is connected to all conductors in the armature
which are two poles apart (Fig.
27.17).  For example, if the
number of poles is 6, then the
number of connections for each
equalizer ring is 3 i.e. equal to
the number of pair of poles.
Maximum number of equalizer
rings is equal to the number of conductors under one pair of
poles.  Hence, number of rings is

= No. of conductors
No. of pair of poles

In practice, however, the number of rings is limited to 20 on
the largest machines and less on smaller machines.  In Fig.

27.16 is shown a developed armature winding.  Here, only 4 equalizing bars have been used.  It will
be seen that the number of equalizing connections to each bar is two i.e. half the number of poles.
Each alternate coil has been connected to the bar.  In this case, the winding is said to be 50% equal-
ized.  If all conductors were connected to the equalizer rings, then the winding would have been
100% equalized.

Equalizer rings are not used in wave-wound armatures, because there is no imbalance in the
e.m.fs. of the two parallel paths.  This is due to the fact that armature conductors in either parallel path
are not confined under one pair of poles as in lap-winding but are distributed under all poles.  Hence,
even if there are inequalities in the pole flux, they will affect each path equally.

27.14. Parallel Operation of Shunt Generators

Power plants, whether in d.c. or a.c. stations, will be generally found to have several smaller
generators running in parallel rather than large single units capable of supplying the maximum peak
load.  These smaller units can be run single or in various parallel combinations to suit the actual load
demand.  Such practice is considered extremely desirable for the following reasons :

(i) Continuity of Service
Continuity of service is one of the most important requirements of any electrical apparatus.  This

would be impossible if the power plant consisted only of a single unit, because in the event of break-
down of the prime mover or the generator itself, the entire station will be shut down.  In recent years,
the requirement of uninterrupted service has become so important especially in factories etc. that it is
now recognized as an economic necessity.

(ii) Efficiency
 Usually, the load on the electrical power plant fluctuates between its peak value sometimes

during the day and its minimum value during the late night hours.  Since generators operate most
efficiently when delivering full load, it is economical to use a single small unit when the load is light.
Then, as the load demand increases, a larger generator can be substituted for the smaller one or
another smaller unit can be connected to run in parallel with the one already in operation.

Fig. 27.17

Equalizer rings
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(iii) Maintenance and Repair
It is considered a good practice to inspect generators carefully and periodically to forestall any

possibility of failure or breakdown.  This is possible only when the generator is at rest which means
that there must be other generators to take care of the load.  Moreover, when the generator does
actually breakdown, it can be repaired with more care and not in a rush, provided there are other
generators available to maintain service.

(iv) Additions to Plant
Additions to power plants are frequently made in order to deliver increasingly greater loads.

Provision for future extension is, in fact, made by the design engineers fight from the beginning.  It
becomes easy to add other generators for parallel operation as the load demand increases.

27.15.  Paralleling DC Generator

Whenever generators are in parallel, their +ve and −ve terminals are respectively connected to
the +ve and −ve sides of the bus-bars.  These bus-bars are heavy thick copper bars and they act as +ve
and −ve terminals for the whole power station.  If polarity
of the incoming generator is not the same as the line polar-
ity, as serious short-circuit will occur when S1, is closed.

Moreover, paralleling a generator with reverse polar-
ity effectively short-circuits it and results in damaged
brushes, a damaged commutator and a blacked-out plant.
Generators that have been tripped off the bus-because of a
heavy fault current should always be checked for reversed
polarity before paralleling.

In Fig. 27.18 is shown a shunt generator No. 1 con-
nected across the bus-bars BB and supplying some of the
load.  For putting generator No. 2 in parallel with it the
following procedure is adopted.

The armature of generator No. 2 is speeded by the
prime-mover up to its rated value and then switch S2 is
closed and circuit is completed by putting a voltmeter V across the open switch S1.  The excitation of
the incoming generator No. 2 is changed till V reads zero.  Then it means that its terminal voltage is
the same as that of generator No. 1 or bus-bar voltage.  After this, switch S1 is closed and so the
incoming machine is paralleled to the system.  Under these conditions, however, generator No. 2 is
not taking any load, because its induced e.m.f. is the same as bus-bar voltage and there can be no flow
of current between two points at the same potential.  The generator is said to be ‘floating’ on the bus-
bar.  If generator No. 2 is to deliver any current, then its induced e.m.f. E should be greater than the
bus-bar voltage V.  In that case, current supplied by it is I = (E − V)/Ra where Ra is  the resistance of
the armature circuit.  The induced e.m.f. of the incoming generator is increased by strengthening its
field till it takes its proper share of load.  At the same time, it may be found necessary to weaken the
field of generator No. 1 to maintain the bus-bar voltage V constant.

27.16. Load Sharing

Because of their slightly drooping voltage characteristics, shunt generators are most suited for
stable parallel operation.  Their satisfactory operation is due to the fact that any tendency on the part
of a generator to take more or less than its proper share of load results in certain changes of voltage in
the system which immediately oppose this tendency thereby restoring the original division of load.
Hence, once paralleled, they are automatically held in parallel.

Fig. 27.18
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Similarly, for taking a generator out of service, its field is weakened and that of the other genera-
tor is increased till the ammeter of the generator to be cleared reads zero.  After that, its breaker and
then the switch are opened thus removing the generator out of service.  This method of connecting in
and removing a generator from service helps in preventing any shock or sudden disturbance to the
prime-mover or to the system itself.

It is obvious that if the field of one generator is weakened too much, then power will be delivered
to it and it will run in its original direction as a motor, thus driving its prime-mover.

In Fig. 27.19. and 27.20 are shown the voltage characteristics of two shunt generators.  It is seen
that for a common terminal voltage V, the generator No. 1 delivers I1 amperes and generator No. 2, I2
amperes.  It is seen that generator No. 1, having more drooping characteristic, delivers less current.  It
is found that two shunt generators will divide the load properly at all points if their characteristics are
similar in form and each has the same voltage drop from no-load to full-load.

If it desired that two generators of different kW ratings automatically share a load in proportion
to their ratings, then their external characteristics when plotted in terms of their percentage full-load
currents (not actual currents) must be identical as shown in Fig. 27.21.  If, for example, a 100-kW
generator is working in parallel with a 200-kW generator to supply a total of 240-kW, then first
generator will supply 80 kW and the other 160 kW.

When the individual characteristics of the generators are known, their combined characteristics
can be drawn by adding the separate currents at a number of equal voltage (because generators are
running in parallel).  From this combined characteristic, the voltage for any combined load can be
read off and from there, the current supplies by each generator can be found (Fig. 27.20).

If the generators have straight line characteristics, then the above result can be obtained by
simple calculations instead of graphically.

Let us discuss the load sharing of two generators which have unequal no-load voltages.

                  Fig. 27.19                                           Fig. 27.20 Fig. 27.21

Let E1, E2 = no-load voltages of the two generators
R1, R2 = their armature resistances

V = common terminal voltage

Then I1 = 1 2
2

1 2

and
E V E V

I
R R
− −

=

∴ 2

1

I
I

= 2 1 2 2 2 1

1 2 1 1 1 2

. .
E V R K N V R
E V R K N V R

− Φ −
=

− Φ −
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From the above equation, it is clear that bus-bar voltage can be kept constant (and load can be
transferred from 1 to 2) by increasing Φ2 or N2 or by reducing N1 and Φ1.N2 and N1 are changed by
changing the speed of driving engines and Φ1 and Φ2 are changed with the help of regulating shunt
field resistances.

It should be kept in mind that

(i) Two parallel shunt generators having equal no-load voltages share the load in such a ratio
that the load current of each machine produces the same drop in each generator.

(ii) In the case of two parallel generators having unequal no-load voltages, the load currents
produce sufficient voltage drops in each so as to keep their terminal voltage the same.

(iii) The generator with the least drop assumes greater share of the change in bus load.
(iv) Paralleled generators with different power ratings but the same voltage regulation will di-

vide any oncoming bus load in direct proportion to their respective power ratings (Ex. 27.14).

27.17. Procedure for Paralleling D.C. Generators
(i) Close the disconnect switch of the incoming generator

(ii) Start the prime-mover and adjust it to the rated speed of the machine
(iii) Adjust the voltage of the incoming machine a few volts higher than the bus voltage
(iv) Close the breaker of the incoming generator

(v) Turn the shunt field rheostat of the incoming machine in the raise-voltage direction and that
of the other machine(s) already connected to the bus in the lower-voltage direction till the desired
load distribution (as indicated by the ammeters) is achieved.

27.18. Compound Generators in Parallel

In Fig. 27.22 are shown two compound generators
(designated as No. 1 and No. 2) running in parallel.
Because of the rising characteristics of the usual com-
pounded generators, it is obvious that in the absence of
any corrective devices, the parallel operation of such
generators is unstable.  Let us suppose that, to begin
with, each generator is taking its proper share of load.
Let us now assume that for some reason, generator No.
1 takes a slightly increased load.  In that case, the cur-
rent passing through its series winding increases which
further strengthens its field and so raises its generated
e.m.f. thus causing it to take still more load.  Since the
system load is assumed to be constant, generator No. 2 will drop some of its load, thereby weakening
its series field which will result in its further dropping off its load.  Since this effect is cumulative.
Generator No. 1 will, therefore, tend to take the entire load and finally drive generator No. 2 as a
motor.  The circuit breaker of at least one of the two generators will open, thus stopping their parallel
operation.

For making the parallel operation of over-compound and level-compound generators stable,*
they are always used with an equalizer bar (Fig. 27.22) connected to the armature ends of the series
coils of the generators.  The equalizer bar is a conductor of low resistance and its operation is as
follows :

Fig. 27.22

* Like shunt generators, the under-compound generators also do not need equalizers for satisfactory parallel
operation.
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Suppose that generator No. 1 starts taking more than its proper share of load.  Its series field
current is increased.  But now this increased current passes partly through the series field coil of
generator No. 1 and partly it flows via the equalizer bar through the series field winding of generator
No. 2. Hence, the generators are affected in a similar manner with the result the generator No. 1
cannot take the entire load.  For maintaining proper division of load from no-load to full-load, it is
essential that

(i) the regulation of each generator is the same.

(ii) the series field resistances are inversely proportional to the generator rating.

27.19.  Series Generators in Parallel

Fig 27.23 shows two identical series generators connected in parallel.  Suppose E1 and E2 are
initially equal, generators supply equal currents and have equal shunt resistances.  Suppose E1 increases
slightly so that E1 > E2.  In that case, I1 becomes greater than I2.  Consequently, field of machine
1 is strengthened thus
increasing E1 further whilst
the field of machine 2 is
weakened thus decreasing
E2 further.  A final stage is
reached when machine 1
supplies not only the whole
load but also supplies
power to machine 2 which
starts running as a motor.
Obviously, the two
machines will form a short-circuited loop and the current will rise indefinitely.  This condition can be
prevented by using equalizing bar because of which two similar machines pass approximately equal
currents to the load, the slight difference between the two currents being confined to the loop made by
the armatures and the equalizer bar.

Example 27.14.  A 100-kW, 250-V generator is paralleled with a 300 kW, 250-V generator.
Both generators have the same voltage regulation.  The first generator is supplying a current of 200
A and the other 500  A.  What would be the current supplied by each generator if an additional load
of 600 A is connected to the bus ?

Solution.  As explained in Art. 27.17, this additional load would be divided in direct proportion
to the respective power ratings of the two generators.

( )1
100 600

100 300
I∆ = ×

+
 = 150 A ;

∆I2 = ( )300 600
100 300

×
+

 = 450 A

Example 27.15.  Two 220–V, d.c. generators, each having linear external characteristics, oper-
ate in parallel.  One machine has a terminal voltage of 270 V on no-load and 220 V at a load current
of 35 A, while the other has a voltage of 280 V at no-load and 220 V at 50 A.  Calculate the output
current of each machine and the bus-bar voltage when the total load is 60 A.  What is the kW output
of each machine under this condition ?

Solution. Generator No. 1.
Voltage drop for 35 A = 270−220 = 50 V
∴   Voltage drop/ampere = 50/35 = 10/7 V/A

Fig. 27.23
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Generator No. 2
Voltage drop/ampere = (280−220)/50 = 1.2 V/A
Let V = bus-bar voltage

I1 = current output of generator No.1
I2 = current output of generator No.2

thenV = 270−(10/7) I1 ...for generator No. 1
= 280−1.2 I2 ...for generator No. 2

Since bus-bar voltage is the same.
∴ 270−10 I1/7 = 280−1.2 I2 or   4.2 I2 − 5 I1 = 35 ...(i)
Also I1 + I2 = 60 ...(ii)
Solving the two equations, we get I1 = 23.6 A; I2 = 36.4 A
Now V = 280−1.2 I2 = 280−1.2 × 36.4

= 236.3 V
Output of Ist machine

= 236.3 × 23.6/1000
= 5.577 kW

Output of 2nd machine
= 236.3 × 36.4/1000
= 8.602 kW

Graphical Solution.
In Fig. 27.24, total load current of

60 A has been  plotted along X-axis and
the terminal voltage along Y-axis.  The lin-
ear characteristics of the two generators
are drawn from the given data.  The com-
mon bus-bar voltage is given by the point
of intersection of the two graphs.  From
the graph, it is seen that V = 236.3 V ; I1 =
23.6 A ; I2 = 36.4 A.

Example 27.16.  Two shunt
generators each with an armature
resistance of 0.01 Ω and field resistance
of 20 Ω run in parallel and supply a total
load of 4000 A.  The e.m.f.s are respectively 210 V and 220 V.  Calculate the bus-bar voltage and
output of each machine.                                  (Electrical Machines-1, South Gujarat Univ. 1988)

Solution.  Generators are shown in Fig. 27.25.
Let V = bus-bar voltage

I1 = output current of G1

I2 = output current of G2

Now,   I1 + I2 = 4000 A, Ish = V/20.

Ial = (I1 + V/20) ; Ia2 =(I2 + V/20)

In each machine,

V + armature drop = induced e.m.f.

∴ V + Ia1 Ra = E1
Fig. 27.25

Fig. 27.24
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or V + (I1 + V/20) × 0.01

= 210 ...1st machine

Also V + Ia2 Ra = E2

or V + (I2 + V/20) × 0.01 = 220 ...2nd machine

Subtracting, we have 0.01 (I1−I2) = 10 or I1−I2 = 1000

Also, I1 + I2 = 4000 A  ∴ I1 = 2500 A ; I2 = 1500 A
Substituting the value of I1 above, we get

V + (2500 + V/20) × 0.01 = 210 ∴  V = 184.9 V
Output of Ist generator = 184.9 × 2500/1000 = 462.25 kW

Output of 2nd generator = 184.49 × 1500/1000 = 277.35 kW

Example 27.17.  Two shunt generators operating in parallel deliver a total current of 250 A.
One of the generators is rated 50 kW and the other 100 kW.  The voltage rating of both machine is
500 V and have regulations of 6 per cent (smaller one) and 4 percent.  Assuming linear characteris-
tics, determine (a) the current delivered by each machine (b) terminal voltage.

(Elect. Machines, Nagpur Univ. 1991)

Solution. 50 kW generator
F.L. voltage drop = 500 × 0.06 = 30 V ; F.L. current = 50,000/500 = 100 A
Drop per ampere = 30/100 = 3/10 V/A

100 kW generator
F.L. drop = 500 × 0.04 = 20 V ; F.L. current = 100,000/5000 = 200 A

Drop per ampere = 20/200 = 1/10 V/A
If I1 and I2 are currents supplied by the two generators and V the terminal voltage, then

V = 500−(3I1/10) –1st generator
= 500−(I2/10) –2nd generator

∴ 3I1/10 = I2/10 or 3I1 = I2 ;    Also I1 + I2 = 250 –given
(a) Solving the above two equations, we get I1 = 62.5 A ; I2 = 187.5 A
(b) V = 500−(3 × 62.5/10) = 481.25 V

Example 27.18.  Two shunt generators, each with a no-load voltage of 125 V are running
parallel.  Their external characteristics can be taken as straight lines over this operating ranges.
Generator No.  1 is rated at 25 kW and its full-load voltage is 119 V, Generator No. 2 is rated at 200
kW at 116 V. Calculate the bus-bar voltage when the total load is 3500 A.  How is the load divided
between the two ?
                                                                                       (Elect. Machinery - I, Mysore Univ. 1988)

Solution.  Let V = bus-bar voltage

x1, x2 = load carried by each generator in terms of percentage of rated load
P1, P2 = load carried by each generator in watts

V = 125 − [(125 − 119) (x1/100)] ...Generator No. 1

V = 125 − [(125 − 116) (x2/100)] ...Generator No. 2

∴ 125 − 16
100

x
= 29

125
100

x
− x2  =  1 16 2

9 3
x x

=

Since in d.c. circuits, power delivered is given by VI watt, the load on both generators is

( ) ( )1 2
1000 1000250 200
100 100

x x× + × = V × 3500

Now, replacing V and x2 by terms involving x1, we get as a result
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( ) 1 1
1

2 61000 1000250 200 125 3500
100 3 100 100

x x
x

   × + × × = − ×      
x1 = 108.2 per cent

∴ Bus-bar voltage V = 125−(6 × 108.2/100) = 118.5 V
The division of load between the two generators can be found thus :

x1 = 1 1000
250,000
P ×

 and  x2 = 2 1000
200,000
P ×

∴ 1

2

x
x

= 1 1

2 2

200,000 4 3
250,000 5 2

P P
P P

×
= =

×
 ∴  1 1 1

2 2 2

4 4 43
2 5 5 5

P VI I
P VI I

= = = ...(i)

Since I1 + I2 = 3500 ∴   I2 = 3500 − I1

Hence (i) above becomes, 3
2

= 1

1

4
5(3500 )

I
I−

∴ I1 = 2,283 A and I2 = 1,217 A

Example 27.19.  Two shunt generators A & B operate in parallel and their load-characteris-
tics may be taken as straight lines.  The voltage of generator A falls from 240 V at no load to 220 V
at 200 A, while that of B falls from 245 V at no load to 220 V to 150 A.  Determine the currents
supplied by each machine to a common load of 300 A and the bus-bar voltage.

(Bharathithasan Univ.  April 1997)
Solution.  Two graphs are plotted as shown in Fig. 27.26.
Their equations are :

240 − (20/200) IA = 245 − (25/150) IB

Futher,  IA + IB = 300

Fig. 27.26. Parallel operation of two D.C. Generators
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This gives  IA = 168.75 A, IB = 131.25 A

And common voltage of Bus-bar, VBUS

= 240 − (20/200) × 168.75, or

VBUS = 245 − (25/150) × 131.25 = 223.125 volts.

It is represented by the point C, in graph, as an intersection, satisfying the condition that two
currents (IA and IB) add up to 300 amp.

Example 27.20.  In a certain sub-station, there are 5 d.c. shunt generators in parallel, each
having an armature resistance of 0.1 Ω, running at the same speed and excited to give equal induced
e.m.f.s.  Each generator supplies an equal share of a total load of 250 kW at a terminal voltage of
500 V into a load of fixed resistance.  If the field current of one generator is raised by 4%, the others
remaining unchanged, calculate the power output of each machine and their terminal voltages under
these conditions.  Assume that the speeds remain
constant and flux is proportional to field current.
   (Elect. Technology, Allahabad Univ. 1991)

Solution.  Generator connections are shown
in Fig. 27.27.

Load supplied by each =250/5 = 50kW
 ∴  Output of each = 50,000/500 = 100 A

Terminal voltage of each = 500 V
 Armature drop of each = 0.1 × 100 = 10 V

Hence, induced e.m.f. of each = 510 V
When field current of one is increased, its

flux and hence its generated e.m.f. is increased by 4%.  Now, 4% of 510 V = 20.4 V
∴ Induced e.m.f. of one  =510 + 20.4 = 530.4 V
Let I1 = current supplied by one generator after increased excitation

I2 = current supplied by each of the other 4 generators
V = new terminal or bus-bar voltage

∴ 530.4−0.1 I1 = V ...(i)
510−0.1 I2 = V ...(ii)

Now, fixed resistance of load = 500/500 = 1 Ω ; Total load current = I1 + 4I2
∴ 1 × (I1 + 4I2) = V  or I1 + 4I2 = V ...(iii)
Subtracting (ii) from (i), we get,  I1− I2 = 204 ...(iv)
Subtracting (iii) from (ii), we have I1 + 4.1 I2 = 510 ...(v)
From (iv) and (v), we get I2 = 3060/51 = 59/99 = 60 A (approx.)
From (iv) I1 = 204 + 60 = 264 A
From (iii) V = 264 + 240 = 504 Volt
Output of Ist machine = 504 × 264 watt = 133 kW
Output of each of other four generators = 504 × 60 W = 30.24 kW

Example 27.21.  Two d.c. generators are connected in parallel to supply a load of 1500 A.  One
generator has an armature resistance of 0.5 Ω and an e.m.f. of 400 V while the other has an arma-
ture resistance of 0.04 Ω and an e.m.f. of 440 V.  The resistances of shunt fields are 100 Ω and 80 Ω
respectively.  Calculate the currents I1 and I2 supplied by individual generator and terminal voltage
V of the combination. (Power Apparatus-I, Delhi Univ. Dec. 1987)

Solution.  Generator connection diagram is shown in Fig. 27.28.
Let V = bust−bar voltage

I1 = output current of one generator

Fig. 27.27
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I2 = output current of other generator

= (1500−I1)

Now, Ish1 = V/100 A ; Ish2 = V/80 A

Ia1 = ( )1 100
VI +  and Ia2 = ( )2 80

VI +

or Ia2 = ( )11500
80
VI− +

For each machine
E − armature drop = V

∴   400 − ( )1 100
VI +  × 0.5 = V

or 400 − 0.5 I1 − 0.005 V = V  or  0.5 I1 = 400 − 1.0005 = V ...(i)

Also 440 − (1500 − I1 +
80
V ) × 0.04 = V or 0.04 I1 = 1.0005 V − 380 ...(ii)

Dividing Eq. (i) by (ii), we get

1

2

0.5
0.04

I
I =

00 1.005
1.0005 380

V
V

4 −
−   ∴ V = 381.2 V

Substituting this value of V in Eq. (i), we get 0.5 I1 = 400 − 1.005 × 381.2

∴ I1 = 33.8 A ; I2 = 1500 − 33.8 = 1466.2 A

Output of Ist generator = 381.2 × 33.8 × 10−3 = 12.88 kW
Output of 2nd generator = 381.2 × 1466.2 × 10−3 = 558.9 kW

Example 27.22.  Two shunt generators and a battery are working in parallel.  The open circuit
voltage, armature and field resistances of generators are 250 V, 0.24 Ω, 100 Ω are 248 V, 0.12 Ω and
100 Ω respectively.  If the generators supply the same current when the load on the bus-bars is 40 A,
calculate the e.m.f. of the battery if its internal resistance is 0.172 Ω.

Solution.  Parallel combination is shown in Fig. 27.29.

Values of currents and induced e.m.fs. are shown in the diagram.

( ) 0.24
100
VV I+ + × = 250 ...(i)

( ) 0.12
100
VV I+ + × = 248 ...(ii)

Also I + I + Ib = 40

Ib + 2 I = 40 ...(iii)

Subtracting (ii) from (i), we get ( )100
VI + × 0.12 = 2 ...(iv)

Putting this value in (ii) above, V = 246 volt.

Putting this value of V in (iv), ( )246
100

I + × 0.12 = 2 ...(v)

∴ I = 50/3 − 2.46 = 14.2 A

From (iii), we have Ib = 40 − (2 × 14.2) = 11.6 A

Internal voltage drop in battery = 11.6 × 0.172 = 2 V  ∴  Eb = 246 + 2 = 248 V

Fig. 27.28
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Fig. 27.29

Example 27.23.  Two d.c. generators A and B are connected to a common load.  A had a
constant e.m.f. of 400 V and internal resistance of 0.25 Ω while B has a constant e.m.f. of 410 V and
an internal resistance of 0.4 Ω . Calculate the current and power output from each generator if the
load voltage is 390 V.  What would be the current and power from each and the terminal voltage if
the load was open-circuited ? (Elect. Engg; I, Bangalore Univ. 1987)

Solution.  The generator connections are shown in Fig. 27.30 (a).

Fig. 27.30

Since the terminal or output voltage is 390 V, hence

Load supplied by A = (400 − 390)/0.25 = 40 A
Load supplied by B = (410 − 390)/0.4 = 50A

∴    Power output from A = 40 × 390 = 15.6 kW
         Power output from B = 50 × 390 = 19.5 kW
If the load is open-circuited as shown in Fig. 27.30.(b), then the two generators are put in series

with each other and a circulatory current is set up between them.
         Net voltage in the circuit = 410 − 400 = 10 V

Total resistance = 0.4 + 0.25 = 0.65 Ω
∴  circulatory current = 10/0.65 = 15.4 A

The terminal voltage = 400 + (15.4 × 0.25) = 403.8 V
Obviously, machine B with a higher e.m.f. acts as a generator and drives machine A as a motor.

Power taken by A from B = 403.8 × 15.4 = 6,219 W

Part of this appears as mechanical output and the rest is dissipated as armature Cu loss.
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Mechanical output = 400 × 15.4 = 6.16 kW ; Armature Cu loss = 3.8 × 15.4 = 59W
Power supplied by B to A = 6,219 W ; Armature Cu loss = 6.16 × 15.4 = 95 W

Example 27.24.  Two compound generators A and B, fitted with an equalizing bar, supply a
total load current of 500 A.  The data regarding the machines are :

A B

Armature resistance (ohm) 0.01 0.02

Series field winding (ohm) 0.004 0.006

Generated e.m.fs. (volt) 240 244

Calculate (a) current in each armature (b) current in each series winding (c) the current flowing
in the equalizer bar and (d) the bus-bar voltage.  Shunt currents may be neglected.

Solution.  The two generators (with their shunt windings omitted) are shown in Fig. 27.31.
Let V = bus-bar voltage ; v = voltage between equalizer bus-bar and the negative

i1, i2 = armature currents of the two genera-
tors

Now, i1 + i2 = 500

or                 
240 244

500
0.01 0.01

v v− −+ =

Multiplying both sides by 
1

100  we get

240 − v + 122 − (v/2) = 5
∴ v = 238 volts

(a) ∴ i1 =
240 238

0.01

−
 = 200 A

i2 = 244 238
0.02

− = 300 A

 (b) The total current of 500 A divides
between the series windings in the inverse ratio
of their resistance i.e. in the ratio of 1 1:

0.004 0.006
 or in the ratio 3 : 2.

   Hence, current in the series winding of generator  A = 500 × 3/5 = 300 A
Similarly, current in the series winding of generator B = 500 × 2/5 = 200 A
(c) It is obvious that a current of 100 A flows in the equalizing bar from C to D.  It is so because

the armature current of generator A is 200 A only.  It means that 100 A comes from the armature of
generator, B, thus making 300 A for the series field winding of generator A.

(d) V = v − voltage drop in one series winding = 238 − (300 × 0.004) = 236.8 V

Tutorial Problem No. 27.2

1. Two separately-excited d.c. generators are connected in parallel supply a load of 200 A.  The
machines have armature circuit resistances of 0.05 Ω and 0.1 Ω and induced e.m.fs. 425 V and 440 V
respectively.  Determine the terminal voltage, current and power output of each machine.  The effect of
armature reaction is to be neglected. (423.3 V ; 33.3 A ; 14.1 kW ; 166.7 A ; 70.6 kW)

2. Two shunt generators operating in parallel given a total output of 600 A.  One machine has an
armature resistance of 0.02 Ω and a generated voltage of 455 V and the other an armature resistance of
0.025 Ω and a generated voltage of 460 V.  Calculate the terminal voltage and the kilowatt output of each
machine.  Neglect field currents.

(450.56 V ; 100 kW ; 170.2 kW)

Fig. 27.31
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3. The external characteristics of two d.c. shunt generators A and B are straight lines over the working
range between no-load and full-load.

Generator A Generator B
No-load Full-load No-load Full-load

Terminal P.D. (V) 400 360 420 370
Load current (A) 0 80 0 70
Determine the common terminal voltage and output current of each generator when sharing a total load

of 100 A.
(57.7 A ; 42.3 A ; 378.8 V)

4. Two shunt generators operating in parallel have each an armature resistance of 0.02 Ω. The com-
bined external load current is 2500 A.  If the generated e.m.fs. of the machines are 560 V and 550 V
respectively, calculate the bus-bar voltage and output in kW of each machine. (530 V; 795 kW; 530 kW)

5. Two shunt generators A and B operate in parallel and their load characteristics may be taken as
straight lines.  The voltage of A falls from 240 V at no-load to 220 V at 200 A, while that of B falls from 245
V at no-load to 220 V at 150 A.  Determine the current which each machine supplies to a common load of
300 A and the bus-bar voltage at this load.

(169 A ; 131 A ; 223.1 V)
6. Two shunt-wound d.c. generators are connected in parallel to supply a load of 5,000 A.  Each

machine has an armature resistane of 0.03 Ω and a field resistance of 60 Ω, but the e.m.f. of one machine is
600 V and that of the other is 640 V.  What power does each machine supply ?

(1,004 kW ; 1,730 kW including the fields)
7. Two shunt generators running in parallel share a load of 100 kW equally at a terminal voltage of

230 V.  On no-load, their voltages rise to 240 V and 245 V respectively.  Assuming that their volt-ampere
characteristics are rectilinear, find how would they share the load when the total current is reduced to half its
original value ? Also, find the new terminal voltage. (20 kW ; 30 kW, 236 V)

8. Two generators, each having no-load voltage of 500 V, are connected in parallel to a constant
resistance load consuming 400 kW.  The terminal p.d. of one machine falls linearly to 470 V as the load is
increased to 850 A while that of the other falls linearly to 460 V when the load is 600 A.  Find the load
current and voltage of each generator.

If the induced e.m.f. of one machine is increased to share load equally, find the new current and
voltage. (I1 = 626 A ; I2 = 313 A ; V = 479 V ; I = 469.5 A ; V = 484.4 V)

9. Estimate the number of turns needed on each interpole of a 6-pole generator delivering 200 kW at
200 V ; given : number of lap-connected armature conductors = 540 ; interpole air gap = 1.0 cm ; flux-
density in interpole air-gap = 0.3 Wb/m2. Ignore the effect of iron parts of the circuit and of leakage.

[10] (Electrical Machines, B.H.U. 1980)

OBJECTIVE TEST – 27
1. In d.c. generators, armature reaction is produced

actually by

(a) its field current

(b) armature conductors

(c) field pole winding

(d) load current in armature

2. In a d.c. generator, the effect of armature reac-
tion on the main pole flux is to

(a) reduce it (b) distort it

(c) reverse it (d ) both (a) and (b)

3. In a clockwise-rotating loaded d.c. generator,
brushes have to be shifted

(a) clockwise

(b) counterclockwise

(c) either (a) or (b)

(d) neither (a) nor (b).

4. The primary reason for providing compensat-
ing windings in a d.c. generator is to

(a) compensate for decrease in main flux

(b) neutralize armature mmf

(c) neutralize cross-magnetising flux

(d ) maintain uniform flux distribution.

5. The main function of interpoles is to minimize
............ between the brushes and the commu-
tator when the d.c. machine is loaded.

(a) friction (b) sparking

(c) current (d ) wear and tear
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ANSWERS

  1.  (d )  2. (d ) 3.  (a)    4.  (c)    5.  (b)    6.  (d )    7. (d ) 8.  (a) 9.  (b ) 10. (d ) 11. (b )
12.  (b)  13.  (d )  14.  (a) 15.  (b) 16.  (c) 17.  (a) 18. (d)

6. In a 6-pole d.c. machine, 90 mechanical degrees
correspond to ............ electrical degrees.

(a) 30 (b) 180

(c) 45 (d) 270

7. The most likely cause(s) of sparking at the
brushes in a d.c. machine is /are

(a) open coil in the armature
(b) defective interpoles
(c) incorrect brush spring pressure
(d) all of the above

8. In a 10-pole, lap-wound d.c. generator, the num-
ber of active armature conductors per pole is
50.  The number of compensating conductors
per pole required is
(a) 5 (b) 50
(c) 500 (d) 10

9. The commutation process in a d.c. generator
basically involves
(a) passage of current from moving armature

to a stationary load
(b) reversal of current in an armature coil as it

crosses MNA
(c) conversion of a.c. to d.c.
(d) suppression of reactance voltage

10. Point out the WRONG statement.  In d.c. gen-
erators, commutation can be improved by
(a) using interpoles
(b) using carbon brushes in place of Cu brushes
(c) shifting brush axis in the direction of

armature rotation
(d) none of the above

11. Each of the following statements regarding
interpoles is true except
(a) they are small yoke-fixed poles spaced in

between the main poles
(b) they are connected in parallel with the

armature so that they carry part of the
armature current

(c) their polarity, in the case of generators is
the same as that of the main pole ahead

(d) they automatically neutralize not only
reactance voltage but cross-magnetisation
as well

12. Shunt generators are most suited for stable
parallel operation because of their voltage
characteristics.

(a) identical (b) dropping

(c) linear (d) rising

13. Two parallel shunt generators will divide the
total load equally in proportion to their kilo-
watt output ratings only when they have the
same

(a) rated voltage

(b) voltage regulation

(c) internal IaRa drops

(d) boths (a) and (b)

14. The main function of an equalizer bar is to make
the parallel operation of two over-compounded
d.c. generators

(a) stable (b) possible

(c) regular (d) smooth

15. The essential condition for stable parallel op-
eration A Two d.c. generators having similar
characteristics is that they should have

(a) same kilowatt ouput ratings

(b) droping voltage characterisitcs

(c) same percentage regulation

(d) same no-load and full-load speed

16. The main factor which loads to unstable paral-
lel operation of flat-and over-compound d.c.
generators is

(a) unequal number of turns in their series field
windings

(b) unequal series field resistances

(c) their rising voltage characteristics

(d) unequal speed regulation of their prime
movers

17. The simplest way to shift load from one d.c.
shunt generator running in parallel with another
is to

(a) adjust their field rheostats

(b) insert resistance in their armature circuits

(c) adjust speeds of their prime movers

(d) use equalizer connections

18. Which one of the following types of generators
does NOT need equalizers for satisfactory par-
allel operation ?

(a) series (b) over-compound

(c) flat-compound (d) under-compound.
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28.1.  Characteristics of D.C. Generators
Following are the three most important characteristics or curves of a d.c. generator :
1. No-load saturation Characteristic (E0/If)
It is also known as Magnetic Characteristic or Open-circuit Characteristic (O.C.C.).  It shows the

relation between the no-load generated e.m.f. in armature, E0 and the field or exciting current If at a
given fixed speed.  It is just the magnetisation curve for the material of the electromagnets.  Its shape
is practically the same for all generators whether separately-excited or self-excited.

2. Internal or Total Characteristic (E/Ia)
It gives the relation between the e.m.f. E actually induces in the armature (after allowing for the

demagnetising effect of armature reaction) and the armature current Ia.  This characteristic is of
interest mainly to the designer and can be obtained as explained in Art. 28.12.

3. External Characteristic (V/I)
It is also referred to as performance characteristic or sometimes voltage-regulating curve.
It gives relation between that terminal voltage V and the load current I.  This curve lies below the

internal characteristic because it takes into account the voltage drop over the armature circuit resis-
tance.  The values of V are obtained by subtracting IaRa from corresponding values of E.  This
characteristic is of great importance in judging the suitability of a generator for a particular purpose.
It may be obtained in two ways (i) by making simultaneous measurements with a suitable voltmeter
and an ammeter on a loaded generator (Art. 28.10) or (ii) graphically from the O.C.C. provided the
armature and field resistances are known and also if the demagnetising effect (under rated load con-
ditions) or the armature reaction (from the short-circuit test) is known.

28.2.  Separately-excited Generator
(a) (i) No-load Saturation Characteristic (E0/If)
The arrangement for obtaining the necessary data to plot this curve is shown in Fig. 28.1.  The

exciting or field current If is obtained from an external independent d.c. source.  It can be varied from
zero upwards by a potentiometer and its value read by an ammeter A connected in the field circuit as
shown.

Now, the voltage equation of a d.c. generator is, Eg = ( ) volt
60
ZN P

A
Φ ×

Fig. 28.1

Hence, if speed is constant, the above relation becomes E = kΦ
It is obvious that when If  is increased from its initial small value, the flux Φ and hence generated

e.m.f. Eg  increase directly as current so long as the poles are unsaturated.  This is represented by the
straight portion Od in Fig. 28.1 (b).  But as the flux density increases, the poles become saturated, so
a greater increase in If is required to produce a given increase in voltage than on the lower part of the
curve.  That is why the upper portion db of the curve Odb bends over as shown.
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(ii) Load Saturation Curve (V/If)
The curve showing relation between the terminal voltage V and field current If when the genera-

tor is loaded, is known as Load Saturation Curve.
The curve can be deduced from the no-load saturation curve provided the values of armature

reaction and armature resistance are known.  While considering this curve, account is taken of the

Fig. 28.2 Fig. 28.3

demagnetising effect of armature reaction and the voltage drop in armature which are practically
absent under no-load conditions.  The no-load saturation curve of Fig. 28.1 has been repeated in Fig.
28.2 on a base of field amp-turns (and not current) and it is seen that at no-load, the field amp-turns
required for rated no-load voltage are given by Oa.  Under load conditions, the voltage will decrease
due to demagnetising effect of armature reaction.  This decrease can be made up by suitably increas-
ing the field amp-turns.  Let ac represent the equivalent demagnetising amp-turns per pole.  Then, it
means that in order to generate the same e.m.f. on load as at no-load, the field amp-turns/pole must be
increased by an amount ac = bd.  The point d lies on the curve LS which shows relation between the
voltage E generated under load conditions and the field amp-turns.  The curve LS is practically
parallel to curve Ob.  The terminal voltage V will be less than this generated voltage E by an amount
= Ia Ra where Ra is the resistance of the armature circuit.  From point d, a vertical line de = IaRa is
drawn.  The point e lies on the full-load saturation curve for the generator.  Similarly, other points are
obtained in the same manner and the full-load saturation curve Mp is drawn.  The right-angled tri-
angle bde is known as drop reaction triangle.  Load saturation curve for half-load can be obtained
by joining the mid-points of such lines as mn and bd etc.  In the case of self-excited generators, load
saturation curves are obtained in a similar way.

(b) Internal and External Characteristics
Let us consider a separately-excited generator giving its rated no-load voltage of E0 for a certain

constant field current.  If there were no armature reaction and armature voltage drop, then this voltage
would have remained constant as shown in Fig. 28.3.  by the dotted horizontal line I.  But when the
generator is loaded, the voltage falls due to these two causes, thereby giving slightly dropping char-
acteristics.  If we subtract from E0 the values of voltage drops due to armature reaction for different
loads, then we get the value of E–the e.m.f. actually induced in the armature under load conditions.
Curve II is plotted in this way and is known as the internal characteristic.  The straight line Oa
represents the IaRadrops corresponding to different armature currents.  If we subtract from E the
armature drop IaRa, we get terminal voltage V.  Curve III represents the external characteristic and is
obtained by subtracting ordinates the line Oa from those of curve II.
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28.3. No-load Curve for Self-excited Generator

The O.C.C.
or no-load satu-
rated curves for
self-excited gen-
erators whether
shunt or series-
connected, are
obtained in a
similar way.

The field
winding of the
generator (whether shunt or series wound) is disconnected from the machine and connected to an
external source of direct current as shown in Fig. 28.4.  The field or exciting current If is varied
rheostatically and its value read on the ammeter A.  The machine is drived at constant speed by the

prime mover and the generated e.m.f. on on-load is
measured by the voltmeter connected across the ar-
mature.  If is increased by suitable steps (starting from
zero) and the corresponding values of E0 are mea-
sured.  On plotting the relation between If and E0, a
curve of this form shown in Fig. 28.5 is obtained.

    Due to residual magnetism in the poles, some
e.m.f. (= OA) is generated even when If = 0.  Hence,
the curve starts a little way up.  The slight curvature
at the lower end is due to magnetic inertia.  It is seen
that the first part of the curve is practically straight.
This is due to the fact that at low flux densities,
reluctance of iron path being negligible (due to high
permeability), total reluctance is given by the air-
gap reluctance which is constant.  Hence, the flux
and consequently, the generated e.m.f. is directly
proportional to the exciting current.  However, at
high flux densities, – where µ is small, iron path

reluctance becomes appreciable and straight relation between E and If no longer holds good.  In other
words, after point B, saturation of poles starts.  However, the initial slope of the curve is determined
by air-gap width.

It should be noted that O.C.C. for a higher speed would lie above this curve and for a lower
speed, would lie below it.

It should also be noted and the load-saturation curve for a shunt generator is similar to the one
shown in Fig. 28.2.

Critical Resistance for Shunt Generator

Now, connect the field windings back to the armature and run the machine as a shunt generator.
Due to residual magnetism in the poles, some e.m.f. and hence current, would be generated.  This
current while passing through the field coils will strengthen the magnetism of the poles (provided
field coils are properly connected as regards polarity).  This will increase the pole flux which will
further increase the generated e.m.f.  Increased e.m.f. means more current which further increases the
flux and so on.  This mutual reinforcement of e.m.f. and flux proceeds on till equilibrium is reached
at some point like P (Fig. 28.6).  The point lies on the resistance line OA of the field winding.  Let R
be the resistance of the field winding.  Line OA is drawn such that its slope equals the field winding

Fig. 28.4 Fig. 28.5

Self Excited Generator
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resistance i.e. every point on this curve is such that
volt/ampere = R.

The voltage OL corresponding to point P  represents
the maximum voltage to which the machine will build up
with R as field resistance.  OB represents smaller resis-
tance and the corresponding voltage OM is slightly greater
than OL.  If field resistance is increased, then slope of
the resistance line increased, and hence the maximum
voltage to which the generator will build up at a given
speed, decreases.  If R is increased so much that the re-
sistance line does not cut the O.C.C. at all (like OT ),
then obviously the machine will fail to excite i.e. there
will be no ‘build up’ of the voltage.  If the resistance line
just lies along the slope, then with that value of field resistance, the machine will just excite.  The
value of the resistance represented by the tangent to the curve, is known as critical resistance Rc for
a given speed.

28.4 How to Find Critical Resistance Rc ?

First, O.C.C. is plotted from the given data.  Then, tangent is drawn to its initial portion.  The
slope of this curve gives the critical resistance for the speed at which the data was obtained.

28.5 How to Draw O.C.C. at Different Speeds ?
Suppose we are given the data for O.C.C. of a generator run at a fixed speed, say, N1.  It will be

shown that O.C.C. at any other constant speed N2 can be deduced from the O.C.C. for N1.  In Fig. 28.7
the O.C.C. for speed N1 is shown.

Fig. 28.7 Fig. 28.8

Since E ∝ N for any fixed excitation, hence 2 2 2
2 1

1 1 1

or
E N N

E E
E N N

= = ×

As seen, for If  = OH, E1 = HC.  The value of new voltage for the same If but at N2

E2 = 2

1

N
HC HD

N
× =

In this way, point D is located.  In a similar way, other such points can be found and the new
O.C.C. at N2 drawn.

Fig. 28.6
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28.6. Critical Speed Nc

Critical speed of a shunt generator is that speed for which the given shunt field resistance repre-
sents critical resistance.  In Fig. 28.8, curve 2 corresponds to critical speed because Rsh line is tangen-
tial to it.  Obviously

BC
AC

= Full speed
Full Speed

c c
c

N N BCN N
N AC

= ∴ = ×

Example 28.1.  The magnetization curve of a d.c. shunt generator at 1500 r.p.m. is :

If (A) : 0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.0

E0 (V) : 6 60 120 172.5 202.5 221 231 237 240

For this generator find (i) no load e.m.f. for a total shunt field resistance of 100 Ω  (ii)  the
critical field resistance at 1500 r.p.m. and (iii) the magnetization curve at 1200 r.p.m. and therefrom
the open-circuit voltage for a field resistance of 100 Ω.

(b) A long shunt, compound generator fitted with interpoles is cummutatively-compounded.
With the supply terminals unchanged, the machine is now run as compound motor.  Is the motor
differentially or cumulatively compounded ?  Explain. (Elect, Machines, A.M.I.E. Sec. B, 1990)

Solution.  The magnetisation
curve at 1500 r.p.m. is plotted in
Fig. 28.9 from the given data.  The
100 Ω resistance line OA is
obtained by joining the origin
(0, 0) with the point (1A, 100 V).
The voltage corresponding to point
A is 227.5 V.  Hence, no-load volt-
age to which the generator will
build-up is 227.5 V.

The tangent OT represents the
critical resistance at 1500 r.p.m.
considering point B, Rc = 225/1.5
= 150 Ω.

For 1200 r.p.m., the induced
voltages for different field currents
would be (1200/1500) = 0.8 of
those for 1500 r.p.m.  The values
of these voltages are tabulated be-
low :

If (A) : 0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.0

E0 (V) : 4.8 48 96 138 162 176.8 184.8 189.6 192

The new magnetisation curve is also plotted in Fig. 28.9.  The 100 Ω line cuts the curve at point
C which corresponds to an induced voltage of 166 V.

Example 28.2.  A shunt generator is to be converted into a level compounded generator by the
addition of a series field winding.  From a test on the machine with shunt excitation only, it is found
that the shunt current is 3.1 A to give 400 V on no load and 4.8 A to give the same voltage when the
machine is supplying its full load of 200 A.  The shunt winding has 1200 turns per pole.  Find the
number of series turns required per pole. (Elect. Machines, A.M.I.E. Sec. B, 1989)

Fig. 28.9
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Solution.  At no-load the ampere turns required to produce 400 V = 3.1 × 1200 = 3720
On full-load ampere turns required to produce the same voltage = 4.8 × 1200 = 5760
Additional ampere turns required due to de-magnetising effect of load current = 5760 − 3720 =

2040.

If N is a number of series turns required when load current is 200 A, then
N × 200 = 2040, N = 10.2

Example 28.3.  The open-circuit characteristic of a d.c. shunt generator driven at rated speed is
as follows :

Field Amperes : 0.5 1.0 1.5 2.0 2.5 3.0 3.5 A

Induced Voltage : 60 120 138 145 149 151 152 V

If resistance of field circuit is adjusted to 53 Ω, calculate the open circuit voltage and load
current when the terminal voltage is 100 V.  Neglect armature reaction and assume an armature
resistance of 0.1 Ω. (Electrical Technology Punjab Univ. Dec. 1989)

Solution.  Take If = 3 A, Rsh = 53 Ω,
Point A is (3A, 159V) point.  Line OA is the 53 Ω line in Fig. 28.10.  It cuts drop = 3 × 53

= 159 V.  O.C.C. at B.  Line BM  is drawn parallel to the base.  OM represents the O.C. voltage which
equals 150 V.

Fig. 28.10

Now, when V = 100 V, Ish = If = 100/53 = 1.89 A
Generated or O.C. voltage corresponding to this exciting current as seen from graph of Fig.

26.10 is 144 V.
Now E = V + Ia Ra or IaRa = 144 − 100 = 44 V
∴ 0.1 Ia = 44 or Ia = 44/0.1 = 440 A

www.EngineeringBooksPdf.com



974 Electrical Technology

Example 28.4.  The following figures give the O.C.C. of a d.c. shunt generator at 300 r.p.m.

Field amperes : 0 2 3 4 5 6 7

Armature volt : 7.5 92 132 162 183 190 212

Plot the O.C.C. for 375 r.p.m. and determine the voltage to which the machine will excite if field
circuit resistance is 40 Ω.

(a) What additional resistance would have to be inserted in the field circuit to reduce the
voltage to 200 volts at 375 r.p.m.?

(b) Without this additional resistance, determine the load current supplied by the generator,
when its terminal voltage is 200 V.  Ignore armature reaction and assume speed to be constant.
Armature resistance is 0.4 Ω.              (Elect. Machines - I, South Gujarat Univ. 1986)

Solution.  The e.m.f. induced at 375 r.p.m. would be increased in the ratio 375/300 correspond-
ing to different shunt field current values.  A new table is given with the voltages multiplied by the
above ratio.

Field amperes : 0 2 3 4 5 6 7

Armature volt : 9.4 115 165 202.5 228.8 248.8 265

The new O.C.C. at 375 r.p.m. is shown in Fig. 26.11.
Line OA represents 40-Ω line.

The voltage corresponding to point A is 260 V.  Hence
machine will excite to 260 volt with 40 Ω shunt field resis-
tance.

(a) From Fig. 28.11, it is clear that for exciting the gen-
erator to 200 V, exciting current should be 3.8 A.

∴ Field circuit resistance = 200/3.8 = 52.6 Ω
∴      Additional resistance required = 52.6 − 40

                                                     = 12.6 ΩΩΩΩΩ
(b)   In this case, shunt field resistance = 40 Ω                 ...(as above)
Terminal voltage = 200 V ∴ Field current = 200/40 = 5 A
Generated e.m.f. for exciting current of 5 A = 228.8 V
For a generator E = V + Ia Ra ∴ IaRa = E − V or 0.4 Ia = 228.8 − 20 = 28.8
∴ Ia = 28.8/0.4 = 72 A ∴ Load current I = 72 − 5 = 67 A

Example 28.5.  The open-circuit characteristic of a separately-excited d.c. generator driven at
1000 r.p.m. is as follows :

Field current : 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

E.M.F. volts : 30.0 55.0 75.0 90.0 100.0 110.0 115.0 120.0

If the machine is connected as shunt generator and driven at 1,000 r.p.m. and has a field
resistance of 100 Ω, find (a) open-circuit voltage and exciting current (b) the critical resistance and
(c) resistance to induce 115 volts on open circuit.

(Elect. Machines, Nagpur, Univ. 1993)

Solution.  The O.C.C. has been plotted in Fig. 28.12.  The shunt resistance line OA is drawn as
usual.

(a) O.C. voltage = 100 V; Exciting current = 1 A
(b) Line OT is tangent to the initial part of the O.C.C.  It represents critical resistance.  As seen

from point C, value of critical resistance is 90/0.6 = 150 Ω.Ω.Ω.Ω.Ω.

Fig. 28.11
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Fig. 28.12

(c) Line OB represents shunt resistance for getting 115 V on open-circuit.  Its resistance = 115/
1.4 = 82.1 Ω.Ω.Ω.Ω.Ω.

Example 28.6.  A d.c. generator has the following magnetisation characteristics.

Field current (A) : 1 2 3 4 5 6 7 8

Generated e.m.f. (V) : 23 45 67 85 100 112 121 126

If the generator is shunt excited, determine the load current.
(a) when terminal p.d. is 120 V, the field resistance is 15 Ω at a speed of 600 r.p.m. And
(b) when terminal p.d. is 144 V, the field resistance is 18 Ω at a speed of 700 r.p.m.

Solution.  (a)  When terminal p.d. = 120 V, then field current If = V/Rsh = 120/15 = 8 Ω
From the given data, it is seen that the generated e.m.f. = 126 V*

Voltage drop = 126 − 120 = 6 V
Since drop due to armature reaction is neglected, this represents the armature drop.
∴ Ia Ra = 6 or Ia = 6/0.02 = 300 A Load current = 300 − 8 = 292 A
(b) The O.C. data at 700 r.p.m. can be obtained by multiplying the given values of generated

e.m.f. by a factor of 700/600 = 7/6.  Hence, the new data is :

Field current (A) : 1 2 3 4 5 6 7 8

Generated e.m.f. (V) : 26.8 52.5 78.2 99.2 116.6 131 141 146

When V = 144 V and Rsh = 18 Ω, field current = 144/18 = 8 A
From the given data, the corresponding generated e.m.f. is 146 V.
Voltage drop Ia Ra = 146 − 144 = 2V
∴ Ia = 2/0.02 = 100 A ∴  Load current = 100 − 8 = 92 A
Example 28.7.  The O.C.C. of a d.c. generator driven at 400 rev/min is as follows :

Field current (A) : 2 3 4 5 6 7 8 9

Terminal volts : 110 155 186 212 230 246 260 271

* We need not plot the O.C.C. in this particular case.
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Find :
(a) voltage to which the machine will excite when run as a shunt generator at 400 rev/min with

shunt field resistance equal to 34 Ω.
(b) resistance of shunt circuit to reduce the O.C. voltage to 220 V.
(c) critical value of the shunt field circuit resistance.
(d) the critical speed when the field circuit resistance is 34 Ω.
(e) lowest possible speed at which an O.C. voltage of 225 V can be obtained.

(Electrical Technology, Bombay Univ. 1987)
Solution.  The O.C.C. as plotted from the given data is shown in Fig. 28.13.  The 34-Ω line OA

is drawn as usual.
(a) The voltage to which machine will excite = OM = 255 V.
(b) The horizontal line from N (220 V) is drawn which cuts the O.C.C.  at point B.  Resistance

represented by line OB = 220/5.4 = 40.7 Ω.Ω.Ω.Ω.Ω.
(c) Line OC has been drawn which is tangential at the origin to the O.C.C.  This represents the

value of critical resistance = 140/2.25 = 62.2 Ω.Ω.Ω.Ω.Ω.
(d) Take any convenient point D and erect a perpendicular which cuts both OA and OC.

DE
DF

= 110or ,
400 202 202

C C
C

N N
N= = 218 r.p.m.

(e) From point P (225 V) drawn a horizontal line cutting OA at point G.  From G, draw a
perpendicular line GK cutting the O.C.C. at point H.  If N′ is the lowest speed possible for getting 225
volt with 34 Ω shunt circuit resistance, then

GK
HK

=
225or or

400 241
N N′ ′ = 375 r.p.m.

Fig. 28.13
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Example 28.8.  The magnetization characteristic for a 4-pole, 110-V, 1000 r.p.m. shunt genera-
tor is as follows :

Field current 0 0.5 1 1.5 2 2.5 3 A

O.C. voltage 5 50 85 102 112 116 120 V

Armature is lap-connected with 144 conduc-
tors.  Field resistance is 45 ohms.  Determine

(i) voltage the machine will build up at no-
load.

(ii) the critical resistance.

(iii) the speed at which the machine just fails
to excite.

(iv) residual flux per pole.
(Electrical Machinery- I, Mysore Unit. 1988)

Solution. In Fig. 28.14, OA represents the 45-
Ω line which is drawn as usual.

(i) The voltage to which machine will build
up = OM = 118 V.

(ii) OT is tangent to the initial part of  the
O.C.C.  It represents critical resistance.  Take point
B lying on this line.  Voltage and exciting current
corresponding to this point are 110 V and 1.1 A respectively.

∴ Rc = 110/1.1 = 100 ΩΩΩΩΩ
(iii) From any point on OT, say point B, drop the perpendicular BD on X-axis.

CD
BD

=
49or

1000 110 1000
c cN N

=

∴ Nc = 445 r.p.m.
(iv) As given in the table, induced e.m.f. due to residual flux (i.e. when there is no exciting

current) is 5 V.

∴ 5 = ( )144 1000 4
60 4

Φ × ×
∴  Φ  = 2.08 mWb.

Example 28.9.  A shunt generator gave the following results in  the  O.C.C. test at a speed of
r.p.m.

Field current (A) : 1 2 3 4 6 8 10

E.M.F. (volt) : 90 185 251 290 324 345 360

The field resistance is adjusted to 50 Ω and the terminal  is 300 V on load.  Armature resistance
is 0.1 Ω and assuming that the flux is reduced by 5% due to armature reaction, find the load supplied
by the generator. (Electromechanic, Allahabad Univ.; 1992)

Solution.  When the terminal voltage is 300 V and Rsh = 50 Ω, then field current is
= 300/40 = 6 A

With this shunt current, the induced e.m.f. as seen from the given table (we need not draw the
O.C.C.) is 324 V.

Due to armature reaction, the flux and hence the induced e.m.f. is reduced to 0.95 of its no-load
value.

Hence, induced e.m.f. when generator is no load = 324 × 0.95 = 307.8 V

Fig. 28.14
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Armature drop at the given load = 307.8 − 300 = 7.8 V
IaRa = 7.8, Ia = 7.8/0.1 = 78 A

Load current = 78 − 6 = 72 A ;  Generator output = 72 × 300/1000 = 21.6 kW

Example 28.10.  A shunt generator gave the following open-circuit characteristic :

Field current : 0.5 1.0 1.5 2.0 2.5 3.0 3.5 A

O.C. e.m.f. : 54 107 152 185 210 230 245 V

The armature and field resistances are 0.1 Ω and 80 Ω respectively.  Calculate (a) the voltage to
which the machine will excite when run as a shunt generator at the same speed.

(b) The volts lost due to armature reaction when
100 A are passing in the armature at a terminal volt-
age of 175 V.

(c) The percentage reduction in speed for the
machine to fail to excite on open circuit.

(Electrical Machines-I, Bombay Univ. 1988)
Solution.  (a) O.C.C. is shown in Fig. 28.15.  OA

represents 80 Ω line.  The maximum voltage to which
the generator will build up is given by OM = 222 V.

(b) With 175 V terminal p.d. on load
Ish = 175/80 = 2.2 A

Voltage corresponding to this field current is given
by OC = 195 V.

Voltage lost due to armature reaction and armature
drop = 195 − 175 = 20 V.

Now, armature drop = 0.1 × 100 = 10  V

Let ‘x’ be the volts lost due to armature reaction.
Then 10 + x = 20 ∴ x = 10 V
(c) Line OT is drawn tangential to the curve.  DFG is perpendicular to the base line.

cN
N

= 60160 or
220 220

eN NFG
DG N

− −= =

Percentage reduction in speed =
60

100
220
− × = – 27.3 %

Example 28.11.  The O.C.C. of a shunt generator running at 800 r.p.m. is as follows :

Field current (amp.) : 1 2 3 4 5 6

Induced e.m.f. (volt). : 82.5 180 225 252 273 282

If the shunt field resistance is 60 Ω, find

(i) the voltage to  which the machine will build up running at the same speed (ii) the value of
field regulating resistance if the machine is to build up to 120 V when its field coils are grouped in
two parallel circuits and generator is runing at half the speed.

(Electrical Technology, Hyderabad Univ.  1991)
Solution.  O.C.C. is drawn from the given data and is shown in Fig. 28.16.  OA represents 60 Ω.

The voltage corresponding to point A is OM = 260 V.
(i) Generator will build up to 260 volts.
(ii) Lower curve represents the induced e.m.f. for different exciting current values at 400 r.p.m.

From point B which represents 120 V, draw BC.  From C draw a perpendicular CD which gives the

Fig. 28.15
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exciting current of 3.6 A.  It means that current through each
parallel path of shunt field coils is 3.6 A.  Total current which
passes through the field regulator resistance is 3.6 × 2 = 7.2 A
because it is in series with the field coils.

Hence, total shunt field resistance = 120/7.2 = 16.67 Ω
Now, resistance of each shunt parallel path = 60/2 = 30 Ω
Joint resistance of two parallel paths = 30/2 = 15 Ω
∴ Shunt field regulator resistance = 16.67 − 15 = 1.67 ΩΩΩΩΩ

28.7. Voltage Build up of a Shunt Generator
Before loading a shunt generator, it is allowed to build up

its voltage.  Usually, there is always present some residual mag-
netism in the poles, hence a small e.m.f. is produced initially.
This e.m.f. circulates a small current in the field circuit which increases the pole flux (provided field
circuit is properly connected to armature, otherwise this current may wipe off the residual magne-
tism).  When flux is increased, generated e.m.f. is increased which further increases the flux and so
on.  As shown in Fig. 28.17, Oa is the induced e.m.f. due to residual magnetism which appears across
the field circuit and causes a field current Ob to flow.  This current aids residual flux and hence
produces, a larger induced e.m.f. Oc.  In turn, this increased e.m.f. Oc causes an even larger current
Od which creates more flux for a still larger e.m.f. and so on.

Now, the generated e.m.f. in the armature has
(a) to supply the ohmic drop If Rsh in the winding and (b) to overcome the opposing self-induced

e.m.f. in the field coil i.e. L. (d If / dt)because field coils have appreciable self-inductance.
eg = If Rsh + L .  d If /dt

If (and so long as), the generated e.m.f. is in excess of the ohmic drop If Rsh, energy would
continue being stored in the pole fields.  For example, as shown in Fig. 28.17, corresponding to field
current OA, the generated e.m.f.
is AC.  Out of this, AB goes to sup-
ply ohmic drop If Rsh and BC goes
to overcome self-induced e.m.f. in
the coil.  Corresponding to If = OF,
whole of the generated e.m.f. is
used to overcome the ohmic drop.
None is left to overcome L.dIf /dt.
Hence no energy is stored in the
pole fields.  Consequently, there
is no further increase in pole flux
and the generated e.m.f.  With the
given shunt field resistance repre-
sented by line OP, the maximum
voltage to which the machine will
build up is OE.  If resistance is de-
creased, it will built up to a some-
what higher voltage.  OR repre-
sents the resistance known as criti-
cal resistance.  If shunt field re-
sistance is greater than this value,
the generator will fail to excite. Fig. 28.17

Fig. 28.16
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28.8. Conditions for Build-up of a Shunt Generator
We may summarize the condi-

tions necessary for the build-up of a
(self-excited) short generator as fol-
lows :

1. There must be some re-
sidual magnetism in the generator
poles.

2. For the given direction of
rotation, the shunt field coils should
be correctly connected to the arma-
ture i.e. they should be so connected
that the induced current reinforces
the e.m.f. produced initially due to
residual magnetism.

3. If excited on open circuit,
its shunt field resistance should be
less than the critical resistance
(which can be found from its
O.C.C.)

4. If excited on load, then its shunt field resistance should be more than a certain minimum
value of resistance which is given by internal characteristic (Art 28.11).

28.9. Other Factors Affecting Voltage Building of a DC Generator

In addition to the factors mentioned above, there are some other factors which affect the voltage
building of a self-excited d.c. generator.  These factors are (i) reversed shunt field connection (ii)
reversed rotation and (iii) reversed residual magnetism.  These adverse effects would be explained
with the help of Fig. 28.18 and the right-hand rule for finding the direction of the coil flux.  For the
sake of simplicity, only one field pole has been shown in the Fig. 28.18.

Fig. 28.18 (a) represents the normal operation, the prime mover rotation is clockwise and both
the residual flux ΦR and the field flux ΦF are directed to the left.

Fig. 28.18 (b) shows reversed connection of the field circuit which causes ΦF to oppose ΦR.
Consequently, the generator voltage builds down from its original residual value.

In Fig. 28.18 (c), reversed armature rotation causes the reversal of the voltage produced by the
residual magnetism.  Even though the field coil connections are correct, the reversed field current
flow causes ΦF to oppose ΦR so that the voltage builds down from its original residual value.

Fig. 28.18 (d) shows the case when due to some reason the residual magnetism gets reversed.
Hence, the armature voltage is also reversed which further reverses the field current. Consequently,
both ΦF and ΦR are reversed but are directed to the right as shown.  Under this condition, the voltage
buildup is in the reversed direction.  Obviously, the generator will operate at rated voltage but with
reversed polarity.

If desired, the reversed polarity can be corrected by using an external d.c. source to remagnetise
the field poles in the correct direction.  This procedure is known as field flashing.

Example 28.12.  The O.C.C. of a generator is given by the following :

Field current : 1.5 3.5 4.5 6 7.5 9 10.5

E.M.F. : 168 330 450 490 600 645 675

The speed at which data is obtained is 1000 r.p.m.  Find the value of the shunt field resistance
that will give a p.d. of 600 V with an armature current of 300 A at the same speed.  Due to armature

Fig. 28.18
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reaction, the shunt field current
is given by Ish (eff.) = Ish − 0.003
Ia.  Armature resistance, includ-
ing brush contact resistance, is
0.1 Ω.  What will be the p.d. on
open circuit at the same speed ?

Solution.  As shown in Fig.
28.19, the O.C.C. has been plot-
ted from the given data.

Voltage drop due to armature
resistance = 300 × 0.1 = 30 V.

Reduction of field current
due to armature reaction
= 0.003 × 300 = 0.9 A.

Any point A is taken on the
O.C.C.  A vertical distance AB =
30 V is taken and then the
horizontal line BC = 0.9 A is
drawn thus completing triangle
ABC which is known as drop
reaction triangle.  Then, point C
lies on the 300 ampere load
saturation curve.  This curve can
be drawn by finding such similar
points like C′ etc.

From point L representing 600 V, a horizontal line is drawn cutting the load saturation curve at D.
Join OD.  Current corresponding to point D is 9.4 A.  The slope of If the line OD gives the value of
shunt resistance to give 600 V with 300 amperes of armature current.

∴ Rsh = 600/9.4 = 63.8 ΩΩΩΩΩ
It is seen that e.m.f. on open circuit is 678 V.

28.10. External Characteristic

After becoming familiar with the no-load characteristic of a shunt generator, we will now pro-
ceed to find its external characteristic (V/I) when loaded.  It is found that if after building up, a shunt
generator is loaded, then its terminal voltage V drops with increase in load current.  Such a drop in
voltage is undesirable especially when the generator is supplying current for light and power for
which purpose it is desirable that V should remain practically constant and independent of the load.
This condition of constant voltage is almost impossible to be fulfilled with a shunt generator unless
the field current is being automatically adjusted by an automatic regulator.  Without such regulation
terminal voltage drops considerably as the load on the generator is increased.  These are three main
reasons for the drop in terminal voltage of a shunt generator when under load.

(i) Armature resistance drop :
As the load current increases, more and more voltage is consumed in the ohmic resistance of the

armature circuit.  Hence, the terminal voltage V = E − Ia Ra is decreased where E is the induced e.m.f.
in the armature under load condition.

(ii) Armature reaction drop
Due to the demagnetising effect of armature reaction, pole flux is weakened and so the induced

e.m.f. in the armature is decreased.
(iii) The drop in terminal voltage V due to (i) and (ii) results in a decreased field current If which

further reduces the induced e.m.f.

Fig. 28.19

www.EngineeringBooksPdf.com



982 Electrical Technology

For obtaining the relation between the terminal voltage and load current, the generator is con-
nected as shown in Fig. 28.20 (a).

Fig. 28.20

The shunt generator is first excited on no-load so that it gives its full open circuit voltage = Oa
[Fig. 28.20 (b)].  Then, the load is gradually applied and, at suitable intervals, the terminal voltage V
(as read by the voltmeter) and the load current I (as read by the ammeter A2) are noted.  The field
current as recorded by ammeter A1 is kept constant by a rheostat (because during the test, due to
heating, shunt field resistance is increased).  By plotting these readings, the external characteristic of
Fig. 28.20 (b) is obtained.  The portion ab is the working part of this curve.  Over this part, if the load
resistance is decreased, load current is increased as usual, although this results in a comparatively
small additional drop in voltage.  These conditions hold good till point b is reached.  This point is
known as breakdown point.  It is found that beyond this point (where load is maximum = OB) any
effort to increase load current by further decreasing load resistance results in decreased load
current (like OA) due to a very rapid decrease in terminal voltage.

We will discuss the reason for this unusual behaviour of the generator in more details.  Over the
earlier portion ab [Fig. 28.20 (b)] where the load current is comparatively small, when external load
resistance is decreased, it results in increased load current as might be expected keeping Ohm’s law in
mind.  It should not, however, be forgotten that due to increase in load current, V is also decreased
somewhat due to the cause (iii) given above.  But over the portion ab, the effect of decrease in load
resistance predominates the effect of decrease in V because load current is relatively small.

At point b, generator is delivering a very large current i.e. current which is many times greater
than its normal current.  If load resistance is decreased at this point so as to be able to draw a load
current greater than OB, the current is increased momentarily.   But due to the severe armature
reaction for this heavy current and increased Ia Ra drop, the terminal voltage V is drastically reduced.
The effect of this drastic reduction in V results in less load current ( = OA).  In other words, over the
portion bdc of the curve, the terminal voltage V decreases more rapidly than the load resistance.
Hence, any, further decrease in load resistance actually causes a decrease in load current (it may seem
to contravene Ohm’s law but this law is not applicable, here since V is not constant).  As load resis-
tance is decreased beyond point b, the curve turns back till when the generator is actually short-
circuited, it cuts the current axis at point c.  Here, terminal voltage V is reduced to zero, though there
would be some value of E due to residual magnetism (Fig. 28.22).

28.11. Voltage Regulation

By voltage regulation of a generator is meant the change in its terminal voltage with the change
in load current when it is running at a constant speed.  If the change in voltage between no-load and
full load is small, then the generator is said to have good regulation but if the change in voltage is
large, then it has poor regulation.  The voltage regulation of a d.c. generator is the change in voltage
when the load is reduced from rated value to zero, expressed as percentage of the rated load
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voltage.

If no-load voltage of a certain generator is 240 V and rated-load voltage is 220 V,

then, regn. = (240 − 220)/220 = 0.091 or 9.1 %

28.12. Internal or Total Characteristic

As defined before, internal characteristic gives the relation between E and Ia.  Now in a shunt
generator

Ia = I + If and E = V + Ia Ra

Fig. 28.21 Fig. 28.22

Hence, E/Ia curve can be obtained from V/I curve as shown in Fig. 28.21.  In this figure, ab
represents the external characteristic as discussed above.  The field resistance line OB is drawn as
usual.  The horizontal distances from OY line to the line OB give the values of field currents for
different terminal voltages.  If we add these distances horizontally to the external characteristic ab,
then we get the curve for the total armature current i.e. dotted curve ac.  For example, point d on ac is
obtained by making gd = ef.  The armature resistance drop line Or is then plotted as usual.  If brush
contact resistance is assumed constant, then armature voltage drop is proportional to the armature
current.  For any armature current = OK, armature voltage drop IaRa = mK.  If we add these drops to
the ordinates of curve ac, we get the internal characteristic.  For example, St = mK.  The point t lies on
the internal characteristic.  Other points like t can be found similarly at different armature currents as
the total characteristic can be drawn.

It may be noted here, in passing, that product EIa gives the total power developed within the
armature.  Some of this power goes to meet I2 R losses in armature and shunt field windings and the
rest appears as output.

As explained in Art 28.10 if load resistance is decreased, the armature current increases up to a
certain load current value.  After that, any decrease in load resistance is not accompanied by increase
in load current.  Rather, it is decreased and the curve turns back as shown in Fig. 28.22.  If the load
resistance is too small, then the generator is short-circuited and there is no generated e.m.f. due to
heavy demagnetisation of main poles.

Line OP is tangential to the internal characteristic MB and its slope gives the value of the mini-
mum resistance with which the generator will excite if excited on load.
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28.13. Series Generator
In this generator, because field windings

are in series with the armature [Fig. 28.23
(a)], they carry full armature current Ia.  As
Ia is increased, flux and hence generated
e.m.f. is also increased as shown by the
curve.  Curve Oa is the O.C.C.  The extra
exciting current necessary to neutralize the
weakening effect of armature reaction at
full load is given by the horizontal distance
ab.  Hence, point b is on the internal char-
acteristic.  If the ordinate bc = gh = arma-
ture voltage drop, then point c lies on the
external characteristic [Fig. 28.23 (b)].

It will be noticed that a series generator
has rising voltage characteristic i.e. with

increase in load, its voltage is also increased.  But it is seen that at high loads, the voltage starts
decreasing due to excessive demagnetising effects of armature reaction.  In fact, terminal voltage
starts decreasing as load current is increased as shown by the dotted curve.  For a load current OC′ ,
the terminal voltage is reduced to zero as shown.

Example 28.13.  In a 220 V supply system, a series generator, working on a linear portion of its
magnetisation characteris-
tic is employed as a booster.
The generator characteris-
tic is such that induced
e.m.f. increases by 1 volt for
every increase of 6 amperes
of load current through the
generator.  The total arma-
ture resistance of the gen-
erator is 0.02 Ω.  If supply
voltage remains constant,
find the voltage supplied to
the consumer at a load cur-
rent of 96 A.  Calculate also
the power supplied by the
booster itself.

Solution.
Voltage increase for 6 amperes = 1 V ∴ Voltage increase for 96 A = 96/6 = 16 V

Voltage drop in series coils = 96 × 0.02 = 1.9 V
Net Voltage rise due to booster = 16 − 1.9 = 14.1 V

Voltage at consumer end = 220 + 14.1 = 234.1 V
Power supplied by booster itself = 14.1 × 96 = 1354 W = 1.354 kW

Example 28.14.  A d.c. series generator, having an external characteristic which is a straight
line through zero to 50 V at 200 A is connected as a booster between a station bus bar and a feeder
of 0.3 ohm resistance.  Calculate the voltage difference between the station bus-bar and the far end
of the feeder at a current of (i) 200 A and (ii) 50 A.

(AIME Sec. B Elect. Machine Summer 1991)

Solution.  (i) Voltage drop = 200 × 0.3 = 60 V

Booster voltage provided by series generator for 200 A current as given = 50 V.

Fig. 28.23

Series generator
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∴ Net voltage decrease = 60 − 50 = 10 V
(ii) Feeder drop = 50 × 0.3 = 15 V
Booster voltage provided by series generator (by proportion) is

= 50 × 50/200 = 12.5 V
∴ Net decrease in voltage = 15 − 12.5 = 2.5 V

28.14. Compound-wound Generator
A shunt generator is unsuitable where constancy of terminal voltage is essential, because its

terminal voltage decreases as the load on it increases.  This decrease in V is particularly objectionable
for lighting circuit where even slight
change in the voltage makes an
appreciable change in the candle power
of the incandescent lamps.  A shunt
generator may be made to supply
substantially constant voltage (or even a
rise in voltage as the load increases) by
adding to it a few turns joined in series
with either the armature or the load
(Fig. 28.24).  These turns are so connected
as to aid to shunt turns when the generator
supplies load.  As the load current
increases, the current through the series
windings also increase thereby increasing
the flux.  Due to the increase in flux,
induced e.m.f. is also increased.  By
adjusting the number of series turns (or
series amp-turns), this increase in e.m.f. can be made to balance the combined voltage drop in the
generator due to armature reaction and the armature drop.  Hence, V remains practically constant
which means that field current is also almost unchanged.  We have already discussed the three causes
which decrease the terminal voltage of a shunt generator (Art 28.10).  Out of these three, the first two
are neutralized by the series field amp-turns and the third one, therefore, does not occur.

If the series field amp-turns are such as to produce the same voltage at rated load as at no-load,
then the generator is flat-compounded.  It should be noted,
however, that even in the case of a flat-compounded genera-
tor, the voltage is not constant from no-load to rated- load.
At half the load, the voltage is actually greater than the rated
voltage as seen from Fig. 28.24.
If the series field amp-turns are such that the rated-load voltage
is greater than the no-load voltage, then generator is over-
compounded.  If rated-load voltage is less than the no-load
voltage, then the generator is under-compounded but such
generators are seldom used.

For short distances such as in hotels and office buildings,
flat-compound generators are used because the loss of voltage
over small lengths of the feeder is negligible.  But when it is
necessary to maintain a constant voltage then an over-
compounded generator, which combines the functions of a
generator and a booster, is invariably used.Fig. 28.24

Compound-wound generator
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28.15. How to Calculate Required Series Turns ?

Consider a 110-V, 250-ampere generator.  Suppose it gives its rated no-load voltage with a field
current of 5.8 A.  If, now, the
series windings are
disconnected and the shunt field
rheostat is left unchanged then
the machine will act as shunt
generator, hence its voltage will
fall with increase in load current.
Further, supply that the field
current has to be increased to 6.3
A in order to maintain the rated
terminal voltage at full load.  If
the number of turns of the shunt
field winding is 2000, then 2000 × (6.3 − 5.8) = 1000 amp-turns represent the additional excitation
that has to be supplied by the series windings.  As series turns will be carrying a full load current of
250 A, hence number of series turns = 1000/250 = 4.

In general, let
∆ Ish = increase in shunt field current required to keep voltage constant from no-load to full-

load

Nsh = No. of shunt field turns per pole (or the total number of turns)
Nse = No. of series turns per pole (or the total number of turns)
Ise = current through series winding

= armature current Ia —for long-shunt

= load current I —for short-shunt
It is seen that while running as a simple generator, the increase in shunt field ampere-turns neces-

sary for keeping its voltage constant from no-load to full-load is Nsh · ∆sh.  This increase in
field excitation can be alternatively achieved by adding a few series turns to the shunt generator
[Fig. 28.25 (a)]  thereby converting it into a compound generator.

∴ Nsh · ∆ Ish = Nse Ise

If other things are known, Nse may be found from the above equation.
In practice, a few extra series amp-turns are taken in order to allow for the drop in armature.  Any

surplus amp-turns can be changed with the help of a divertor across the series winding as shown in
Fig. 28.25 (b).

As said above, the degree of compounding can be adjusted with the help of a variable-resistance,
divertor as shown in Fig. 28.25 (b).  If Id is the current through the divertor of resistance Rd, then
remembering that series windings and divertor are in parallel,

∴ Ise · Rse = Id Rd or Rd = Ise Rse/Id

Example 28.15.  A shunt generator is converted into a compound generator by addition of a
series field winding.  From the test on the machine with shunt excitation only, it is found that a field
current of 5 A gives 440 V on no-load and that 6 A gives 440 V at full load current of 200 A.  The
shunt winding has 1600 turns per pole.  Find the number of series turns required.

(Elect.  Machines, A.M.I.E., Sec., B, 1991)

Solution.  It would be assumed that shunt generator is converted into a short shunt compound
generator.  It is given that for keeping the voltage of shunt generator constant at 440 V both at no-
load and full-load, shunt field ampere-turns per pole have to be increased from 1600 × 5 = 8000 to

Fig. 28.25
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(1600 × 6) = 9600 i.e. an increase of (9600 − 8000) = 1600 AT.  The same increase in field AT can be
brought about by adding a few series turns.

Let n be the number of series turns required per pole.  Since they carry 200 A,
∴ n × 200 = 1600; n = 8 turns/pole

Example 28.16.  A long shunt compound generator has a shunt field winding of 1000 turns per
pole and series field winding of 4 turns per pole and resistance 0.05 Ω.  In order to obtain the rated
voltage both at no-load and full-load for operation as shunt generator, it is necessary to increase
field current by 0.2 A.  The full-load armature current of the compound generator is 80 A.  Calculate
the divertor resistance connected in parallel with series field to obtain flat compound operation.

(Elect.  Machines A.M.I.E. Sec. B, 1993)
Solution.
Additional AT required to maintain rated voltage both at

no-load and full-load (Fig. 28.26)  = 1000 × 0.2 = 200
No. of series turns/pole = 4
Current required to produce 200 AT by the series field

= 200/4 = 50 A.

Since Ia = 80 A, the balance of 30 A must
pass through the parallel divertor resistance.

∴ 30 R = 50 × 0.05, R = 0.0833 Ω
Example 28.17.  A 220-V compound generator is supplying a load of 100 A at 220 V.  The

resistances of its armature, shunt and series windings are 0.1 Ω, 50 Ω and 0.06 Ω respectively.  Find
the induced e.m.f. and the armature current when the machine is connected (a) short shunt (b) long
shunt (c) how will the series amp-turns be changed in (b) if a divertor of 0.14 Ω is connected in
parallel with the series windings ?  Neglect armature reaction and brush contact drop.

Solution. (a) Short-shunt (Fig. 28.27).
Voltage drop in series = 100 × 0.06 = 6 V; Ish = 220/50 = 4.4 A.

∴ Ia = 100 + 4.4 = 104.4
Armature drop = 104.4 × 0.1 = 10.4 V

∴ Induced e.m.f. = 220 + 6 + 10.5 = 236.4 V
(b) Long-shunt (Fig. 28.28)

Ish = 220/50 = 4.4 A ∴ Ia = 100 + 4.4 = 104.4 A
Voltage drop over armature and series field winding = 104.4 × 0.16 = 16.7 V
∴ Induced e.m.f. = 200 + 16.7 = 216.7 V

Fig. 28.26

Fig. 28.27 Fig. 28.28 Fig. 28.29
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(c) As shown in Fig. 28.29, a divertor of resistance 0.14 Ω is connected in parallel with the
series field winding. Let n be the number of series turns.

Number of series amp-turns without divertor = n × 104.4 = 104.4 n
When divertor is applied, then current through series field is

=
104.4 0.14

73.8
(0.14 0.06)

A
× =
+

∴ Series amp-turns = 73.8 × n ∴ Series amp-turns are reduced to 
73.8

100
104.4

n
n

× = 70 %

Example 28.18.  A 250-kW, 240-V generator is to be compounded such that its voltage rises
from 220 volts at no-load to 240 V at full load.  When series field is cut out and shunt field is excited
from an external source, then from the load test it is found that this rise in voltage can be obtained by
increasing the exciting current from 7 A at no-load to 12 A at full-load.  Given shunt turns/pole =
650, series turns/pole = 4 and resistance of series winding, 0.006 Ω.  If the machine is connected
long-shunt, find the resistance of the series amp-turns at no-load and drop in series winding resis-
tance at full-load.

Solution. Full-load current = 250 × 103/240
= 1042 A

Increase in shunt field ampere-turns to over-compound
the shunt generator

= 650 (12 − 7)  = 3,250.  As seen from Fig. 28.30
4 × Ise = 3250

Ise = 3250/4 = 812.5 A

∴ Id = 1042 − 812.5 = 229.5 A
It is so because no-load shunt current being negligible,

Ia = I = 1042 A.
Since series winding and divertor are in parallel, Id Rd = Ise Rse or 229.5 Rd = 812.5 × 0.006

∴ Rd = 0.0212 ΩΩΩΩΩ
Example 28.19.  A 60-kW d.c. shunt generator has 1600 turns/pole in its shunt winding.  A

shunt field current of 1.25 A is required to generate 125 V at no-load and 1.75 A to generate 150 V
at full load.  Calculate

(i) the minimum number of series turns/pole needed to produce the required no-load and full-
load voltages as a short-shunt compound generator.

(ii) if the generator is equipped with 3 series turns/pole having a resistance of 0.02 Ω, calculate
divertor resistance required to produce the desired compounding.

(iii) voltage regulation of the compound generator.
Solution.  (i) Extra excitation ampere-turns required = 1600 (1.75 − 1.25) = 800

Ise = I = 60,000/150 = 400 A
∴ No. of series turns/pole required = 800/400 = 2
Hence, minimum number of series turns/pole required for pro-

ducing the desired compound generator terminal voltage is 2.
(ii) Now, actual No. of series turns/pole is 3.  Hence, current

passing through it can be found from
3 × Ise = 800; Ise = 800/3 A

As shown in Fig. 28.31, Id = 400 − (800/3) = 400/3 A
Also (800/3) × 0.02 = (400/3) × Rd ; Rd = 0.04 ΩΩΩΩΩ
(iii) % regn. = (125 − 150) × 100/150 = − − − − − 16.7%

Fig. 28.31

Fig. 28.30
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Example  28.20.  A D.C. generator having an external characteristics which is a straight line
through zero to 50 V at 200 Amp, is connected as a booster between a station bus-bar and a feeder
of 0.3 ohm resistance.  Calculate the voltage between the far end of the feeder and the bus-bar at a
current of (i) 160 A, (ii) 50 A. (Manomaniam Surdaranar Univ. Nov. 1998)

Solution.  Due to the feeder resistance of 0.3 ohm there is a voltage drop of 1 × 0.3 volts in the
direction of current, where I refers to the current flowing.  Due to booster, there is a rise in voltage
given by I × (50/200) according to the V-I characteristic given for the series generator.  As a sum total
of these two, the net feeder drop will be I × (0.3 − 0.25) or I volts, and that represents the voltage
between far end of the feeder and the bus-bar.

(i) At 160 A, the net voltage drop in feeder = 160 × 0.05 or 48 − 40 = 9 volts.
Since 48 volts drop is partially compensated by 40 volts boosted up.

(ii) At 50 A, the required answer = (15 volts drop 12.5 volts boosted up) = 2.5 volts drop.

Fig. 28.32.  Feeder and Booster

28.16. Uses of D.C. Generators

1. Shunt generators with field regulators are used for ordinary lighting and power supply
purposes.  They are also used for charging batteries because their terminal voltages are almost con-
stant or can be kept constant.

2. Series generators are not used for
power supply because of their rising
characteristics. However, their rising
characteristic makes them suitable for being used
as boosters (Ex. 28.15) in certain types of
distribution systems particularly in railway
service.

3. Compound generators
The cumulatively-compound generator is the

most widely used d.c. generator because its
external characteristic can be adjusted for compensating the voltage drop in the line resistance.  Hence,
such generators are used for motor driving which require d.c. supply at constant voltage, for lamp
loads and for heavy power service such as electric railways.

The differential-compound generator has an external characteristic similar to that of a shunt
generator but with large demagnetization armature reaction.  Hence, it is widely used in arc welding
where larger voltage drop is desirable with increase in current.

Compound generators are used in electric railways
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Tutorial Problem in 28.1
1. The OC curve of a d.c. shunt generator for a speed of 1000 r.p.m. is given by the following table.

Field current : 2.0 3.0 4.0 5.0 6.0 7.0
E.M.F. volts : 102 150 188 215 232 245

The shunt has a resistance of 37 Ω. Find the speed at which excitation may be expected to build up.
The aramture resistance of 0.04 Ω.  Neglecting the effects of brush drop and armature reaction, estimate

the p.d. when the speed is 1000 r.p.m. and the armature delivers a current of 100 A. (725 r.p.m.; 231 V)
2. A d.c. shunt generator running at 850 r.p.m. gave the followig O.C.C. data :
Field current (A) : 0 0.5 1 2 3 4 5

E.M.F.  (V) : 10 60 120 199 232 248 258

If the resistance of the shunt field is 50 Ω, determine the additional resistance required in the shunt field
circuit to give 240 V at a speed of 1000 r.p.m. [64.3 ΩΩΩΩΩ)

3. Sketch the load characteristic of a d.c. generator with (i) shunt (ii) series excitation.  Give reasons
for the particular shape in each case.

The O.C.C. at 700 r.p.m. of a series generator with separately-excited field is as follows :
Field current (A) : 20 40 50 60 75

Armature e.m.f. (V) : 190 360 410 450 480

Determine the current and terminal voltage as a self-excited series machine when running at 600 r.p.m.
with a load of 6 Ω connected to the terminal.  Resistance of armature and series winding is 0.3Ω.  Ignore effect
of armature reaction. [369 V; 61.5 A]

4. The O.C.C. data for separately-excited generator when run at 130 r.p.m. on open circuit is
E.M.F. (V) : 12 44 73 98 113 122 127
Exciting current  : 0 0.2 0.4 0.6 0.8 1.0 1.2

Deduce the curve of e.m.f. and excitation when the generator is running separately-excited at 1000 r.p.m.
To what voltage will the generator build up on no-load when running at 1000 r.p.m.?  To what voltage will the
generator build up on no-load when running at 100 r.p.m. if the total field resistance is 100 Ω ? [91 V]

5. The following figures give the O.C.C. of d.c. Shunt generator driven at a constant speed of 700
r.p.m.

Terminal voltage (V): 10 20 40 80 120 160 200 240 260

Field Current (A)  : 0 0.1 0.24 0.5 0.77 1.2 1.92 3.43 5.2
Determine the critical resistance at (a) 700 r.p.m. (b) 850 r.p.m.  If resistance of field coils is 50 Ω, find

the range of the field rheostat required to vary the voltage between the limits of 180 V and 250 V on open
circuit at a speed of 700 r.p.m. [160 ΩΩΩΩΩ ; 194 ΩΩΩΩΩ; 70 ΩΩΩΩΩ to 10 ΩΩΩΩΩ]

6. The O.C.C. of a shunt generator when separately-excited and running at 1000 r.p.m. is given by :
O.C.C. volt : 56 112 150 180 200 216 230

Field amp. : 0.5 1.0 1.5 2.0 2.5 3.0 3.5

If the generator is shunt-connected and runs at 1100 r.p.m. with a total field resistance of 80 Ω, determine
(a) no-load e.m.f.
(b) the output when the terminal voltage is 200 V if the armature resistance is 0.1 Ω.
(c) the terminal voltage of the generator when giving the maximum output current.
Neglect the effect of armature reaction and of brush contact drop.

[236 V; 200 V; 460 V; 150 V (approx.)]
7. A long-shunt compound d.c. generator with armature, series field and shunt field resistance of 0.5,

0.4 and 250 Ω respectively gave the following readings when run at constant speed :
Load current (A) : 0 10 20 30 40

Terminal p.d. (V) : 480 478 475 471 467

Plot the curve of internal generated e.m.f. against load current.  Explain fully the steps by which this
curve is obtained and tabulate the values from which it is plotted. [For 40 A; E = 504.7 V (approx.)]
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8. A shunt generator has the following open-circuit characteristic at 800 r.p.m.
Field amperes : 0.5 1.0 1.5 2.0 2.5 3.0 3.5
E.M.F. Volt : 54 107 152 185 210 230 245

Armature and shunt field resistances are respectively 0.1 Ω and 80 Ω.  The terminal p.d. falls to 175 V
when the armature current is 100 A.  Find the O.C. volts and the volts lost due to (i) reduction in the field
current (ii) armature resistance (iii) armature reaction.  [220 V (i) 27 V (ii) 120 V (iii) 8 V]

9. The open-circuit characteristic of a shunt generator when driven at normal speed is as follows :
Field current : 0.5 1.0 1.5 2.0 2.5 3.0 3.5 A

O.C. volts : 54 107 152 185 210 230 240 V
The resistance of armature circuit is 0.1 Ω.  Due to armature reaction the effective field current is given

by the relation Ish (eff.) = Ish − 0.003 Ia.  Find the shunt field circuit resistance that will give a terminal voltage
of 220 V with normal speed (a) on open circuit (b) at a load current of 100 A.  Also find (c) number of series
turns for level compounding at 220 V with 100 A armature current ; take number of shunt turns per pole as
1200 and (d) No. of series turns for over-compounding giving a terminal voltage of 220 V at no-load and
230 V with 100 A armature current. [(a) 80 Ω Ω Ω Ω Ω (b) 66 Ω Ω Ω Ω Ω (c) 6.8 Ω Ω Ω Ω Ω (d) 9.1 turns]

10. Find how many series turns per pole are needed on a 500-kW compound generator required to give
450 V on no-load and 500 V on full-load, the requisite number of ampere-turns per pole being 9,000 and
6,500 respectively.  The shunt winding is designed to give 450 V at no-load when its temperature is 20°C.  The
final temperature is 60°C.  Take α0 = 1/234.5 per °C.

[ 2.76] (Electrical Technology, Allahabad Univ.  1977)

OBJECTIVE TESTS – 28

1. The external characteristic of a shunt generator
can be obtained directly from its ——
characteristic.
(a) internal (b) open-circuit
(c) load-saturation (d ) performance

2. Load saturation characteristic of a d.c. genera-
tor gives relation between
(a) V and Ia (b) E and Ia
(c) E0 and If (d ) V and If

3. The slight curvature at the lower end of the
O.C.C. of a self-excited d.c. generator is due
to
(a) residual pole flux
(b) high armature speed
(c) magnetic inertia
(d) high field circuit resistance.

4. For the voltage built-up of a self-excited d.c.
generator, which of the following is not an
essential condition ?
(a) There must be some residual flux
(b) Field winding mmf must aid the residual

flux
(c) Total field circuit resistance must be less

than the critical value
(d) Armature speed must be very high.

5. The voltage build-up process of a d.c. genera-
tor is
(a) difficult (b) delayed
(c) cumulative (d) infinite

6. Which of the following d.c. generator cannot
build up on open-circuit ?

(a) shunt (b) series
(c) short shunt (d) long shunt

7. If a self-excited d.c. generator after being
installed, fails to build up on its first trial run,
the first thing to do is to
(a) increase the field resistance
(b) check armature insulation
(c) reverse field connections
(d) increase the speed of prime mover.

8. If residual magnetism of a shunt generator is
destroyed accidentally, it may be restored by
connecting its shunt field
(a) to earth
(b) to an a.c. source
(b) in reverse
(d) to a d.c. source.

9. The three factors which cause decrease in the
terminal voltage of a shunt generator are
(a) armature reactances
(b) armature resistance
(c) armature leakages
(d) armature reaction
(e) reduction in field current

10. If field resistance of a d.c. shunt generator is
increased beyond its critical value, the
generator
(a) output voltage will exceed its name-plate

rating
(b) will not build up
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(c) may burn out if loaded to its name-plate
rating

(d ) power output may exceed its name-plate
rating

11. An ideal d.c. generator is one that has .........
voltage regulation.
(a) low (b) zero
(c) positive (d) negative

12. The ......... generator has poorest voltage
regulation.
(a) series (b) shunt
(c) compound (d) high

13. The voltage regulation of an overcompound
d.c. generator is always ..........

(a) positive
(b) negative
(c) zero
(d) high

14. Most commercial compound d.c. generator are
normally supplied by the manufacturers as over
compound machines because
(a) they are ideally suited for transmission of

d.c. energy to remotely-located loads
(b) degree of compounding can be adjusted by

using a divertor across series field
(c) they are more cost effective than shunt

generators

(d) they have zero percent regulation.

ANSWERS

1. (b) 2. (d ) 3. (c) 4. (d ) 5. (c) 6. (b) 7. (c) 8. (d) 9. (b,d,e) 10. (b) 11. (b) 12. (a) 13. (b) 14. (b).

QUESTIONS AND ANSWERS ON D.C. GENERATORS

Q. 1. How may the number of parallel paths in an armature be increased ?
Ans. By increasing the number of magnetic poles.
Q. 2. How are brushes connected in a d.c. generator ?
Ans. Usually, all positive brushes are connected together and all the negative brushes together

(Fig. 28.33).
Q. 3. What is meant by armature reaction ?
Ans. It is the effect of armature magnetic field on the

distribution of flux under main poles of a generator.
The armature magnetic field has two effects :
(i) It demagnetises or weakens the main flux and
(ii) It cross-magnetises or distorts it.

Q. 4. What is the effect of this distortion on the
operation of the machine ?

Ans. It acts as a magnetic drag on the armature which
consequently requires more power to turn it.

Q. 5. How can field distortion be remedied ?
Ans. By using compensating windings which are embed-

ded in the slots in the pole-shoe and are connected in series with the armature.
Q. 6. What is meant by normal neutral plane ?
Ans. It is a plane which passes through the axis of the armature perpendicular to the magnetic

field of the generator when there is no flow of current through the armature.
Q. 7. What is the importance of this plane in the working of the machine ?
Ans. It gives the position where brushes would be placed to prevent sparking during the operation

of the generator where the main pole field not distorted by armature field and were there no
self-induction in the coils.

Q. 8. How do you differentiate between normal neutral plane ?
Ans. The NNP is the position of zero induction and hence minimum sparking assuming no field

distortion i.e. on no-load.  It is perpendicular to magnetic axis.  NA is the position of zero
induction and hence minimum sparking with distorted field i.e. when generator is on load.

Q. 9. How do you define ‘commutating plane’ ?
Ans. It is the plane which passes through the axis of the armature and through centre of contact of

the brushes as shown in Fig. 28.34.

Fig. 28.33
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Q. 10. What is the angle of lead ?
Ans. It is the angle between the NNP and the commutating plane.

Q. 11. What affects this angle ?
Ans. For sparkless commutation, the angle of lead varies directly with load.  Its value can be

kept small by making main pole field considerably more powerful than the armature field.
Q. 12. What is the best way of minimizing eddy currents in an armature ?

Ans. Lamination.
Q. 13. How should the armature be laminated

for the purpose ?
Ans. It should be laminated at right angle to

its axis.
Q. 14. How does field distortion affect

communication ?
Ans. The neutral plane no longer coincides

with the normal neutral plane but is ad-
vanced by a certain angle in the direction
of rotation of the armature.

Q. 15. Should the brushes of a loaded genera-
tor be placed in the neutral plane ?

Ans. No.
Q. 16. Why not ?

Ans. The brushes must be advanced by a certain angle (called brush lead) beyond the neutral
plane to prevent sparking.

Q. 17. What causes sparking at the brushes ?
Ans. It is due to the self-induction of the coil undergoing commutation.

Q. 18. What is the standard direction of rotation of the d.c. generators ?
Ans. Clockwise when viewed from the end opposite to the driven end.

Q. 19. What is meant by build-up of a generator ?
Ans. It means the gradual increase in the generator voltage to its maximum value after the gen-

erator is started from rest.
Q. 20. How should a generator be started ?

Ans. It is usually brought up to speed with the help of the driving engine called prime-mover.
Q. 21. How should a shunt or compound generator be started ?

Ans. Such machines excite best when all switches controlling the external circuit are open.
Q. 22. How about a series generator ?

Ans. In this case, the external circuit must be closed otherwise the generator will not build-up.
Q. 23. What is the procedure for shunting down a generator ?

Ans. First, the load should be gradually reduced, if possible, by easing down the driving engine,
then when the generator is supplying little or no current, the main switch should be opened.
When the voltmeter reads almost zero, then brushes should be raised from the commutator.

Q. 24. What are the indications and causes of an overloaded generator ?
Ans. A generator is said to be overloaded if a greater output is taken from it that it can safely

carry.  Overloading is indicated by (i) excessive sparking at brushes and (ii) overheating of
the armature and other parts of the generator.  Most likely causes of overloading are :
1. Excessive voltage-as indicated by the voltmeter or the increased brilliancy of the pilot

lamp.  This could be due to over-excitation of field magnets or too high speed of the
engine.

2. Excessive current–which could be due to bad feeding of the load.
3. Reversal of polarity–this happens occasionally when the series or compound-wound

generators are running in parallel.  Polarity reversal occurs during stopping by the
current from the machines at work.

4. Short-circuit or ground in the generator itself or in the external circuit.
Q. 25. Mention and explain the various causes for the failure of the generator to build up.

Ans. Principal causes due to which a generator may fail to excite are :

Fig. 28.34
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1. Brushes not properly adjusted–if brushes are not in their proper positions, then whole
of the armature voltage will not be utilized and so would be insufficient to excite the
machine.

2. Defective contacts-unclean contacts may interpose large resistance in the path of the
exciting current and reduce it to such a small value that it fails to excite the machine.

3. Incorrect adjustment of regulators–in the case of shunt and compound generators, it is
possibly that the resistance of field regulator may be too high to permit the passage of
sufficient current through the field windings.

4. Speed too low–in the case of shunt–and compound-wound generators, there is certain
critical armature speed below which they will not excite.

5. Open-circuit–in the case of series machines.
6. Short-circuit–in the generator of external circuit.
7. Reversed field polarity–usually caused by the reversed connections of the field coils.
8. Insufficient residual magnetism–The trouble normally occurs when the generator is

new.  It can be remedied by passing a strong direct current through the field coils.
Q. 26. How do we conclude that connections between field coils and armature are correct ?

Ans. If the generator builds up when brought to full speed.  If it does not, then connections are
reversed.

Q. 27. When a generator loses its residual magnetism either due to lighting or short circuit,
how can it be made to build up ?

Ans. By temporarily magnetisng the main poles with the help of current from an external battery.
Q. 28. Can a generator be reversed by reversing the connections between the armature and

field coils ?
Ans. No, because if these connections are reversed, the generator will not build up at all.

Q. 29. Will a generator build up if it becomes reversed ?
Ans. Yes.

Q. 30. Then, what is the objection to a reversed generator ?
Ans. Since the current of such a reversed generator is also reversed, serious trouble can occur if

attempt is made to connect it in parallel with other machines which are not reversed.
Q. 31. What are the two kinds of sparking produced in a generator ?

Ans. One kind of sparking is due to bad adjustment of brushes and the other due to bad condi-
tion of the commutator.  The sparking of the first are bluish whereas those of the other are
reddish in colour.

Q. 32. What is the probable reason if sparking does not disappear in any position when
brushes are rocked around the commutator ?

Ans. (i) The brushes may not be separated at correct distance.
(ii) The neutral plane may not be situated in the true theoretical position on the commutator

due to faulty winding.
Q. 33. What is the permissible rise of temperature in a well-designed generator ?

Ans. 27°C above the surrounding air.
Q. 34. What are the causes of hot bearings ?

Ans. (i) lack of oil (ii) belt too tight (iii) armature not centered with respect of pole pieces
(iv) bearing too tight or not in line.

Q. 35. What causes heating of armature ?
Ans. 1. Eddy currents.

2.  Moisture which almost short-circuits the armature.
3. Unequal strength of magnetic poles.
4. Operation above rated voltage and below normal speed.

Q. 36. What is the commutator pitch of a 4-pole d.c. armature having 49 commutator bars?
Ans. Yc = (49 ± 1)/2 = 24 or 25.

Q. 37. Will it make any difference if lower figure of 24 is selected in preference to other.
Ans. Yes.  Direction of armature rotation would be reversed.

www.EngineeringBooksPdf.com



D.C. MOTOR

��
➣➣➣➣➣ Motor Principle
➣➣➣➣➣ Comparison of Generator

and Motor Action
➣➣➣➣➣ Significance of the Back

e.m.f.—Voltage Equation of
a Motor

➣➣➣➣➣ Conditions for Maximum
Power

➣➣➣➣➣ Torque
➣➣➣➣➣ Armature Torque of a Motor
➣➣➣➣➣ Shaft Torque
➣➣➣➣➣ Speed of a D.C. Motor
➣➣➣➣➣ Speed RegulationTorque

and Speed of a D.C. Motor
➣➣➣➣➣ Motor Characteristics
➣➣➣➣➣ Characteristics of Series

Motors
➣➣➣➣➣ Characteristics of Shunt Mo-

tors
➣➣➣➣➣ Compound Motors
➣➣➣➣➣ Performance Curves
➣➣➣➣➣ Comparison of Shunt and

Series Motors
➣➣➣➣➣ Losses and Efficiency
➣➣➣➣➣ Power Stages

� � � � � � �

Learning Objectives

��������	
�	�������
�	
��������
��
����������������������
�����������

	�	
����������	���������	�	
���������
���
��
�������	���	
����������������������
�

	��
�������	�����	��

Ç

www.EngineeringBooksPdf.com



996 Electrical Technology

29.1. Motor Principle
An Electric motor is a machine which converts electric energy into mechanical energy.  Its action

is based on the principle that when a current-carrying conductor is placed in a magnetic field, it
experiences a mechanical force whose direction is given by Fleming’s Left-hand Rule and whose
magnitude is given by F = BIl Newton.

Constructionally, there is no basic dif-
ference between a d.c. generator and a
d.c. motor.  In fact, the same d.c. ma-
chine can be used interchangeably as a
generator or as a motor.  D.C. motors
are also like generators, shunt-wound or
series-wound or compound-wound.

In Fig. 29.1 a part of multipolar d.c.
motor is shown.  When its field magnets
are excited and its armature conductors

are supplied with current from the supply mains, they experience
a force tending to rotate the armature.  Armature conductors
under N-pole are assumed to carry current downwards (crosses)
and those under S-poles, to carry current upwards (dots).  By
applying Fleming’s Left-hand Rule, the direction of the force on
each conductor can be found.  It is shown by small arrows placed above each conductor.  It will be
seen that each conductor can be found.  It will be seen that each conductor experiences a force F
which tends to rotate the armature in anticlockwise direction. These forces collectively produce a
driving torque which sets the armature rotating.

It should be noted that the function of a commutator in the motor is the same as in a generator.  By
reversing current in each conductor as it passes from one pole to another, it helps to develop a continuous
and unidirectional torque.

29.2. Comparison of Generator and Motor Action
As said above, the same d.c.

machine can be used, at least
theoretically, interchangeably as a
generator or as a motor.  When
operating as a generator, it is driven
by a mechanical machine and it
develops voltage which in turn
produces a current flow in an
electric circuit.  When operating as
a motor, it is supplied by electric
current and it develops torque which in turn produces mechanical rotation.

Let us first consider its operation as a generator and see how exactly and through which agency,
mechanical power is converted into electric power.

In Fig. 29.2 part of a generator whose armature is being driven clockwise by its prime mover is
shown.

Fig. 29.2 (a) represents the fields set up independently by the main poles and the armature
conductors like A in the figure. The resultant field or magnetic lines on flux are shown in Fig. 29.2 (b).

Fig. 29.1

Fig. 29.2
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It is seen that there is a crowding of lines of flux on the right-hand side of A.  These magnetic lines of
flux may be likened to  the rubber bands under tension.  Hence, the bent lines of flux up a mechanical
force on A much in the same way as the bent elastic rubber band of a catapult produces a mechanical
force on the stone piece.  It will be seen that this force is in a direction opposite to that of armature
rotation.  Hence, it is known as backward force or magnetic drag on the conductors.  It is against this
drag action on all armature conductor that the prime mover has to work.  The work done in overcoming
this opposition is converted into electric energy.  Therefore, it should be clearly understood that it is
only through the instrumentality of this magnetic drag that energy conversion is possible in a d.c.
generator*.

Next, suppose that the
above d.c. machine is un-
coupled from its prime
mover and that current is
sent through the armature
conductors under a N-pole
in the downward direction
as shown in Fig. 29.3 (a).
The conductors will again
experience a force in the
anticlockwise direction
(Fleming’s Left hand Rule).
Hence, the machine will
start rotating anticlockwise, thereby developing a torque which can produce mechanical rotation.
The machine is then said to be motoring.

As said above, energy conversion is not possible unless there is some opposition whose over-
coming provides the necessary means for such conversion.  In the case of a generator, it was the
magnetic drag which provided the necessary opposition.  But what is the equivalent of that drag in the
case of a motor ?  Well, it is the back e.m.f.  It is explained in this manner :

As soon as the armature starts rotating, dynamically (or motionally) induced e.m.f. is produced
in the armature conductors.  The direction of this induced e.m.f. as found by Fleming’s Right-hand
Rule, is outwards i.e., in direct opposition to the applied voltage (Fig. 29.3 (b)).  This is why it is
known as back e.m.f. Eb or counter e.m.f.  Its value is the same as for the motionally induced e.m.f. in
the generator i.e. Eb = (ΦZN) × (P/A) volts.  The applied voltage V has to be force current through the
armature conductors against this
back e.m.f. Eb.  The electric work
done in overcoming this opposition
is converted into mechanical energy
developed in the armature.  There-
fore, it is obvious that but for the pro-
duction of this opposing e.m.f. en-
ergy conversion would not have been
possible.

Now, before leaving this topic,
let it be pointed out that in an actual
motor with slotted armature, the torque is not due to mechanical force on the conductors themselves,
but due to tangential pull on the armature teeth as shown in Fig. 29.4.

It is seen from Fig. 29.4 (a) that the main flux is concentrated in the form of tufts at the armature
teeth while the armature flux is shown by the dotted lines embracing the armature slots.  The effect of

* In fact, it seems to be one of the fundamental laws of Nature that no energy conversion from one form to
another is possible until there is some one to oppose the conversion.  But for the presence of this opposition,
there would simply be no energy conversion.  In generators, opposition is provided by magnetic drag
whereas in motors, back e.m.f. does this job.  Moreover, it is only that part of the input energy which is used
for overcoming this opposition that is converted into the other form.

Fig. 29.3 (a)         Fig. 29.3 (b)

Fig. 29.4
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armature flux on the main flux, as shown in Fig. 29.4 (b), is two-fold :

(i) It increases the flux on the left-hand side of the teeth and decreases it on the right-hand side,
thus making the distribution of flux density across the tooth section unequal.

(ii) It inclines the direction of lines of force in the air-gap so that they are not radial but are
disposed in a manner shown in Fig. 29.4 (b).  The pull exerted by the poles on the teeth can
now be resolved into two components.  One is the tangential component F1 and the other
vertical component F2.  The vertical component F2, when considered for all the teeth round
the armature, adds up to zero.  But the component F1 is not cancelled and it is this tangential
component which, acting on all the teeth, gives rise to the armature torque.

29.3. Significance of the Back e.m.f.
As explained in Art 29.2, when the motor armature ro-

tates, the conductors also rotate and hence cut the flux.  In ac-
cordance with the laws of electromagnetic induction, e.m.f. is
induced in them whose direction, as found by Fleming’s Right-
hand Rule, is in opposition to the applied voltage (Fig. 29.5).
Because of its opposing direction, it is referred to as counter
e.m.f. or back e.m.f. Eb.  The equivalent circuit of a motor is
shown in Fig. 29.6.  The rotating armature generating the back
e.m.f. Eb is like a battery of e.m.f. Eb put across a supply mains
of V volts. Obviously, V has to drive Ia against the opposition
of Eb.  The power required to overcome this opposition is EbIa.

In the case of a cell, this power over an interval of time is converted into chemical energy, but in
the present case, it is converted into mechanical energy.

It will be seen that Ia =
Net voltage
Resistance

b

a

V V
R

−
=

where Ra is the resistance of the armature circuit.  As pointed out above,
Eb = ΦZN × (P/A) volt where N is in r.p.s.

Back e.m.f. depends, among other factors, upon the armature speed.  If speed is high, Eb is large,
hence armature current Ia, seen from the above equation, is small.  If the speed is less, then Eb is less,
hence more current flows which develops motor torque (Art 29.7).  So, we find that Eb acts like a
governor i.e., it makes a motor self-regulating so that it draws as much current as is just necessary.

29.4. Voltage Equation of a Motor
The voltage V applied across the motor armature has to
(i) overcome the back e.m.f. Eb and

(ii) supply the armature ohmic drop IaRa.
∴ V = Eb + Ia

  Ra

This is known as voltage equation of a motor.
Now, multiplying both sides by Ia, we get

V Ia = EbIa + Ia
2 Ra

As shown in Fig. 29.6,
V Ia = Eectrical input to the armature
EbIa = Electrical equivalent of mechanical power developed in the armature

Ia
2 Ra = Cu loss in the armature

Hence, out of the armature input, some is wasted in I2R loss and the rest is converted into me-
chanical power within the armature.

It may also be noted that motor efficiency is given by the ratio of power developed by the arma-

Fig.29.6

Fig. 29.5
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ture to its input i.e., EbIa/V Ia = Eb/V.  Obviously, higher the value of Eb as compared to V, higher the
motor efficiency.

29.5.  Condition for Maximum Power

The gross mechanical power developed by a motor is Pm = V Ia − Ia
2 Ra.

Differentiating both sides with respect to Ia and equating the result to zero, we get
d Pm/d Ia = V − 2 Ia Ra = 0 ∴ Ia Ra = V/2

As V = Eb + Ia Ra and Ia Ra = V/2 ∴ Eb = V/2
Thus gross mechanical power developed by a motor is maximum when back e.m.f. is equal to

half the applied voltage.  This condition is, however, not realized in practice, because in that case
current would be much beyond the normal current of the motor.  Moreover, half the input would be
wasted in the form of heat and taking other losses (mechanical and magnetic) into consideration, the
motor efficiency will be well below 50 percent.

Example 29.1.  A 220-V d.c. machine has an armature resistance of 0.5 Ω.  If the full-load
armature current is 20 A, find the induced e.m.f. when the machine acts as (i) generator (ii) motor.

(Electrical Technology-I, Bombay Univ. 1987)

Fig. 29.7

Solution.  As shown in Fig. 29.7, the d.c. machine is assumed to be shunt-connected.  In each
case, shunt current is considered negligible because its value is not given.

(a) As Generator [Fig. 29.7(a)] Eg = V + Ia Ra = 220 + 0.5 × 20 = 230 V
(b) As Motor [Fig 29.7 (b)] Eb = V − Ia Ra = 220 − 0.5 × 20 = 210 V

Example 29.2.  A separately excited D.C. generator has armature circuit resistance of 0.1 ohm
and the total brush-drop is 2 V.  When running at 1000 r.p.m., it delivers a current of 100 A at 250 V
to a load of constant resistance.  If the generator speed drop to 700 r.p.m., with field-current unal-
tered, find the current delivered to load. (AMIE, Electrical Machines, 2001)

Solution.  RL = 250/100 = 2.5 ohms.
Eg1 = 250 + (100 × 0.1) + 2 = 262 V.
At 700 r.p.m., Eg2 = 262 × 700/1000 = 183.4 V
If Ia is the new current, Eg2 − 2 − (Ia × 0.1) = 2.5 Ia

This gives Ia = 96.77 amp.
Extension to the Question :  With what load resistance will the current be 100 amp, at 700 r.p.m.?
Solution.  Eg2 − 2 − (Ia × 0.1) = RL × Ia

For Ia = 100 amp, and Eg2 = 183.4 V, RL = 1.714 ohms.

Example 29.3.  A 440-V, shunt motor has armature resistance of 0.8 Ω and field resistance of
200 Ω .  Determine the back e.m.f. when giving an output of 7.46 kW at 85 percent efficiency.

Solution. Motor input power = 7.46 × 103/0.85 W

220 V

+

0.5 �

20 A

Generator

220 V

+

0.5 �

20 A

Motor

(a) (b)
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Motor input current = 7460/0.85 × 440 = 19.95 A ; Ish = 440/200 = 2.2 A

Ia = 19.95 − 2.2 = 17.75 A ; Now, Eb = V − Ia Ra

∴ Eb = 440 − (17.75 × 0.8) = 425.8 V

Fig. 29.8 (a) Fig. 29.8 (b)

Example 29.4.  A 25-kW, 250-V, d.c. shunt generator has armature and field resistances of
0.06 Ω and 100 Ω respectively.  Determine the total armature power developed when working (i) as
a generator delivering 25 kW output and (ii) as a motor taking 25 kW input.

(Electrical Technology, Punjab Univ., June 1991)

Solution.  As Generator [Fig. 29.8 (a)]
Output current = 25,000/250 = 100 A ; Ish = 250/100 = 2.5 A ; Ia = 102.5 A

Generated e.m.f. = 250 + Ia Ra = 250 + 102.5 × 0.06 = 256.15 V

Power developed in armature = EbIa = 
256.15 102.5

1000
×

 = 26.25 kW

As Motor [Fig 29.8 (b)]

Motor input current = 100 A ; Ish = 2.5 A, Ia = 97.5 A
Eb = 250 − (97.5 × 0.06) = 250 − 5.85 = 244.15 V

Power developed in armature = Eb Ia = 244.15 × 97.5/1000 = 23.8 kW

Example 29.5.  A 4 pole, 32 conductor, lap-wound d.c. shunt generator with terminal voltage of
200 volts delivering 12 amps to the load has ra = 2 and field circuit resistance of 200 ohms.  It is
driven at 1000 r.p.m.  Calculate the flux per pole in the machine.  If the machine has to be run as a
motor with the same terminal voltage and drawing 5 amps from the mains, maintaining the same
magnetic field, find the speed of the machine. [Sambalpur University, 1998]

Solution.  Current distributions during two actions are indicated in Fig. 29.9 (a) and (b).  As a
generator, Ia = 13 amp

Fig. 29.9

Eg = 200 + 13 × 2 = 226 V
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φ 
60

Z N P
a

× = 226

For a Lap-wound armature,

P = a

∴ φ = 226 60
1000 32

×
×

 = 0.42375 wb

As a motor, Ia = 4 amp
Eb = 200 − 4 × 2 = 192 V

= φ ZN/60

Giving N = 60 192
0.42375 32

×
×

= 850 r.p.m.

Tutorial Problems 29.1

1. What do you understand by the term ‘back e.m.f.’ ?  A d.c. motor connected to a 460-V supply has an
armature resistance of 0.15 Ω.  Calculate

(a) The value of back e.m.f. when the armature current is 120 A.

(b) The value of armature current when the back e.m.f. is 447.4 V. [(a) 442 V (b) 84 A]

2. A d.c. motor connected to a 460-V supply takes an armature current of 120 A on full load.  If the
armature circuit has a resistance of 0.25 Ω, calculate the value of the back e.m.f. at this load. [430 V]

3. A 4-pole d.c. motor takes an armature current of 150 A  at 440 V.  If its armature circuit has a
resistance of 0.15 Ω, what will be the value of back e.m.f. at this load ? [417.5 V]

29.6. Torque

By the term torque is meant the turning or twisting moment of a force about an axis.  It is
measured by the product of the force and the radius at which this force acts.

Consider a pulley of radius r metre acted upon by a circumferential force of F Newton which
causes it to rotate at N r.p.m. (Fig. 29.10).

Then torque T = F × r Newton-metre (N - m)
Work done by this force in one revolution

= Force × distance = F × 2πr Joule
Power developed = F × 2 πr × N Joule/second or Watt

= (F × r) × 2π N Watt
Now 2 πN = Angular velocity ω in radian/second and F ×

r = Torque T
∴ Power developed = T × ω watt or P = T ω Watt
Moreover, if N is in r.p.m., then

ω = 2 πN/60 rad/s

∴ P =
2
60

Nπ
 × T or P = 2

60
π  . NT = 

9.55
NT

29.7. Armature Torque of a Motor
Let Ta be the torque developed by the armature of a motor running at N r.p.s.  If Ta is in N/M, then

power developed = Ta × 2π N watt ...(i)

Fig. 29.10
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We also know that electrical power converted into mechanical power in the armature (Art 29.4)
= EbIa watt ...(ii)

Equating (i) and (ii), we get Ta × 2πN = EbIa ...(iii)
Since Eb = ΦZN × (P/A) volt, we have

Ta × 2πN = Φ ZN ( )P
A  . Ia or Ta = 1

2π
 . ΦZI0 ( )P

A
 N-m

= 0.159 N newton metre
∴ Ta = 0.159 ΦZIa × (P/A) N-m

Note.  From the above equation for the torque, we find that Ta ∝ Φ Ia.

(a) In the case of a series motor, Φ is directly proportional to Ia (before saturation) because field
windings carry full armature current ∴   Ta ∝  Ia

2

(b) For shunt motors, Φ is practically constant, hence Ta ∝  Ia.

As seen from (iii) above

Ta =
2

b aE I
Nπ

 N - m - N in r.p.s.

If N is in r.p.m., then

Ta = 6060 9.55
2 / 60 2 2

b a b a b a b aE I E I E I E I
N N N N

= = =
π π π

 N-m

29.8.  Shaft Torque (Tsh)

The whole of the armature torque, as calculated above, is not available for doing useful work,
because a certain percentage of it is required for supplying iron and friction losses in the motor.

The torque which is available for doing useful work is known as shaft torque Tsh.  It is so called
because it is available at the shaft.  The motor output is given by

Output = Tsh × 2πN Watt provided Tsh is in N-m and N in r.p.s.

∴ Tsh = Output in watts
2 Nπ

 N- m −N in r.p.s

= Output in watts
2 / 60Nπ

 N-m −N in r.p.m.

= output Output60 9.55
2 N N

=
π

 N-m.

The difference (Ta − Tsh) is known as lost torque and is due to iron and friction losses of the motor.

Note.  The value of back e.m.f. Eb can be found from

(i) the equation, Eb = V − Ia Ra

(ii) the formula Eb = Φ ZN × (P/A) volt
Example 29.6.  A d.c. motor takes an armature current of 110 A at 480 V.  The armature circuit

resistance is 0.2 Ω.  The machine has 6-poles and the armature is lap-connected with 864 conductors.
The flux per pole is 0.05 Wb.  Calculate (i), the speed and (ii) the gross torque developed by the
armature. (Elect. Machines, A.M.I.E. Sec B, 1989)

Solution.  Eb = 480 − 110 × 0.2 = 458 V, Φ = 0.05 W, Z = 864

Now, Eb = ( )60
ZN P

A
Φ

 or 458 = ( )0.05 864 6
60 6

N× × ×

∴ N = 636 r.p.m.
Ta = 0.159 × 0.05 × 864 × 110 (6/6) = 756.3 N-m
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Example 29.7.  A 250-V, 4-pole, wave-wound d.c. series motor has 782 conductors on its armature.
It has armature and series field resistance of 0.75 ohm.  The motor takes a current of 40 A.  Estimate
its speed and gross torque developed if it has a flux per pole of 25 mWb.

(Elect. Engg.-II, Pune Univ. 1991)

Solution. Eb = ΦZN (P/A)
Now, Eb = V − IaRa = 50 − 40 × 0.75 = 220 V
∴ 220 = 25 × 10−3 × 782 × N × 0.75 = 220 V
∴ 220 = 0.159 Φ ZIa (P/A)

= 0.159 × 25 × 10−3 × 782 × 40 × (4/2) = 249 N-m

Example 29.8.  A d.c. shunt machine develops an a.c. e.m.f. of 250 V at 1500 r.p.m.  Find its
torque and mechanical power developed for an armature current of 50 A.  State the simplifying
assumptions. (Basic Elect. Machine Nagpur Univ., 1993)

Solution.  A given d.c. machine develops the same e.m.f. in its armature conductors whether
running as a generator or as a motor.  Only difference is that this armature e.m.f. is known as back
e.m.f. when the machine is running as a motor.

Mechanical power developed in the arm = EbIa = 250 × 50 = 12,500 W
Ta = 9.55 Eb Ia/N = 9.55 × 250 × 50/1500 = 79.6 N-m.

Example 29.9.  Determine developed torque and shaft torque of 220-V, 4-pole series motor with
800 conductors wave-connected supplying a load of 8.2 kW by taking 45 A from the mains.  The flux
per pole is 25 mWb and its armature circuit resistance is 0.6 Ω .

(Elect. Machine AMIE Sec. B Winter 1991)

Solution.  Developed torque or gross torque is the same thing as armature torque.
∴ Ta = 0.159 Φ ZA (P/A)

= 0.159 × 25 × 10−3 × 800 × 45 (4/2) = 286.2 N-m
Eb = V − Ia Ra = 220 − 45 × 0.6 = 193 V

Now, Eb = Φ ZN (P/A) or 193 = 25 × 10−3 × 800 × N π × (4/2)
∴ N = 4.825 r.p.s.
Also, 2πN Tsh = output  or  2π × 4.825 Tsh = 8200 ∴  Tsh = 270.5 N-m

Example 29.10. A 220-V d.c. shunt motor runs at 500 r.p.m. when the armature current is 50 A.
Calculate the speed if the torque is doubled.  Given that Ra = 0.2 Ω.

(Electrical Technology-II, Gwalior Univ. 1985)

Solution.  As seen from Art 27.7, Ta ∝ Φ Ia.  Since Φ is constant, Ta ∝  Ia

∴ Ta1 ∝  Ia1 and Ta2 ∝  Ia2 ∴ Ta2/Ta1 = Ia2/Ia1

∴ 2 = Ia2/50 or Ia2 = 100 A
Now, N2/N1 = Eb2/Eb1 − since Φ remains constant.
Fb1 = 220 − (50 × 0.2) = 210 V Eb2 = 220 − (100 × 0.2) = 200 V
∴ N2/500 = 200/210 ∴  N2 = 476 r.p.m.

Example 29.11.  A 500-V, 37.3 kW, 1000 r.p.m. d.c. shunt motor has on full-load an efficiency of
90 percent.  The armature circuit resistance is 0.24 Ω and there is total voltage drop of 2 V at the
brushes.  The field current is 1.8 A.  Determine (i) full-load line current (ii) full load shaft torque in
N-m and (iii) total resistance in motor starter to limit the starting current to 1.5 times the full-load
current. (Elect. Engg. I; M.S. Univ. Baroda 1987)

Solution.  (i) Motor input = 37,300/0.9 = 41,444 W
F.L. line current = 41,444/500 = 82.9 A
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(ii) Tsh = 9.55 output 37, 3009.55
1000N

= ×  = 356 N-m

(iii) Starting line current = 1.5 × 82.9 = 124.3 A

Arm. current at starting = 124.3 − 1.8 = 122.5 A
If R is the starter resistance (which is in series with armature), then
122.5 (R + 0.24) + 2 = 500 ∴ R = 3.825 ΩΩΩΩΩ
Example 29.12.  A 4-pole, 220-V shunt motor has 540 lap-wound conductor.  It takes 32 A from

the supply mains and develops output power of 5.595 kW.  The field winding takes 1 A.  The armature
resistance is 0.09 Ω and the flux per pole is 30 mWb.  Calculate (i) the speed and (ii) the torque
developed in newton-metre. (Electrical Technology, Nagpur Univ. 1992)

Solution. Ia = 32 − 1 = 31 A ; Eb = V − Ia Ra = 220 − (0.09 × 31) = 217.2 V

Now, Eb = ( )60
ZN P

A
Φ ∴ 217.2 = ( )330 10 540 4

60 4
N−× × ×

(i) ∴ N = 804.4 r.p.m.

(ii) Tsh = 9.55 × 
output in watts 5, 5959.55

804.4N
= ×  = 66.5 N-m

Example 29.13 (a).  Find the load and full-load speeds for a four-pole, 220-V, and 20-kW, shunt
motor having the following data :

Field–current = 5 amp, armature resistance = 0.04 ohm,

Flux per pole = 0.04 Wb, number of armature-conductors = 160, Two-circuit wave-connection,
full load current = 95 amp, No load current =9 A. Neglect armature reaction.

(Bharathithasan Univ. April 1997)
Solution.  The machine draws a supply current of 9 amp at no load.  Out of this, 5 amps are

required for the field circuit, hence the armature carries a no-load current of 4 amp.
At load, armature-current is 90 amp.  The armature-resistance-drop increases and the back e.m.f.

decreases, resulting into decrease in speed under load compared to that at No-Load.
At No Load : Eao = 220 − 4 × 0.04 = 219.84 volts

Substituting this,
0.04 × 160 × (N/60) × (4/2) = 219.84
No-Load speed, N0 = 1030.5 r.p.m.

At Full Load : Armature current = 90 A, Ea = 200 − 90 × 0.04 = 216.4 V
N = (216.4/219.84) × 1030.5 = 1014.4 r.p.m.

Example 29.13 (b).  Armature of a 6-pole, 6-circuit D.C. shunt motor takes 400 A at a speed of
350 r.p.m.  The flux per pole is 80 milli-webers, the number of armature turns is 600, and 3% of the
torque is lost in windage, friction and iron-loss.  Calculate the brake-horse-power.

(Manonmaniam Sundaranar Univ. Nov. 1998)

Solution.  Number of armature turns = 600
Therefore, Z = Number of armature conductors = 1200
If electromagnetic torque developed is T Nw − m,

Armature power = T ω = T × 2 π 350/60
= 36.67 T watts

To calculate armature power in terms of Electrical parameters, E must be known.

E = φ Z (N/60) (P/A)
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= 80 × 10−3 × 1200 × (350/60) × (6/6)

= 560 volts
With the armature current of 400 A, Armature power = 560 × 400 watts
Equating the two,

T = 560 × 400/36.67 = 6108.5 Nw − m.  Since 3 % of this torque is required for overcoming
different loss-terms,

Net torque = 0.97 × 6180.5 = 5925 Nw - m
For Brake-Horse-Power, net output in kW should be computed first.  Then “kW” is to be con-

verted to “BHP”, with 1 HP = 0.746 kW.

Net output in kW = 5925 × 36.67 × 10−3 = 217.27 kW
Converting this to BHP, the output = 291.25 HP

Example 29.13 (c).  Determine the torque established by the armature of a four-pole D.C.
motor having 774 conductors, two paths in parallel, 24 milli-webers of pole-flux and the armature
current is 50 Amps. (Bharathiar Univ. April 1998)

Solution.  Expression for torque in terms of the parameters concerned in this problem is as
follows :

T = 0.159 φ Z Ia p/a Nw - m
Two paths in parallel for a 4-pole case means a wave winding.

T = 0.159 × (24 × 10−3) × 774 × 50 × 4/2

= 295.36 Nw-m

Example 29.13 (d).  A 500-V D.C. shunt motor draws a line-current of 5 A on light-load.  If
armature resistance is 0.15 ohm and field resistance is 200 ohms, determine the efficiency of the
machine running as a generator delivering a load current of 40 Amps.

(Bharathiar Univ. April 1998)
Solution.  (i) No Load, running as a motor :

Input Power = 500 × 5 = 2500 watts
Field copper-loss = 500 × 2.5 = 1250 watts

Neglecting armature copper-loss at no load (since it comes out to be 2.52 × 0.15 = 1 watt), the
balance of 1250 watts of power goes towards no load losses of the machine running at rated speed.
These losses are mainly the no load mechanical losses and the core-loss.

(ii) As a Generator, delivering 40 A to load :
Output delivered = 500 × 40 × 10−3 = 20 kW

Losses : (a) Field copper-loss = 1250 watts

(b) Armature copper-loss = 42.52 × 0.15 = 271 watts
(c) No load losses = 1250 watts
Total losses = 2.771 kW

Generator Efficiency = (20/22.771) × 100 % = 87.83 %
Extension to the Question :  At what speed should the Generator be run, if the shunt-field is not

changed, in the above case ?  Assume that the motor was running at 600 r.p.m.  Neglect armature
reaction.

Solution.  As a motor on no-load,

Eb0 = 500 − Ia ra = 500 − 0.15 × 2.5 = 499.625 V
As a Generator with an armature current of 42.5 A,
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Eb0 = 500 + 42.5 × 0.15 = 506.375 V

Since, the terminal voltage is same in both the cases, shunt field current remains as 2.5 amp.
With armature reaction is ignored, the flux/pole remains same.  The e.m.f. then becomes proportional
to the speed.  If the generator must be driven at N r.p.m.

N = (506.375/449.625) × 600 = 608.1 r.p.m.

Fig. 29.11

Note.  Alternative to this slight increase in the speed is to increase the field current with the help of
decreasing the rheostatic resistance in the field-circuit.

Example 29.13 (e).  A d.c. series motor takes 40 A at 220 V and runs at 800 r.p.m.  If the
armature and field resistance are 0.2 Ω and 0.1 Ω respectively and the iron and friction losses are
0.5 kW, find the torque developed in the armature.  What will be the output of the motor ?

Solution.  Armature torque is given by Ta = 9.55 b aE I
N

 N-m

Now Eb = V − Ia (Ra + Rse) = 220 − 40 (0.2 + 0.1) = 208 V
∴ Ta = 9.55 × 208 × 40/800 = 99.3 N-m
Cu loss in armature and series-field resistance = 402 × 0.3 = 480 W
Iron and friction losses = 500 W ; Total losses = 480 + 500 = 980 W
Motor power input = 220 × 40 = 8,800 W
Motor output = 8,800 − 980 = 7,820 W = 7.82 kW

Example 29.14.  A cutting tool exerts a tangential force of 400 N on a steel bar of diameter
10 cm which is being turned in a simple lathe.  The lathe is driven by a chain at 840 r.p.m. from a
220 V d.c.  Motor which runs at 1800 r.p.m.  Calculate the current taken by the motor if its efficiency
is 80 %.  What size is the motor pulley if the lathe pulley has a diameter of 24 cm ?

(Elect. Technology-II, Gwalior Univ. 1985)
Solution.  Torque Tsh = Tangential force × radius = 400 × 0.05 = 20 N-m

Output power = Tsh × 2πN watt = 20 × 2π × (840/60) watt = 1,760 W
Motor η = 0.8 ∴ Motor input = 1,760/0.8 = 2,200 W

Current drawn by motor = 2200/220 = 10 A
Let N1 and D1 be the speed and diameter of the driver pulley respectively and N2 and D2 the

respective speed and diameter of the lathe pulley.
Then N1 × D1 = N2 × D2 or 1,800 × D1 = 840 × 0.24
∴ D1 = 840 × 0.24/1,800 = 0.112 m = 11.2 cm
Example 29.15.  The armature winding of a 200-V, 4-pole, series motor is lap-connected.  There

are 280 slots and each slot has 4 conductors.  The current is 45 A and the flux per pole is 18 mWb.
The field resistance is 0.3 Ω; the armature resistance 0.5 Ω and the iron and friction losses total
800 W.  The pulley diameter is 0.41 m.  Find the pull in newton at the rim of the pulley.

(Elect. Engg. AMIETE Sec. A. 1991)

(a) Motor at no load

Shunt
field

F2

F1

(b) Generator loaded

F2

A2

A1

F1

500 V

42.5
+

-

500 V

2.5 A

5 A

A1

A2

2.5 A

2.5 A 40 A
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Solution. Eb = V − Ia Ra = 200 − 45 (0.5 + 0.3) = 164 V

Now Eb = ( ).
60
ZN P

A
Φ

 volt

∴ 164 =
318 10 280 4 4

60 4
N−× × × × × ∴ N = 488 r.p.m.

Total input = 200 × 45 = 9,000 W ; Cu loss = Ia
2 Ra = 452 × 0.8 = 1,620 W

Iron + Friction losses = 800 W ;  Total losses = 1,620 + 800 = 2,420 W
Output = 9,000 − 2,420 = 6,580 W

∴ Tsh = 9 × 55 × 6580
488

 = 128 N-m

Let F be the pull in newtons at the rim of the pulley.
Then F × 0.205 = 128.8 ∴ F = 128.8/0.205 N = 634 N

Example 29.16.  A 4-pole, 240 V, wave connected shunt motor gives 1119 kW when running at
1000 r.p.m. and drawing armature and field currents of 50 A and 1.0 A respectively.  It has 540
conductors.  Its resistance is 0.1 Ω.  Assuming a drop of 1 volt per brush, find (a) total torque (b)
useful torque (c) useful flux / pole (d) rotational losses and (e) efficiency.

Solution. Eb = V − Ia Ra − brush drop = 240 − (50 × 0.1) − 2 = 233 V
Also Ia = 50 A

(a) Armature torque Ta = 9.55 b aE I
N

 N-m = 9.55 × 
233 50

1000
×

 = 111 N-m

(b) Tsh = 9.55 output 11,1909.55
1000N

= ×  = 106.9 N-m

(c) Eb = ( )60
ZN P

A
Φ ×  volt

∴ 233 = ( )540 1000 4
60 2

Φ × × × ∴ ΦΦΦΦΦ = 12.9 mWb

(d) Armature input = V Ia = 240 × 50 = 12,000 W
Armature Cu loss = Ia

2 Ra = 502 × 0.1 = 250 W ; Brush contact loss = 50 × 2 = 100 W
∴ Power developed = 12,000 − 350 = 11,650 W ; Output = 11.19 kW = 11,190 W
∴ Rotational losses = 11,650 − 11,190 = 460 W
(e) Total motor input = VI = 240 × 51 = 12,340 W ; Motor output = 11,190 W

∴ Efficiency = 11,190 100
12, 240

×  = 91.4 %

Example 29.17.  A 460-V series motor runs at 500 r.p.m. taking a current of 40 A.  Calculate the
speed and percentage change in torque if the load is reduced so that the motor is taking 30 A.  Total
resistance of the armature and field circuits is 0.8 Ω.  Assume flux is proportional to the field current.

(Elect. Engg.-II, Kerala Univ. 1988)

Solution.  Since Φ ∝  Ia, hence T ∝  Ia
2

∴ T1 ∝ 402  and  T2 ∝  302 ∴ 2

1

9
16

T
T

=

∴ Percentage change in torque is

= 1 2

1

7100 100
16

T T
T
−

× = ×  = 43.75 %

Now Eb1 = 460 − (40 × 0.8) = 428 V ; Eb2 = 460 − (30 × 0.8) = 436 V

2 12

1 1 2

b a

b a

E IN
N E I

= × ∴ 2 436 40
500 428 30
N

= × ∴ N2 = 679 r.p.m.
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Example 29.18.  A 460-V, 55.95 kW, 750 r.p.m. shunt motor drives a load having a moment of
inertia of 252.8 kg-m2.  Find approximate time to attain full speed when starting from rest against
full-load torque if starting current varies between 1.4 and 1.8 times full-load current.

Solution.  Let us suppose that the starting current has a steady value of (1.4 + 1.8)/2 = 1.6 times
full-load value.

Full-load output = 55.95 kW = 55,950 W ; Speed = 750 r.p.m. = 12.5 r.p.s.
F.L. shaft torque T = power/ω = power/2π N = 55,950 π × (750/60) = 712.4 N-m

During starting period, average available torque
= 1.6 T − T = 0.6 T = 0.6 × 712.4 = 427.34 N-m

This torque acts on the moment of inertial I = 252.8 km-m2.

∴ 427.4 = 252.8 × 
2 12.5

252.8d
dt dt

π ×ω = × , ∴ dt = 46.4 s

Example 29.19.  A 14.92 kW, 400 V, 400 -r.p.m. d.c. shunt motor draws a current of 40 A when
running at full-load.  The moment of inertia of the rotating system is 7.5 kg-m2.  If the starting current
is 1.2 times full-load current, calculate

(a) full-load torque
(b) the time required for the motor to attain the rated speed against full-load.

(Electrical Technology, Gujarat Univ. 1988)

Solution.  (a) F.L. output 14.92 kW = 14,920 W ; Speed = 400 r.p.m. = 20/3 r.p.s
Now, Tω = output ∴  T = 14,920/2π × (20/3) = 356 N-m
(b) During the starting period, the torque available for accelerating the motor armature is

= 1.2 T − T = 0.2 T = 0.2 × 356 = 71.2 N-m

Now, torque = I 
d
dt
ω ∴ 71.2 = 7.5 × 

2 (20 / 3)
dt

π ×
∴ dt = 4.41 second

29.9. Speed of a D.C. Motor

From the voltage equation of a motor (Art. 27.4), we get

Eb = V − Ia Ra or ( )60
ZN P

A
Φ

 = V − Ia Ra

∴ N = ( )60a aV I R A
ZP

−
×

Φ
 r.p.m.

Now V − Ia Ra = Eb ∴ N = ( )60bE A
ZP

×
Φ

 r.p.m. or N = K bE
Φ

It shows that speed is directly proportional to back e.m.f. Eb and inversely to the flux Φ on
N ∝  Eb/Φ.

For Series Motor
Let N1 = Speed in the 1st case ; Ia1 = armature current in the 1st case

Φ1 = flux/pole in the first case
N2,Ia2, Φ2 = corresponding quantities in the 2nd case.

Then, using the above relation, we get

N1 ∝
1

1

bE
Φ  where Eb1 = V − Ia1 Ra ; N2 ∝  2

2

bE
Φ

 where Eb2 = V − Ia2 Ra

∴ 2

1

N
N

= 2 1

1 2

b

b

E
E

Φ
×

Φ

Prior to saturation of magnetic poles ; Φ ∝  Ia    ∴    2 12

1 1 2

b a

b a

E IN
N E I

= ×
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For Shunt Motor
In this case the same equation applies,

i.e., 2

1

N
N

= 2 1

1 2

b

b

E
E

Φ
×

Φ
If Φ2 = Φ1, then 22

1 1

b

b

EN
N E

= .

29.10. Speed Regulation
The term speed regulation refers to the change in speed of a motor with change in applied load

torque, other conditions remaining constant.  By change in speed here is meant the change which
occurs under these conditions due to inherent properties of the motor itself and not those changes
which are affected through manipulation of rheostats or other speed-controlling devices.

The speed regulation is defined as the change in speed when the load on the motor is reduced
from rated value to zero, expressed as percent of the rated load speed.

∴ % speed regulation =
N.L. speed  F.L. speed

100 100
F.L. speed

dN
N

− × = ×

29.11. Torque and Speed of a D.C. Motor

It will be proved that though torque of a motor is admittedly a function of flux and armature
current, yet it is independent of speed.  In fact, it is the speed which depends on torque and not vice-
versa.  It has been proved earlier that

N = K a a bV I R KE−
=

φ Φ ...Art. 27.9

Also, Ta ∝ Φ Ia ...Art. 27.7
It is seen from above that increase in flux would decrease the speed but increase the armature

torque.  It cannot be so because torque always tends to produce rotation.  If torque increases, motor
speed must increase rather than decrease.  The apparent inconsistency between the above two equa-
tions can be reconciled in the following way :

Suppose that the flux of a motor is decreased by decreasing the field current.  Then, following
sequence of events take place :

1. Back e.m.f. Eb (= NΦ/K) drops instantly (the speed remains constant because of inertia of
the heavy armature).

2. Due to decrease in Eb, Ia is increased because Ia = (V − Eb)/Ra.  Moreover, a small reduction
in flux produces a proportionately large increase in armature current.

3. Hence, the equation Ta ∝  ΦIa, a small decrease in φ is more than counterbalanced by a large
increase in Ia with the result that there is a net increase in Ta.

4. This increase in Ta produces an increase in motor speed.
It is seen from above that with the applied voltage V held constant, motor speed varies inversely

as the flux.  However, it is possible to increase flux and, at the same time, increase the speed provided
Ia is held constant as is actually done in a d.c. servomotor.

Example 29.20.  A 4-pole series motor has 944 wave-connected armature conductors.  At a
certain load, the flux per pole is 34.6 mWb and the total mechanical torque developed is 209 N-m.
Calculate the line current taken by the motor and the speed at which it will run with an applied
voltage of 500 V.  Total motor resistance is 3 ohm.

(Elect. Engg. AMIETE Sec. A Part II June 1991)
Solution. Ta = 0.159 φ ZIa (P/A) N-m
∴    209 = 0.159 × 34.6 × 10−3 × 944 × Ia (4/2); Ia = 20.1 A

Ea = V − IaRa = 500 − 20.1 × 3 = 439.7 V
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Now, speed may be found either by using the relation for Eb or Ta as given in Art.

Eb = Φ ZN × (P/A) or 439.7 = 34.6 × 10−3 × 944 × N × 2
∴ N = 6.73 r.p.s. or 382.2 r.p.m.

Example 29.21.  A 250-V shunt motor runs at 1000 r.p.m. at no-load and takes 8A.  The total
armature and shunt field resistances are respectively 0.2 Ω and 250 Ω.  Calculate the speed when
loaded and taking 50 A.  Assume the flux to be constant. (Elect. Engg. A.M.Ae. S.I. June 1991)

Solution.  Formula used :
0

N
N

= 0
0

0 0 0

; Since (given);b b

b b

E EN
E N E

Φ
× Φ = Φ =

Φ
Ish = 250/250 = 1 A

Eb0 = V − Ia0 Ra = 250 − (7 × 0.2) = 248.6 V; Eb = V − Ia Ra = 250 − (49 × 0.2) = 240.2 V

∴
1000

N = 240.2 ;
248.6

 N =  9666.1 r.p.m.

Example 29.22.  A d.c. series motor operates at 800 r.p.m. with a line current of 100 A from
230-V mains.  Its armature circuit resistance is 0.15 Ω and its field resistance 0.1 Ω.  Find the speed
at which the motor runs at a line current of 25 A, assuming that the flux at this current is 45 per cent
of the flux at 100 A. (Electrical Machinery - I, Banglore Univ. 1986)

Solution. 2

1

N
N

= 2 1 1
2 1

1 2 2

1; 0.45 or
0.45

b

b

E
E

Φ Φ
× Φ = Φ =

Φ Φ
Eb1 = 230 − (0.15 + 0.1) × 100 = 205 V; Eb2 = 230 − 25 × 0.25 = 223.75 V

2

800
N = 2

223.75 1 ;
205 0.45

N× =  1940 r.p.m.

Example 29.23.  A 230-V d.c. shunt motor has an armature resistance of 0.5 Ω and field resistance
of 115 Ω.  At no load, the speed is 1,200 r.p.m. and the armature current 2.5 A.  On application of
rated load, the speed drops to 1,120 r.p.m.  Determine the line current and power input when the
motor delivers rated load. (Elect. Technology, Kerala Univ. 1988)

Solution. N1 = 1200 r.p.m., Eb1 = 230 − (0.5 × 2.5) = 228.75 V
N2 = 1120 r.p.m., Eb2 = 230 − 0.5 Ia2

Now, 2

1

N
N

= 2 2
2

1

230 0.51120 ;
1200 228.75

b a
a

b

E I
I

E

−
∴ = = 33 A

Line current drawn by motor = Ia2 + Ish = 33 + (230/115) = 35 A
Power input at rated load = 230 × 35 = 8,050 W

Example 29.24.  A belt-driven 100-kW, shunt generator running at 300 r.p.m. on 220-V bus-
bars continues to run as a motor when the belt breaks, then taking 10 kW.  What will be its speed ?
Given armature resistance = 0.025 Ω, field resistance = 60 Ω and contact drop under each brush =
1 V, Ignore armature reaction. (Elect. Machines (E-3) AMIE Sec.C Winter 1991)

Solution.  As Generator [Fig. 29.12 (a)]

Load current, I = 100,000/220 = 454.55 A; Ish = 220/60 = 3.67 A
Ia = I + Ish = 458.2 A ; Ia Ra = 458.2 × 0.025 = 11.45

Eb = 220 + 11.45 + 2 × 1 = 233.45 V; N1 = 300 r.p.m.
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3.67 A

454.55 A

Ia
I

B
u
s

B
ar

s

Ish

220 V

3.67A 45.45A
Ia

41.78

B
u
s

B
ar

s

Ish

220V

I

A

(a) (b)


�
��� �
��

Fig. 29.12

As Motor [Fig. 29.12 (b)]

Input line current = 100,000/220 = 45.45 A; Ish = 220/60 = 3.67 A
Ia = 45.45 − 3.67 = 41.78 A; Ia Ra = 41.78 × 0.025 = 1.04 V; Eb2 = 220 − 1.04 − 2 × 1 = 216.96 V

2

1

N
N =

2 1
1 2

1 2

; since because is constantb
sh

b

E
I

E
Φ

× Φ = Φ
Φ

∴ 2

300
N

= 2
216.96 ; 279 r.p.m.
233.45

N =

Example 29.25.   A d.c. shunt machine generates 250-V on open circuit at 1000 r.p.m.  Effective
armature resistance is 0.5 Ω, field resistance is 250 Ω, input to machine running as a motor on no-
load is 4 A at 250 V.  Calculate speed of machine as a motor taking 40 A at 250 V.  Armature reaction
weakens field by 4%. (Electrical Machines-I, Gujarat Univ. 1987)

Solution.   Consider the case when the machine runs as a motor on no-load.
Now, Ish = 250/250 = 1 A; Hence, Ia0 = 4 − 1 = 3A; Eb0 = 250 − 0.5 × 3 = 248.5 V
It is given that when armature runs at 1000 r.p.m., it generates 250 V.  When it generates 248.5 V,

it must be running at a speed = 1000 × 248.5/250 = 994 r.p.m.
Hence, N0 = 994 r.p.m.
When Loaded

Ia = 40 − 1 = 39 A; Eb = 250 − 39 × 0.5 = 230.5 V   Also, Φ0/Φ = 1/0.96

N
E

=
0

230.5 1
994 248.5 0.96

b

b

E N
E

∴ = × N = 960 r.p.m.

Example 29.26.  A 250-V shunt motor giving 14.92 kW at 1000 r.p.m. takes an armature current
of 75 A.  The armature resistance is 0.25 ohm and the load torque remains constant.  If the flux is
reduced by 20 percent of its normal value before the speed changes, find the instantaneous value of
the armature current and the torque.  Determine the final value of the armature current and speed.

(Elect. Engg. AMIETE (New Scheme) 1990)

Solution.   Eb1 =  250 − 75 × 0.25 = 231.25 V, as  in Fig. 29.13.
When flux is reduced by 20%, the back e.m.f. is also reduced
instantly by 20% because speed remains constant due to inertia of
the heavy armature (Art. 29.11).

∴ Instantaneous value of back e.m.f. (Eb)inst = 231.25 × 0.8
= 185 V

(Ia)inst = [V − (Eb)inst]/Ra = (250 − 185)/0.25 = 260 A

Fig. 29.13
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Instantaneous value of the torque = 
( ) ( )

9.55
( . . .)

b inst a instE I
N in r p m

×
×

or (Ta)inst = 9.55 × 185 × 260/1000 = 459 N-m
Steady Conditions
Since torque remains constant, Φ1Ia1 = Φ2Ia2

Ia2 = Φ1 Ia1/Φ2 = 75 × Φ1/0.8 Φ1 = 93.7 A
∴ Eb2 = 250 − 93.7 × 0.25 = 226.6 V

Now,
2

1

N
N =

2 1
2

1 2

226.6 1 ; 1225 r.p.m.
231.25 0.8

b

b

E
N

E
Φ

× = × =
Φ

Example 29.27.  A 220-V, d.c. shunt motor takes 4 A at no-load when running at 700 r.p.m.  The
field resistance is 100 Ω.  The resistance of armature at standstill gives a drop of 6 volts across
armature terminals when 10 A were passed through it.  Calculate (a) speed on load (b) torque in
N-m and (c) efficiency.  The normal input of the motor is 8 kW.

(Electrotechnics-II; M.S. Univ. Baroda 1988)
Solution.  (a) Ish = 200/100 = 2 A

F.L. Power input = 8,000 W; F.L. line current = 8,000/200 = 40 A
Ia = 40 − 2 = 38 A; Ra = 6/10 = 0.6 Ω

Eb0 = 200 − 2 × 0.6 = 198.8 V; Eb = 200 − 38 × 0.6 = 177.2 V

Now,
0

N
N

=
0

177.2or ;
700 198.8

b

b

E N N
E

= = 623.9 r.p.m.

(b) Ta = 9.55 EbIa/N = 9.55 × 177.2 × 38/623.9 = 103 N-m
(c) N.L. power input = 200 × 4 = 800 W; Arm. Cu loss = Ia

2 Ra = 22 × 0.6 = 2.4 W

Constant losses = 800 − 2.4 = 797.6 W; F.L. arm. Cu loss = 382 × 0.6 = 866.4 W
Total F.L. losses = 797.6 + 866.4 = 1664 W; F.L. output = 8,000 − 1664 = 6336 W

F.L. Motor efficiency = 6336/8,000 = 0.792 or 79.2 %

Example 29.28.  The input to 230-V, d.c. shunt motor is 11kW. Calculate (a) the torque developed
(b) the efficiency (c) the speed at this load.  The particulars of the motor are as follows :

No-load current  =  5 A;  No-load speed  =  1150 r.p.m.

Arm. resistance  =  0.5 Ω; shunt field resistance  =  110 Ω .

(Elect. Technology ; Bombay University 1988)

Solution. No-load input = 220 × 5  =  1,100 W; Ish =  220/110  =  2A;  Iao  =  5 − 2 = 3A
No-load armature Cu loss = 32 × 0.5  =  4.5 W

∴ Constant  losses = 1,100 − 4.5  =  1,095.5 W

When input is 11 kW.
Input current = 11,000/220  =  50A ; Armature current  =  50 − 2  =  48 A

Arm.  Cu loss = 482 × 0.5  =  1,152 W ;

Total loss = Arm.  Cu loss + Constant losses = 1152 + 1095.5  =  2248 W
Output = 11,000 − 2,248  =  8, 752 W

(b) Efficiency = 8,752 × 100/11,000 = 79.6%
(c) Back e.m.f. at no-load = 220 − (3 × 0.5)  =  218.5 V

Back e.m.f. at given load = 220 − (48 × 0.5)  =  196 V
∴ Speed N = 1,150 × 196/218.5  =  1,031 r.p.m.
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(a) Ta =
196 48

9.55
1031

××  = 87.1 N-m

Example 29.29.   The armature circuit resistance of a 18.65 kW 250-V series motor is 0.1 Ω, the
brush voltage drop is 3V, and the series field resistance is 0.05.  When the motor takes 80 A, speed is
600 r.p.m. Calculate the speed when the current is 100 A.

(Elect. Machines, A.M.I.E. Sec. B, 1993)

Solution. Eb1 = 250 − 80 (0.1 + 0.05) − 3  =  235 V.
Eb2 = 250 − 100 (0.1 + 0.05) − 3 = 232 V

Since Φ ∝ Ia, hence,  Φ1 ∝  80, Φ2 ∝  100,  Φ1/Φ2  =  80/100

Now 2

1

N
N

= 2 1 2

1 2

232 80or
600 235 100

b

b

E N
E

Φ
× = ×

Φ
 ; N2  = 474 r.p.m.

Example 29.30.   A 220-volt d.c. series motor is running at a speed of 800 r.p.m. and draws
100 A.  Calculate at what speed the motor will run when developing half the torque.  Total resistance
of the armature and field is 0.1 ohm.  Assume that the magnetic circuit is unsaturated.

(Elect. Machines ;  A.M.I.E. Sec. B, 1991)

Solution. 2

1

N
N

=
2 2 11

1 2 1 2

b b a

b b a

E E I
E E I

Φ
× = ×

Φ (∴  Φ ∝  Ia)

Since field is unsaturated, Ta ∝ Φ Ia ∝ Ia
2. (∴  T1 ∝  Ia1

2  and T2 ∝  Ia2
2)

or T2/T1 = (Ia2/Ia1)2  or  1/2  =  (Ia2/Ia1)
2 ;  Ia1  =  Ia1/ 2  = 70.7 A

Eb1 = 220 − 100 × 0.1  = 210 V ;  Eb2  =  220 − 0.1 × 70.7 = 212.9 V

∴ 2

800
N

=
212.9 100
210 70.7

× ; N2  =  1147 r.p.m.

Example 29.31.  A 4-pole d.c. motor runs  at 600 r.p.m. on full load taking 25 A at 450 V.  The
armature is lap-wound with 500 conductors and flux per pole is expressed by the relation.

Φ = (1.7 × 10−2 × I 0.5) weber

where 1 is the motor current.  If supply voltage and torque are both halved, calculate the speed at
which the motor will run.  Ignore  stray losses. (Elect. Machines, Nagpur Univ. 1993)

Solution.   Let us first find Ra.

Now N =
60

r.p.m.bE A
Z P

 
 Φ  

∴       600 =
2 0.5

60 4
500 41.7 10 25

bE
−

××
×× ×

∴ Eb = 10 × 1.7 × 10−2 × 5 × 500  =  425 V

IaRa = 450 − 425  =  25 V ;  Ra  =  25/25  =  1.0 Ω
Now in the Ist Case

T1 ∝ Φ 1I1 ∴ T1 ∝  1.7 × 10−2 × 25  × 25

Similarly T2 ∝ 1.7 × 10−2 × 1 I×  ; Now T1  =  2T2

∴ 1.7 × 10−2 × 125 = 1.7 × 10−2 × I3/2 × 2 ∴ I  =  (125/2)2/3  = 15.75 A
Eb1 = 425 V ; Eb2  =  225 − (15.75 × 1)  =  209.3 V

Using the relation 2

1

N
N

= 2 1

1 2

b

b

E
E

Φ
×

Φ  ;  we have
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2

600
N

=
2

2

1.7 10 5209.3
425 1.7 10 15.75

−

−
× ××

× ×
; N2  =  372 r.p.m.

Tutorial Problems 29.2

1.  Calculate the torque in newton-metre developed by a 440-V d.c. motor having an armature resistance
of 0.25 Ω and running at 750 r.p.m. when taking a current of 60 A. [325 N-m]

2.  A 4-pole, lap-connected d.c. motor has 576 conductors and draws an armature current of 10 A.  If the
flux per pole is 0.02 Wb, calculate the armature torque developed. [18.3 N-m]

3.  (a)  A d.c. shunt machine has armature and field resistances of 0.025 Ω and 80 Ω respectively.  When
connected to constant 400-V bus-bars and driven as a generator at 450 r.p.m., it delivers 120 kW.  Calculate its
speed when running as a motor and absorbing 120 kW from the same bus-bars.

(b)  Deduce the direction of rotation of this machine when it is working as a motor assuming a clockwise
rotation as a generator. [(a) 435 r.p.m. (b) Clockwise]

4.  The armature current of a series motor is 60 A when on full-load.  If the load is adjusted to that this
current decreases to 40-A, find the new torque expressed as a percentage of the full-load torque.  The flux for
a current of 40 A is 70% of that when current is 60 A. [46%]

5.  A 4-pole, d.c. shunt motor has a flux per pole of 0.04 Wb and the armature is lap-wound with 720
conductors.  The shunt field resistance is 240 Ω and the armature resistance is 0.2 Ω.  Brush contact drop is 1V
per brush.  Determine the speed of the machine when running (a) as a motor taking 60 A and (b) as a generator
supplying 120 A.  The terminal voltage in each case is 480 V. [972 r.p.m. ; 1055 r.p.m.]

6.  A 25-kW shunt generator is delivering full output to 400-V bus-bars and is driven at 950 r.p.m. by belt
drive.  The belt breaks suddenly but the machine continues to run as a motor taking 25 kW from the bus-bars.
At what speed does it run ?  Take armature resistance including brush contact resistance as 0.5 Ω and field
resistance as 160 Ω. [812.7 r.p.m.] (Elect. Technology, Andhra Univ. Apr. 1977)

7.  A 4-pole, d.c. shunt motor has a wave-wound armature with 65 slots each containing 6 conductors.  The
flux  per pole is 20 mWb and the armature has a resistance of 0.15 Ω.  Calculate the motor speed when the
machine is operating from a 250-V supply and taking a current of 60 A. [927 r.p.m.]

8.  A 500-V, d.c. shunt motor has armature and field resistances of 0.5 Ω and 200 Ω respectively.  When
loaded and taking a total input of 25 kW, it runs at 400 r.p.m.  Find the speed at which it must be driven as a
shunt generator to supply a power output of 25 kW at a terminal voltage of 500 V. [442 r.p.m.]

9.  A d.c. shunt motor runs at 900 r.p.m. from a 400 V supply when taking an armature current of 25 A.
Calculate the speed at which it will run from a 230 V supply when taking an armature current of 15 A.  The
resistance of the armature circuit is 0.8 Ω.  Assume the flux per pole at 230 V to have decreased to 75% of its
value at 400 V. [595 r.p.m.]

10.  A shunt machine connected to 250-A mains has an armature resistance of 0.12 Ω and field resistance
of 100 Ω.  Find the ratio of the speed of the machine as a generator to the speed as a motor, if line current is 80
A in both cases. [1.08] (Electrical Engineering-II, Bombay Univ. April. 1977, Madras Univ. Nov. 1978)

11.  A 20-kW d.c. shunt generator delivering rated output at 1000 r.p.m. has a terminal voltage of 500 V.
The armature resistance is 0.1 Ω, voltage drop per brush is 1 volt and the field resistance is 500 Ω.

Calculate the speed at which the machine will run as a motor taking an input of 20 kW from a 500 V d.c.
supply. [976.1 r.p.m.] (Elect. Engg-I Bombay Univ. 1975)

12.  A 4-pole, 250-V, d.c. shunt motor has a lap-connected armature with 960 conductors.  The flux per
pole is 2 × 10−2 Wb.  Calculate the torque developed by the armature and the useful torque in newton-metre
when the current taken by the motor is 30A.  The armature resistance is 0.12 ohm and the field resistance is
125 Ω.  The rotational losses amount to 825 W.

[85.5 N-m ; 75.3 N-m] (Electric Machinery-I, Madras Univ. Nov. 1979)
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29.12.  Motor Characteristics
The characteristic curves of a motor are those curves which show relationships between the

following quantities.

1.  Torque and armature current  i.e. Ta/Ia characteristic.  It is known as electrical characteristic.
2.  Speed and armature current i.e. N/Ia characteristic.
3.  Speed and torque i.e. N/Ta characteristic.  It is also known as mechanical characteristic.  It

can be found from (1) and (2) above.

While discussing motor characteristics, the following two relations should always be kept in
mind :

Ta ∝ Φ Ia and N  ∝  bE
Φ

29.13. Characteristics of Series Motors

1.  Ta/Ia Characteristic.  We have seen that Ta ∝ Φ Ia.  In this case, as field windings also carry
the armature current, Φ ∝  Ia up to the point of magnetic saturation.  Hence, before saturation,

Ta ∝ Φ Ia and ∴ Ta ∝  Ia
2

At light loads, Ia and hence Φ is small.  But as Ia increases, Ta increases as the square of the
current.  Hence, Ta/Ia curve is a parabola as shown in Fig. 29.14.  After saturation, Φ is almost
independent of Ia hence Ta ∝  Ia only.  So the characteristic becomes a straight line.  The shaft torque
Tsh is less than armature torque due to stray losses.  It is shown dotted in the figure.  So we conclude
that (prior to magnetic saturation) on heavy loads, a series motor exerts a torque proportional to the
square of armature current.  Hence, in cases where huge starting torque is required for accelerating
heavy masses quickly as in hoists and electric trains etc.,  series motors are used.

N

N

O OO

T
o

rq
u

e

Ta
Tsh

Ia Ia Ta

N

Fig. 29.14 Fig. 29.15 Fig. 29.16

2.  N/Ia Characteristics.  Variations of  speed can be deduced from the formula :

N ∝ bE
Φ

Change in Eb, for various load currents is small and hence may be neglected for the time being.
With increased Ia, Φ also increases.  Hence, speed varies inversely as armature current as shown in
Fig. 29.15.

When load is heavy, Ia is large.  Hence, speed is low (this decreases Eb and allows more armature
current to flow).  But when load current and hence Ia falls to a small value, speed becomes danger-
ously high.  Hence, a series motor should never be started without some mechanical (not belt-driven)
load on it otherwise it may develop excessive speed and get damaged due to heavy centrifugal forces
so produced.  It should be noted that series motor is a variable speed motor.

3.  N/Ta or mechanical characteristic.  It is found from above that when speed is high, torque is
low and vice-versa.  The relation between the two is as shown in Fig. 29.16.
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29.14. Characteristics of Shunt Motors

1.  Ta/Ia Characteristic
Assuming Φ to be practically constant (though at heavy loads, φ decreases somewhat due to

increased armature reaction) we find that Ta ∝  Ia.
Hence, the electrical characteristic as shown in Fig. 29.17, is practically a straight line through

the origin.  Shaft torque is shown dotted.  Since a heavy starting load will need a heavy starting
current, shunt motor should never be started on (heavy) load.

2.  N/Ia Characteristic
If Φ is assumed constant, then N ∝  Eb.  As Eb is also practically constant, speed is, for most

purposes, constant (Fig. 29.18).

NN

O OO

T
o
rq

u
e

Ta
Tsh

Ia Ia Ia

T a

Current

Fig. 29.17 Fig. 29.18 Fig. 29.19

But  strictly speaking, both Eb and Φ decrease with increasing load.  However, Eb decreases
slightly more than φ so that on the whole, there is some decrease in speed.  The drop varies from
5 to 15% of full-load speed, being dependent on saturation, armature reaction and brush position.
Hence, the actual speed curve is slightly drooping as shown by the dotted line in Fig. 29.18.
But, for all practical purposes, shunt motor is taken as a constant-speed motor.

Because there is no appreciable change in the speed of a shunt motor from no-load to full-
load, it may be connected to loads which are totally and suddenly thrown off without any fear of
excessive speed resulting.  Due to the constancy of their speed, shunt motors are suitable for
driving shafting, machine tools, lathes, wood-working machines and for all other purposes where
an approximately constant speed is required.

3.  N/Ta Characteristic  can be deduced from (1) and (2) above and is shown in Fig. 29.19.

29.15.  Compound Motors

These motors have both series and
shunt windings.  If series excitation helps
the shunt excitation i.e. series flux is in the
same direction (Fig. 29.20);  then the mo-
tor is said to be cummulatively com-
pounded.  If on the other hand, series field
opposes the shunt field, then the motor is
said to be differentially compounded.

The characteristics of such motors lie
in between those of shunt and series motors
as shown in Fig. 29.21.

(a)  Cumulative-compound Motors
Such machines are used where series characteristics are required and where, in addition,

Compound Motors

www.EngineeringBooksPdf.com



D.C. Motor 1017

the load is likely to be removed totally
such as in some types of coal cutting
machines or for driving heavy machine
tools which have to take sudden cuts
quite often.  Due to shunt windings,
speed will not become excessively high
but due to series windings,  it will be
able to take heavy loads.  In conjunc-
tion with fly-wheel (functioning as load
equalizer), it is employed where there
are sudden temporary loads as in rolling mills.  The fly-wheel supplies its stored kinetic energy
when motor slows down due to sudden heavy load.  And when due to the removal of load motor
speeds up, it gathers up its kinetic energy.

Compound-wound motors have greatest application with loads that require high starting
torques or pulsating loads (because such motors smooth out the energy demand required of a
pulsating load).  They are used to drive electric shovels, metal-stamping machines, reciprocat-
ing pumps, hoists and compressors etc.

(b)  Differential-compound Motors
Since series field opposes the shunt field, the flux is decreased as load is applied to the

motor.  This results in the motor speed remaining almost constant or even increasing with increase
in load (because, N ∝  Eb/(Φ).  Due to this reason, there is a decrease in the rate at which the
motor torque increases with load.  Such motors are not in common use.  But because they can be
designed to give an accurately constant speed under all conditions, they find limited application
for experimental and research work.

One of the biggest drawback of such a motor is that due to weakening of flux with increases
in load,  there is a tendency towards speed instability and motor running away unless designed
properly.

Fig. 29.21Fig. 29.21Fig. 29.21Fig. 29.21Fig. 29.21

Example 29.32.  The following results were obtained from a static torque test on a series motor :

Current (A) : 20 30 40 50

Torque (N - m) : 128.8 230.5 349.8 46.2

Deduce the speed/torque curve for the machine when supplied at a constant voltage of 460 V.
Resistance of armature and field winding is 0.5 Ω. Ignore iron and friction losses.

Fig. 29.20

(a)

Series
Field

Field
Shunt

(b)
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Solution.  Taking the case when input current is
20 A, we have

Motor input = 460 × 20 = 9,200 W
Field and armature Cu loss

= 202 × 0.5 = 200 W

Ignoring iron and friction losses,
output = 9,200 − 200 = 9,000 W

Now, Tsh × 2πN = Output in watts.

∴     128.8 × 2π × N=  9,000
∴ N = 9,000/2π × 128.8

= 11.12 r.p.s. = 667 r.p.m.

Similar calculations for other values of current are
tabulated below :

Current (A)         20         30          40          50
Input (W)         9,200           13,800            18,400                23,000
I2R loss (W)           200       450            800            1,250
Output (W)        9,200         13,350              17,600                  21,850
Speed (r.p.m.)          667          551             480             445
Torque (N-m)         128.8         230.5              349.8           469.2
From these values, the speed/torque curve can be drawn as shown in Fig. 29.22.
Example 29.33.  A fan which requires 8 h.p. (5.968 kW) at 700 r.p.m. is coupled directly to a d.c.

series motor.  Calculate the input to the motor when the supply voltage is 500 V, assuming that power
required for fan varies as the cube of the speed.  For the purpose of obtaining the magnetisation
characteristics, the motor was running as a self-excited generator at 600 r.p.m. and the relationship
between the terminal voltage and the load current was found to be as follows :

Load current (A) : 7 10.5 14 27.5

Terminal voltage (V) : 347 393 434 458

The resistance of both the armature and field windings of the motor is 3.5 Ω and the core,
friction and other losses may be assumed to be constant at 450 W for the speeds corresponding to the
above range of currents at normal voltage. (I.E.E. London)

Solution.  Let us, by way of illustration, calculate the speed and output when motor is running off
a 500-V supply and taking a current of 7A.

Series voltage drop = 7 × 3.5 = 24.5 V
Generated or back e.m.f. Eb = 500 − 24.5 = 475.5 V

The motor speed is proportional to Eb for a given current.  For a speed of 600 r.p.m. and a current
of 7A, the generated e.m.f  is 347 V.  Hence,

N = 600 × 475.5/347 = 823 r.p.m.
Power to armature = EbIa = 475.5 × 7 = 3,329 W

Output = Armature power − 450 = 3,329 − 450 = 2.879 W = 2.879 kW
Power required by the fan at 823 r.p.m. is = 5.968 × 8232/7002 = 9.498 kW
These calculations are repeated for the other values of current in the following table.

Input currrent (A)    7        10.5       14       27.5

Series drop (V)         24.5       36.7        49       96.4
Back e.m.f. (V)          475.5        463.3        451       403.6

Fig. 29.22
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D.C. Motor 1019

E.M.F. at 600 r.p.m. (V)          347        393        434       458
Speed N (r.p.m.)          823       707        623         528
Armature power (W)        3329             4870       6310         11,100
Motor output (kW)        2.879            4.420      5.860       10.65
Power required by fan (kW)          9.698          6.146        4.222            2.566
In Fig. 29.23 (i) the motor output in kW and (ii) power required by fan in kW against input

currentis plotted.  Since motor output equals the input to fan, hence the intersection point of these
curves gives the value of motor input current under the given conditions.

Input current corresponding to intersection point = 12 A
∴ Motor input = 500 × 12 = 6,000 W

29.16. Performance Curves

(a) Shunt Motor
In Fig. 29.24 the four essential characteristics

of a shunt motor are shown i.e. torque, current speed
and efficiency, each plotted as a function of motor
output power.  These are known as the performance
curves of a motor.

It is seen that shunt motor has a definite no-
load speed.  Hence, it does not ‘run away’ when
load is suddenly thrown off provided the field cir-
cuit remains closed.  The drop in speed from no-
load to full-load is small, hence this motor is usu-
ally referred to as constant speed motor.  The speed
for any load within the operating range of the mo-
tor can be readily obtained by
varying the field current by means
of a field rheostat.

The efficiency curve is usu-
ally of the same shape for all elec-
tric motors and generators.  The
shape of efficiency curve and the
point of maximum efficiency can
be varied considerably by the de-
signer, though it is advantageous
to have an efficiency curve which
is farily flat, so that there is little
change in efficiency between load
and 25% overload and to have the
maximum efficiency as near to the
full load as possible.

It will be seen from the
curves, that a certain value of
current is required even when
output is zero.  The motor input
under no-load conditions goes to
meet the various losses occuring
within the machine.

Fig. 29.23
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1020 Electrical Technology

As compared to other motors, a shunt motor is said to  have a lower starting torque.  But this
should not be taken of mean that a shunt motor is incapable of starting a heavy load.  Actually, it
means that series and compound motors are capable of starting heavy loads with less excess of current
inputs over normal values than the shunt motors and that consequently the depreciation on the motor
will be relatively less.  For example, if twice full load torque is required at start, then shunt motor

draws twice the full-load current (Ta ∝ Ia or Ia ∝ aT ) whereas series motor draws only approximately

one and a half times the full load current (Ta ∝ Ia
2 or Ia ∝ aT ).

The shunt motor is widely used with loads that require essentially constant speed but where high
starting torques are not needed.  Such loads include centrifugal pumps, fans, winding reels conveyors
and machine tools etc.

(b) Series Motor
The typical performance curves for a series motor are shown in Fig. 29.25.
It will be seen that drop in speed with increased load is much more prominent in series motor

than in a shunt motor.  Hence, a series motor is not suitable for applications requiring a substantially
constant speed.

For a given current input, the starting torque developed by a series motor is greater than that
developed by a shunt motor.  Hence, series motors are used where huge starting torques are necessary
i.e. for street cars, cranes, hoists and for electric-railway operation.  In addition to the huge starting
torque, there is another unique characteristic of series motors which makes them especially desirable
for traction work i.e. when a load comes on a series motor, it responds by decreasing its speed (and
hence, Eb) and supplies the increased torque with a small increase in current.  On the other hand a
shunt motor under the same conditions would hold its speed nearly constant and would supply the
required increased torque
with  a large increase of
input current.  Suppose that
instead of a series motor, a
shunt motor is used to drive
a street car.  When the car
ascends a grade, the shunt
motor maintains the speed
for the car at approximately
the same value it had on the
level ground, but the motor
tends to take an excessive
current.  A series motor,
however, automatically
slows down on such a grade
because of increased
current demand, and so it
develops more torque at
reduced speed.   The drop
in speed permits the motor
to develop a large torque
with but a moderate
increase of power.  Hence,
under the same load
conditions, rating of the
series motor would be less
than for a shunt motor.

Fig. 29.25
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D.C. Motor 1021

29.17. Comparison of Shunt and Series Motors

(a) Shunt Motors
The different characteristics have been discussed in Art.

29.14.  It is clear that
(a) speed of a shunt motor is sufficiently constant.
(b) for the same current input, its starting torque is not a

high as that of series motor.  Hence, it is used.
(i) When the speed has to be maintained approximately

constant from N.L. to F.L. i.e. for driving a line of shafting etc.
(ii) When it is required to drive the load at various speeds,

any one speed being kept constant for a relatively long period
i.e. for individual driving of such machines as lathes.  The shunt
regulator enables the required speed control to be obtained easily
and economically.

Summary of Applications

Type of motor Characteristics Applications

Shunt Approximately constant
speed Adjustable speed
Medium starting torque (Up
to 1.5 F.L. torque)

Series Variable speed
Adjustable variying speed
High Starting torque

Comulative Variable speed
Compound Adjustable varying speed

High starting torque

(b) Series Motors
 The operating characteristics have been discussed in Art 29.13.  These motors
1. have a relatively huge starting torques.
2. have good accelerating torque.
3. have low speed at high loads and dangerously high speed at low loads.
Hence, such motors are used
1. when a large starting torque is required i.e. for driving hoists, cranes, trams etc.

For driving constant speed line shafting
Lathes
Centrifugal pumps
Machine tools
Blowers and fans

Reciprocating pumps

For traction work i.e.

Electric locomotives
Rapid transit systems

Trolley, cars etc.
Cranes and hoists
Conveyors

For intermittent high torque loads
For shears and punches

Elevators
Conveyors
Heavy planers

Heavy planers
Rolling mills; Ice machines; Printing
presses; Air compressors

Shunt Motors
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Motor

Input

= VI Watt

Cu

Losses

Driving
Power in

in

Armature
Watt

Iron and
Friction
Losses

Motor
Output

in Watt

= EbIa

A´ B C

2. when the motor can be directly coupled to a load such as a fan whose torque increases with
speed.

3. if constancy of speed is not essential,
then, in fact, the decrease of speed with increase
of load has the advantage that the power
absorbed by the motor does not increase as
rapidly as the torque.  For instance, when torque
is doubled, the power approximately increases

by about 50 to 60% only.  (∴  Ia ∝  aT ).

4. a series motor should not be used where
there is a possibility of the load decreasing to a
very small value.  Thus, it should not be used
for driving centrifugal pumps or for a belt-drive
of any kind.

29.18. Losses and Efficiency
The losses taking place in the motor are the same as in generators.  These are (i) Copper losses

(ii) Magnetic losses and (iii) Mechanical losses.
The condition for maximum power developed by the motor is

Ia Ra = V/2 = Eb.
The condition for maximum efficiency is that armature Cu losses are equal to constant losses.

(Art. 26.39).

29.19. Power Stages
The various stages of energy transformation in a motor and also the various losses occurring in it

are shown in the flow diagram of Fig. 29.26.

Overall or commercial efficiency ηc = 
C
A

, Electrical efficiency ηe = 
B
A

, Mechanical efficiency

ηm = 
C
B

.

The efficiency curve for a motor is similar in shape to that for a generator (Art. 24.35).

Fig. 29.26

It is seen that A − B = copper losses and B − C = iron and friction losses.

Example 29.34.  One of the two similar 500-V shunt machines A and B running light takes 3 A.
When A is mechanically coupled to B, the input to A is 3.5 A with B unexcited and 4.5 A when B is
separately-excited to generate 500 V.  Calculate the friction and windage loss and core loss of each
machine. (Electric Machinery-I, Madras Univ. 1985)

Solution.  When running light, machine input is used to meet the following losses (i) armature
Cu loss (ii) shunt Cu loss (iii) iron loss and (iv) mechanical losses i.e. friction and windage losses.
Obviously, these no-load losses for each machine equal 500 × 3 = 1500 W.

Series Motors
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(a) With B unexcited
In this case, only mechanical losses take place in B, there being neither Cu loss nor iron-loss

because B is unexcited.  Since machine A draws 0.5 A more current.
Friction and windage loss of B = 500 × 0.5 = 250 W
(b) With B excited
In this case, both iron losses as well as mechanical losses take place in machine B.  Now, machine

A draws, 4.5 − 3 = 1.5 A more current.
Iron and mechanical losses of B = 1.5 × 500 = 750 W
Iron losses of B = 750 − 250 = 500 W

Example 29.35.  A 220 V shunt motor has an armature resistance of 0.2 ohm and field resistance
of 110 ohm.  The motor draws 5 A at 1500 r.p.m. at no load.  Calculate the speed and shaft torque if
the motor draws 52 A at rated voltage. (Elect. Machines Nagpur Univ. 1993)

Solution. Ish = 220/110 = 2 A; Ia1 = 5 − 2 = 3 A; Ia2 = 52 − 2 = 50 A
Eb1 = 220 − 3 × 0.2 = 219.4 V; Eb2 = 220 − 50 × 0.2 = 210 V

2

1500
N

= 2 1 2
210 ; 1436 r.p.m. ( )

219.4
N = Φ = ΦQ

For finding the shaft torque, we will find the motor output when it draws a current of 52 A.  First
we will use the no-load data for finding the constant losses of the motor.

No load motor input = 220 × 5 = 1100 W; Arm. Cu loss = 32 × 0.2 = 2 W

∴ Constant or standing losses of the motor = 1100 − 2 = 1098
When loaded, arm. Cu loss = 502 × 0.2 = 500 W

Hence, total motor losses = 1098 + 500 = 1598 W

Motor input on load = 220 × 52 = 11,440 W; output = 11,440 − 1598 = 9842 W
∴ Tsh = 9.55 × output/N = 9.55 × 9842/1436 = 65.5 N-m

Example 29.36.  250 V shunt motor on no load runs at 1000 r.p.m. and takes 5 amperes.  Armature
and shunt field resistances are 0.2 and 250 ohms respectively.  Calculate the speed when loaded
taking a current of 50 A.  The armature reaction weakens the field by 3%.

(Elect. Engg.-I Nagpur Univ. 1993)

Solution. Ish = 250/250 = 1 A; Ia1 = 5 − 1 = 4 A; Ia2 = 50 − 1 = 49 A
Eb1 = 250 − 4 × 0.2 = 249.2 V; Eb2 = 250 − 49 × 0.2 = 240.2 V

2

1000
N

= 1
2

1

240.2 ; 944 r.p.m.
249.2

N
Φ

× =
0.97 Φ

Example 29.37.  A 500 V d.c. shunt motor takes a current of 5 A on no-load.  The resistances of
the armature and field circuit are 0.22 ohm and 250 ohm respectively.  Find (a) the efficiency when
loaded and taking a current of 100 A (b) the percentage change of speed.  State precisely the
assumptions made. (Elect. Engg-I, M.S. Univ. Baroda 1987)

Solution.  No-Load condition
Ish = 500/250 = 2 A; Ia0 = 5 − 2 = 3 A; Eb0 = 500 − (3 × 0.22) = 499.34 V

Arm. Cu loss = 32 × 0.22 = 2 W; Motor input = 500 × 5 = 2500 W
Constant losses = 2500 − 2 = 2498 W

It is assumed that these losses remain constant under all load conditions.

Load condition
(a) Motor current = 100 A; Ia = 100 − 2 = 98 A; Eb = 500 − (98 × 0.22) = 478.44 V
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Arm. Cu loss = 982 × 0.22 = 2110 W, Total losses = 2110 + 2498 = 4608 W

Motor input = 500 × 100 = 50,000 W, Motor output = 50,000 − 4,608 = 45,392 W
Motor η = 45,392/50,000 = 0.908 or 90.8%

0

N
N = 0

0 0

20.9478.44 or 0.0418 or
499.34 499.34

b

b

E N �

E N

− −= = = −  -4.18%

Example 29.38.  A 250 V d.c. shunt motor runs at 1000 r.p.m. while taking a current of 25 A.
Calculate the speed when the load current is 50 A if armature reaction weakens the field by 3%.
Determine torques in both cases.

Ra = 0.2 ohm ; Rf = 250 ohms

Voltage drop per brush is 1 V. (Elect. Machines Nagpur Univ. 1993)

Solution. Ish = 250/250 = 1 A; Ia1 = 25 − 1 = 24 A
Ebh = 250 − arm. drop − brush drop

= 250 − 24 × 0.2 − 2 = 243.2 V

Ia2 = 50 − 1 = 49 A; Eb2 = 250 − 49 × 0.2 − 2 = 238.2 V

2

1000
N

=
1

2
1

238.2 ; 1010 r.p.m.
243.2 0.97

N
Φ

× =
Φ

Ta1 = 9.55 Eb1 Ia1/N1 = 9.55 × 243.2 × 24/1000 = 55.7 N-m

Ta2 = 9.55 × 238.2 × 49/1010 = 110.4 r.p.m.

Example 29.39.  A d.c. shunt machine while running as generator develops a voltage of 250 V
at 1000 r.p.m. on no-load.  It has armature resistance of 0.5 Ω and field resistance of 250 Ω.  When
the machine runs as motor, input to it at no-load is 4 A at 250 V.  Calculate the speed and efficiency
of the machine when it runs as a motor taking 40 A at 250 V.  Armature reaction weakens the field by
4 %. (Electrical Technology, Aligarh Muslim Univ. 1989)

Solution.
2

1

N
N =

2 1

1 2

b

b

E
E

Φ
×

Φ
Now, when running as a generator, the machine gives 250 V at 1000 r.p.m.  If this machine was

running as motor at 1000 r.p.m., it will, obviously, have a back e.m.f. of 250 V produced in its
armature.  Hence N1 = 1000 r.p.m. and Eb1 = 250 V.

When it runs as a motor, drawing 40 A, the back e.m.f. induced in its armature is

Eb2 = 250 − (40 − 1) × 0.5 = 230.5 V; Also Φ2 = 0.96 Φ1, N2 = ?
Using the above equation we have

2

1000
N

= 1
2

1

230.5 ;
250 0.96

N
Φ

× =
Φ

 960 r.p.m.

Efficiency
No-load input represents motor losses which consists of
(a) armature Cu loss = Ia

2 Ra which is variable.
(b) constant losses Wc which consists of (i) shunt Cu loss (ii) magnetic losses and

(iii)  mechanical losses.
No-load input or total losses = 250 × 4 = 1000 W
Arm. Cu loss = Ia

2Ra = 32 × 0.5 = 4.5 W, ∴ Wc = 1000 − 4.5 = 995.5 W
When motor draws a line current of 40 A, its armature current is (40 − 1) = 39 A

Arm. Cu loss = 392 × 0.5 = 760.5 W; Total losses = 760.5 + 955.5 = 1756 W
Input = 250 × 40 = 10,000 W; output = 10,000 − 1756 = 8,244 W

∴ η = 8,244 × 100/10,000 = 82.44%
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Example 29.40.  The armature winding of a 4-pole, 250 V d.c. shunt motor is lap connected.
There are 120 slots, each slot containing 8 conductors.  The flux per pole is 20 mWb and current
taken by the motor is 25 A.  The resistance of armature and field circuit are 0.1 and 125 Ω respec-
tively.  If the rotational losses amount to be 810 W find,

(i) gross torque (ii) useful torque and (iii) efficiency. (Elect. Machines Nagpur Univ. 1993)

Solution.  Ish = 250/125 = 2 A; Ia = 25 − 2 = 23 A; Eb = 250 − (23 × 0.1) = 247.7 V

Now, Eb = ( ) ( )320 10 960 4247.7 ; 773 r.p.m.
60 60 4
ZN NP N

A

−Φ × × ×∴ = =

(i) Gross torque or armature torque Ta = 247.7 239.55 9.55
773

b aE I
N

×= × = 70.4 N - m

(ii) Arm Cu loss = 232 × 0.1 = 53 W; Shunt Cu loss = 250 × 2 = 500 W

Rotational losses = 810 W; Total motor losses = 810 + 500 + 53 = 1363 W
Motor input = 250 × 25 = 6250 W; Motor output = 6250 − 1363 = 4887 W
Tsh = 9.55 × output/N = 9.55 × 4887/773 = 60.4 N-m

(iii) Efficiency = 4887/6250 = 0.782 = 78.2%

Example 29.41.  A 20-hp (14.92 kW); 230-V, 1150-r.p.m. 4-pole, d.c. shunt motor has a total of
620 conductors arranged in two parallel paths and yielding an armature circuit resistance of 0.2 Ω.
When it delivers rated power at rated speed, it draws a line current of 74.8 A and a field current of
3 A.  Calculate (i) the flux per pole (ii) the torque developed (iii) the rotational losses (iv) total losses
expressed as a percentage of power.                   (Electrical Machinery-I, Banglore Univ. 1987)

Solution. Ia = 74.8 − 3 = 71.8 A; Eb = 230 − 71.8 × 0.2 = 215.64 V

(i) Now, Eb = ( ) ( )620 1150 4; 215.64 ;
60 60 2
ZN P

A
Φ Φ × ×= Φ =  9 mWb

(ii) Armature Torque, Ta = 9.55 × 215.64 × 71.8/1150 = 128.8 N-m
(iii) Driving power in armature = EbIa = 215.64 × 71.8 = 15,483 W

Output = 14,920 W; Rotational losses = 15,483 − 14,920 = 563 W
(iv) Motor input = VI = 230 × 74.8 = 17,204 W; Total loss = 17,204 − 14,920 = 2,284 W
Losses expressed as percentage of power input = 2284/17,204 = 0.133 or 13.3%

Example 29.42.  A 7.46 kW, 250-V shunt motor takes a line current of 5 A when running light.
Calculate the efficiency as a motor when delivering full load output, if the armature and field resis-
tance are 0.5 Ω and 250 Ω respectively.  At what output power will the efficiency be maximum ?  Is
it possible to obtain this output from the machine ? (Electrotechnics-II, M.S. Univ. Baroda 1985)

Solution.  When loaded lightly
Total motor input (or total no-load losses) = 250 × 5 = 1,250 W

Ish = 250/250 = IA ∴ Ia = 5 − 1 = 4 A

Field Cu loss = 250 × 1 = 250 W; Armature Cu loss = 42 × 0.5 = 8 W
∴ Iron losses and friction losses = 1250 − 250 − 8 = 992 W
These losses would be assumed constant.

Let Ia be the full-load armature current, then armature input is = (250 × Ia) W
F.L. output = 7.46 × 1000 = 7,460 W

The losses in the armature are :

(i) Iron and friction losses = 992 W
(ii) Armature Cu loss = Ia

2 × 0.05 W ∴ 250 Ia = 7,460 + 992 + Ia
2 × 0.5
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or 0.5 Ia
2 − 250 Ia + 8,452 = 0                                          ∴ Ia = 36.5 A

∴ F.L. input current = 36.5 + 1 = 37.5 A ; Motor input = 250 × 37.5 W
F.L. output = 7,460 W

∴ F.L. efficiency = 7460 × 100/250 × 37.5 = 79.6%

Now, efficiency is maximum when armature Cu loss equals constant loss.
i.e. Ia

2Rd = Ia
2 × 0.5 = (1,250 − 8) = 1,242 W or Ia = 49.84 A

∴ Armature input = 250 × 49.84 = 12,460 W

Armature Cu loss = 49.842 × 0.5 = 1242 W; Iron and friction losses = 992 W
∴ Armature output = 12,460 − (1,242 + 992) = 10,226 W
∴ Output power = 10,226 W = 10.226 kW
As the input current for maximum efficiency is beyond the full-load motor current, it is never

realised in practice.
Example 29.43.  A d.c. series motor drives a load, the torque of which varies as the square of the

speed.  Assuming the magnetic circuit to be remain unsaturated and the motor resistance to be
negligible, estimate the percentage reduction in the motor terminal voltage which will reduce the
motor speed to half the value it has on full voltage.  What is then the percentage fall in the motor
current and efficiency ?  Stray losses of the motor may be ignored.

(Electrical Engineering-III, Pune Univ. 1987)
Solution.  Ta ∝ Φ Ia ∝  Ia

2.  Also, Ta ∝ N2.  Hence N2 ∝ Ia
2 or N ∝ Ia

∴ N1 ∝ Ia1 and N2 ∝ Ia2 or N2/N1 = Ia2/Ia1

Since, N2/N1 = 1/2 ∴ Ia2/Ia1 = 1/2 or Ia2 = Ia1/2

Let V1 and V2 be the voltages across the motor in the two cases.  Since motor resistance is
negligible, Eb1 = V1 and Eb2 = V2.  Also Φ1 ∝ Ia1 and Φ2 ∝ Ia2 or Φ1/Φ2 = Ia1/Ia2 = Ia1 × 2/Ia1 = 2

Now, 2

1

N
N

= 2 1 2 2

1 2 1 1

1 1or 2 or
2 4

b

b

E V V
E V V

Φ
× = × =

Φ

∴ 1 2

1

V V
V
−

=
4 1

0.75
4
− =

∴ Percentage reduction in voltage = 1 2

1

100 0.75 100
V V

V
−

× = × = 75%

Percentage change in motor current = 1 2 1 1

1 1

/2
100 100a a a a

a a

I I I I
I I

− −
× = × =50%

Example 29.44.  A 6-pole, 500-V wave-connected shunt motor has 1200 armature conductors
and useful flux/pole of 20 mWb.  The armature and field resistance are 0.5 Ω and 250 Ω respectively.
What will be the speed and torque developed by the motor when it draws 20 A from the supply
mains ?  Neglect armature reaction.  If magnetic and mechanical losses amount to 900 W, find
(i) useful torque (ii) output in kW and (iii) efficiency at this load.

Solution.  (i) Ish = 500/250 = 2 A ∴ Ia = 20 − 2 = 18 A

∴ Eb = 500 − (18 × 0.5) = 491 V; Now, Eb = ( ) volt
60
ZN P

A
Φ ×

∴ 491 = ( )320 10 1200 6 ;
60 2

N
N

−× × × × =  410 r.p.m. (approx.)

Now Ta = 491 18
9.55 9.55

410
b aE I
N

×= = 206 N - m
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Armature Cu loss = 182 × 0.5 = 162 W; Field Cu loss = 500 × 2 = 1000 W

Iron and friction loss = 900 W ;  Total loss = 162 + 1000 + 900 = 2,062 W
Motor input = 500 × 20 = 10,000 W

(i) Tsh = 
79389.55
410

×  = 184.8 N - m

(ii) Output = 10,000 − 2062 = 7,938 kW

(iii) % η = 7, 938 100Output
100 0.794

Input 10, 000
×× = = =79.4%

Example 29.45.  A 50-h.p. (37.3 kW), 460-V d.c. shunt motor running light takes a current of
4 A and runs at a speed of 660 r.p.m.  The resistance of the armature circuit (including brushes) is
0.3 Ω and that of the shunt field circuit 270 Ω.

Determine when the motor is running at full load

(i) the current input (ii) the speed.  Determine the armature current at which efficiency is
maximum.  Ignore the effect of armature reaction. (Elect. Technology Punjab, Univ. 1991)

Solution. Ish = 460/270 = 1.7 A; Field Cu loss = 460 × 1.7 = 783 W
When running light
Ia = 4 − 1.7 = 2.3 A; Armature Cu loss = 2.32 × 0.3 = 1.5 W (negligible)
No-load armature input = 460 × 2.3 = 1,058 W
As armature Cu loss is negligible, hence 1,058 W represents iron, friction and windage losses

which will be assumed to be constant.

Let full-load armature input current be Ia.  Then
Armature input = 460 Ia W; Armature Cu loss = Ia

2 × 0.3 W
Output = 37.3 kW = 37,300 W

∴ 460 Ia = 37,300 + 1,058 + 0.3 Ia
2 or 0.3 Ia

2 − 460 Ia + 38,358 = 0
∴ Ia = 88.5 A
(i) Current input = 88.5 + 1.7 = 90.2 A
(ii) Eb1 = 460 − (2.3 × 0.3) = 459.3V; Eb2= 460 −(88.5 × 0.3) = 433.5 V
∴ N2 = 660 × 433.5/459.3 = 624 r.p.m.
For maximum efficiency, Ia

2 Ra = constant losses (Art. 24.37)

∴ Ia
2 × 0.3 = 1058 + 783 = 1,841 ∴ Ia = (1841/0.3)1/2 = 78.33 A

Tutorial Problems 29.3

1. A 4-pole 250-V, d.c. series motor has a wave-wound armature with 496 conductors.  Calculate

(a) the gross torque (b) the speed

(b) the output torque and (d) the efficiency, if the motor current is 50 A

The value of flux per pole under these conditions is 22 mWb and the corresponding iron,
friction and windage losses total 810 W.  Armature resistance = 0.19 Ω, field resistance = 0.14 Ω.

[(a) 173.5 N-m (b) 642 r.p.m. (c) 161.4 N-m (d) 86.9%]

2. On no-load, a shunt motor takes 5 A at 250 V, the resistances of the field and armature circuits are
250 Ω and 0.1 Ω respectively.  Calculate the output power and efficiency of the motor when the total
supply current is 81 A at the same supply voltage.  State any assumptions made.

[18.5 kW; 91%.  It is assumed that windage, friction and eddy current losses are independent of
the current and speed]
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3. A 230 V series motor is taking 50 A.  Resistance of armature and series field windings is 0.2 Ω and
0.1 Ω respectively.  Calculate :

(a) brush voltage (b) back e.m.f.

(c) power wasted in armature (d) mechanical power developed

[(a) 215 V (b) 205 V (c) 500 W (d) 13.74 h.p.] (10.25 kW)
4. Calculate the shaft power of a series motor having the following data; overall efficiency 83.5%,

speed 550 r.p.m. when taking 65 A; motor resistance 0.2 Ω, flux per pole 25 mWb, armature winding
lap with 1200 conductor.
(15.66 kW)

5. A shunt motor running on no-load takes 5 A at 200 V.  The resistance of the field circuit is 150 Ω and
of the armature 0.1 Ω.  Determine the output and efficiency of motor when the input current is 120 A
at 200 V.  State  any conditions assumed.                                                               (89.8%)

6. A d.c. shunt motor with interpoles has the following particulars :

Output power ; 8,952 kW, 440-V, armature resistance 1.1 Ω, brush contact drop 2 V, interpole wind-
ing resistance 0.4 Ω shunt resistance 650 Ω, resistance in the shunt regulator 50 Ω.  Iron and friction
losses on full-load 450 W.  Calculate the efficiency when taking the full rated current of 24 A.

(85%)
7. A d.c. series motor on full-load takes 50 A from 230 V d.c. mains.  The total resistance of the motor

is 0.22 Ω.  If the iron and friction losses together amount to 5% of the input, calculate the power
delivered by the motor shaft.  Total voltage drop due to the brush contact is 2 A. (10.275 kW)

8. A 2-pole d.c shunt motor operating from a 200 V supply takes a full-load current of 35 A, the no-
load current being 2 A.  The field resistance is 500 Ω and the armature has a resistance of 0.6 Ω.
Calculate the efficiency of the motor on full-load.  Take the brush drop as being equal to 1.5 V per
brush arm.  Neglect temperature rise.
                                                                         [Rajiv Gandhi Tech. Univ. Bhopal,2000] (82.63%)

1. In a d.c. motor, undirectional torque is produced
with the help of

(a) brushes (b) commutator

(c) end-plates (d) both (a) and (b)

2. The counter e.m.f. of a d.c. motor

(a) often exceeds the supply voltage

(b) aids the applied voltage

(c) helps in energy conversion

(d) regulates its armature voltage

3. The normal value of the armature resistance of a
d.c. motor is

(a) 0.005 (b) 0.5

(c) 10 (d) 100

(Grad. I.E.T.E. June 1987)

4. The Eb/V ratio of a d.c. motor is an indication of
its

(a) efficiency (b) speed regulation

(c) starting torque (d) Running Torque
(Grad. I.E.T.E. June 1987)

5. The mechanical power developed by the arma-
ture of a d.c. motor is equal to

(a) armature current multiplied by back e.m.f.
(b) power input minus losses

(c) power output multiplied by efficiency

(d) power output plus iron losses

6. The induced e.m.f. in the armature conductors
of a d.c. motor is

(a) sinusoidal (b) trapezoidal

(c) rectangular (d) alternating

7. A d.c. motor can be looked upon as d.c. genera-
tor with the power flow

(a) reduced (b) reversed

(c) increased (d) modified

8. In a d.c. motor, the mechanical output power
actually comes from

(a) field system

(b) air-gap flux

(c) back e.m.f.

(d) electrical input power

9. The maximum torque of d.c. motors is limited
by

(a) commutation (b) heating

OBJECTIVE TESTS – 29
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(c) speed (d) armature current

10. Which of the following quantity maintains the
same direction whether a d.c. machine runs as a
generator or as a motor ?

(a) induced e.m.f. (b) armature current

(c) field current (d) supply current

11. Under constant load conditions, the speed of a
d.c. motor is affected by

(a) field flux (b) armature current

(c) back e.m.f. (d) both (b) and (c)

12. It is possible to increase the field flux and, at the
same time, increase the speed of a d.c. motor
provided its .......... is held constant.

(a) applied voltage

(b) torque

(c) Armature circuit resistance

(d) armature current

13. The current drawn by a 120 - V d.c. motor of
armature resistance 0.5 Ω and back e.m.f. 110 V
is .......... ampere.

(a) 20 (b) 240

(c) 220 (d) 5

14. The shaft torque of a d.c. motor is less than its
armature torque because of .......... losses.

(a) copper (b) mechanical

(c) iron (d) rotational

15. A d.c. motor develops a torque of 200 N-m at
25 rps.  At 20 rps it will develop a torque of
.......... N-m.

(a) 200 (b) 160

(c) 250 (d) 128

16. Neglecting saturation, if current taken by a series
motor is increased from 10 A to 12 A, the
percentage increase in its torque is ........ percent

(a) 20 (b) 44

(c) 30.5 (d) 16.6

17. If load on a d.c. shunt motor is increased, its
speed is decreased due primarily to

(a) increase in its flux

(b) decrease in back e.m.f.

(c) increase in armature current

(d) increase in brush drop

18. If the load current and flux of a d.c. motor are
held constant and voltage applied across its
armature is increased by 10 per cent, its speed
will

(a) decrease by about 10 per cent

(b) remain unchanged

(c) increase by about 10 per cent

(d) increase by 20 per cent.

19. If the pole flux of a d.c. motor approaches zero,
its speed will

(a) approach zero

(b) approach infinity

(c) no change due to corresponding change in
back e.m.f.

(d) approach a stable value somewhere between
zero and infinity.

20. If the field circuit of a loaded shunt motor is
suddenly opened

(a) it would race to almost infinite speed

(b) it would draw abnormally high armature
current

(c) circuit breaker or fuse will open the circuit
before too much damage is done to the motor

(d) torque developed by the motor would be
reduced to zero.

21. Which of the following d.c. motor would be suit-
able for drives requiring high starting torque but
only fairly constant speed such as crushers ?

(a) shunt (b) series

(c) compound (d) permanent magnet

22. A d.c. shunt motor is found suitable to drive fans
because they require

(a) small torque at start up

(b) large torque at high speeds

(c) practically constant voltage

(d) both (a) and (b)

23. Which of the following load would be best driven
by a d.c. compound motor ?

(a) reciprocating pump

(b) centrifugal pump

(c) electric locomotive

(d) fan

24. As the load is increased, the speed of a d.c. shunt
motor

(a) increases proportionately

(b) remains constant

(c) increases slightly

(d) reduces slightly

25. Between no-load and full-load, .......... motor
develops the least torque

(a) series

(b) shunt

(c) cumulative compound

(d) differential compound
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ANSWERS

  1. (d)  2. (c)   3.(b)   4. (a)   5. (a)   6. (a)   7. (b)   8. (d)    9. (a) 10. (a) 11 . (a )
12. (d) 13. (a) 14. (d) 15. (a) 16. (b) 17. (b) 18. (c) 19. (b) 20. (c) 21. (c) 22. (d)
23. (a) 24. (d) 25. (a) 26. (d) 27. (b) 28. (a) 29. (d) 30. (b)  31. (c) 32. (c) 33. (a)
34. (c).

26. The Ta/Ia graph of a d.c. series motor is a

(a) parabola from no-load to overload

(b) straight line throughout

(c) parabola throughout

(d) parabola upto full-load and a straight line
at overloads.

27. As compared to shunt and compound motors,
series motor has the highest torque because of
its comparatively .......... at the start.

(a) lower armature resistance

(b) stronger series field

(c) fewer series turns

(d) larger armature current

28. Unlike a shunt motor, it is difficult for a series
motor to stall under heavy loading because

(a) it develops high overload torque

(b) its flux remains constant

(c) it slows down considerably

(d) its back e.m.f. is reduced to almost zero.

29. When load is removed, .......... motor will run at
the highest speed.

(a) shunt

(b) cumulative-compound

(c) differential compound

(d) series

30. A series motor is best suited for driving

(a) lathes

(b) cranes and hoists

(c) shears and punches

(d) machine tools

31. A 220 V shunt motor develops a torque of 54
N-m at armature current of 10 A.  The torque
produced when the armature current is 20 A, is

(a) 54 N-m (b) 81 N-m

(c) 108 N-m (d) None of the above

(Elect. Machines, A.M.I.E. Sec. B, 1993)
32. The d.c. series motor should never be switched

on at no load because

(a) the field current is zero

(b) The machine does not pick up

(c) The speed becomes dangerously high

(d) It will take too long to accelerate.

(Grad. I.E.T.E. June 1988)
33. A shunt d.c. motor works on a.c. mains

(a) unsatisfactorily (b) satisfactorily

(c) not at all (d) none of the above

(Elect. Machines, A.M.I.E. Sec. B, 1993)
34. A 200 V, 10 A motor could be rewound for 100

V, 20 A by using .......... as many turns per coil
of wire, having .......... the cross-sectional area.

(a) twice, half

(b) thrice, one third

(c) half, twice

(d) four times, one-fourth
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30.1. Factors Controlling Motor Speed

It has been shown earlier that the speed of a motor is given by the relation

N = ( ). r.p.s.
− −

=
Φ Φ
a a a aV I R V I RA K

Z P

where Ra = armature circuit resistance.
It is obvious that the speed can be controlled by varying (i) flux/pole, Φ (Flux Control)

(ii) resistance Ra of armature circuit (Rheostatic Control) and (iii) applied voltage V (Voltage Con-
trol).  These methods as applied to shunt, compound and series motors will be discussed below.

30.2. Speed Control of Shunt motors

(i) Variation of Flux or Flux Control Method
It is seen from above that N ∝  1/Φ.  By decreasing the flux, the
speed can be increased and vice versa.  Hence, the name flux or
field control method.  The flux of a d.c. motor can be changed by
changing Ish with help of a shunt field rheostat (Fig. 30.1).  Since
Ish is relatively small, shunt field rheostat has to carry only a small
current, which means I2R loss is small, so that rheostat is small in
size.  This method is, therefore, very efficient.  In non-interpolar
machine, the speed can be increased by this method in the ratio
2 : 1.  Any further weakening of flux Φ adversely affects the
communication and hence puts a limit to the maximum speed
obtainable with the method.  In machines fitted with interpoles, a
ratio of maximum to minimum speed of 6 : 1 is fairly common.

Example 30.1.  A 500 V shunt motor runs at its normal speed of 250 r.p.m. when the armature
current is 200 A.  The resistance of armature is 0.12 ohm.  Calculate the speed when a resistance is
inserted in the field reducing the shunt field to 80% of normal value and the armature current is 100
ampere. (Elect. Engg. A.M.A.E. S.I. June 1992)

Solution.  Eb1 = 500 − 200 × 0.12 = 476 V; Eb2 = 500 − 100 × 0.12 = 488 V
Φ2 = 0.8 Φ1 ; N1 = 250 rpm ; N2 = ?

Now, 2

1

N
N

=
2 1 2 1

2
1 2 1

488or ,
250 476 0.8

b

b

E N
N

E

Φ Φ
× = ×

Φ Φ = 320 r.p.m.

Example 30.2.  A 250 volt d.c. shunt motor has armature resistance of 0.25 ohm, on load it takes
an armature current of 50 A and runs at 750 r.p.m.  If the flux of motor is reduced by 10% without
changing the load torque, find the new speed of the motor. (Elect. Eng-II, Pune Univ. 1987)

Solution. 2

1

N
N

= 2 1

1 2

Φ
×

Φ
b

b

E
E

Now, Ta ∝  Φ Ia.  Hence Ta1 ∝ Φ 1 Ial and Ta2 ∝ Φ 2 Ia2.
Since Ta1 = Ta2 ∴ Φ 1 Ia1 = Φ2 Ia2

Now, Φ2 = 0.9 Φ1 ∴ 50 Φ1 = 0.9 Φ, Ia2 = 55.6 A
∴ Eb1 = 250 − (50 × 0.25) = 237.5 V ;  Eb2 = 250 − (55.6 × 0.25) = 231.1 V

∴ 2

750
N

= 1

1

231.1
237.5 0.9

Φ
×

Φ
 ; N2 = 811 r.p.m.

Example 30.3.  Describe briefly the method of speed control available for dc motors.

A 230 V d.c. shunt motor runs at 800 r.p.m. and takes armature current of 50 A.  Find resistance

Fig. 30.1

V

F
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R

h
eo
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at
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to be added to the field circuit to increase speed to 1000 r.p.m. at an armature current of 80 A.
Assume flux proportional to field current.  Armature resistance = 0.15 Ω and field winding resistance
= 250 Ω. (Elect. Technology, Hyderabad Univ. 1991)

Solution. 2

1

N
N

= 2 2 11

1 2 1 2

Φ
× = ×

Φ
b b sh

b b sh

E E I
E E I

 since flux ∝  field current

Eb1 = 230 − (50 × 0.15) = 222.5 V ; Eb2 = 230 − (80 × 0.15) = 218V
Let Rt = total shunt resistance = (250 + R) where R is the additional resistance

Ish1 = 230/250 = 0.92 A, Ish2 = 230/Rt ; N1 = 800 r.p.m. ; N = 1000 r.p.m.

∴ 1000
800

= 218 0.92
222.5 230 /

×
tR

; Rt = 319 Ω ∴ R = 319 − 250 = 69 ΩΩΩΩΩ,

Ish2 = 230
319

 = 0.721

Ratio of torque in two cases = 2 22

1 1 1

0.721 80
0.92 50

sh a

sh a

I IT
T I I

×= = =
×

1.254

Example 30.4.  A 250 V, d.c. shunt motor has shunt field resistance of 250 Ω and an armature
resistance of 0.25 Ω.  For a given load torque and no additional resistance included in the shunt
field circuit, the motor runs at 1500 r.p.m. drawing an armature current of 20 A.  If a resistance of
250 Ω is inserted in series with the field, the load torque remaining the same, find out the new speed
and armature current.  Assume the magnetisation curve to be linear.

(Electrical Engineering-I, Bombay Univ. 1987)

Solution.  In this case, the motor speed is changed by changing the flux.

Now, 2

1

N
N

= 2 1

1 2

Φ
×

Φ
b

b

E
E

Since it is given that magnetisation curve is linear, it means that flux is directly proportional to

shunt current. Hence 2 12

1 1 2

= ×b sh

b sh

E IN
N E I

 where Eb2 = V − Ia2 Ra and Eb1 = V − Ia1 Ra.

Since load torque remains the same ∴ Ta ∝ Φ 1 Ia1 ∝ Φ 2 Ia2 or Φ1 Ia1 = Φ2 Ia2

∴ Ia2 = 11
1 1

2 2

Φ
× = ×

Φ
sh

a a
sh

I
I I

I

Now, Ish1 = 250/250 = 1 A;  Ish2 = 250/(250 + 250) = 1/2 A

∴ Ia2 = 20 × 1
1/ 2

 = 40 A ∴ Eb2 = 250 − (40 × 0.25) = 240 V and

Eb1 = 250 − (20 × 0.25) = 245 V ∴ 2 240 1
1500 245 1/ 2

= ×
N  

∴ N2 = 2, 930 r.p.m.

Example 30.5.  A 250 V, d.c. shunt motor has an armature resistance of 0.5 Ω and a field
resistance of 250 Ω.  When driving a load of constant torque at 600 r.p.m., the armature current is
20 A.  If it is desired to raise the speed from 600 to 800 r.p.m., what resistance should be inserted in
the shunt field circuit ?  Assume that the magnetic circuit is unsaturated.

(Elect. Engg.  AMIETE, June 1992)

Solution. 2

1

N
N

= 2 1

1 2

Φ
×

Φ
b

b

E
E

Since the magnetic circuit is unsaturated, it means that flux is directly proportional to the shunt
current.
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∴ 2

1

N
N

= 2 1

1 2

×b sh

b sh

E I
E I

  where  Eb2 = V − Ia2 Ra and Eb1 = V − Ia1 Ra

Since motor is driving at load of constant torque,

Ta ∝  Φ1 Ia1 ∝ Φ 2 Ia2 ∴ Φ 2 Ia2 = Φ1 Ia1 or Ia2 = Ia1 × 1

2

Φ
Φ

= Ia1 ×  1

2

sh

sh

I
I

Now, Ish1 = 250/250 = 1 A ;  Ish2 = 250/Rt

where Rt is the total resistance of the shunt field circuit.

∴ Ia2 =
2120

250 / 25
× = t

t

R
R

 ; Eb1 = 250 − (20 × 0.5) = 240 V

Eb2  =  
2 250 ( / 25)800 1250 0.5 250 ( / 25)
25 600 240 250 /

− − × = − ∴ = ×  
t t

t
t

R R
R

R

0.04 Rt
2 − 250 Rt + 80,000 = 0

or Rt =
250 62, 500 12,800 27 337.5

0.08 0.08
± −

= = Ω

Additional resistance required in the shunt field circuit = 337.5 − 250 = 87.5 ΩΩΩΩΩ.

Example 30.6.  A 220 V shunt motor has an armature resistance of 0.5 Ω and takes a current
of 40 A on full-load.  By how much must the main flux be reduced to raise the speed by 50% if the
developed torque is constant ? (Elect. Machines, AMIE, Sec B, 1991)

Solution.  Formula used is 22 1

1 1 2

Φ
= ×

Φ
b

b

EN
N E

.  Since torque remains constant,

Hence Φ1 Ia1 = Φ2 Ia2 ∴  Ia2 = Ia1 . 1

2

Φ
Φ

 = 40x where x = 1

2

Φ
Φ

Eb1 = 220 − (40 × 0.5) = 200 V ; Eb2 = 220 − (40x × 0.5) = (220 − 20x) V

2

1

N
N =

3
2

... given ∴ 3
2

 = 
(220 20 )

200
− ×x

x ∴ x2 − 11x + 15 = 0

or x =
11 121 60 11 7.81

2 2
± − ±=  = 9.4* or 1.6

∴ 1

2

Φ
Φ

= 1.6 or 2

1

Φ
Φ

 = 1
1.6

∴ 1 2

1

Φ − Φ
Φ

= 1.6 1 3
1.6 8

− = ∴ percentage change in flux = 3 100
8

×  = 37.5%

Example 30.7.  A 220-V, 10-kW, 2500 r.p.m. shunt motor draws 41 A when operating at rated
conditions.  The resistances of the armature, compensating winding, interpole winding and shunt
field winding are respectively 0.2 Ω, 0.05 Ω, 0.1 Ω and 110 Ω.  Calculate the steady-state values of
armature current and motor speed if pole flux is reduced by 25%, a 1 Ω resistance is placed in series
with the armature and the load torque is reduced by 50%.

Solution.   Ish = 220/110 = 2 A; Ia1 = 41 − 2 = 39 A (Fig. 30.2)

T1 ∝ Φ 1 Ia1 and T2 ∝  Φ2 Ia2

∴ 2

1

T
T

= 11

2 2

Φ
×

Φ
a

a

I
I

* This figure is rejected as it does not give the necessay increase in speed.
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or 1
2

= 23
4 39

× aI
∴ Ia2 = 26 A

Eb1 = 220 − 39 (0.2 + 0.1 + 0.05) = 206.35 V
Eb2 = 220 − 26 (1 + 0.35) = 184.9 V

Now, 2

2500
N

= 184.9 4
206.35 3

× ; N2 = 2987 r.p.m.

Example 30.8.  A 220 V, 15 kW, 850 r.p.m. shunt motor
draws 72.2 A when operating at rated condition.  The
resistances of the armature and shunt field are 0.25 Ω and
100 Ω respectively.  Determine the percentage reduction in
field flux in order to obtain a speed of 1650 r.p.m. when
armature current drawn is 40 A.

Solution.   Ish = 220/100 = 2.2 A; Ia1 = 72.2 − 2.2 = 70 A
Eb1 = 220 − 70 × 0.25 = 202.5 V,  Eb2 = 220 − 40 × 0.25 = 210 V.

Now, 2

1

N
N

= 2 1

1 2

Φ
×

Φ
b

b

E
E

or 1

2

1650 210
850 202.5

Φ
= ×

Φ
∴ Φ 2 = 0.534 Φ1 ; 

∴ Reduction in field flux = 1 1

1

0.534Φ − Φ
Φ

 × 100 = 46.6%.

Example 30.9.  A 220 V shunt motor has an armature resistance of 0.5 ohm and takes an
armature current of 40 A on a certain load.  By how much must the main flux be reduced to raise the
speed by 50% if the developed torque is constant ?  Neglect saturation and armature reaction.

(Elect. Machines, AMIE, Sec B, 1991)

Solution. T1 ∝ Φ 1 × Φ1, → Φ1Ia1, and T2 ∝  Φ2 Ia2  Since, T1 = T2

∴ Φ 2 Ia2 = Φ1 Ia1 or Φ2/Φ1 = Ia1/Ia2 = 40/Ia2

Eb1 = 220 − 40 × 0.5 = 200 V ;  Eb2 = 220 − 0.5 Ia2

Now, 2

1

b

b

E
E

= 2 2

1 1

Φ
Φ

N
N

or 2220 0.5
200
− aI

 = 1

1 2

1.5 40×
a

N
N I

∴ Ia2 − 40 Ia2 + 24,000 = 0 or Ia2 = 63.8 A

∴ 2

1

Φ
Φ

= 40
63.8

 = 0.627 or Φ2 = 0.627 Φ1 = 62.7% ofΦ1

Example 30.10.  A d.c. shunt motor takes an armature current of 20 A from a 220 V supply.
Armature circuit resistance is 0.5 ohm.  For reducing the speed by 50%, calculate the resistance
required in the series, with the armature, if

(a) the load torque is constant
(b) the load torque is proportional to the square of the speed. (Sambalpur Univ., 1998)

Solution. Eb1 = V − Ia ra = 220 − 20 × 0.5 = 210 V
210 ∝ N1

(a) Constant Load torque
In a shunt motor, flux remains constant unless there is a change in terminal voltage or there is a

change in the field-circuit resistance.
If torque is constant, armature-current then must remain constant.  Ia = 20 amp
With an external armature-circuit resistor of R ohms, 20 × (R + 0.5) = 220 − Eb2

The speed required now is 0.5 N1.

Fig. 30.2

220 V

0.05 �

1 �

0.1 �
110 �

R
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Fig. 30.3

With constant flux, Eb ∝  speed.  Hence, 210 ∝  N1

Eb2 ∝ 0.5 N1, Eb2 = 105
R + 0.5 = (220 − 105)/20 = 5.75, giving R = 5.25 ohms

(b) Load torque is proportional to the square of speed.
With constant flux, Developed Torque at N1 r.p.m. ∝  Ia1

Tm1 ∝ 20
From the Load Side, TL1 ∝ N 2

1

Since Tm1 = TL1

20 ∝ N1
2 ...(a)

At 50% speed, Load Torque, TL2  ∝   (0.5 N1)
2

For motor torque, Tm2 ∝ Ia2

Since TL2 = Tm2, Ia2 ∝  (0.5 N1)2 ...(b)
From eqn. (a) and (b) above

2

1

a

a

I
I

= 0.25,  Ia2 = 5 amp

2

1

b

b

E
E

= 2
220 ( 0.5)

210

− +aI R
 = 0.5 N1

220 − Ia2 (R + 0.5) = 0.5 × 210

R + 0.5 =
220 105

5
−

 = 23,  R = 22.5 ohms

Check :  With the concept of armature power output :  (applied here for part (b) only as an
illustration).

Armature power–output = Eb × Ia = T × ω
When T ∝  (speed)2, Eb Ia = k1 Tω = K2 ω

3

At N1 r.p.m. 210 × 20 = K3 N1
3 ...(c)

With constant flux, at half speed
Eb2 = 105

105 × Ia2 = K3 (0.5 N1)
3 ...(d)

From eqs. (c) and (d),

2105
210 20

×
×

aI
=

3
1

3
1

0.125 × N

N
, giving Ia2 = 5 amp

This gives R = 22.5 ohms.

Example 30.11.  A 250 V shunt motor runs at 1000 r.p.m. at no-load and takes 8 A.  The total
armature and shunt field resistances are respectively 0.2 ohm, 250 ohm.  Calculate the speed when
loaded and taking 50 A.  Assume the flux to be constant.

                         (Nagpur Univ. Summer 2000)

Solution.  The current distribution is shown in Fig.
30.3.

At no load, IL = 8 amp, If = 1 amp,
Hence, Ia = 7 amp

Eb0 = 250 − 7 × 0.2 = 248.6 volts,
= K φ × 1000

∴ K φ = 0.2486

250 V

A

AA
FF

F
A

50 A 49 A

Ia

If 1 ampD.C. Supply

+

–
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At load, Ia = 49 amp
Eb1 = 250 − 49 × 0.2 = 240.2

N1 = 240.2
0.2486

 = 966.2 r.p.m.

Notes :  (i)  The assumption of constant flux has simplified the issue.  Generally, armature reaction tends to
weaken the flux and then the speed tends to increase slightly.

(ii) The no load armature current of 7 amp is required to overcome the mechanical losses of motor as well
as driven load, at about 1000 r.p.m.

Example 30.12.  A 240 V d.c. shunt motor has an armature-resistance of 0.25 ohm, and runs at
1000 r.p.m., taking an armature current 40 A.  It is desired to reduce the speed to 800 r.p.m.

(i) If the armature current remains the same, find the additional resistance to be connected in
series with the armature-circuit.

(ii) If, with the above additional resistance in the circuit, armature current decreases to 20 A,
find the speed of the motor. (Bhartiar Univ., November 1997)

Solution. Eb = 240 − 0.25 × 40 = 230 V, 230 ∝  1000 ...(a)
(i) For 800 r.p.m., Eb2 ∝ 800 ...(b)

From (a) and (b), Eb2 = 800
1000

 × 230 = 184

240 − (R + 0.25) × 40 = 184,  R = 1.15 ohm
(ii) Eb3 = 240 − 20 (1.40) = 212

Eb3 = 3

1000
N

 × 230 = 212, N3 = 212
230

 × 1000 = 922 r.p.m.

Example 30.13.  A 7.48 kW, 220 V, 990 r.p.m. shunt motor has a full load efficiency of 88%, the
armature resistance is 0.08 ohm and shunt field current is 2 A.  If the speed of this motor is reduced
to 450 r.p.m. by inserting a resistance in the armature circuit, find the motor output, the armature
current, external resistance to be inserted in the armature circuit and overall efficiency.  Assume the
load torque to remain constant. (Nagpur Univ., November 1998)

Solution.  With an output of 7.48 kW and an efficiency of 88%, the input power is 8.50 kW.
Losses are 1.02 kW.

Input Current = 85000/220 = 38.64 A
Armature-Current = 38.64 − 2.00 = 36.64 A

Power Loss in the shunt field circuit = 220 × 2 = 440 W
Copper-Loss in armature-circuit = 36.642 × 0.08 = 107.4 W

No-Load-Loss at 900 r.p.m. = 1020 − 107.4 − 440 = 473 W
At 900 r.p.m. Back-emf = Eb1 = 200 − (36.64 × 0.08) = 217.3 V

Motor will run at 450 r.p.m. with flux per pole kept constant, provided the back-emf = Eb2

= (459/900) × 217.1V = 108.5 V
There are two simplifying assumptions in this case, which must be stated before further calcula-

tions :
1. Load-torque is constant,
2. No Load Losses are constant.
(These statements can be different which leads to variations in the next steps of calculations.)
For constant load-torque, the condition of constant flux per pole results into constant armature

current, which is 36.64 A.
With an armature current of 36.64 A, let the external resistance required for this purpose be R.

36.64 R = 217.1 − 108.5 = 108.6 V, R = 2.964 ohms
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Total Losses
Total i2r - loss in armature = 36.642 × (2.964 + 0.08) = 4086 W

Field-copper-loss + No load loss = 440 + 473 = 913
Total  Loss = 4999 W

Total Output = 8500 − 4999 = 3501 W
Hence, Efficiency = (3501/8500) × 100 = 41.2%
(Note :  Because of missing data and clarification while making the statements in the question, there can be

variations in the assumption and hence in the final solutions.)

Example 30.14.  A d.c. shunt motor supplied at 230 V runs at 990 r.p.m.  Calculate the resistance
required in series with the armature circuit to reduce the speed to 500 r.p.m. assuming that armature
current is 25 amp. (Nagpur Univ., November 1997)

Solution. It is assumed that armature resistance is to
(a) At 900 r.p.m. : Eb1 = 230 = K × 900
(b) At 500 r.p.m. : Eb2 = K × 500

Therefore, Eb2 = Eb1 × 500/900 = 127.8 volts
The difference between Eb1 and Eb2 must be the drop in the external resistance to be added to the

armature circuit for the purpose of reducing the speed to 500 r.p.m.
Eb1 − Eb2 = 25 × R

R = (230 − 127.8)/25 = 4.088 ohms.

Example 30.15.  A 220 V d.c. shunt motor has an armature resistance of 0.4 ohm and a field
circuit resistance of 200 ohms.  When the motor is driving a constant-torque load, the armature-
current is 20 A, the speed being 600 r.p.m.  It is desired to run the motor at 900 r.p.m. by inserting a
resistance in the field circuit.  Find its value, assuming that the magnetic circuit is not saturated.

(Nagpur Univ., November 1996)

Solution.  (i)  At 600 r.p.m.  if 1= 220/200 = 1.1 amp
Eb1 = 220 − (20 × 0.4) = 212 volts
TL = K1 × 1.1 × 20

The back e.m.f. = 212 = K2 × 1.1 × 600
or K2 = 212/660 = 0.3212
(ii) At 900 r.p.m. : TL = K1 × if 2 × Ia2

Due to constant load torque,
  if 2 × Ia2 = 1.1 × 20 = 22

Eb2 = 220 − (0.4 Ia2) = K2 × if 2 × 900 = 289 if 2
220 − (0.4 × 22/if 2) = 289 if 2

Guess for approximate value of if 2 : Neglecting armature -resistance drop and saturation, 50%
rise in speed is obtained with proportional decrease in if 2 related by

600
900

≅ 2

1

f

f

i

i
 giving if 2  ≅  0 .73 amp

[In place of if 2, Ia2 can be evaluated first.  Its guess-work will give Ia2 ≅  1.5 × 20 ≅  30 amp]

Continuing with the solution of the equation to evaluate a value of if 2, accepting that value which
is near 0.73 amp, we have if 2 = 0.71865.  [Note that other value of if 2, which is 0.04235, is not
acceptable.].  Corresponding Ia2 = 30.6 amp.  Previous shunt field current, if 1 = 1.1, Rf 1 = 200 Ω.
New shunt field current, if 2 = 0.71865, Rf 2 = 220/0.71865 = 306 Ω.  Final answer is that a resistor of
106 ohms is to be added to the field circuit to run the motor at 900 r.p.m. at constant torque.
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Example 30.16.  A 220 V d.c. shunt motor has an armature resistance of 0.40 ohm and field-
resistance of 200 ohms.  It takes an armature current of 22 A and runs at 600 r.p.m.  It drives a load
whose torque is constant.  Suggest a suitable method to raise the speed to 900 r.p.m.  Calculate the
value of the controllable parameter. (Nagpur Univ., April 1998)

Solution. At 600 r.p.m. Ia1 = 22 amp, N1 = 600 r.p.m., if 1 = 220/200 = 1.1 amp.
Eb1 = 220 − (22 × 0.40) = 211.2 volts.

Let the Load-torque be denoted by T2, k1 and k2 in the equations below represent machine con-
stants appearing in the usual emf-equation and torque-equation for the d.c. shunt motor.

Eb1 = 211.2 = k1 × if 1 × N1 = k1 × 1.10 × 600  or  k1 = 211.2/660 = 0.32
TL  = k2 × if 1 × Ia1 = k2 × 1.10 × 22

Since the load torque will remain constant at 900 r.p.m. also, the corresponding field current
(= if 2) and armature current (= ia2) must satisfy the following relationships :

TL = k2 if 2 Ia2  = k2 × 1.10 × 22
or if 2 × Ia2 = 24.2

And Eb2 = 220 − (Ia2 × 0.40) = k1 × if 2 × 900
220 − (Ia2 × 0.40) = 0.32 × (24.2 × Ia2) × 900

(Alternatively, the above equation can also lead to a quadratic in if 2.)

This leads to a quadratic equation in Ia2.
Guess for if 2 :  Approximately, speed of a d.c. shunt motor is inversely proportional to the field

current.  Comparing the two speeds of 600 and 900 r.p.m., the value of if 2 should be approximately
given by

if 2 ≅ if 1 × (600/900) = 0.733 amp

Guess for Ia2 :  For approximate conclusions, armature-resistance drop can be ignored.  With
constant load-torque, armature-power must be proportional to the speed.

Armature-power at 900 r.p.m.
Armature-power at 600 r.p.m.

= 900
600

  =  1.5

Eb2 Ia2 = 1.5 × Eb1 Ia1

Neglecting armature-resistance drops, Eb1 − V and Eb2 − V.
This gives Ia2 = 1.5 × 22 = 33 amps
Thus, out of the two roots for if 2, that which is close to 0.733 is acceptable.  If quadratic equation

for Ia2 is being handled, that root which is near 33 amp is acceptable.
Continuing with the solution to quadratic equation for Ia2, we have

220 − 0.40 Ia2 = 0.32 × (24.2 × Ia2) × 900
220 − 0.40 Ia2 = 6969/Ia2

I2
a2 − 550 Ia2 + 17425 = 0

This gives Ia2 as either 33.75 amp or 791.25 amp.
From the reasoning given above, acceptable root corresponds to Ia2 = 33.75 amp.
Corresponding field current,if 2 = 24.2/33.75 = 0.717 amp
Previous field circuit resistance = 200 ohms

New field circuit resistance = 220/0.717 = 307 ohms
Hence, additional resistance of 107 ohms must be added to the shunt field circuit to run the motor

at 900 r.p.m. under the stated condition of constant Load torque.
Additional Check :  Exact calculations for proportions of armature-power in two cases will give

the necessary check.
Eb2 = 220 – (33.75 × 0.40) = 206.5
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As mentioned above, while guessing the value of Ia2, the proportion of armature-power should
be 1.5.

2 2

1 1

b a

b a

E I
E I

=
206.56 33.75

211.2 22
×
×

 = 1.50

Thus, the results obtained are confirmed.
Example 30.17.  A 250 V, 25 kW d.c. shunt motor has an efficiency of 85% when running at

1000 r.p.m. on full load.  The armature resistance is 0.1 ohm and field resistance is 125 ohms.  Find
the starting resistance required to limit the starting current to 150% of the rated current.

(Amravati Univ., 1999)
Solution.

Output power = 25 kW, at full-load.

Input power = 25,000
0.85

 = 29412 watts

At Full load, Input Current = 29412/250 = 117.65 amp
Field Current = 250/125 = 2 amp

F.L. Armature Current = 117.65 − 2 = 115.65 amp
Limit of starting current = 1.50 × 115.65 = 173.5 amp

Total resistance in armature circuit at starting

= 250
173.5

 = 1.441 ohms

External resistance to be added to armature circuit
= 1.441 − 0.1 = 1.341 ohm.

Tutorial Problems 30.1

1. A d.c. shunt motor runs at 900 r.p.m. from a 460 V supply when taking an armature current of 25 A.
Calculate the speed at which it will run from a 230-V supply when taking an armature current of 15
A.  The resistance of the armature circuit is 0.8 Ω.  Assume the flux per pole at 230 V to have
decreased to 75% of its value at 460 V. [595 r.p.m.]

2. A 250 V shunt motor has an armature resistance of 0.5 Ω and runs at 1200 r.p.m. when the armature
current is 80 A.  If the torque remains unchanged, find the speed and armature current when the field
is strengthened by 25%. [998 r.p.m. ; 64 A]

3. When on normal full-load, a 500 V, d.c. shunt motor runs at 800 r.p.m. and takes an armature current
42 A.  The flux per pole is reduced to 75% of its normal value by suitably increasing the field circuit
resistance.  Calculate the speed of the motor if the total torque exerted on the armature is (a) unchanged
(b) reduced by 20%.

The armature resistance is 0.6 Ω and the total voltage loss at the brushes is 2 V.

[(a)  1,042 r.p.m.  (b)  1,061 r.p.m.]
4. The following data apply to d.c. shunt motor.

Supply voltage = 460 V ; armature current = 28 A ; speed = 1000 r.p.m. ; armature resistance = 0.72
Ω.  Calculate (i)  the armature current and (ii)  the speed when the flux per pole is increased to 120%
of the initial value, given that the total torque developed by the armature is unchanged.

[(i)  23.33 A (ii)  840 r.p.m.]
5. A 100-V shunt motor, with a field resistance of 50 Ω and  armature resistance of 0.5 Ω runs at a

speed of 1,000 r.p.m. and takes a current of 10 A from the supply.  If the total resistance of the field
circuit is reduced to three quarters of its original value, find the new speed and the current taken from
the supply.  Assume that flux is directly proportional to field current. [1,089 r.p.m. ; 8.33 A]
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6. A 250 V d.c. shunt motor has armature circuit resistance of 0.5 Ω and a field circuit resistance of
125 Ω.  It drives a load at 1000 r.p.m. and takes 30 A.  The field circuit resistance is then slowly
increased to 150 Ω.  If the flux and field current can be assumed to be proportional and if the load
torque remains constant, calculate the final speed and armature current. [1186 r.p.m. 33.6 A]

7. A 250 V, shunt motor with an armature resistance of 0.5 Ω and a shunt field resistance of 250 Ω
drives a load the torque of which remains constant.  The motor draws from the supply a line current
of 21 A when the speed is 600 r.p.m.  If the speed is to be raised to 800 r.p.m., what change must be
affected in the shunt field resistance ?  Assume that the magnetization curve of the motor is a straight
line. [88 ΩΩΩΩΩ]

8. A 240 V, d.c. shunt motor runs at 800 r.p.m. with no extra resistance in the field or armature circuit,
on no-load.  Determine the resistance to be placed in series with the field so that the motor may run
at 950 r.p.m. when taking an armature current of 20 A.  Field resistance = 160 Ω.  Armature resistance
= 0.4 Ω.  It may be assumed that flux per pole is proportional to field current. [33.6 ΩΩΩΩΩ]

9. A shunt-wound motor has a field resistance of 400 Ω and an armature resistance of 0.1 Ω and runs
off 240 V supply.  The armature current is 60 A and the motor speed is 900 r.p.m.;  Assuming a
straight line magnetization curve, calculate (a) the additional resistance in the field to increase the
speed to 1000 r.p.m. for the same armature current and (b) the speed with the original field current of
200 A. [(a) 44.4 ΩΩΩΩΩ (b) 842.5 r.p.m.]

10. A 230 V d.c. shunt motor has an armature resistance of 0.5 Ω and a field resistance of 76 2/3 Ω.  The
motor draws a line current of 13 A while running light at 1000 r.p.m.  At a certain load, the field
circuit resistance is increased by 38 1/3 Ω.  What is the new speed of the motor if the line current at
this load is 42 A ? [1400 r.p.m.] (Electrical Engg. ; Grad I.E.T.E. Dec. 1986)

11. A 250 V d.c. shunt motor runs at 1000 r.p.m. and takes an armature current of 25 amp.  Its armature
resistance is 0.40 ohm.  Calculate the speed with increased load with the armature current of 50 amp.
Assume that the increased load results into flux-weakening by 3%, with respect to the flux in previous
loading condition. (Nagpur Univ., April 1996)

Hint :  (i)  First Loading condition :
Eb1 = 250 − 25 × 0.40 = K1 × 1000

(ii)  Second Loading condition :
Eb2 = 250 − 50 × 0.40 = 230 K1 × (0.97 φ) × N2.  This gives N2. [988 r.p.m.]

(ii) Armature or Rheostatic Control Method
This method is used when speeds below the no-load speed are required.   As the supply voltage

is normally constant, the voltage across the armature is varied by inserting a variable rheostat or
resistance (called controller resistance) in series with the armature circuit as shown in Fig. 30.4 (a).
As controller resistance is increased, p.d. across the armature is decreased, thereby decreasing the
armature speed.  For a load constant torque, speed is approximately proportional to the p.d. across the
armature.  From the speed/armature current characteristic [Fig. 30.4 (b)], it is seen that greater the
resistance in the armature circuit, greater is the fall in the speed.
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Let Ia1 = armature current in the first case
Ia2 = armature current in the second case

(If Ia1 = Ia2, then the load is of constant torque.)
N1, N2 = corresponding speeds, V = supply voltage

Then N1 ∝ V − Ia1 Ra ∝  Eb1
Let some controller resistance of value R be added to the armature circuit resistance so that its

value becomes (R + Ra) = Rt.

Then N2 ∝ V − Ia2 Rt ∝  Eb2 ∴ 22

1 1

= b

b

EN
N E

(In fact, it is a simplified form of relation given in Art. 27.9 because here Φ1 = Φ2.)

Considering no-load speed, we have 
0 0

−
=

−
a t

a a

V I RN
N V I R

Neglecting Ia0 Ra with respect to V, we get

N = 0 1
 −  

a tI R
N

V
It is seen that for a given resistance Rt the speed is a linear

function of armature current Ia as shown in Fig. 30.5 (a).
The load current for which the speed would be zero is found

by putting N = 0 in the above relation.

∴ 0 = 0 1
 −  

a tI R
N

V
or Ia = 

t

V
R

This is the maximum current and is known as stalling
current.

As will be shown in Art. 30.5 (a), this method is very
wasteful, expensive and unsuitable for rapidly changing loads
because for a given value of Rt, speed will change with load.
A more stable operation can be obtained by using a divertor
across the armature in addition to armature control resistance
(Fig. 30.5 (b)).  Now, the changes in armature current (due to
changes in the load torque) will not be so effective in changing
the p.d. across the armature (and hence the armature speed).

Example 30.18.  A 200 V d.c. shunt motor running at 1000 r.p.m. takes an armature current of
17.5 A.  It is required to reduce the speed to 600 r.p.m.  What must be the value of resistance to be
inserted in the armature circuit if the original armature resistance is 0.4 Ω ?  Take armature current
to be constant during this process. (Elect. Engg. I Nagpur Univ. 1993)

Solution. N1 = 1000 r.p.m. ; Eb1 = 200 − 17.5 × 0.4 = 193 V
Rt = total arm. circuit resistance ; N2 = 600 r.p.m. ; Eb2 = (200 − 17.5 Rt)

Since Ish remains constant ; Φ1 = Φ2

∴ 600
1000

=
(200 17.5 )

193
− tR

;  Rt = 4.8 Ω

∴ Additional resistance reqd. R = Rt − Ra = 4.8 − 0.4 = 4.4 ΩΩΩΩΩ.
It may be noted that brush voltage drop has not been considered.
Example 30.19.  A 500 V d.c. shunt motor has armature and field resistances of 1.2 Ω and

500 Ω respectively.  When running on no-load, the current taken is 4 A and the speed is 1000 r.p.m.
Calculate the speed when motor is fully loaded and the total current drawn from the supply is 26 A.
Estimate the speed at this load if (a) a resistance of 2.3 Ω is connected in series with the armature
and (b) the shunt field current is reduced by 15%. (Electrical Engg. I, Sd. Patel Univ. 1985)

Fig. 30.5 (a)

aIa
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Field

Divertor

+

Fig. 30.5 (b)

F
ie

ld

Series
Resistance

Divertor
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Solution. Ish = 500/500 = 1 A ; Ia1 = 4 − 1 = 3 A
Eb1 = 500 − (3 × 1.2) = 496.4 V Ia2 = 26 − 1 = 25 A

Eb2 = 500 − (25 × 1.2) = 470 V ∴  2

1000
N

= 470
496.4

 ;  N2 = 947 r.p.m.

(a) In this case, total armature circuit resistance = 1.2 + 2.3 = 3.5 Ω

∴ Eb2 = 500 − (25 × 3.5) = 412.5 V ∴ 2

1000
N

 = 412.5
496.4

 ;  N2 = 831 r.p.m.

(b) When shunt field is reduced by 15%, Φ2 = 0.85 Φ1 assuming straight magnetisation curve.

2

1000
N

= 412.5 1
496.4 0.85

×  ;  N2 = 977.6 r.p.m.

Example 30.20.  A 250-V shunt motor (Fig. 30.6) has an armature current of 20 A when running
at 1000 r.p.m. against full load torque.  The armature resistance is 0.5 Ω.  What resistance must be
inserted in series with the armature to reduce the speed to 500 r.p.m. at the same torque and what will
be the speed if the load torque is halved with this resistance in the circuit ?  Assume the flux to remain
constant throughout and neglect brush contact drop.

(Elect. Machines AMIE Sec. B Summer 1991)

Solution.  Eb1 = V − Ia1 Ra = 250 − 20 × 0.5 = 240 V
Let Rt to be total resistance in the armature circuit i.e. Rt = Ra + R, where R is the additional

resistance.
∴ Eb2 = V − Ia2 Rt = 250 − 20 Rt

It should be noted that Ia1 = Ia2 = 20 A because torque
remains the same and Φ1 = Φ2 in both cases.

∴ 2

1

N
N

= 2 21

1 2 1

Φ
× =

Φ
b b

b b

E E
E E

 or 250 20500
1000 240

−
= tR

∴ Rt = 6.5 Ω ; hence, R = 6.5 − 0.5 = 6 ΩΩΩΩΩ
Since the load is halved, armature current is also halved

because flux remains constant.  Hence, Ia3 = 10 A.

∴ 3

1000
N

= 250 10 6.5
240

− × or N3 = 771 r.p.m.

Example 30.21.  A 250-V shunt motor with armature resistance of 0.5 ohm runs at 600 r.p.m. on
full-load and takes an armature current of 20 A.  If resistance of 1.0 ohm is placed in the armature
circuit, find the speed at (i) full-load torque (ii) half full-load torque.

(Electrical Machines-II, Punjab Univ. May 1991)

Solution.  Since flux remains constant, the speed formula becomes 22

1 1

= b

b

EN
N E

.

(i) In the first case, full-load torque is developed.
N1 = 600 r.p.m.; Eb1 = V − Ia1 Ra1 = 250 − 20 × 0.5 = 240 V

Now, T ∝ Φ  Ia ∝  Ia (∵  Φ is constant)

∴ 2

1

T
T

= 2

1

a

a

I
I

Since T2 = T1 ;  Ia2 = Ia1 = 20 A

Eb2 = V − Ia2 Ra2 = 250 − 20 × 1.5 = 220 V,

N2 = 2

600
N

 = 220
240

 ; N2 = 
600 220

240
×

 = 550 r.p.m.

(ii) In this case, the torque developed is half the full-load torque.

Fig. 30.6

0.5

20 A

250 A
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2

1

T
T

= 2

1

a

a

I
I

or 1

1

/ 2T
T

 = 2

20
aI

 ; Ia2 = 10 A ; Eb2 = 250 − 10 × 1.5 = 235 V

2

600
N

= 235
240

 ;  N2 = 600 × 235
240

 = 587.5 r.p.m.

Example 30.22.  A 220 V shunt motor with an armature resistance of 0.5 ohm is excited to give
constant main field.  At full load the motor runs of 500 rev. per minute and takes an armature
current of 30 A.  If a resistance of 1.0 ohm is placed in the armature circuit, find the speed at (a)
full-load torque (b) double full-load torque. (Elect. Machines-I, Nagpur Univ. 1993)

Solution.  Since flux remains constant, the speed formula becomes N2/N1 = Eb2/Eb1.
(a) Full-load torque
With no additional resistance in the armature circuit,

N1 = 500 r.p.m. ; Ia1 = 30 A ; Eb1 = 220 − 30 × 0.5 = 205 V

Now, T ∝  Ia (since Φ is constant.)  ∴ 22

1 1

= a

a

IT
T I

  Since T2 = T1 ; Ia2 = Ia1 = 30 A

When additional resistance of 1 Ω is introduced in the armature circuit,

Eb2 = 220 − 30 (1 + 0.5) = 175 V ; N2 = ? 2

500
N

 = 175
205

 ; N2 = 427 r.p.m.

(b) Double Full-load Torque

2

1

T
T

= 2

1

a

a

I
I

 or 1

1

2T
T

 = 2

30
aI

; Ia2 = 60 A

∴ Eb2 = 220 − 60 (1 + 0.5) = 130 V

∴ 2

500
N = 130

205
 ;  N2 = 317 r.p.m.

Example 30.23.  The speed of a 50 h.p (37.3 kW) series motor working on 500 V supply is 750
r.p.m. at full-load and 90 per cent efficiency.  If the load torque is made 350 N-m and a 5 ohm
resistance is connected in series with the machine, calculate the speed at which the machine will
run.  Assume the magnetic circuit to be unsaturated and the armature and field resistance to be 0.5
ohm. (Electrical Machinery I, Madras Univ. 1986)

Solution.  Load torque in the first case is given by
T1 = 37,300/2π (750/60) = 474.6 N-m

Input current, Ia1 = 37,300/0.9 × 500 = 82.9 A
Now, T2 = 250 N-m ; Ia2 = ?
In a series motor, before magnetic saturation,

T ∝ Φ Ia ∝  Ia2 ∴ T1 ∝  Ia1
2 and T2 ∝  Ia2

2

∴
2

2

1

 
 
 

a

a

I

I
= 2

1

T
T

∴ Ia2 = 82.9 250 / 474.6 60.2 A× =

Now, Eb1 = 500 − (82.9 × 0.5) = 458.5 V ;

Eb2 = 500 − 60.2 (5 + 0.5) = 168.9 V

Using 2

1

N
N

= 2 2

1 1

×b a

b a

E I
E I

, we get  2 168.9 82.9
750 458.5 60.2

= ×
N ∴  N2 = 381 r.p.m.

Example 30.24.  A 7.46 kW, 220 V, 900 r.p.m. shunt motor has a full-load efficiency of 88 per
cent, an armature resistance of 0.08 Ω and shunt field current of 2 A.  If the speed of this motor is
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reduced to 450 r.p.m. by inserting a resistance in the armature circuit, the load torque remaining
constant, find the motor output, the armature current, the external resistance and the overall efficiency.

(Elect. Machines, Nagpur Univ. 1993)

Solution.  Full-load motor input current I = 7460/220 × 0.88 = 38.5 A
∴ Ia1 = 38.5 − 2 = 36.5 A
Now, T ∝ Φ  Ia.  Since flux remains constant.

∴ T ∝ Ia ∴ Ta1 ∝  Ia1 and Ta2 ∝  Ia2 or 2 2

1 1

a a

a a

T I
T I

=

It is given that Ta1 = Ta2 ; hence Ia1 = Ia2 = 36.5 A
Eb1 = 220 − (36.5 × 0.08) = 217.1 Ω
Eb2 = 220 − 36.5 Rt ; N1 = 900 r.p.m.; N2 = 450 r.p.m.

Now, 2

1

N
N

= 2 21

1 2 1

Φ
× =

Φ
b b

b b

E E
E E

(∵ Φ1 = Φ2)

∴ 450
900

=
200 36.5

217.1
− tR

 ;  Rt = 3.05 Ω

∴ External resistance R = 3.05 − 0.08 = 2.97 ΩΩΩΩΩ
For calculating the motor output, it will be assumed that all losses except copper losses vary

directly with speed.

Since motor speed is halved, stray losses are also halved in the second case.  Let us find their
value.

In the first case, motor input = 200 × 38.5 = 8,470 W; Motor output = 7,460 W
Total Cu losses + stray losses = 8470 − 7460 = 1010 W

Arm. Cu loss = Ia1
2 Ra = 36.52 × 0.08 = 107 W ;  Field Cu loss = 220 × 2 = 440 W

Total Cu loss = 107 + 440 = 547 W ∴ Stray losses in first case = 1010 − 547 = 463 W
Stray losses in the second case = 463 × 450/900 = 231 W

Field Cu loss = 440 W, as before ; Arm.  Cu loss = 36.52 × 3.05 = 4,064 W
Total losses in the 2nd case = 231 + 440 + 4,064 = 4,735 W
Input = 8,470 W – as before

Output in the second case = 8,470 − 4,735 = 3,735 W
∴ Overall η = 3,735/8,470  =  0.441 or 44.1 per cent*

Example 30.25.  A 240 V shunt motor has an armature current of 15 A when running at 800
r.p.m. against F.L. torque.  The arm. resistance is 0.6 ohms.  What resistance must be inserted in
series with the armature to reduce the speed to 400 r.p.m., at the same torque ?

What will be the speed if the load torque is halved with this resistance in the circuit ?  Assume the
flux to remain constant throughout. (Elect. Machines-I Nagpur Univ. 1993)

Solution.  Here, N1 = 800 r.p.m.,  Eb1 = 240 − 15 × 0.6 = 231 V
Flux remaining constant, T ∝  Ia.  Since  torque  is  the same in both cases, Ia2 = Ia1 = 15 A.  Let

R be the  additional  resistance  inserted in  series  with  the  armature.  Eb2 = 240 − 15 (R + 0.6) ; N2
= 400 r.p.m.

∴ 400
800

=
240 15 ( 0.6)

231
− +R

;  R = 7.7 Ω

* It may be noted that efficiency is reduced almost in the ratio of the two speeds.
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When load torque is halved :
With constant flux when load torque is halved, Ia is also halved.  Hence, Ia3 = Ia1/2 = 15/2 = 7.5 A
∴ Eb3 = 240 − 7.5 (7.7 + 0.6) = 177.75 V ; N3 = ?

3

1

N
N

= 3

1

b

b

E
E

  or 3

800
N

 = 177.75
231

 ; N3 = 614.7 r.p.m.

Example 30.26.  (a)  A 400 V shunt connected d.c. motor takes a total current of 3.5 A on no
load and 59.5 A at full load.  The field circuit resistance is 267 ohms and the armature circuit
resistance is 0.2 ohms (excluding brushes where the drop may be taken as 2 V).  If the armature
reaction effect at ‘full-load’ weakens the flux per pole by 2 percentage change in speed from no-load
to full-load.

(b) What resistant must be placed in series with the armature in the machine of (a) if the full-
load speed is to be reduced by 50 per cent with the gross torque remaining constant ?  Assume no
change in the flux. (Electrical Machines, AMIE Sec. B, 1989)

Solution.   (a)  Shunt current Ish = 400/267 = 1.5 A.  At no load, Ia1 = 3.5 − 1.5 = 2 A, Eb1
= V − Ia1 Rai − brush drop = 400 − 2 × 0.2 − 2 = 397.6 V.  On full-load, Ia2 = 59.5 − 1.5 = 58 A, Eb2 =
400 − 58 × 0.2 − 2 = 386.4 V.

∴ 1

2

b

b

E
E

= 1 1

2 2

Φ
Φ

N

N
or 1 1 1

1 2 2

397.6 ; 1.0084
386.4 0.98

N N
N N

Φ
= =

Φ

% change in speed = 1 2

1

100
−

×
N N

N

= ( )11 100
1.0084

− ×  = 0.833

(b) Since torque remains the same, Ia remains the same, hence Ia3 = Ia2.  Let R be the resistance
connected in series with the armature.

Eb3 = V − Ia2 (Ra + R) − brush drop
= 400 − 58 (0.2 + R) − 2 = 386.4 − 58 R

∴ 2

3

b

b

E
E

= 2 2 2

3 3 3

Φ
=

Φ
N N
N N

(Q Φ2 = Φ3)

386.4
386.4 58− R

= 1
0.5

 ;   R = 3.338 ΩΩΩΩΩ

Example 30.27.  A d.c. shunt drives a centrifugal pump whose torque varies as the square of the
speed.  The motor is fed from a 200 V supply and takes 50 A when running at 1000 r.p.m.  What
resistance must be inserted in the armature circuit in order to reduce the speed to 800 r.p.m. ?  The
armature and field resistance of the motor are 0.1 Ω and 100 Ω respectively.

(Elect. Machines, Allahabad Univ. 1992)

Solution. In general,   T ∝ Φ  Ia

For shunt motors whose excitation is constant,
T ∝ Ia ∝  N 2, as given.

∴ Ia ∝ N 2.  Now Ish = 200/100 = 2 A ∴ Ia1 = 50 − 2 = 48 A

Let Ia2 = new armature current at 800 r.p.m.
then 48 ∝ N1

2 ∝  10002 and Ia2 ∝  N2
2 ∝  8002

∴ 2

48
aI

= ( )2800
1000

= 0.82 ∴ Ia2 = 48 × 0.64 = 30.72 A
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∴ Eb1 = 200 − (48 × 0.1) = 195.2 V ; Eb2 = (200 − 30.72 Rt) V

Now, 2

1

N
N

= 2

1

b

b

E
E

∴ 800
1000

 = 
200 30.72

195.2
− tR

, Rt = 1.42 Ω

Additional resistance = 1.42 − 0.1 = 1.32 ΩΩΩΩΩ
Example 30.28.  A 250 V, 50 h.p. (373 kW) d.c. shunt motor has an efficiency of 90% when

running at 1,000 r.p.m. on full-load.  The armature and field resistances are 0.1 Ω and 115 Ω
respectively.  Find

(a) the net and developed torque on full-load.
(b) the starting resistance to have the line start current equal to 1.5 times the full-load current.
(c) the torque developed at starting. (Elect. Machinery-I, Kerala Univ. 1987)

Solution.  (a) Tsh = 9.55 × 37,300/1000 = 356.2 N-m

Input current =
37,300

250 0.9×  = 165.8 A ; Ish = 250
125

 = 2 A

∴ Ia = 165.8 − 2 = 163.8 A ; Eb = 250 − (163.8 × 0.1) = 233.6 V

∴ Ta = 9.55 
233.6 163.8

1000
×

 = 365.4 N-m

(b) F.L. input line I = 165.8 A ; Permissible input I = 165.8 × 1.5 = 248.7 A
Permissible armature current = 248.7 − 2 = 246.7 A

Total armature resistance = 250/246.7 = 1.014 Ω
∴ Starting resistance required = 1.014 − 0.1 = 0.914 ΩΩΩΩΩ
(c) Torque developed with 1.5 times the F.L. current would be practically 1.5 times the F.L.

torque.

i.e. 1.5 × 365.4 = 548.1 N-m.

Example 30.29.  A 200 V shunt motor with a shunt resistance of 40 Ω and armature resistance
of 0.02 Ω takes a current of 55 A and runs at 595 r.p.m. when there is a resistance of 0.58 Ω in series
with armature.  Torque remaining the same, what change should be made in the armature circuit
resistance to raise the speed to 630 r.p.m. ?  Also find

(i) At what speed will the motor run if the load torque is reduced such that armature current is
15 A.

(ii) Now, suppose that a divertor of resistance 5 Ω is connected across the armature and series
resistance is so adjusted that motor speed is again 595 r.p.m., when armature current is
50 A.  What is the value of this series resistance ?  Also, find the speed when motor current
falls of 15 A again.

Solution.  The circuit is shown in Fig. 30.7.

200 V

aI

IR

I

(200 - IR)

R

5
W

0.58 W

220 W50 W

0.02 W Ia

5 A 55 A

4
0

W

S
h

u
n

t

Fig. 30.7 Fig. 30.8
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Ish = 200/40 = 5 A ∴ Ia1 = 55 − 5 = 50 A
Armature circuit resistance = 0.58 + 0.02 = 0.6 Ω

∴ Eb1 = 200 − (50 × 0.6) = 170 V
Since torque is the same in both cases,  Ia1 Φ1 = Ia2 Φ2

Moreover, Φ1 = Φ2 ∴ Ia1 = Ia2 ∴ Ia2 = 50 A
Now Eb1 = 170 V, N1 = 595 r.p.m.,  N2 = 630 r.p.m., Eb2 = ?

Using 2

1

N
N

= 2

1

b

b

E
E

(∵ Φ1 = Φ2)

we get    Eb2  =   170 × (630/595) = 180 V
Let R2 be the new value of armature circuit resistance for raising the speed from 595 r.p.m. to 630

r.p.m.
∴ 180 = 200 − 50 R2 ∴ R = 0.4 Ω
Hence, armature circuit resistance should be reduced by 0.6 − 0.4 = 0.2 Ω.Ω.Ω.Ω.Ω.
(i) We have seen above that

Ia1 = 50 A, Eb1 = 170 V, N1 = 595 r.p.m.

If Ia2 = 15 A,  Eb2 = 200 − (15 × 0.6) = 191 V

∴ 2

595
N

= 191
170

∴ N2 = 668.5 r.p.m.

(ii) When armature divertor is used (Fig. 30.8).
Let R be the new value of series resistance
∴ Eb3 = 200 − IR − (50 × 0.02) = 199 − IR
Since speed is 595 r.p.m., Eb3 must be equal to 170 V
∴ 170 = 199 − IR ∴  IR = 29 V; P.D. across divertor = 200 − 29 = 171 V

Current through divertor Id = 171/5 = 34.2 A ∴ I = 50 + 34.2 = 84.2 A

As IR = 29 V ∴ R = 29/84.2 = 0.344 W
When Ia = 15 A, then  Id = (I − 15) A

P.D. across divertor = 5 (I − 15) = 200 − 0.344 I ∴ I = 51.46 A

Eb4 = 200 − 0.344 I − (15 × 0.02)
= 200 − (0.344 × 51.46) − 0.3 = 182 V

∴ 4

1

N
N

= 4

1

b

b

E
E

or 4 182
595 170

=
N ∴ N4 = 637 r.p.m.

The effect of armature divertor is obvious.  The speed without divertor is 668.5 r.p.m. and with
armature divertor, it is 637 r.p.m.

(iii) Voltage Control Method
(a) Multiple Voltage Control
In this method, the shunt field of the motor is connected permanently to a fixed exciting voltage,

but the armature is supplied with different voltages by connecting it across one of the several different
voltages by means of suitable switchgear.  The armature speed will be approximately proportional to
these different voltages.  The intermediate speeds can be obtained by adjusting the shunt field regulator.
The method is not much used, however.

(b) Ward-Leonard System
This system is used where an unusually wide (upto 10 : 1) and very sensitive speed control is

required as for colliery winders, electric excavators, elevators and the main drives in steel mills and
blooming and paper mills.  The arrangement is illustrated in Fig. 30.9.

M1 is the main motor whose speed control is required.  The field of this motor is permanently
connected across the d.c. supply lines.  By applying a variable voltage across its armature, any desired
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speed can be obtained.  This variable voltage is supplied by a motor-generator set which consists of
either a d.c. or an a.c. motor M2 directly coupled to generator G.

Fig. 30.9

The motor M2 runs at an approximately constant speed.  The output voltage of G is directly fed to
the main motor M1.  The voltage of the generator can be varied from zero up to its maximum value by
means of its field regulator.  By reversing the direction of the field current of G by means of the
reversing switch RS, generated voltage can be reversed and hence the direction of rotation of M1.  It
should be remembered that motor generator set always runs in the same direction.

Despite the fact that capital outlay involved in this system is high because (i) a large output
machine must be used for the motor generator set and (ii) that two extra machines are employed, still
it is used extensively for elevators, hoist control and for main drive in steel mills where motor of
ratings 750 kW to 3750 kW are required.  The reason for this is that the almost unlimited speed
control in either direction of rotation can be achieved entirely by field control of the generator and the
resultant economies in steel production outwiegh the extra expenditure on the motor generator set.

A modification of the Ward-Leonard system is known as Ward-Leonard-Ilgner system which
uses a smaller motor-generator set with the addition of a flywheel whose function is to reduce fluctua-
tions in the power demand from the supply circuit.  When main motor M1 becomes suddenly over-
loaded, the driving motor M2 of  the motor generator set slows down, thus allowing the inertia of the
flywheel to supply a part of the overload.  However, when the load is suddenly thrown off the main
motor M1, then M2 speeds up, thereby again storing energy in the flywheel.

When the Ilgner system is driven by means of an a.c. motor (whether induction or synchronous)
another refinement in the form of a ‘slip regulator’ can be usefully employed, thus giving an addi-
tional control.

The chief disadvantage of this system is its low overall efficiency especially at light loads.  But as
said earlier, it has the outstanding merit of giving wide speed control from maximum in one direction
through zero to the maximum in the opposite direction and of giving a smooth acceleration.

Example 30.30.  The O.C.C. of the generator of a Ward-Leonard set is

Field amps : 1.4 2.2 3 4 5 6 7 8

Armature volts : 212 320 397 472 522 560 586 609

The generator is connected to a shunt motor, the field of which is separately-excited at 550 V.  If
the speed of motor is 300 r.p.m. at 550 V, when giving 485 kW at 95.5% efficiency, determine the
excitation of the generator to give a speed of 180 r.p.m. at the same torque.  Resistance of the motor

Motor Generator Variable speed Motor

D.C. Supply Line

Shunt
Field

R.S.
Field
Regulator

Shunt
Field
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armature circuit = 0.01 Ω, resistance of the motor field = 60 Ω, resistance of generator armature
circuit = 0.01 Ω.  Ignore the effect of armature reaction and variation of the core factor and the
windage losses of the motor.

Solution. Motor input = 485 × 103/0.955 = 509,300 W
Motor to motor field = 550/60 = 55/6 A
Input to motor field = 550 × 55/6 = 5,040 W

∴ Motor armature input = 509,300 − 5,040 = 504,260 W
∴ Armature current = 504,260/550 = 917 A

Back e.m.f. Eb1 at 300 r.p.m. = 550 − (917 × 0.01) = 540.83 V
Back e.m.f. Eb2 at 180 r.p.m. = 540.83 × 180/300 = 324.5 V

Since torque is the same, the armature current of the main motor is also the same i.e. 917 A
because its excitation is independent of its speed.

∴ V = 324.5 + (917 × 0.01) = 333.67 V
Generated e.m.f. = V + Ia Ra ...for generator

333.67 + (917 × 0.011) = 343.77 V.
If O.C.C. is plotted from the above given data, then it

would be found that the excitation required to give 343.77
V is 2.42 A.

∴ Generator exciting current = 2.42 A

30.3. Speed Control of Series Motors

1. Flux Control Method
Variations in the flux of a series motor can be brought

about in any one of the following ways :
(a) Field Divertors
The series winding are shunted by a variable resistance

known as field divertor (Fig. 30.10).  Any desired amount
of current can be passed through the divertor by adjusting
its resistance.  Hence the flux can be decreased and
consequently, the speed of  the motor increased.

(b) Armature Divertor
A divertor across the armature can be used for giving speeds lower than the normal speed (Fig.

30.11).  For a given constant load torque, if Ia is reduced due to armature divertor, the Φ must
increase.
(∵ Ta ∝ Φ  Ia).  This results in an increase in current taken from the supply (which increases the flux
and a fall in speed (N ∝  I/Φ)). The variation in speed can be controlled by varying the divertor
resistance.

Fig. 30.10

aIa

Series
Field

Divertor

+

Series
Field

+

A
rm

at
u

re
D

iv
er

to
r

+

Series Field

Fig. 30.11 Fig. 30.12
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(c) Trapped Field Control Field
This method is often used in electric traction and is shown in Fig. 30.12.
The number of series filed turns in the circuit can be changed at will as  shown.  With  full  field,

the motor runs at its minimum speed which can be raised in steps by cutting out some of the series
turns.

(d) Paralleling Field coils
In this method, used for fan motors, several speeds can be obtained by regrouping the field coils

as shown in Fig. 30.13.  It is seen that for a 4-pole motor, three speeds can be obtained easily.  (Ex.30.35)

(a ) (b ) (c

Divertor

)

Fig. 30.13

2. Variable Resistance in Series with Motor
By increasing the resistance in series with the armature (Fig. 30.14) the voltage applied across

the armature terminals can be decreased.
With reduced voltage across the armature, the speed is reduced.  However, it will be noted that

since full motor current passes through this resistance, there is a considerable loss of power in it.

(a)

+

Series Field

(b)

No Resistance

W
ith Resistance

Current

S
p

ee
d

Fig. 30.14

Example 30.31.  A d.c. series motor drives a load the torque of which varies as the square of the
speed.  The motor takes a current of 15 A when the speed is 600 r.p.m.  Calculate the speed and the
current when the motor field winding is shunted by  a divertor of the same resistance as that of the
field winding.  Mention the assumptions made, if any. (Elect. Machines, AMIE Sec B, 1993)

Solution.
Ta1 ∝ N1

2, Ta2 ∝  N2
2 ∴ Ta2/Ta1 = N2

2/N1
2

Also, Ta1 ∝ Φ 1 Ia1 ∝  Ia1
2, Ta2 ∝  Φ2 Ia2 ∝  (Ia2/2) Ia2 ∝  Ia2

2/2
It is so because in the second case, field current is half the armature current.

∴
2
2
2
1

N

N
=

2
2

2
1

/ 2a

a

I

I
or 2

1

N
N

 = 2

12
a

a

I

I
... (i)
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Now, 2

1

N
N

= 2 1

1 2

Φ
×

Φ
b

b

E
E

If we neglect the armature and series winding drops as well as brush drop, then Eb1 = Eb2 = V

2

1

N
N

= 1 11

2 2 2

2
/2

a a

a a

I I

I I

Φ
= =

Φ
...(ii)

From (i) and (ii), 2

12
a

a

I

I
= 1

2

2 a

a

I
I

or Ia2
2 = 2 2

12 2 2 2 15= ×aI or Ia2 = 25.2 A

From (ii), we get, N2 = 600 × 2 × 15/252 = 714 r.p.m.

Example 30.32.  A 2-pole series motor runs at 707 r.p.m. when taking 100 A at 85 V and with the
field coils in series.  The resistance of each field coil is 0.03 Ω and that of the armature 0.04 Ω. If the
field coils are connected in parallel and load torque remains constant, find (a) speed (b) the additional
resistance to be inserted in series with the motor to restore the speed to 707 r.p.m.

Solution.  Total armature circuit resistance = 0.04 + (2 × 0.03) = 0.1 Ω
Ia1 = 100 A ; Eb1 = 85 − (100 × 0.1) = 75 V

When series field windings are placed in parallel, the current through each is half the armature
current.

If Ia2 = new armature current ; then Φ2 ∝  Ia2/2.
As torque is the same in the two cases,

∴ Φ 1 Ia1 = Φ2 Ia2 or Ia1
2 = 

2
2 2

22 2
× =a a

a
I I

I

∴ 1002 = Ia2
2 ∴ Ia2 = 100 2  = 141.4 A

In this case, series field resistance = 0.03/2 = 0.015 Ω
∴ Eb2 = 85 − 141.4 (0.04 + 0.015) = 77.22 V

2

707
N

= 77.22 100
75 141.4 / 2

× (∵ Φ2 ∝  Ia2/2)

(a) ∴ N2 = 707 × 77.22 200
75 141.4

×  = 1029 r.p.m.

(b) Let the total resistance of series circuit be Rt.
Now, Eb1 = 77.22 V,  N1 = 1029 r.p.m. ; Eb2 = 85 − 141.4 Rt, N2 = 707 r.p.m.

707
1029

=
85 141.4

77.22
− tR

∴ Rt = 0.226 Ω

∴ Additional resistance = 0.226 − 0.04 − 0.015 = 0.171 ΩΩΩΩΩ
Example 30.33.  A 240 V series motor takes 40 amperes when giving its rated output at 1500

r.p.m.  Its resistance is 0.3 ohm.  Find what resistance must be added to obtain rated torque (i) at
starting (ii) at 1000 r.p.m. (Elect. Engg., Madras Univ. 1987)

Solution.  Since torque remains the same in both cases, it is obvious that current drawn by the
motor remains constant at 40 A. (∵ Ta ∝  Ia

2)

(i) If R is the series resistance added, then 40 = 240/(R + 0.3) ∴ R = 5.7 Ω
(ii) Current remaining constant, Ta ∝  Eb/N – Art. 29.7

1

1

bE
N

= 2

2

bE
N

Now, Eb1 = 240 − 40 × 0.3 = 228 V ; N1 = 1500 r.p.m.
Eb2 = 240 − 40 (R + 0.3) V ; N2 = 1000 r.p.m.
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∴ 228
1500

= 240 40 ( 0.3)
1000

− +R  ;  R = 1.9 ΩΩΩΩΩ

Example 30.34.  A 4-pole, series-wound fan motor runs normally at 600 r.p.m. on a 250 V d.c.
supply taking 20 A.  The field coils are connected at in series.  Estimate the speed and current taken
by the motor if the coils are reconnected in two parallel groups of two in series.  The load torque
increases as the square of the speed.  Assume that the flux is directly proportional to the current and
ignore losses. (Elect. Machines, AMIE, Sec B. 1990)

Solution.  When coils are connected in two parallel groups, current through each becomes Ia2/2
where Ia2 is the new armature current.

Hence, Φ2 ∝ Ia2/2
Now Ta ∝ Φ  Ia

∝ N2 – given

∴ Φ 1 Ia1 ∝ N1
2 and Φ2 Ia2 ∝  N2

2 ∴
2

2

1

 
 
 

N
N

 =  2 2

1 1

Φ
Φ

a

a

I
I

... (i)

Since losses are negligible, field coil resistance as well as armature resistance are negligible.  It
means that armature and series field voltage drops are negligible.  Hence, back e.m.f. in each case
equals the supply voltage.

∴ 2

1

N
N

= 2 1

1 2

Φ
×

Φ
b

b

E
E

 becomes 2

1

N
N

 = 1

2

Φ
Φ

... (ii)

Putting this value in (i) above, we get
2

1

2

Φ 
 Φ 

= 2 2

1 1

Φ
Φ

a

a

I

I
or 2

1

a

a

I
I

 = 
3

1

2

Φ 
 Φ 

Now, Φ1 ∝  20 and Φ2 ∝  Ia2/2 ∴ 2

20
aI

 = 
3

2

20
/ 2

 
 
 aI

or Ia2 = 20 × 23/4 = 33.64 A

From (ii) above, we get 2

1

N
N

= 1 11

2 2 2

2
/ 2

Φ
= =

Φ
a a

a a

I I
I I

; N2 = 600 × 2 × 20/33.64 = 714 r.p.m.

Example 30.35.  A d.c. series motor having a resistance of 1 Ω drives a fan for which the torque
varies as the square of the speed.  At 220 V, the set runs at 350 r.p.m. and takes 25 A.  The speed is to
be raised to 500 r.p.m. by increasing the voltage.  Determine the necessary voltage and the
corresponding current assuming the field to be unsaturated.

(Electrical Engg., Banaras Hindu Univ. 1998)

Solution.  Since Φ ∝  Ia, hence Ta ∝  Φ Ia ∝  Ia
2.  Also Ta ∝  N2 ...(given)

∴ Ia
2 ∝ N 2 or Ia ∝  N or Ia1 ∝ N1 and Ia2 ∝  N2

∴ 2

1

a

a

I
I

= 2
2

1

500 500; 25
350 350a

N
I

N
= = × = 250 A

7

Eb1 = 220 − 25 × 1 = 195 V ; Eb1 = V − (250/7) × 1, 1

2

25 7
250 / 7 10

Φ
= =

Φ

Now 2

1

N
N

= 2 1

1 2

(250 / 7)500 7;
350 195 10

Φ −× = ×
Φ

b

b

E V
E

; V = 433.7 V

Example 30.36.  A d.c. series motor runs at 1000 r.p.m. when taking 20 A at 200 V.  Armature
resistance is 0.5 Ω.  Series field resistance is 0.2 Ω.  Find the speed for a total current of 20 A when
a divertor of 0.2 Ω resistance is used across the series field.  Flux for a field current of 10 A is 70 per
cent of that for 20 A.
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Solution.  Eb1 = 200 − (0.5 + 0.2) × 20 = 186 V ; N1 = 1000 r.p.m.

Since divertor resistance equals series field resistance, the motor current of 20 A is divided
equally between the two.  Hence, a current of 10 A flows through series field and produces flux which
is 70% of that corresponding to 20 A.  In other words, Φ2 = 0.7 or Φ1/Φ2 = 1/0.7

Moreover, their combined resistance = 0.2/2 = 0.1 Ω
Total motor resistance becomes  = 0.5 + 0.1 = 0.6 Ω
∴ Eb2 = 200 − 0.6 × 20 = 188 V ; N2 = ?

∴ 2

1000
N = 188 1

186 0.7
×  ;  N2 = 1444 r.p.m.

Example 30.37.  A 200 V, d.c. series motor takes 40 A when running at 700 r.p.m.  Calculate the
speed at which the motor will run and the current taken from the supply if the field is shunted by a
resistance equal to the field resistance and the load torque is increased by 50%.

Armature resistance = 0.15 Ω, field resistance = 0.1 Ω
It may be assumed that flux per pole is proportional to the field.

Solution.  In a series motor, prior to magnetic saturation

T ∝ Φ  Ia  ∝   Ia
2 ∴ T1 ∝  Ia1

2 ∝  402 ...(i)
If Ia2 is the armature current (or motor current) in the second case when divertor is used, then

only Ia2/2 passes through the series field winding.
∴ Φ 2 ∝ Ia2/2 and T2 ∝  Φ2 Ia2 ∝ (Ia2/2) × Ia2 ∝  Ia2

2/2 ...(ii)

From (i) and (ii), we get 2

1

T
T

=
2

2
22 40×

aI

Also T2/T1 = 1.5 ∴ 1.5 = Ia2/2 × 402

∴ Ia2 = 21.5 2 40× ×  = 69.3 A ;

Now Eb1 = 220 − (40 × 0.25) = 210 V
Eb2 = 220 − (69.3 × 0.2*) = 206.14 V ; N1 = 700 r.p.m. ; N2 = ?

2

1

N
N

= 2 1

1 2

Φ
×

Φ
b

b

E
E

  ∴   2 206.14 40
700 210 69.3 / 2

= ×
N   ∴   N2 = 794 r.p.m.

Example 30.38.  A 4-pole, 250 V d.c. series motor takes 20 A and runs at 900 r.p.m.  Each field
coil has resistance of 0.025 ohm and the resistance of the armature is 0.1 ohm.  At what speed will the
motor run developing the same torque if :

(i) a divertor of 0.2 ohm is connected in parallel with the series field

(ii) rearranging the field coils in two series and parallel groups

Assume unsaturated magnetic operation.

(Electric Drives and their Control, Nagpur Univ. 1993)

Solution.  The motor with its field coils all connected in series is shown in Fig. 30.15 (a).  Here,
N1 = 900 r.p.m.,  Eb1 = 250 − 20 × (0.1 + 4 × 0.025) = 246 V.

In Fig. 30.15 (b), a divertor of resistance 0.2 Ω has been connected in parallel with the series
field coils.  Let Ia2 be the current drawn by the motor under this condition.  As per current-divider
rule, part of the current passing through the series fields is Ia2 × 0.2/(0.1 + 0.2) = 2 Ia2/3.  Obviously,
Φ2 ∝  2 Ia2/3.

* The combined resistance of series field winding and the divertor is 0.1/2 = 0.05 Ω.  Hence, the total
resistance = 0.15 + 0.05 = 0.2 Ω, in example 30.37.
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Now, T1 ∝ Φ 1 Ia1 ∝  Ia1
2 ; T2 ∝  Φ2 Ia2 ∝  (2 Ia2/3) Ia2 ∝  2 Ia2

2/3

Since T1 = T2 ;  ∴   Ia1
2 = 2 Ia2

2/3 or 202 = 2 Ia2
2/3 ;   ∴   Ia2 = 24.5 A.

Combined resistance of the field and divertor = 0.2 × 0.1/0.3 = 0.667 Ω ; Arm. circuit resistance
= 0.1 + 0.0667 = 0.1667 Ω;  Eb2 = 250 − 24.5 × 0.1667 = 250 − 4.1 = 245.9 V

2

1

N
N

 = 2 1 2

1 2

245.9 20;
900 246 (2 / 3) 24.5

Φ
× = ×

Φ
b

b

E N
E

; N2 = 1102 r.p.m. ...(∵  Φ2 ∝  2 Ia2/3)

250 A

20 A

(a) (b) (c)

0.025 0.025 0.025 0.025

0.1 250 V0.1

0.1

0.2

250 V0.1

Fig. 30.15

(ii) In Fig. 30.15 (c), the series field coils have been arranged in two parallel groups.  If the
motor current is Ia2, then it is divided equally between the two parallel paths.  Hence, Φ2 ∝  Ia2/2.

Since torque remains the same,
T1 ∝ Φ 1 Ia1 ∝  Ia1

2 ∝  202 ; T2 ∝  Φ2 Ia2 ∝  (Ia2/2) Ia2 ∝  Ia2
2/2

Since T1 = T2 ; ∴ 202 = Ia2
2/2 ; Ia2 = 28.28 A

Combined resistance of the two parallel paths = 0.05/2 = 0.025 Ω
Total arm. circuit resistance = 0.1 + 0.025 = 0.125 Ω

∴ Eb2 = 250 − 28.28 × 0.125 = 246.5 V

2

900
N

= 246.5 20
246 28.28 / 2

× ;  N2 = 1275 r.p.m.

Example 30.39.  A 4-pole, 230 V series motor runs at 1000 r.p.m., when the load current is 12 A.
The series field resistance is 0.8 Ω and the armature resistance is 1.0 Ω.  The series field coils are
now regrouped from all in series to two in series with two parallel paths.  The line current is now
20 A.  If the corresponding weakening of field is 15%, calculate the speed of the motor.

(Electrotechnology-I, Guwahati Univ. 1987)

1.0 � 230 V1.0 �230 V

0.8 �
12 A 20 A

0.4 �

0.4 �

( )a ( )b

Fig. 30.16
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Solution. 2

1

N
N

= 2 1

1 2

Φ
×

Φ
b

b

E
E

, Eb1 = 230 − 12 × 1.8 = 208.4 V, as in Fig. 30.16(a)

For circuit in Fig. 30.16 (b),

Eb2 = 230 − 20 (1 + 0.4/2) = 206 V ;
Φ2 = 0.85 Φ1 or Φ1/Φ2 =1/0.85

∴ 2

1000
N

= 206 1
208.4 0.85

× ∴ N2 = 1163 r.p.m.

Example 30.40.  A 200 V, d.c. series motor runs at 500 r.p.m. when taking a line current of 25 A.
The resistance of the armature is 0.2 Ω and that of the series field 0.6 Ω.  At what speed will it run
when developing the same torque when armature divertor of 10 Ω is used ?  Assume a straight line
magnetisation curve. (D.C. Machines, Jadavpur Univ. 1988)

Solution.  Resistance of motor = 0.2 + 0.6 = 0.8 Ω
∴ Eb1 = 200 − (25 × 0.8) = 180 V

Let the motor input current be I2, when armature divertor is used, as shown in Fig. 30.17.
Series field voltage drop = 0.6 I2

∴ P.D. at brushes = 200 − 0.6 I2

∴ Arm. divertor current = 2200 0.6
10
− 

  
I

 A

∴ Armature current = 2
2

200 0.6
10
− 

  
I

I

∴ Ia2 = 210.6 200
10

−I

As torque in both cases is the same, ∴ Φ 1 Ia1 = Φ2 Ia2

∴ 25 × 25 =
2

2
10.6 200

10
− 

  
I

I or 6,250 = 10.6 I2
2 − 200 I2

or 10.6 I2
2 − 200 I2 − 6250 = 0 or I2 = 35.6 A

P.D. at brushes in this case = 200 − (35.6 × 0.6) = 178.6 V

∴ Ia2 =
10.6 35.6 200

10
× −

 = 17.74 A;

Eb2 = 178.6 − (17.74 × 0.2) = 175 V

Now 2

1

N
N

= 2 1

1 2

Φ
×

Φ
b

b

E
E

or 22 1

1 1 2

= ×b

b

EN I
N E I

(∵ Φ ∝  I)

∴ 2

500
N

= 175 25
180 35.6

× ∴ N2 = 314 r.p.m.

Example 30.41.  A series motor is running on a 440 V circuit with a regulating resistance of R
Ω for speed adjustment.  The armature and field coils have a total resistance of 0.3 Ω.  On a certain
load with R = zero, the current is 20 A and speed is 1200 r.p.m.  With another load and R = 3 Ω, the
current is 15 A.  Find the new speed and also the ratio of the two values of the power outputs of the
motor.  Assume the field strength at 15 A to be 80% of that at 20 A.

Solution. Ia1 = 20 A, Ra = 0.3 Ω ;  Eb1 = 440 − (20 × 0.3) = 434 V
Ia2 = 15 A, Ra = 3 + 0.3 = 3.3 Ω ∴ Eb2 = 440 − (3.3 × 15) = 390.5 V
Φ2 = 0.8 Φ1,  N1 = 1200 r.p.m.

Fig. 30.17

0.2 W10 W

0.6 W +

I2
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Using
2

1

N
N =

2 1

1 2

Φ
×

Φ
b

b

E
E , we get N2 = 1200 × 

390.5 1
434 0.8

×  = 1350 r.p.m.

Now, in a series motor,

T ∝ Φ  Ia and power P ∝  T × N or P ∝  Φ N Ia

∴ P1 ∝ Φ 1 × 1200 × 20 and P2 ∝  0.8 Φ1 × 1350 × 15

∴ 1

2

P
P

= 1

1

1200 20
1350 15 0.8

× Φ
× × Φ

 = 1.48

Hence, power in the first case is 1.48 times the power in the second case.

Example 30.42.  A d.c. series with an unsaturated field and negligible resistance, when running
at a certain speed on a given load takes 50 A at 460 V.  If the load-torque varies as the cube of the
speed, calculate the resistance required to reduce the speed by 25%.

(Nagpur, Univ. November 1999, Madras Univ. 1987)

Solution.  Let the speed be ω radians/sec and the torque, Tem Nw-m developed by the motor.
Hence power handled = T. ω watts

Let load torque be TL, TL ∝ ω 3

TL = Tem,  Tem ∝  (50)2

Hence Load power = TL ω
Since no losses have to be taken into account, 502 ∝  ω3

Armature power, 460 × 50 ∝ ω 4

Based on back e.m.f. relationship, Eb ∝  ω Ia

460 ∝ ω ×  50

To reduce the speed by 25%, operating speed = 0.75 ω rad/sec
Let the new current be I.
From Load side torque  ∝   (0.75 ω)3

From electro-mech side, T ∝ I 2

I2 ∝ (0.75 ω)3

Comparing similar relationship in previous case,
2

250
I =

3

3

(0.75 )ω
ω

 = 0.753

I2 = 502 × 0.422 = 1055
I = 32.48 amp

Eb2 ∝ I × speed

∝ I × 0.75 ω
∝ 32.48 × 0.75 ω

2

460
bE

=
32.48 0.75

50
×

Eb2 = 224 volts
If R is the resistance externally connected in series with the motor,

Eb2 = 460 − 32.48 × R = 224

∴ R = 7.266 ohms
Previous armature power = 460 × 50 × 10−3 = 23 kW
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New armature power should be

23 × (0.75)4 = 7.28 kW
With Eb as 224 V and current as 32.48 amp

Armature power = 224 × 32.48 watts
= 7.27 kW

Thus, the final answer  is checked by this step, since the results agree.

Example 30.43.  A d.c. series motor drives a load, the torque of which varies as the square of
speed.  The motor takes a current of 15 A when the speed is 600 r.p.m.  Calculate the speed and
current when the motor-field-winding is shunted by a divertor of equal resistance as that of the field
winding.  Neglect all motor losses and assume the magnetic circuit as unsaturated.

(Bharathithasan Univ. April 1997)
Solution.  Let the equations governing the

characteristics of series motor be expressed as follows, with
no losses and with magnetic circuit unsaturated.

Torque developed by motor = Load torque
km × ise × Ia = kL × (600)2

where km, kL are constants

 Ise = series field current
Ia = Armature current

In the first case ise = Ia

With divertor, ise = id = 0.5 Ia,
Since, the resistances of divertor and series field are

equal.
In the first case, km × 15 × 15 = kL × (600)2 ...(a)
Let the supply voltage be VL volts.

Since Losses are to be neglected, armature receives a power of (VL × 15) watts.
Case (ii)  Let the new speed = N2 r.p.m. and the new armature current = Ia2 amp
So that new series-field current = 0.5 Ia2

Torque developed by motor = Load torque
km × (0.5 Ia2) × Ia2 = kL × (N2)

2 ...(b)
From equations (a) and (b) above,

2
20.5

225
aI

=
2
2

2600

N

or
2
2

2
2

 
   a

N

I
=

2600
450

 = 800 ...(c)

or N2/Ia2 = 28.28 ...(d)
Now armature receives a power of Ia2 VL watts.  Mechanical outputs in the two cases have to be

related with these electrical-power-terms.
kL = (600)2 × 2600/60 = 15 VL ...(e)
kL = N 2 × 2 N/60 = Ia2 VL ...(f)

From these two equations,
N3/6003 = Ia2/15 ...(g)

From (c) and (g), N2 Ia2 = 18,000 ...(h)

Fig. 30.18 (Divertor for speed control

250 V

A1

A2

+

–

id

Y1 Y2

Iaiae
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From (d) and (h), N2 = 713.5 r.p.m.

And Ia2 = 25.23 amp
Additional Correlation :  Since the load-torque is proportional to the square of the speed, the

mechanical output power is proportional to the cube of the speed.  Since losses are ignored, electrical
power (input) must satisfy this proportion.

(15 VL) / (25.23 VL) = (600/713.5)3

L.H.S. = 0.5945, R.H.S. = 0.5947
Hence, correlated and checked.

30.4. Merits and Demerits of Rheostatic Control Method

1. Speed changes with every change in load, because speed variations depend not only on
controlling resistance but on load current also.  This double dependence makes it impossible to keep
the speed sensibly constant on rapidly changing loads.

2. A large amount of power is wasted in the controller resistance.  Loss of power is directly
proportional to the reduction in speed.  Hence, efficiency is decreased.

3. Maximum power developed is diminished in the same ratio as speed.
4. It needs expensive arrangement for dissipation of heat produced in the controller resistance.

5. It gives speeds below  the normal, not above it because armature voltage can be decreased
(not increased) by the controller resistance.

This method is, therefore, employed when low speeds are required for a short period only and
that too occasionally as in printing machines and for cranes and hoists where motor is continually
started and stopped.
Advantages of Field Control Method

This method is economical, more efficient and convenient though it can give speeds above (not
below) the normal speed.  The only limitation of this method is that commutation becomes
unsatisfactory, because the effect of armature reaction is greater on a weaker field.

It should, however, be noted that by combining the two methods, speeds above and below the
normal may be obtained.

30.5. Series-parallel Control

In this system of speed control, which is widely used in electric traction, two or more similar
mechanically-coupled series motors are
employed.  At low speeds, the motors are joined
in series Fig. 30.19 (a) and for high speeds, are
joined in parallel Fig. 30.19 (b).

When in series, the two motors have the same
current passing through them, although the voltage
across each motor is V/2 i.e., half the supply
voltage.  When joined in parallel, voltage across
each machines is V, though current drawn by each
motor is I/2.

When in Parallel
Now speed ∝ Eb / φ ∝ Eb / current

(being series motors)

Fig. 30.19 (a) Fig. 30.19 (b)

V 2

V 2

V

I 2
I 2

V

II
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Since Eb is approximately equal to the applied voltage V :

∴ speed ∝ 2
/ 2

∝ VV
I I

Also, torque ∝ Φ  I ∝  I2 (∵ Φ ∝  I) ...(i)
∴ T ∝ (I/2)2  ∝  I2/4 ...(ii)
When in Series

Here speed ∝ / 2
2

∝ ∝
Φ

bE V V
I I

...(iii)

This speed is one-fourth of the speed of the motors when in parallel.
Similarly T ∝ Φ I  ∝  I2

The torque is four
times that produced by mo-
tors when in parallel.

This system of speed
control is usually combined
with the variable resistance
method of control described
in Art. 30.3 (2).

The two motors are
started up in series with each
other and with variable
resistance which is cut out in
sections to increase the
speed.  When all the variable
series resistance is cut out,
the motors are connected in
parallel and at the same time,
the series resistance is rein-
serted.  The resistance is
again reduced gradually till full speed is attained by the motors.  The switching sequence is shown in
Fig.30.20.  As the variable series controller resistance is not continuously rated, it has to be cut out of
the circuit fairly quickly although in the four running positions A, B,C and D, it may be left in circuit
for any length of time.

Example 30.44.  Two series motors run at a speed of 500 r.p.m. and 550 r.p.m. respectively when
taking 50 A at 500 V.  The terminal resistance of each motor is 0.5 Ω.  Calculate the speed of the
combination when connected in series and coupled mechanically.  The combination is taking 50 A
on 500 V supply. (Electrical Machinery-I, Mysore Univ. 1985)

Solution.  First Motor
Eb1 = 500 − (50 × 0.5) = 475 V ; I = 50 A

Now, N1 ∝ Eb1/Φ1 or Eb1  ∝   N1 Φ1 or Eb1 = k N1 Φ1

∴ 475 = k × 500 × Φ1 ∴ k Φ1 = 475/500
Second Motor Eb2 = 500 − (50 × 0.5) = 475 V.  Similarly, k Φ2 = 475/550
When both motors are in series

Eb′ = 500 − (50 × 2 × 0.5) = 450 V

Fig. 30.20
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Now, Eb′ = Eb1 + Eb2 = k Φ1 N + k Φ2 N

where N is the common speed when joined in series.

∴ 450 = 475 475
500 550

+N N ∴ N = 248 r.p.m.

Example 30.45.  Two similar 20 h.p. (14.92 kW), 250 V, 1000 r.p.m. series motors are connected
in series with each other across a 250 V supply.  The two motors drive the same shaft through a
reduction gearing 5 : 1 and 4 : 1 respectively.  If the total load torque on the shaft is 882 N-m,
calculate  (i) the current taken from the supply main (ii) the speed of the shaft and (iii) the voltage
across each motor.  Neglect all losses and assume the magnetic circuits to be unsaturated.

(Elect. Machines, Punjab Univ., 1991)
Solution.  (i)  Rated current of each motor = 14,920/250 = 59.68 A

Back e.m.f. Eb = 250 V (neglecting Ia Ra drop)
Now, Eb ∝ N Φ As Φ  ∝   I  ∴  Eb  ∝   NI  or  Eb = kNI

250 = k × (1000/60) × 59.68 ∴ k = 0.25

Let Nsh be the speed of the shaft.
Speed of the first motor N1 = 5 Nsh;  Speed of the second motor N2 = 4 Nsh

Let I be the new current drawn by the series set, then

Eb′ = Eb1 + Eb2 = kI × 5 N1 + kI × N2 = kI × 5 Nsh + kI × 4 Nsh

250 = 9 × kI Nsh ...(i)

Now, torque  T = 0.159 0.159
×

= ×b sh

sh

E I kI N I
N N

 = 0.159 k I2

Shaft torque due to gears of 1st motor = 5 × 0.159 kI2

Shaft torque due to gears of 2nd motor = 4 × 0.159 kI2

∴ 882 = kI2 (5 × 0.159 + 4 × 0.159) = 1.431 kI2

∴ I2 = 882/1.431 × 0.25 = 2,449 A ∴ I = 49.5 A
(ii) From equation (i), we get

250 = 9 × 0.25 × 49.5 × Nsh ∴ Nsh = 2.233 r.p.s. = 134 r.p.m.
(iii) Voltage across the armature of Ist motor is

E′b1 = 5 kI Nsh = 5 × 0.25 × 49.5 × 2.233 = 139 V
Voltage across the armature of 2nd motor

Eb2 = 4 kI Nsh = 4 × 0.25 × 49.5 × 2.233 = 111 V
Note that Eb1 and Eb2 are respectively equal to the applied voltage across each motor because Ia Ra

drops are negligible.

30.6.  Electric Braking

A motor and its load may be brought to rest quickly
by using either (i)  Friction Braking or (ii)  Electric
Braking.  The commonly-used mechanical brake has
one drawback :  it is difficult to achieve a smooth stop
because it depends on the condition of the braking sur-
face as well as on the skill of the operator.

The excellent electric braking methods are avail-
able which eliminate the need of brake lining levers
and other mechanical gadgets.  Electric braking, both
for shunt and series motors, is of the following three types:  (i) rheostatic or dynamic braking

Strong electric brake for airwheels
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(ii) plugging i.e., reversal of torque so that armature tends to rotate in the opposite direction and
(iii)  regenerative braking.

Obviously, friction brake is necessary for holding the motor even after it has been brought to rest.

30.7. Electric Braking of Shunt Motors

(a) Rheostatic or Dynamic Braking
In this method, the armature of the shunt motor is disconnected from the supply and is connected

across a variable resistance R as shown
in Fig. 30.21 (b).  The field winding is,
however, left connected across the sup-
ply undisturbed.  The braking effect is
controlled by varying the series resis-
tance R.  Obviously, this method  makes
use of generator action in a motor to
bring it to rest.*  As seen from Fig. 30.21
(b), armature current is given by

Ia =
( / )Φ=

+ +
b

a a

E ZN P A
R R R R

= 1 Φ
+ a

k N
R R

Braking torque is given by

TB = ( )1 N-m
2

Φ
π a

PZI
A

= ( ) ( )2 2( / )1 1.
2 2

Φ ΦΦ =
π + π +a a

ZN P AP ZP NZ
A R R A R R

 = k2Φ
2N ∴   TB  ∝   N

Obviously, TB decreases as motor slows down and disap-
pear altogether when it comes to a stop.

(b) Plugging or Reverse Current Braking
This method is commonly used in controlling elevators,

rolling mills, printing presses and machine tools etc.
In this method, connections to the armature terminals are

reversed so that motor tends to run in the opposite direction
(Fig. 30.22).  Due to the reversal of armature connections,
applied voltage V and Eb start acting in the same direction
around the circuit.  In order to limit the armature current to a
reasonable value, it is necessary to insert a resistor in the cir-
cuit while reversing armature connections.

Ia =
+

= +
+ + +

b b

a a a

V E EV
R R R R R R

= 1( / ) ΦΦ+ = +
+ + + +a a a a

k ZZN P AV V
R R R R R R R R

TB = ( ) ( ) ( ) ( / )1 1 1. . .
2 2 2

 ΦΦ ΦΦ = = + π π π + + 
a a

a a

ZN P AP ZP ZP VZI I
A A A R R R R

Fig. 30.21

* The motor while acting as a generator feeds current to the resistor dissipating heat at the rate of I2R.  The
current Ia produced by dynamic braking flow in the opposite direction, thereby producing a counter torque
that slows down the machine.

Fig. 30.22
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= ( ) ( )2 21 1. . .
2 2

  ΦΦ + π + π + a a

ZP V ZP N
A R R A R R

 = k2Φ + k3Φ
2N

or Tb = k4 + k5 N, where k4 = ( )1
2

 Φ
 π + a

ZP V
A R R

and k5 = ( )21 1
2 ( )

Φ ×
π + a

ZP
A R R

.

Plugging gives greater braking torque than rheostatic braking.  Obviously, during plugging, power
is drawn from the supply and is dissipated by R in the form of heat.  It may be noted that even when
motor is reaching zero speed, there is some braking torque TB = k4 (see Ex. 30.47).

(c) Regenerative Braking
This method is used when the load on the motor has over-

hauling characteristic as in the lowering of the cage of a hoist
or the downgrade motion of an electric train.  Regeneration
takes place when Eb becomes grater than V.  This happens when

the overhauling
load acts as a
prime mover
and so drives the
machines as a
generator.  Con-
sequently, direction of Ia and  hence of armature torque
is reversed and speed falls until Eb becomes lower than
V.  It is obvious that during the slowing down of  the
motor, power is returned to the line which may be used
for supplying another train on an upgrade, thereby re-
lieving the powerhouse of part of its load (Fig. 30.23).

   For protective purposes, it is necessary to have some type of mechanical brake in order to
hold the load in the event of a power failure.

Example 30.46.  A 220 V compensated shunt motor drives a 700 N-m torque load when run-
ning at 1200 r.p.m.  The combined armature compensating winding and interpole resistance is
0.008 Ω and shunt field resistance is 55 Ω.  The motor efficiency is 90%.  Calculate the value of the
dynamic braking resistor that will be capable of 375 N-m torque at 1050 r.p.m.  The windage and
friction losses may be assumed to remain constant at both speeds.

Solution. Motor output = ωT = 2π NT = 2π (1200/60) × 700 = 87,965 W
Power drawn by the motor = 87,965/0.9 = 97,740 W

Current drawn by the motor = 97,740/220 = 444 A.
Ish = 220/55 = 4 A ;  Ia1 = 444 − 4 = 440 A

Eb1 = 220 − 440 × 0.008 = 216.5 V
Since field flux remains constant, T1 is proportional to Ia1 and T2 to Ia2.

2

1

T
T

= 2

1

a

a

I
I

or Ia2 = 375440
100

×  = 2650 A

2

1

N
N

= 2

1

b

b

E
E

or 21050
1200 216.5

= bE ; Eb2 = 189.4 V

With reference to Fig. 30.23, we have
189.4 = 2650 (0.008 + R) ; R = 0.794 Ω

Fig. 30.23

Regenerative braking demonstrations
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30.8.  Electric Braking of Series Motor

The above-discussed three methods as applied to series motors are as follows :
(a) Rheostatic (or Dynamic) Braking
The motor is disconnected from the supply, the field connections are reversed and the motor is

connected in series with a variable resistance R as shown in Fig. 30.24.  Obviously, now, the ma-
chine is running as a generator.
The field connections are re-
versed to make sure that cur-
rent through field winding
flows in the same direction as
before (i.e., from M to N ) in
order to assist residual magne-
tism.  In practice, the variable
resistance employed for start-
ing purpose is itself used for
braking purposes.  As in the
case of shunt motors,

TB = k2 Φ2 N = k3 Ia2 N  ... prior to saturation

(b) Plugging or Reverse Current Braking
As in the case of shunt motors, in this case also

the connections of  the armature are reversed and a
variable resistance R is put in series with the arma-
ture as shown in Fig. 30.25.  As found in Art. 30.7
(b),

TB = k2 Φ + k3Φ
2N

(c) Regenerative Braking
This type of braking of a sereis motor is not

possible without modification because reversal of Ia
would also mean reversal of the field and hence of Eb.  However, this method is sometimes used with
traction motors, special arrangements being necessary for the purpose.

Example 30.47.  A 400 V, 25 h.p. (18.65 kW), 45 r.p.m., d.c. shunt motor is braked by plugging
when running on full load.  Determine the braking resistance necessary if the maximum braking
current is not to exceed twice the full-load current.  Determine also the maximum braking torque and
the braking torque when the motor is just reaching zero speed.  The efficiency of the motor is 74.6%
and the armature resistance is 0.2 Ω. (Electrical Technology, M.S. Univ. Baroda, 1988)

Solution.
F.L. Motor input current I = 18,650/0.746 × 400 = 62.5 A
Ia = 62.5 A (neglecting Ish); Eb = 400 − 62.5 × 0.2 = 387.5 V
Total voltage around the circuit is = 400 + 387.5 = 787.5 V
Max. braking current = 2 × 62.5 = 125 A
Total resistance required in the circuit = 787.5/125 = 6.3 Ω
Braking resistance  R = 6.3 − 0.2 = 6.1 ΩΩΩΩΩ
Maximum braking torque will be produced initially when the motor speed is maximum i.e., 450

r.p.m. or 7.5 r.p.s.
Maximum value of TB = k4 + k5 N – Art. 25.7(b)

Now, k4 = ( )1
2

 Φ
 π + a

ZP V
A R R

and k5 = ( )21 1.
2 ( )

Φ
π + a

ZP
A R R

Fig. 30.25

Fig. 30.24
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Now, Eb = ΦZN (P/A) ; also N = 450/60 = 7.5 r.p.s.
∴ 387.5 = 7.5 (ΦZP/A)  or  (ΦZP/A) = 51.66

∴ k4 = 1 40051.66
2 6.3

× ×
π

 = 522 and k5 = 21 1(51.66)
2 6.3

× ×
π

 = 67.4

∴ Maximum TB = 522 + 67.4 × 7.5 = 1028 N-m
When speed is also zero i.e., N = 0, the value of torque is TB = K4 = 522 N-m.

30.9.  Electronic Speed Control Method for DC Motors
Of late, solid-state circuits using semiconductor diodes and thyristors have become very popu-

lar for controlling the speed of a.c. and d.c. motors and are progressively replacing the traditional
electric power control circuits based on thyratrons, ignitrons, mercury arc rectifiers, magnetic am-
plifiers and motor-generator sets etc.  As compared to the electric and electromechanical systems of
speed control, the electronic methods have higher accuracy, greater reliability, quick response and
also higher efficiency as there are no I 2R losses and moving parts.  Moreover, full 4-quadrant speed
control is possible to meet precise high-speed standards.

All electronic circuits control the motor speed by adjusting either (i)  the voltage applied to the
motor armature or (ii)  the field current or (iii)  both.

DC motors can be run from d.c. supply if available or from a.c. supply after it has been
converted into d.c. supply with the help of rectifiers which can be either half-wave or full-wave and
either controlled (by varying the conduction angle of the thyristors used) or uncontrolled.

AC motors can be run on the a.c. supply or from d.c. supply after it has been converted into a.c.
supply with the help of inverters (opposite of rectifiers).

As stated above, the average output voltage of a thyristor-controlled rectifier can be changed by
changing its conduction angle and hence the armature voltage of the d.c. motor can be adjusted to
control its speed.

When run on a d.c. supply, the armature d.c. voltage can be changed with the help of a thyristor
chopper circuit which can be made to interrupt d.c. supply at different rates to give different average
values of the d.c. voltage.  If d.c. supply is not available, it can be obtained from the available a.c.
supply with the help of uncontrolled rectifiers (using only diodes and not thyristors).  The d.c.
voltages so obtained can be then chopped with the help of a thyristor chopper circuit.

A brief description of rectifiers, inverters* and d.c. choppers would now be given before discuss-
ing the motor speed control circuits.

30.10. Uncontrolled Rectifiers

As stated earlier, rectifiers are used for a.c. to d.c. conversion i.e., when the supply is alternating
but the motor to be controlled is a d.c. machine.

Fig. 30.26 (a) shows a half-wave uncontrolled rectifier.  The diode D conducts only during
positive half-cycles of the single-phase a.c. input i.e., when its anode A is positive with respect to its
cathode K.  As shown, the average voltage available across the load (or motor) is 0.45 V where V is

the r.m.s. value of the a.c. voltage (in fact, V = Vm / 2 ).  As seen it is a pulsating d.c. voltage.
In Fig. 30.26 (b)  a single-phase, full-wave bridge rectifier which uses four semiconductor diodes

and provides double the voltage i.e., 0.9 V is shown.  During positive input half-cycles when end A is
positive with respect to end B, diodes D1 and D4 conduct (i.e. opposite diodes) whereas during nega-
tive input half-cycles, D2 and D3 conduct.  Hence, current flows through the load during both half-
cycles in the same direction.  As seen, the d.c. voltage supplied by a bridge rectifier is much less
pulsating than the one supplied by the half-wave rectifier.

* Rectifiers convert a.c. power into d.c power, whereas inverters convert d.c. power into a.c. power.  How-
ever, converter is a general term embracing both rectifiers and inverters.
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Fig. 30.26

30.11. Controlled Rectifiers

In these rectifiers, output load current (or voltage) can be varied by controlling the point in the
input a.c. cycle at which the thyristor is turned ON with the application of a suitable low-power gate
pulse.  Once triggered (or fired) into conduction, the thyristor remains in the conducting state for the
rest of the half-cycle i.e., upto 180º.  The firing angle α can be adjusted with the help of a control
circuit.  When conducting, it offers no resistance i.e., it acts like a short-circuit.

Fig. 30.27 (a) shows an elementary half-wave rectifier in which thyristor triggering is delayed by
angle α with the help of a phase-control circuit.  As shown, the thyristor  starts conducting at point A
and not at point O because its gate pulse is applied after a delay of α.  Obviously, the conduction angle
is reduced from 180º to (180º − α) with a consequent decrease in output voltage whose value is given
by

VL =
2π

mV
 (1 + cos α) = 0.16 Vm (1 + cos α) = 0.32 Vm cos2 

2
α

where Vm is the peak value of a.c. input voltage.  Obviously, VL is maximum when α = 0 and is zero
when α = 180º.

Fig. 30.27 (b) shows the arrangement where a thyristor is used to control current through a load
connected in series with the a.c. supply line.
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The load current is given by

IL =
2(1 cos ) cos

2 2
α= + α =

π π
m mL

L L L

V VV
R R R

Fig. 30.28 (a) shows a single-phase, full-wave half-controlled rectifier.  It is called half-con-
trolled because it uses two thyristors and two diodes instead of four thyristors.  During positive input
half-cycle when A is positive, conduction takes place via T1, load and D1.  During the negative half-
cycle  when B becomes positive, conduction route is via T2, load and D2.

Fig. 30.28

(a)
(1 cos )

2
m

L

V
V = + α

π
2

L
L

V
I =

π
(b)
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The average output voltage VL or Vdc is given by VL = 2 × half-wave rectifier output

∴ VL =
22

2 (1 cos ) (1 cos ) cos
2 2

*m m m
V V V α× + α = + α =

π π π
Similarly, Fig. 30.28 (b) shows a 4-diode bridge rectifier controlled by a single thyristor.  The

average load current through the series load is given by

IL = 22
(1 cos cos

2
m m

L L

V V
R R

α+ α) =
π π

As seen from the figure, when A is positive, D1 and D3 conduct provided T has been fired.  In the
negative half-cycle, D2 and D4 conduct via the load.

30.12. Thyristor Choppers

Since thyristors can be switched ON and OFF very rapidly, they are used to interrupt a d.c.
supply at a regular frequency in order to produce a lower (mean) d.c. voltage supply.  In simple
words, they can produce low-level d.c. voltage from a high-voltage d.c. supply as shown in
Fig. 30.29.

The mean value of the output voltage is given by

Vdc = ON ON
L

ON OFF

T T
V V V

T T T
= =

+

Fig. 30.29

Fig. 30.30 (a) shows a simple thyristor chopper circuit alongwith extra commutating circuitry for
switching T1 OFF.  As seen, T1 is used for d.c. chopping, whereas R, T2 and C are used for commuta-
tion purposes as explained below.

When T1 is fired into conduction by its control circuit (not shown), current is set up through the
load and commutation capacitor C gets charged via R with the polarity shown in the figure during this
ON period.

For switching T1 OFF, second thyristor T2 is triggered into conduction allowing C to discharge
through it (since it acts as a short-circuit while conducting) which reverse-biases T1 thus turning it
OFF.  The discharge from C leaves T2 with reverse polarity so that it is turned OFF, whereas T1 is
triggered into conduction again.

Depending upon the frequency of switching ON and OFF, the input d.c. voltage is cut into d.c.
pulses as shown in Fig. 30.30 (c).

* For a fully-controlled bridge rectifier, its value is

VL =
2

cos α
π

mV
.
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In Fig. 30.30 (b), T1 is the chopping thyristor, whereas C, D, T2 and L constitute the commutation
circuitry for switching T1 OFF and ON at regular intervals.

When T2 is fired, C becomes charged via the load with the polarity as shown.  Next, when T1 is
fired, C reverse-biases T2 to OFF by discharging via T1, L and D and then recharges with reverse
polarity.  T2 is again fired and the charge on C reverse-biases T1 to non-conducting state.

It is seen that output (or load) voltage is present only when T1 is ON and is absent during the
interval it is OFF. The mean value of output d.c. voltage depends on the relative values of TON and
TOFF.  In fact, output d.c. voltage is given by

Vdc = ON ON
L

ON OFF

T T
V V

T T T
=

+
Obviously, by varying thyristor ON/OFF ratio, VL can be made any percentage of the input d.c.

voltage V.

Example 30.48.  The speed of a separately excited d.c. motor is controlled by a chopper.  The
supply voltage is 120 V, armature circuit resistance = 0.5 ohm, armature circuit inductance = 20 mH
and motor constant = 0.05 V/r.p.m.  The motor drives a constant load torque requiring an average
current of 20 A.  Assume motor current is continuous.  Calculate (a) the range of speed control
 (b) the range of duty cycle. (Power Electronics-I, Punjab Univ. Nov. 1990)

Solution.  The minimum speed is zero when Eb = 0

Vt = Eb + Ia Ra = Ia × Ra = 200 × 0.5 = 10 V

Now, Vt = 1, 10 120,
12

O N
T

V V
T

= α ∴ = α =

Maximum speed corresponds to α = 1 when Vt = V = 120 V
∴ Eb = 120 − 20 × 0.5 = 110 V
Now, N = Eb/Ka Φ = 110/0.05 = 2200 r.p.m.

(a) Hence, speed range is from 0 to 2200 r.p.m.

(b) Range of duty cycle is from 1
12

 to 1.

30.13. Thyristor Inverters

Such inverters provide a very efficient and economical way of converting direct current (or
voltage) into alternating current (or voltage).  In this application, a thyristor serves as a controlled
switch alternately opening and closing a d.c. circuit.  Fig. 30.31 (a), shows a basic inverter circuit
where an a.c. output is obtained by alternately opening and closing switches S1 and S2.  When we

www.EngineeringBooksPdf.com



1070 Electrical Technology

Fig. 30.32
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replace the mechanical switches by two thyristors (with their gate triggering circuits), we get the
thyristor inverter in Fig. 30.31 (b).

Fig. 30.31

Before discussing the actual circuit, it is worthwhile to recall that thyristor is a latching device
which means that once it starts conducting, gate loses control over it and cannot switch it OFF what-
ever the gate signal.  A separate commutating circuitry is used to switch the thyristor OFF and thus
enable it to perform ON-OFF switching function.

Suppose T1 is fired while T2 is still OFF.  Imme-
diately I1 is set up which flows through L, one half of
transformer primary and T1.  At the same time, C is
charged with the polarity as shown.

Next when T2 is fired into condition, I2 is set up
and C starts discharging through T1 thereby reverse-
biasing  it to CUT-OFF.

When T1 is again pulsed into condition, I1 is set
up and C starts discharging thereby reverse-biasing
T2 to OFF and the process just described repeats.  As
shown in Fig. 30.31 (c), the output is an alternating voltage whose frequency depends on the switch-
ing frequency to thyristors T1 and T2.

30.14. Thyristor Speed Control of Separately-excited D.C. Motor

In Fig. 30.32, the bridge rectifier converts a voltage into d.c. voltage which is then applied to the
armature of the separately-excited d.c. motor M.

As we know, speed of a motor is given by

N = ( )a aV I R A
ZP

−
Φ

If Φ is kept constant and also if
Ia Ra is neglected, then, N ∝ V ∝ volt-
age across the armature.  The value
of this voltage furnished by the recti-
fier can be changed by varying the fir-
ing angle α of the thyristor T with the
help of its contol circuit.  As α is in-
creased i.e., thyristor firing is delayed

Second generation thyristor inverter
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more, its conduction period is reduced and, hence, armature voltage is decreased which, in turn,
decreases the motor speed.  When α is decreased i.e., thyristor is fired earlier, conduction period is
increased which increases the mean value of the voltage applied across the motor armature.  Conse-
quently, motor speed is increased.  In short, as α increases, V decreases and hence N decreases.
Conversely, as α decreases, V increases and so, N increases.  The free-wheeling diode D connected
across the motor provides a circulating current path (shown dotted) for the energy stored in the induc-
tance of the armature winding at the time T turns OFF.  Without D, current will flow through T and
bridge rectifier, prohibiting T from turning OFF.

30.15. Thyristor Speed Control of a D.C. Series Motor

In the speed control circuit of Fig. 30.33, an RC network is used to control the diac voltage that
triggers the gate of a thyristor.  As the a.c. supply is switched ON, thyristor T remains OFF but the
capacitor C is charged through motor armature and R towards the peak value of the applied a.c.
voltage.  The time it takes for the capacitor voltage VC to reach the breakover voltage of the diac*
depends on the setting of the variable resistor T.  When VC becomes equal to the breakover voltage of
diac, it conducts and a triggering pulse is applied to the thyristor gate G.  Hence, T is turned ON and
allows current to pass through the motor.  Increasing R delays the rise of VC  and hence the breakover
of diac so that thyristor is fired later in each positive half cycle of the a.c. supply.  It reduces the
conduction angle of the thyristor which, consequently, delivers less power to the motor.  Hence,
motor speed is reduced.

If R is reduced, time-con-
stant of the RC network is de-
creased which allows VC to rise
to the breakover voltage of diac
more quickly.  Hence, it makes
the thyristor fire early in each
positive input half-cycle of the
supply.  Due to increase in the
conduction angle of the thyristor,
power delivered to the motor is
increased with a subsequent in-
crease in its speed.  As before D
is the free-wheeling diode which
provides circulating current path
for the energy stored in the in-
ductance of the armature wind-
ing.

30.16. Full-wave Speed
Control of a Shunt Motor

Fig. 30.34 shows a circuit which
provides a wide range of speed con-
trol for a fractional kW shunt d.c.
motor.  The circuit uses a bridge cir-
cuit for full-wave rectification of the
a.c. supply.  The shunt field winding
is permanently connected across the
d.c. output of the bridge circuit.   The
armature voltage is supplied through
thyristor T.  The magnitude of this

*  Like a triac, it has directional switching characteristics.

Fig. 30.33

Fig. 30.34
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voltage (and hence, the motor speed) can be changed by turning TON at different points in each half-
cycle with the help of R.  The thyristor turns OFF only at the end of each half-cycle.  Free-wheeling
diode D3 provides a circulating current path (shows dotted) for the energy stored in the armature
winding at the time T turns OFF.  Without D3. This current would circulate through T and the bridge
rectifier thereby prohibiting T from turning OFF.

At the beginning of each half-cycle, T is the OFF state and C starts charging up via motor arma-
ture, diode D2 and speed-control variable resistor R (it cannot charge through R1 because of reverse-
biased diode D1).  When voltage across C i.e., VC builds up to the breakover voltage of diac, diac
conducts and applies a sudden pulse to T thereby turning it ON.  Hence, power is supplied to the
motor armature for the remainder of that half-cycle.  At the end of each half-cycle, C is discharged
through D1, R1 and shunt field winding.  The delay angle α depends on the time it takes VC to become
equal to the breakover voltage of the diac.  This time, in turn, depends on the time-constant of the R-
C circuit and the voltage available at point A.  By changing R, VC can be made to build-up either
slowly or quickly and thus change the angle α at will.  In this way, the average value of the d.c. voltage
across the motor armature can be controlled.  It further helps to control the motor speed because it is
directly proportional to the armature voltage.

Now, when load is increased, motor tends to slow down.  Hence, Eb is reduced.  The voltage of
point A is increased because it is equal to the d.c. output voltage of the bridge rectifier minus back
e.m.f. Eb.  Since VA increases i.e., voltage across the R-C charging circuit increases, it builds up VC
more quickly thereby decreasing which leads to early switching ON of T in each half-cycle.  As a
result, power supplied to the armature is increased which increases motor speed thereby compensat-
ing for the motor loading.

30.17. Thyristor Speed Control of a Shunt Motor

The speed of a shunt d.c.motor (upto 5 kW) may be regulated over a wide range with the help of
the full-wave rectifier using only one main thyristor (or SCR) T as shown in Fig. 30.35.  The firing
angle α of T is adjusted by R1 thereby controlling the motor speed.  The thyristor and SUS (silicon
unilateral switch) are reset (i.e., stop conduction) when each half-wave of voltage drops to zero.
Before switching on the supply, R1 is increased by turning it in the counter-clockwise direction.  Next,
when supply is switched ON, C gets charged via motor armature and diode D1 (being forward bi-
ased).  It means that it takes much longer for VC to reach the breakdown voltage of SUS* due to large
time constant of R1− C network.  Once VC reaches that value, SUS conducts suddenly and triggers T
into conduction.  Since thyristor starts conducting late (i.e., its α is large), it furnishes low voltage to
start the motor.  As speed selector R1 is turned clockwise (for less resistance), C charges up more
rapidly (since time constant is decreased) to the breakover voltage of SUS thereby firing T into con-
duction earlier.  Hence, average value of the d.c. voltage across the motor armature increases thereby
increasing its speed.

While the motor is running at the
speed set by R1, suppose that load on the
motor is increased.  In that case, motor
will tend to slow down thereby decreas-
ing armature back e.m.f.  Hence, poten-
tial of point 3 will rise which will charge
C faster to the breakover voltage of SUS.
Hence, thyristor will be fired earlier
thereby applying greater armature volt-
age which will return the motor speed to
its desired value.  As seen, the speed is
automatically regulated to offset changes
in load.

The function of free-wheeling diode D2 is to allow dissipation of energy stored in motor

Fig. 30.35

* It is a four-layer semiconductor diode with a gate terminal.  Unlike diac, it conducts in one direction only.
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 armature during the time the full-wave rectified voltage drops to zero between half-cycles.  If D2 is
not there, then decreasing armature current during those intervals would be forced to flow through T
thereby preventing its being reset.  In that case, T would not be ready to be fired in the next half-cycle.

Similarly, towards the end of each half cycle as points 1 and 5 decrease towards zero potential,
the negative going gate G turns SUS on thereby allowing C to discharge completely through SUS and
thyristor gate-cathode circuit so that it can get ready to be charged again in the next half-cycle.

30.18. Thyristor Speed Control of a Series D.C. Motor

Fig. 30.36 shows a simple circuit for regulating the speed of a d.c. motor by changing the average
value of the voltage applied across the motor armature by changing the thyristor firing angle α.  The
trigger circuit R1 − R2 can give a firing range of almost
180°.  As the supply is switched on, full d.c. voltage is
applied across R1 − R2.  By changing the variable resis-
tance R2, drop across it can be made large enough to fire
the SCR at any desired angle from 0° − 180°.  In this way,
output voltage of the bridge rectifier can be changed con-
siderably, thus enabling a wide-range control of the motor
speed.  The speed control can be made somewhat smoother
by joining a capacitor C across R2 as shown in the figure.

30.19. Necessity of a Starter

It has been shown in Art 29.3 that the current drawn
by a motor armature is given by the relation

Ia = (V − Eb)/Ra

where V is the supply voltage, Eb the back e.m.f. and Ra the armature resistance.
When the motor is at rest, there is, as yet, obviously

no back e.m.f. developed in the armature.  If, now, full
supply voltage is applied across the stationary armature,
it will draw a very large current because armature
resitance is relatively small.  Consider the case of a 440-
V, 5 H.P. (3.73 kW) motor having a cold armature resis-
tance of 0.25 Ω and a full-load current of 50 A.  If this
motor is started from the line directly, it will draw a start-
ing current of 440/0.25 = 1760 A which is 1760/50
= 35.2  times its full-load current.  This excessive cur-
rent will blow out the fuses and, prior to that, it will
damage the commutator and brushes etc.  To avoid this
happening, a resistance is introduced in series with the
armature  (for the duration of starting period only, say 5 to 10 seconds) which limits the starting
current to a safe value.  The starting resistance is gradually cut out as the motor gains speed and
develops the back e.m.f. which then regulates its speed.

Very small motors may, however, be started from rest by connecting them directly to the supply
lines.  It does not result in any harm to the motor for the following reasons :

1. Such motors have a relatively higher armature resistance than large motors, hence their
starting current is not so high.

2. Being small, they have low moment of inertia, hence they speed up quickly.
3. The momentary large starting current taken by them is not sufficient to produce a large

disturbance in the voltage regulation of the supply lines.
In Fig. 30.37 the resistance R used for starting a shunt motor  is shown.  It will be seen that the

starting resistance R is in series with the armaturarmaturarmaturarmaturarmatureeeee and not with the motor as a whole.  The field
winding is connected directly across the lines, hence shunt field current is independent of the

Fig. 30.36

Fig. 30.37
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resistance R.  If R wes introduced in the motor circuit, then Ish will be small at the start, hence starting
torque Tst would be small (∵  Ta ∝  Φ Ia) and there would be experienced some difficulty in starting
the motor.  Such a simple starter is shown diagramatically in Fig. 30.38.

Fig. 30.38

30.20. Shunt Motor Starter

The face-plate box type starters used for start-
ing shunt and compound motors of ordinary in-
dustrial capacity are of two kinds known as three-
point and four-point starters respectively.

30.21. Three-point Starter

The internal wiring for such a starter is shown
in Fig. 30.39 and it is seen that basically the con-
nections are the same as in Fig. 30.37 except for
the additional protective devices used here.  The
three terminals of the starting box are marked A,
B and C.  One line is directly connected to one
armature terminal and one field terminal which
are tied together.  The other line is connected to
point A which is further connected to the starting
arm L, through the overcurrent (or overload) re-
lease M.

To start the motor, the main switch is first
closed and then the starting arm is slowly moved
to the right.  As soon as the arm makes contact
with stud No. 1, the field circuit is directly con-
nected across the line and at the same time full
starting resistance R, is placed in series with the
armature.  The starting current drawn by the  ar-
mature = V/(Ra + Rs) where Rs is the starting Fig. 30.39
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resistance.  As the arm is further moved, the start-
ing resistance is gradually cut out till, when the arm
reaches the running position, the resistance is all
cut out.  The arm moves over the various studs
against a strong spring which tends to restore it to
OFF position.  There is a soft iron piece S attached
to the arm which in the full ‘ON’ or running posi-
tion is attracted and held by an  electromagnet E
energised by the shunt current.  It is variously known
as ‘HOLD-ON’ coil, LOW VOLTAGE (or NO-
VOLTAGE) release.

It will be seen that as the arm is moved from
stud NO. 1 to the last stud, the field current has to
travel back through that portion of the starting re-
sistance that has been cut out of the armature cir-
cuit.  This results is slight decrease of shunt cur-
rent.  But as the value of starting resistance is very
small as compared to shunt field resistance, this
slight decreases in Ish is negligible.  This defect
can, however, be remedied by using a brass arc

which is connected to stud No. 1 (Fig. 30.40).  The field circuit is completed  through the starting
resistance as it did in Fig. 30.39.

Now, we will discuss the action of the two protective devices shown in Fig. 30.39.  The normal
function of the HOLD-ON coil is to hold on the arm in the full running position when the  motor is in
normal operation.  But, in the case of failure or disconnection of the supply or a break in the field
circuit, it is de-energised, thereby releasing the arm which is pulled back by the spring to the OFF
position.  This prevents the stationary armature from being put across the lines again when the supply
is restored after temporary shunt down.  This would have happened if the arm were left in the full ON
position.  One great advantage of connecting the HOLD-ON coil in series with the shunt field is that,
should the field circuit become open, the starting arm immediately springs back to the OFF position
thereby preventing the motor from running away.

The overcurrent release consists of an electromagnet connected in the supply line.  If the motor
becomes overloaded beyond a certain predetermined value, then D is lifted and short circuits the
electromagnet.  Hence, the arm is released and returns to OFF position.

The form of overload protection described above is becoming obsolete, because it cannot be
made either as accurate or as reliable as a separate well-designed circuit breaker with a suitable time
element attachment.  Many a times a separated magnetic contactor with an overload relay is also
used.

Often the motors are protected by thermal overload relays in which a bimetallic strip is heated by
the motor current at approximately the same rate at which the motor is itself heating up.  Above a
certain temperature, this relay trips and opens the line contactor, thereby isolating the motor from the
supply.

If it is desired to control the speed of the motor in addition, then a field rheostat is connected in
the filed circuit as indicated in Fig.30.39.The motor speed can be increased by weakening the flux
(Œ N ∝  I/Φ).  Obviously, there is a limit to the speed increase obtained in this way, although speed
ranges of three to four are possible.  The connections of a starter and speed regulator with the motor
are shown diagrammatically in Fig. 30.41.  But there is one difficulty with such an arrangement for
speed control.  If too much resistance is ‘cut in’ by the field rheostat, then field current is reduced very
much so that it is unable to create enough electromagnetic pull to overcome the spring tension.  Hence,

Fig. 30.40
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the arm is pulled back to OFF position.  It is this undesirable feature of a three-point starter which
makes it unsuitable for use with variable-speed motors.  This has resulted in widespread application
of four-point starter discussed below.

Fig. 30.41

30.22. Four-point Starter

Fig. 30.42 Fig. 30.43
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Such a starter with its internal wiring is shown, connected to a long-shunt compound motor in
Fig. 30.42.  When compared to the three-point starter, it will be noticed that one important change has
been made i.e., the HOLD-ON coil has been taken out of the shunt field circuit and has been connected
directly across the line through a protecting resistance as shown.  When the arm touches stud No. 1,
then the line current divides into three parts (i) one part passes through starting resistance Rs, series
field and motor armature (ii) the second part passes through the shunt field and its field rheostat Rh and
(iii) the third part passes through the HOLD-ON coil and current-protecting resistance R.  It should be
particularly noted that with this arrangement any change of current in the shunt field circuit does not at
all affect the current passing through the HOLD-ON coil because the two circuits are independent of
each other.  It means that the electromagnetic pull exerted by the HOLD-ON coil will always be
sufficient and will prevent the spring from restoring the starting arm to OFF position no matter how
the field rheostat or regulator is adjusted.

30.23. Starter and Speed-control Rheostats

Sometimes, for convenience, the field rheostat is also contained within the starting box as shown
in Fig. 30.43.  In this case, two arms are used.  There are two rows of studs, the lower ones being
connected to the armature.  The inside starting arm moves over the lower studs on the starting resistor,

whereas the outside field lever moves over the
upper ones on the field rheostat.  Only the out-
side field arm is provided with an operating
handle.  While starting the motor, the two arms
are moved together, but field lever is electri-
cally inoperative because the field current
flows directly from the starting arm through
the brass arc to HOLD-ON coil and finally to
the shunt field winding.  At the end of the start-
ing period, the starting arm is attracted and
held in FULL-ON position  by the HOLD-ON
coil, and the contact between the starting arm
and brass arc is broken thus forcing field cur-
rent to pass through the field rheostat.  The

field lever can be moved back to increase the motor speed.  It will be seen that now the upper row of
contacts is operative because starting arm no longer touches the brass arc.

When motor is stopped by opening the main switch, the starting arm is released and on its way
back it strikes the field lever so that both arms are returned simultaneously to OFF position.

30.24. Starting and Speed Control of Series Motor

For starting and speed control of series motor either a face-plate type or drum-type controller is
used which usually has the reversing feature also.  A face-plate type of reversing controller is shown
in Fig. 30.44.

Except for a separate overload circuit, no inter-locking or automatic features are required be-
cause the operator watches the performance continuously.

As shown, the regulating lever consists of three pieces separated by strips of insulation.  The
outside parts form the electrical connections and the middle one is insulated from them.  By moving
the regulating lever, resistance can be cut in and out of the motor circuit.  Reversing is obtained by
moving  the lever in the opposite direction as shown, because in that case, connections to the armature
are reversed.  Such an arrangement is employed where series motors are used as in the case of cranes,
hoists and streetcars etc.

Speed-control Rheostats

www.EngineeringBooksPdf.com



1078 Electrical Technology

However, for adjustable speed service in connec-
tion with the operation of machine tools, a drum con-
troller is preferred.  It is called ‘controller’ because in
addition to accelerating the motor to its normal speed,
it provides the means for reversing the direction of
the motor.  Other desirable features such as safety pro-
tection against an open field or the temporary failure
of power supply and overloads are frequently provided
in this type of controller.

The controller consists of armature resistance grids
of cross-section sufficient to carry the full-load oper-
ating current continuously and are used for adjusting
the motor speed to values lower than the base speed
obtained with no external resistance in the armature
of field circuit.  As the operating handle is gradually
turned, the resistance is cut out of the armature cir-
cuit–there being as yet no resistance in the field cir-

cuit at this stage, then when resistance in the arma-
ture circuit is completely cut out, further rotation
of the handle inserts resistance into the field cir-
cuit.  Turning of the handle in the opposite direc-
tion starts and speeds up the motor in the reverse
direction.

30.25. Grading of Starting Resistance
   for Shunt Motors

Tst would be small in designing shunt motor
starters, it is usual to allow an overload of 50% for
starting and to advance the starter a step when ar-
mature current has fallen to  definite lower value.
Either this lower current limit may be fixed or the
number of starter steps may be fixed.  In the former
case, the number of steps are so chosen as to suit
the upper and lower current limits whereas in the
latter case, the lower current limit will depend on
the number of steps specified.  It can be shown
that the resistances in the circuit on successive studs
from geometrical progression, having a common
ratio equal to lower current limit/upper current limit
i.e., I2/I1.

In Fig. 30.45  the starter connected to a shunt
motor is shown.  For the sake of simplicity, four
live studs have been taken.  When arm A makes
contact with stud No. 1, full shunt field is Fig. 30.46

Fig. 30.45

Fig. 30.44
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established and at the same time the armature current immediately jumps to a maximum value I1
given by I1 = V/R1 where R1 = armature and starter resistance (Fig. 30.45).

I1 the maximum permissible armature current at the start (Imax) and is, as said above, usually
limited to 1.5 times the full-load current of the motor.  Hence, the motor develops 1.5 times its full-
load torque and accelerates very rapidly.  As the motor speeds up, its back e.m.f. grows and hence
decreases the armature current as shown by curve ab in Fig. 30.46.

When the armature current has fallen to some predetermined value I2 (also called Imin) arm A is
moved to stud No. 2.  Let the value of back e.m.f. be Eb1 at the time of leaving stud No. 1. Then

I2 = 1

1

bV E
R

−
...(i)

It should be carefully noted that I1 and I2 [(Imax) and (Imin)] are respectively the maximum and
minimum currents of the motor.  When arm A touches stud No. 2, then due to diminution of circuit
resistance, the current again jumps up to its previous value I1.  Since speed had no time to change, the
back e.m.f. remains the same as initially.

∴ I1 = 1

2

bV E
R

−
...(ii)

From (i) and (ii), we get
1

2

I
I =

1

2

R
R ... (iii)

When arm A is held on stud No. 2 for some time, then speed and hence the back e.m.f. increases
to a value Eb2, thereby decreasing the current to previous value I2, so that

I2 = 3

2

b
V E

R

−
...(iv)

Similarly, on first making contact with stud No. 3, the current is

I1 = 2

3

bV E
R

−
...(v)

From (iv) and (v), we again get
1

2

I
I =

2

3

R
R ...(vi)

When arm A is held on stud No. 3 for some time, the speed and hence back e.m.f. increases to a
new value Eb3, thereby decreasing the armature current to a value I2 such that

I2 = 3

3

b
V E

R

−
...(vii)

On making contact with stud No. 4, current jumps to I1 given by

I1 = 3b

a

V E
R

−
...(viii)

From (vii) and (viii), we get 1

2

I
I

= 3

a

R
R

...(ix)

From (iii), (vi) and (ix), it is seen that

1

2

I
I

= 31 2

2 3

(say)
a

RR R
K

R R R
= = = ...(x)

Obviously, R3 = KRa;  R2  =  KR3  =  K2Ra

R1 = KR2  =  K.K2Ra  =  K3Ra

In general, if n is the number of live studs and therefore (n −1) the number of sections in the
starter resistance, then

R1 = K n−1.Ra  or  
1

1 11 1

2
or

n
n

a a

IR R
K

IR R

−
−  = = 

 
...from (x)
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Other variations of the above formula are

(a) K n−1 = 1

1a a max a

R V V
R I R I R

= =

(b) K n = 1

1 2 2 .

. and
a a min a

IV V V
I R I I R I R

= =

(c) n = )log ( / .
1

log
a maxV R I

K
+  from (a) above.

Since R1 = V/I1 and Ra are usually known and K is known from the given values of maximum and
minimum currents (determined by the load against which motor has to start), the value of n can be
found and hence the value of different starter sections.

When Number of Sections is Specified.
Since I1 would be given, R1 can be found from R1 = V/I1.
Since n is known, K can be found from R1/Ra = K n−1 and the lower current limit I2 from I1/I2 = K.

Example 30.49.  A 10 b.h.p. (7.46 kW) 200-V shunt motor has full-load efficiency of 85%.  The
armature has a resistance of 0.25 Ω.  Calculate the value of the starting resistance necessary to limit
the starting current to 1.5 times the full-load current at the moment of first switching on.  The shunt
current may be neglected.  Find also the back e.m.f. of the motor, when the current has fallen to its
full-load value, assuming that the whole of the starting resistance is still in circuit.

Solution. Full-load motor current = 7,460/200 × 0.85  =  43.88 A
Starting current,  I1 = 1.5 × 43.88  =  65.83 A

R1 = V/I1  =  200/65.83  =  3.038 Ω ;  Ra  =  0.25 Ω
∴ Starting resistance = R1 − Ra  =  3.038 − 0.25  =  2.788 Ω
Now, full-load current  I2 = 43.88 A

Now, I2 = 1

1

bV E
R

−

∴ Eb1 = V − I2R1  =  200 − (43.88 × 3.038)  =  67 V
Example 30.50.  A 220-V shunt motor has an armature resistance of 0.5 Ω.  The armature

current at starting must not exceed 40 A.  If the number of sections is 6, calculate the values of the
resistor steps to be used in this starter. (Elect. Machines, AMIE Sec. B, 1992)

Solution.  Since the number of starter sections is specified, we will use the relation.
R1/Ra = K n−1 or R1  =  RaK n−1

Now, R1 = 220/40  =  5.5.Ω,  Ra  =  0.4 Ω ;   n−1  =  6,  n  =  7
∴ 5.5 = 0.4 K 6 or K6  =  5.5/0.4  =  13.75

6 log10 K = log10 13.75  =  1.1383 ; K  =  1.548

Now, R2 = R1/K  =  5.5/1.548  =  3.553 Ω
R3 =  R2/K  =  3.553/1.548  =  2.295 Ω
R4 = 2.295/1.548  =  1.482 Ω
R5 = 1.482/1.548  =  0.958 Ω
R6 = 0.958/1.548  =  0.619 Ω

Resistance of Ist section = R1 − R2  =  5.5 − 3.553 = 1.947 Ω
,, 2nd ” = R2 − R3  =  3.553  − 2.295 = 1.258 Ω
,, 3rd ” = R3 − R4  =  2.295 − 1.482 = 0.813 Ω
,, 4th ” = R4 − R5  =  1.482 − 0.958 = 0.524 Ω
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,, 5th ” = R5 − R6  =  0.958 − 0.619 = 0.339  Ω
,, 6th ” = R6 − Ra  =  0.619 − 0.4 = 0.219 Ω

Example 30.51.  Find the value of the step resistance in a 6-stud starter for a 5 h.p. (3.73 kW),
200-V shunt motor.  The maximum current in the line is limited to twice the full-load value.  The total
Cu loss is 50% of the total loss.  The normal field current is 0.6 A and the full-load efficiency is found
to be 88%. (D.C. Machines, Jadavpur Univ. 1988)

Solution.  Output = 3,730 W

Total loss = 4,238 − 3,730  =  508 W

Armature Cu loss alone = 508/2  =  254 W

Input current = 4,238/200  =  21.19 A

Armature current = 21.19 − 0.6  =  20.59 A

∴ 20.592Ra = 254 ∴ Ra  =  254/20.592  =  0.5989 Ω
Permissible input current = 21.19 × 2  = 42.38 A

Permissible armature current = 42.38 − 0.6  = 41.78 A

∴ R1 = 200/41.78  =  4.787 Ω;   n =  6 ;  n − 1  =  5

∴ 4.787 = K 5 × 0.5989 ∴ K5  =  4.787/0.5989  =  7.993

or 5 log K = log 7.993  =  0.9027

∴ log K = 0.1805 ;   K =  1.516
Now R2 = R1/K  =  4.789/1.516  =  3.159 Ω

R3 = 2.084 Ω ;  R4  =  1.376 Ω ;  R5  =  0.908 Ω
Resistance in 1st step = R1 − R2  =  4.787 − 3.159 = 1.628 ΩΩΩΩΩ

Resistance in 2nd step = R2 − R3  = 3.159 − 2.084 = 1.075 ΩΩΩΩΩ
Resistance in 3rd step = R3 − R4  =  2.084 − 1.376 = 0.708 ΩΩΩΩΩ
Resistance in 4th step = R4 − R5  =  1.376 − 0.908 = 0.468 ΩΩΩΩΩ
Resistance in 5th step = R5 − Ra  =  0.908 − 0.5989 =  0.309 ΩΩΩΩΩ

The various sections are shown in Fig. 28.47.

Fig. 30.47

Example 30.52.  Design the resistance sections of a seven-stud starter for 36.775 kW, 400V, d.c.
shunt motor.  Full-load efficiency is 92%, total Cu  losses are 5% of the input.  Shunt field resistance
is 200 Ω.  The lower limit of the current through the armature is to be full-load value.

(Elec. Machines, Gujarat Univ. 1987)

Solution. Output = 36,775 W ; Input  =  36,775/0.92  =  39,980 W
Total Cu loss = 0.05  ×  39,980  =  1,999W
Shunt Cu loss = V2/Rsh  =  4002/200  =  800 W
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Armature Cu loss = 1,999 − 800  =  1199 W
F.L. input current = 39,980/400  =  99.95 A

Ish = 400/200  =  2A ; Ia  =  99.95 − 2  =  97.95 A
∴ 97.952 Ra = 1199 W or Ra  =  0.125 Ω
Now, minimum armature current equals full-load current i.e. Ia  =  97.95 A.  As seen from Art.

30.25 in its formula given in (b), we have

K n =
a a

V

I R

or K7 = 400/97.95  × 0.125 =  32.68

∴ K = 32.681/7 = 1.645
I1 = maximum permissible armature current

= KI2 = 1.645 × 97.94 = 161 A

∴ R1 = V/I1  =  400/161  =  2.483 Ω
R2 = R1/K = 2.483/1.645 = 1.51 Ω
R3 = 1.51/1.645  =  0.917 Ω
R4 = 0.917/1.645  =  0.557 Ω
R5 = 0.557/1.645  =  0.339 Ω

R6 = 0.339/1.645  =  0.206 Ω
R7 = 0.206/1.645  =  0.125 Ω

Resistance in 1st step = R1 − R2  =  0.973 ΩΩΩΩΩ
Resistance in 2nd step = R2 − R3  =  0.593 ΩΩΩΩΩ
Resistance in 3rd step = R3 − R4  =  0.36 ΩΩΩΩΩ
Resistance in 4th step = R4 − R5  =  0.218 ΩΩΩΩΩ
Resistance in 5th step = R5 − R6  =  0.133 ΩΩΩΩΩ
Resistance in 6th step = R6 − Ra  =  0.081 ΩΩΩΩΩ
The various starter sections are shown in Fig.

30.48.

Example 30.53.  Calculate the resistance steps for the starter of a 250-V, d.c.  shunt motor
having an armature resistance of 0.125 Ω and a full-load current of 150 A.  The motor is to start
against full-load and maximum current is not to exceed 200 A
. (Elect.Engineering-I, Bombay Univ. 1989)

Solution.  As the motor is to start against its full-load, the minimum current is its F.L. current i.e.
150A.  We will use the formula given in Art. 30.25.

(I1/I2
n−1) = R1 / Ra

Here I1 = 200 A ; I2  =  150 A ;   R1  =  250/200  =  1.25 ΩΩΩΩΩ
Ra = 0.125 Ω ;  n  =  No. of live studs

∴ (200/150)n − 1 = 1.25/0.125  =  10 or (4/3)n − 1  =  10
(n − 1) log 4/3 = log 10  or  (n − 1) × 0.1249  =  1

∴ (n − 1) = 1/0.1249  =  8
Hence, there are 9 studs and 8 steps.
Now R2 = R1 × I2/I1  =  1.25  ×  3/4  =  0.938 Ω

R3 = 0.938 × 3/4  =  0.703 Ω
R4 = 0.703 × 3/4  =  0.527 Ω

Fig. 30.48
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R5 = 0.527 × 3/4  =  0.395 Ω
R6 = 0.395 × 3/4  =  0.296 Ω
R7 = 0.296 × 3/4  =  0.222 Ω
R8 = 0.222 × 3/4  =  0.167 Ω
Ra = 0.167 × 3/4  =  0.125 Ω

∴ Resistance of 1st element = 1.25 − 0.938  =  0.312 ΩΩΩΩΩ
,, 2nd ,, = 0.938 − 0.703  =  0.235 ΩΩΩΩΩ
,, 3rd ,, = 0.703 − 0.527  =  0.176 ΩΩΩΩΩ
,, 4th ,, = 0.527 − 0.395  =  0.132 ΩΩΩΩΩ
,, 5th ,, = 0.395 − 0.296  =  0.099 ΩΩΩΩΩ
,, 6th ,, = 0.296 − 0.222  =  0.074 ΩΩΩΩΩ
,, 7th ,, = 0.222 − 0.167  =  0.055 ΩΩΩΩΩ
,, 8th ,, = 0.167 − 0.125  =  0.042 ΩΩΩΩΩ

Example 30.54.  The 4-pole, lap-wound armature winding of a 500-V, d.c. shunt motor is housed
in a total number of 60 slots each slot containing 20 conductors.  The armature resistance is 1.31 Ω.
If during the period of starting, the minimum torque is required to be 218 N-m and the maximum
torque 1.5 times the minimum torque, find out how many sections the starter should have and calcu-
late the resistances of these sections.  Take the useful flux per pole to be 23 mWb.

(Elect. Machinery-II, Bangalore Univ. 1991)

Solution.  From the given minimum torque, we will be able to find the minimum current required
during starting. Now

Ta = 0.159  Φ  ZIa (P/A)
∴ 218 = 0.159 × 23 × 10−3 × (60 × 20) Ia × (4/4) ∴   Ia =  50 A (approx.)

Maximum current = 50 × 1.5  =  75 A

∴ I1 = 75 A ;  I2 = 50 A ∴   I1/I2 = 75/50 = 1.5
R1 = 500/75 = 6.667 Ω

If n is the number of stater studs, then

(I1/I2)
n − 1 = R1/Ra or 1.5n−1 = 6.667/1.31 =  5.09

∴ (n − 1) log10 1.5 = log10 5.09 ∴   (n − 1) × 0.1761= 0.7067 ∴   (n − 1) =  4 or  n  =  5
Hence, there are five studs and four sections.

R2 = R1 × I2/I1  =  6.667  × 2/3  =  4.44 Ω
R3 = 4.44 × 2/3 =  2.96 Ω ; R4  =  2.96 × 2/3  =  1.98 Ω

Resistance of 1st section = R1 − R2  =  6.67 − 4.44  =  2.23 ΩΩΩΩΩ
,, 2nd ,, = R2 − R3  =  4.44 − 2.96  =  1.48 ΩΩΩΩΩ
,, 3rd ,, = R3 − R4  =  2.96 − 1.98  =  0.98 ΩΩΩΩΩ
,, 4th ,, = R4 − Ra  =  1.98 − 1.31  =  0.67 ΩΩΩΩΩ

30.26. Series Motor Starters
The basic principle employed in the design of a starter for series motor is the same as for a shunt

motor i.e., the motor current is not allowed to exceed a certain upper limit as the starter arm moves
from one stud to another.  However, there is one significant difference.  In the case of a series motor,
the flux does not remain constant but varies with the current because armature current is also the
exciting current.  The determination of the number of steps is rather complicated as illustrated in
Example 30.55.  It may however, be noted that the section resistances form a geometrical progres-
sion.
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The face-plate type of starter formerly used for d.c. series motor has been almost entirely
replaced by automatic starter in which the resistance steps are cut out automatically by means of a
contactor operated by electromagnets.  Such starters are well-suited for remote control.

However, for winch and crane motors where frequent starting, stopping, reversing and speed
variations are necessary, drum type controllers are used.  They are called controllers because they
can be left in the circuit for any length of time.  In addition to serving their normal function of
starters, they also used as speed controllers.

Example 30.55.  (a) Show that, in general, individual resistances between the studs for a
rheostat starter for a series d.c. motor with constant ratio of maximum to minimum current at
starting, are in geometrical progression, stating any assumptions made.

(b) Assuming that for a certain d.c. series motor the flux per pole is proportional to the start-
ing current, calculate the resistance of the each rheostat section in the case of a 50 b.h.p. (37.3 kW)
440-V motor with six sections.

The total armature and field voltage drop at full-load is 2% of the applied voltage, the full-load
efficiency is 95% and the maximum starting current is 130% of  full-load current.

Solution.  (a) Let I1 = maximum current, I2  =  minimum current
Φ1 = flux/pole for I1 ; Φ2  =  flux/pole for I2

1

2

I
I

= K and  1

2

Φ
= α

Φ
.

Let us now consider the conditions when the starter arm is on the nth and  (n + 1)th stud.  When
the current is I2, then Eb = V − I2 Rn.

If, now, the starter is moved up to the (n + 1)th stud, then

Eb′ = 1

2

Φ
Φ

. Eb =  α Eb

∴ Rn + 1 = 1 2 2

1 1 1 1 1

( )
(1 )b b n

n

V E V E V V I R IV
R

I I I I I

′− − α − α −
= = = − α + α ⋅

Now, V/I1 = R1–the total resistance in the circuit when the starter arm is on the first stud.

∴ Rn + 1 = R1 ( 1 − α) + nR
K
α

Similarly, by substituting (n − 1) for n, we get Rn = R1 (1 − α) + 1nR
K −
α

Therefore, the resistance between the nth and (n + 1)th studs is

rn = Rn − Rn + 1  =  1 1 1( )− − −
α α α α− = − =n n n n nR R R R r
K K K K

∴
1

n

n

r

r −
= 1 2

2 1

I
b

K I
Φα = × =
Φ

 – constant

Obviously, the resistance elements form a geometrical progression series.

(b) Full-load input current = 37,300 89.2 A
440 0.95

=
×

Max. starting current  I1  =  1.3 × 89.2  =  116 A
Arm. and field voltage drop on full-load = 2% of 440  =  0.02 × 440  =  8.8 V

Resistance of motor  =  8.8/89.2  =  0.0896 Ω
Total circuit resistance on starting, R1  =  V/I1  =  440/116  = 3.79 Ω
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Assuming straight line magnetisation,  we have I1 ∝  Φ1 and I2 ∝  Φ2

∴ I1/I2  =  Φ1/Φ2 ∴ α  =  K and b =  α/K  =  1 ∴ rn =  b × rn − 1

In other words, all sections have the same resistance.

∴ r = 1 3.79 0.0896
No. of sections 6

motorR R− −=  = 0.6176 ΩΩΩΩΩ

Example 30.56.  A 75 h.p. (55.95 kW) 650-V, d.c. series tractions motor has a total resistance of
0.51 Ω.  The starting current is to be allowed to fluctuate between 140 A and 100 A the flux at 140  A
being 20 % greater than at 100 A.  Determine the number of steps required in the controller and the
resistance of each step.

Solution.  Let R1 = total resistance on the first stud = 650/140 = 4.65 Ω
When motor speeds up, then back e.m.f.  is produced and current falls to I2.

V = Eb1 + I2R1 ...(i)
When the starter moves to the next stud, the speed is still the same, but since current rises to I1 for

which flux is 1.2 times greater than for I2, hence back e.m.f. becomes 1.2 Eb1.  Since resistance in the
circuit is now R2.

∴ V = I1R2 + 1.2 Eb1 ...(ii)
From (i) and (ii) we get, 0.2 V = 1.2 I2R1 − I1R2

∴ R2 = (1.2I2/I1) R1 − 0.2 V/I1  =  (1.2I2/I1) R1 − 0.2 R1  =  (1.2I2/I1 − 0.2) R1

Similarly R3 = (1.2I2/I1) R2 − 0.2 R1

In this way, we continue till we reach the value of resistance equal to the armature resistance.
Hence, we obtain R1, R2  etc. and also the number of steps.

In the present case, I1 = 140 A,  I2 =  100A,  V = 650 V and I1/I2 = 100/140  =  1.14
∴ R1 = 4.65 Ω;  R2  =  (1.2/1.4 − 0.2) 4.65  =  3.07 Ω

R3 = (1.2/1.4) × 3.07 − 0.2 × 4.65  =  1.70 Ω
R4 = (1.2/1.4) × 1.7 − 0.2 × 4.65  =  0.53 Ω

We will stop here because R4 is very near the value of the motor resistance.  Hence, there are 4
studs and 3 sections or steps.

R1 − R2 = 4.65 − 3.07  =  1.58 Ω,  R2 − R3  =  3.07 − 1.7  =  1.37 Ω
R3 − R4 = 1.70 − 0.53  =  1.17 Ω

Note.  It will be seen that

R2 − R3 = (1.2 I2/I1) (R1 − R2) and R3 − R4  =  (1.2 I2/I1)  (R2 − R3) and so on.

or 2 3

1 2

R R

R R

−
−

= 3 4 2 1 2

2 3 1 2 1
1.2

R R I I
b

R R I I K

− Φ α= = × = =
− Φ

It is seen that individual resistances of various sections decrease in the ratio of α/K = b.

30.27. Thyristor Controller Starters

The moving parts and metal contacts etc., of the resistance starters discussed in Art. 30.21 can be
eliminated by using thyristors which can short circuit the resistance sections one after another.  A
thyristor can be switched on to the conducting state by applying a suitable signal to its gate terminal.
While conducting, it offers zero resistance in the forward (i.e., anode-to-cathode) direction and thus
acts as a short-circuit for the starter resistance section across which it is connected.  It can be switched
off (i.e., brought back to the non-conducting state) by reversing the polarity of its anode-cathode
voltage.  A typical thyristor-controlled starter for d.c. motors is shown in Fig. 30.49.

After switching on the main supply, when switch S1 is pressed, positive signal is applied to gate
G of thyristor T1 which is, therefore, turned ON.  At the same time, shunt field gets established since
it is directly connected across the d.c. supply.  Consequently, motor armature current Ia flows via T1,
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R2, R3 and R4 because T2, T3 and T4 are, as yet in the non-conducting state.  From now onwards, the
starting procedure is automatic as detailed below :

1. As S1 is closed, capacitor C starts charging up with the polarity as shown when Ia starts
flowing.

2. The armature current and field flux together produce torque which accelerates the motor and
load.

Fig. 30.49

3. As motor speeds up, voltage provided by tachogenerator (TG) is proportionately increased
because it is coupled to the motor.

4. At some motor speed, the voltage provided by TG becomes large enough to breakdown
Zener diode Z2 and hence trigger T2 into conduction.  Consequently, R2 is shorted out and
now Ia flows via motor armature,  T1, T2, R3 and R4 and back to the negative supply terminal.

5. As R2 is cut out, Ia increases, armature torque increases, motor speed increases which further
increases the voltage output of the tachogenerator.  At some speed, Z3 breaks down, thereby
triggering T3 into conduction which cuts out R3.

6. After sometime, R4 is cut out as Z4 breaks down and triggers T4 into conduction.  In fact,
Zener diodes Z2, Z3 and Z4 can be rated for 1/3, 1/2 and 3/4 full speed respectively.

For stopping the motor, switch S2 is closed which triggers T5 into conduction, thereby establish-
ing current flow via R1.  Consequently, capacitor C starts discharging thereby reverse-biasing T1
which stops conducting.  Hence Ia ceases and, at the same time, T2, T3 and T4 also revert back to their
non-conducting state.

Incidentally, it may be noted that the function of C is to switch T1, ON and OFF.  Hence, it is
usually called commutating capacitor.

The function of the diodes D1 and D2 is to allow the decay of inductive energy stored in the motor
armature and field when supply is disconnected.  Supply failure will cause the thyristors to block
because of this current decay, thereby providing protection usually given by no-voltage release coil.

Recently, thyristor starting circuits have been introduced which use no starting resistance at all,
thereby making the entire system quite efficient and optimized as regards starting time.  These are
based on the principle of ‘voltage chopping’ (Art. 30.12).  By varying the chopping frequency, the
ratio of the time the voltage is ON to the time it is OFF can be varied. By varying this ratio, the
average voltage applied to the motor can be changed.  A low average voltage is needed to limit the
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armature current while the motor is being started and gradually the ratio is increased to reach the
maximum at the rated speed of the motor.

Tutorial Problems 32.2

1. A shunt-wound motor runs at 600 r.p.m. from a 230-V supply when taking a line current of 50 A.  Its
armature and field resistances are 0.4 Ω and 104.5 Ω respectively.  Neglecting the effects of armature
reaction and allowing 2 V brush drop,  calculate (a) the no-load speed if the no-load line current  is
5A (b) the resistance  to be placed in armature circuit in order to reduce the speed to 500 r.p.m.  when
motor is taking a line current of 50 A (c)  the percentage reduction in the flux per pole in order that
the speed may be 750 r.p.m. when the armature current is 30 A with no added resistance in the
armature circuit. [(a) 652 r.p.m. (b) 0.73 ΩΩΩΩΩ (c) 1.73 %]

2. The resistance of the armature of a 250-V shunt motor is 0.3 Ω and its full-load speed is 1000 r.p.m.
Calculate the resistance to be inserted in series with the armature to reduce the speed  with full-load
torque to 800 r.p.m., the full-load armature current being 5A.  If the load torque is then halved, at
what speed will the motor run ?  Neglect armature reaction. [0.94 ΩΩΩΩΩ;  932 r.p.m.]

3. A 230-V d.c. shunt motor takes an armature current of 20 A on a certain load.  Resistance of the
armature is 0.5 Ω.  Find the resistance required in series with the armature to half the speed if (a) the
load torque is constant (b) the load torque is proportional to the square of the speed.

[(a) 5.5 ΩΩΩΩΩ (b) 23.5 ΩΩΩΩΩ]
4. A 230-V series motor runs at 1200 r.p.m. at a quarter full-load torque, taking a current of 16 A.

Calculate its speed at half and full-load torques.  The resistance of the armature brushes, and field
coils is 0.25 Ω.  Assume the flux per pole to be proportional to the current.  Plot torque/speed graph
between full and quarter-load. [842 r.p.m. ;  589 r.p.m.]

5. A d.c. series motor drives a load the torque of which is proportional to the square of the speed.  The
motor current is 20 A when speed is 500 r.p.m.  Calculate the speed and current when the motor field
winding is shunted by a resistance of the same value as the field winding.  Neglect all motor losses
and assume that the magnetic field is unsaturated. [595 r.p.m. ;  33.64 A]

 (Electrical Machines-I, Aligarh Muslim Univ. 1979)
6. A d.c. series motor, with unsaturated magnetic circuit and with negligible resistance, when running

at a certain speed on a given load takes 50 A at 500 V.  If the load torque varies as the cube of the
speed, find the resistance which should be connected in series with machine to reduce the speed by
25 per cent. [7.89 ΩΩΩΩΩ]

 (Electrical Engg-I, M.S. Univ. Baroda 1980)
7. A series motor runs at 500 r.p.m. on a certain load.  Calculate the resistance of a divertor required to

raise the speed to 650 r.p.m. with the same load current, given that the series field resistance is 0.05
Ω and the field is unsaturated.  Assume the ohmic drop in the field and armature to be negligible.

[0.1665 ΩΩΩΩΩ]
8. A 230-V d.c. series motor has armature and field resistances of 0.5 Ω and 0.3 Ω respectively.  The

motor draws a line current of 40 A while running at 400 r.p.m.  If a divertor of resistance 0.15 W is
used, find the new speed of the motor for the same armature current.

It may be assumed that flux per pole is directly proportional to the field current. [1204 r.p.m.]
 (Electrical Engineering Grad.  I.E.T.E. June 1986)

9. A 250-V, d.c. shunt motor runs at 700 r.p.m. on no-load with no extra resistance in the field and
armature circuit.  Determine :

(i) the resistance to be placed in series with the armature for a speed of 400 r.p.m. when taking a total
current of 16 A.

(ii) the resistance to be placed in series with the field to produce a speed of 1,000 r.p.m. when taking an
armature current of 18 A.

www.EngineeringBooksPdf.com



1088 Electrical Technology

Assume that the useful flux is proportional to the field.  Armature resistance = 0.35 Ω, field resis-
tance = 125 Ω. [(i) 7.3 ΩΩΩΩΩ (ii) 113 ΩΩΩΩΩ] (Elect. Engg. Grad. I.E.T.E., June 1984)

10. A d.c. series motor is operating from a 220-V supply.  It takes 50 A and runs at 1000 r.p.m.  The
resistance of the motor is 0.1 Ω.  If a resistance of 2 Ω is placed in series with the motor, calculate the
resultant speed if the load torque is constant. [534 r.p.m.]

11. A d.c. shunt motor takes 25 A when running at 1000 r.p.m. from a 220-V supply.

Calculate the current taken form the supply and the speed if the load torque is halved, a resistance of
5 Ω is placed in the armature circuit and a resistance of 50 Ω is placed in the field circuit.

Armature resistance = 0.1 Ω ;  field resistance  =  100 Ω
Assume that the field flux per pole is directly proportional to the field current.[17.1 A; 915 r.p.m.]

 (Elect. Technology, Gwalior Univ. Nov. 1977)
12. A 440-V shunt motor takes an armature current of 50 A and has a flux/pole of 50 mWb.  If the flux

is suddenly decreased to 45 mWb, calculate (a) instantaneous increase in armature current (b) per-
centage increase in the motor torque due to increase in current (c) value of  steady current which
motor will take eventually (d) the final percentage increase in motor speed.  Neglect brush contact
drop and armature reaction and assume an armature resistance of 0.6 Ω.

[(a) 118 A (b) 112 %  (c) 5.55 A (d) 10% ]
13. A 440-V shunt motor while running at 1500 r.p.m. takes an armature current of 30 A and delivers a

mechanical output of 15 h.p.  (11.19 kW).  The load torque varies as the square of the speed.  Calcu-
late the value of resistance to be connected in series with the armature for reducing the motor speed
to 1300 r.p.m. and the  armature current at that speed. [2.97 ΩΩΩΩΩ, 22.5 A]

14. A 460-V series motor has a resistance of 0.4 Ω and takes a current of 25 A when there is no addi-
tional controller resistance in the armature circuit.  Its speed is 1000 r.p.m. The control resistance is
so adjusted as to reduce the field flux by 5%.  Calculate the new current drawn by the motor and its
speed.  Assume that the load torque varies as the square of the speed and the same motor efficiency
under the two conditions of operation.

[22.6 A; 926 r.p.m.] (Elect. Machines, South Gujarat Univ. Oct. 1977)

15. A 460-V, series motor runs at 500 r.p.m. taking a current of 40 A.  Calculate the speed and percent-
age change and torque if the load is reduced so that the motor is taking 30 A.  Total resistance of
armature and field circuit is 0.8 Ω.  Assume flux proportional to the field current.

[680 r.p.m. 43.75%]
16. A 440-V, 25 h.p (18.65 kW) motor has an armature resistance of 1.2 Ω and full-load efficiency of

85%.  Calculate the number and value of resistance elements of a starter for the motor if maximum
permissible current is 1.5 times the full-load current. [1.92 ΩΩΩΩΩ, 1.30 ΩΩΩΩΩ, 0.86 ΩΩΩΩΩ; 0.59 ΩΩΩΩΩ]

(Similar example in JNTU, Hyderabad, 2000)

17. A 230-V, d.c. shunt motor has an armature resistance of 0.3 Ω.  Calculate (a) the resistance to be
connected in series with the armature to limit the armature current to 75 A at starting and (b) value of
the  generated e.m.f.  when the armature current has fallen to 50 A with this value of resistance still
in circuit. [(a) 2.767 ΩΩΩΩΩ (b) 76.7 A]

18. A 200-V, d.c. shunt motor takes full-load current of 12 A.  The armature circuit resistance is 0.3 Ω
and the field circuit resistance is 100 Ω.  Calculate the value of 5 steps in the 6-stud starter for the
motor.  The maximum starting current is not to exceed 1.5 times the full-load current.

[6.57 ΩΩΩΩΩ, 3.12 ΩΩΩΩΩ, 1.48 ΩΩΩΩΩ, 0.7 ΩΩΩΩΩ, 0.33 ΩΩΩΩΩ]
19. The resistance of a starter for a 200-V, shunt motor is such that maximum starting current is 30 A.

When the current has decreased to 24 A,  the starter arm is moved from the first to the second stud.

Calculate the resistance between these two studs if the maximum current in the second stud is 34 A.
The armature resistance of the motor is 0.4 Ω. [1.334 ΩΩΩΩΩ]

20. A totally-enclosed motor has thermal time constant of 2 hr.  and final temperature rise at no-load and
40° on full load.
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Determine the limits between which the temperature fluctuates when the motor operates on a load
cycle consisting of alternate period of 1 hr.  on full-load and 1 hr.  on no-load, steady state conditions
having been established. [28.7° C, 21.3°C]

21. A motor with a thermal time constant of 45 min. has a final temperature rise of 75°C on continuous
rating (a) What is the temperature rise after one hour at this load ?  (b) If the temperature rise on one-
hour rating is 75°C, find the maximum steady temperature at this rating (c) When working at its one-
hour rating, how long does it take the temperature to increase from 60°C to 75°C ? [(a) 55 °C (b)
102 °C (c)  20 min]

(Electrical Technology, M.S. Univ. Baroda. 1976)

1. The speed of a d.c. motor can be controlled by
varying

(a) its flux per pole

(b) resistance of armature circuit

(c) applied voltage

(d) all of the above

2. The most efficient method of increasing the
speed of a 3.75 kW d.c. shunt motor would be
the ...........method.

(a) armature control

(b) flux control

(c) Ward-Leonard

(d) tapped-field control

3. Regarding Ward-Leonard system of speed con-
trol which statement is false ?
(a) It is usually used where wide and very sen-

sitive speed control is required.

(b) It is used for motors having ratings from
750 kW to 4000 kW

(c) Capital outlay involved in the system is right
since it uses two extra machines.

(d) It gives a speed range of 10 : 1 but in one
direction only.

(e) It has low overall efficiency especially at
light loads.

4. In the rheostatic method of speed control for a
d.c. shunt motor, use of armature divertor makes
the method

(a) less wasteful

(b) less expensive

(c) unsuitable for changing loads

(d) suitable for rapidly changing loads

5. The chief advantage of Ward-Leonard system of
d.c. motor speed control is that it

(a) can be used even for small motors

(b) has high overall efficiency at all speeds

(c) gives smooth, sensitive and wide speed
control

(d) uses a flywheel to reduce fluctuations in
power demand

6. The flux control method using paralleling of field
coils when applied to a 4-pole series d.c. motor
can give ........... speeds.

(a) 2 (b) 3

(c) 4 (d) 6

7. The series-parallel system of speed control of
series motors widely used in traction work gives
a speed range of about

(a) 1 : 2 (b) 1 : 3

(c) 1 : 4 (d) 1 : 6

8. In practice, regenerative braking is used when

(a) quick motor reversal is desired

(b) load has overhauling characteristics

(c) controlling elevators, rolling mills and print-
ing presses etc.

(d) other methods can not be used.

9. Statement 1.  A direct-on-line (DOL) starter is
used to start a small d.c. motor because

Statement 2.  it limits initial current drawn by
the armature circuit.

(a) both statement 1 and 2 are incorrect

(b) both statement 1 and 2 are correct

(c) statement 1 is correct but 2 is wrong

(d) statement 2 is correct but 1 is wrong

10. Ward-Leonard system of speed control is NOT
recommended for

(a) wide speed range

(b) constant-speed operation

(c) frequent motor reversals

(d) very low speeds

11. Thyristor chopper circuits are employed for

(a) lowering the level of a d.c. voltage

(b) rectifying the a.c. voltage

(c) frequency conversion

(d) providing commutation circuitry

OBJECTIVE TESTS – 30
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ANSWERS
  1. d   2. b   3. d   4. d   5. c 6. b 7. c 8. b 9. c 10. b 11. a
12. b 13. a 14. b 15. b 16. c

12. An invertor circuit is employed to convert

(a) a.c. voltage into d.c. voltage

(b) d.c.voltage into a.c. voltage

(c) high frequency into low frequency

(d) low frequency into high frequency

13. The phase-control rectifiers used for speed of
d.c. motors convert fixed a.c. supply voltage into

(a) variable d.c. supply voltage

(b) variable a.c. supply voltage

(c) full-rectified a.c. voltage

(d) half-rectified a.c. voltage

14. If some of the switching devices in a convertor
are controlled devices and some are diodes, the
convertor is called

(a) full convertor (b) semiconvertor

(c) solid-state chopper

(d) d.c. convertor

15. A solid-state chopper converts a fixed-voltage
d.c. supply into a

(a) variable-voltage a.c. supply

(b) variable-voltage d.c. supply

(c) higher-voltage d.c. supply

(d) lower-voltage a.c. supply

16. The d.c. motor terminal voltage supplied by a
solid-state chopper for speed control purposes
varies...........with the duty ratio of the chop-
per
(a) inversely (b) indirectly
(c) linearly (d) parabolically
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31.1 Brak31.1 Brak31.1 Brak31.1 Brak31.1 Brake e e e e TTTTTestestestestest

It is a direct method and consists of applying a brake to a water-cooled pulley mounted on the motor
shaft as shown in Fig. 31.1.  The brake band is fixed with the help of
wooden blocks gripping the pulley.  One end of the band is fixed to
earth via a spring balance S and the other is connected to a sus-
pended weight W1.  The motor is running and the load on the motor
is adjusted till it carries its full load current.

Let W1 = suspended weight in kg

W2 = reading on spring balance in kg-wt

The net pull on the band due to friction at the pulley is
(W1 − W2) kg. wt. or 9.81 (W1 − W2) newton.

If R = radius of the pulley in metre

and N = motor or pulley speed in r.p.s.

Then , shaft torque Tsh developed by the motor

= (W1 − W2) R kg-m = 9.81 (W1 − W2) R N-m

Motor output power  =  Tsh × 2π N watt

= 2π × 9.81 N (W1 − W2) R watt

= 61.68 N (W1 − W2) R watt

Let  V = supply voltage ; I = full-load current taken by the motor.
Then, input power = VI watt

∴ η = 1 261.68 ( )Output
Input

N W W R
VI

−
=

The simple brake test described above can be used for small motors
only, because in the case of large motors, it is difficult to dissipate the large
amount of heat generated at the brake.

Another simple method of measuring motor output is by the use of
poney brake one form of which is shown in Fig. 31.2 (a).  A rope is wound
round the pulley and its two ends are attached to two spring balances S1
and S2.  The tension of the rope can be adjusted with the help of swivels.
Obviously, the force acting tangentially on the pulley is equal to the differ-
ence between the readings of the two spring balances.  If R is the pulley radius, the torque at the pulley is Tsh
= (S1 − S2)R.  If ω (= 2πN) is the angular velocity of the pulley, then

motor output = Tsh × ω = 2 π N (S1 − S2)R m-kg. wt. = 9.81 × 2πN (S1 − S2) R watt.

The motor input may be measured as shown in Fig. 31.2 (b).  Efficiency may, as usual, be found by
using the relation η = output/input.

Example 31.1.  In a brake test the effective load on the branch pulley was 38.1 kg, the effective
diameter of the pulley 63.5 cm and speed 12 r.p.s.  The motor took 49 A at 220 V.  Calculate the
output power and the efficiency at this load.

Solution.  Effective load (W1 − W2) = 38.1 kg. wt ; radius = 0.635/2 = 0.3175 m
Shaft torque = 38.1 × 0.3175 kg-m = 9.81 × 38.1 × 0.3175 = 118.6 N-m

Power output = torque × angular velocity in rad/s = 118.6 × 2π × 12 = 8,945 W

Now, motor input = 49 × 220 W ∴ Motor η = 
8, 945

49 220×  = 0.83 or 83%

Fig. 31.1

Motor shaft
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Fig. 31.2 (a) Fig. 31.2 (b)

Example 31.2(a).  The following readings are obtained when doing a load test on a d.c. shunt
motor using a brake drum :

Spring balance reading 10 kg and 35 kg Diameter of the drum 40 cm

Speed of the motor 950 r.p.m. Applied voltage 200 V

Line current 30 A

Calculate the output power and the efficiency. (Electrical Engineering, Madras Univ. 1986)

Solution.  Force on the drum surface F = (35 − 10) = 25 kg wt = 25 × 9.8 N

Drum radius R = 20 cm = 0.2 m ; Torque Tsh = F × R = 25 × 9.8 × 0.2 = 49 N
N = 950/60 = 95/6 r.p.s. ; ω = 2π (95/6) = 99.5 rad/s

Motor output = Tsh × ω watt = 49 × 99.5 = 4,876 W

Motor input = 200 × 30 = 6000 W ; η = 4876/6000 = 0.813 or 81.3%

Example 31.2(b).  In a brake-test, on a d.c. shunt motor, the tensions on the two sides of the brake
were 2.9 kg and 0.17 kg.  Radius of the pulley was 7 cm.  Input current was 2 amp at 230 volts.  The
motor speed was 1500 rpm.  Find the torque, power-output and efficiency.

(Bharathiar Univ. April 1998)

Fig. 31.3.  D.C. Shunt Motor Brake Test

Solution. Net force on pulley = 2.90 − 0.17 = 2.73 kg
= 2.73 × 9.81 = 26.78 Nw
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Net torque = Force × Radius = 26.78 × 7/100

= 1.8746 Nw-m

Power output = Torque × Radians/sec.

= 1.8746 × 2π 1500/60

= 294 watts

Efficiency = 294/(230 × 2) = 0.639

%  efficiency = 63.9%

31.2.31.2.31.2.31.2.31.2. SwinburSwinburSwinburSwinburSwinburne’ne’ne’ne’ne’s* s* s* s* s* TTTTTest (or No-load est (or No-load est (or No-load est (or No-load est (or No-load TTTTTest or Losses Method)est or Losses Method)est or Losses Method)est or Losses Method)est or Losses Method)
It is a simple method in which losses are

measured separately and from their knowledge,
efficiency at any desired load can be predetermined
in advance.  The only running test needed is no-load
test.  However, this test is applicable to those
machines in which flux is practically constant
i.e. shunt and compound-wound machines.

The machine is running as a motor on no-load at
its rated voltage i.e. voltage stamped on the name-
plate. The speed is adjusted to the rated speed with
the help of shunt regulator as shown in
Fig. 31.4.

The no-load current I0 is measured by the
ammeter A1 whereas shunt field current Ish is given by ammeter A2.  The no-load armature current is
(I0 − Ish) or Ia0.

Let, supply voltage = V no-load input = VI0 watt
∴ Power input to armature = V (I0 − Ish) ; Power input to shunt = VIsh

No-load power input to armature supplies the following :

(i) Iron losses in core (ii) friction loss (iii) windage loss and
(iv) armature Cu loss, (I0 − Ish)

2 Ra or Ia0
2Ra

In calculating armature Cu loss, ‘hot’ resistance of armature should be used.  A stationary measure-
ment of armature circuit resistance at the room-temperature of, say, 15ºC is made by passing current through
the armature from a low voltage d.c. supply [Fig. 31.5 (a)].

Fig. 31.4                              Fig. 31.5

* Sir James Swinburne (1858-1958) made outstanding contributions to the development of electric lamps,
electric machines and synthetic resins.

Shunt regulator
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Then, the ‘hot’ resistance, allowing a temperature rise of 50ºC is found thus :

R15 = R0(1 + 15α0) ; R65 = (1 + 65α0), R65 = R15 × 0

0

1 65
1 15

+ α
+ α

Taking α0 = 1/234.5, we have R65 = R15 ×
234.5 65
234.5 15

+
+

 = 1.2 R15 (approx.*)

If we subtract from the total input the no-load armature Cu loss, then we get constant losses.

∴   Constant losses Wc = VI0 − (I0 − Ish)
2Ra

Knowing the constant losses of the machine, its efficiency at any other load can be determined as given
below.  Let I = load current at which efficiency is required.

Then, armature current is Ia = I − Ish ...if machine is motoring

= I + Ish ...if machine is generating

EfEfEfEfEfffffficiencicienciciencicienciciency when ry when ry when ry when ry when running as a motorunning as a motorunning as a motorunning as a motorunning as a motor

Input = VI, Armature Cu loss = Ia
2Ra = (I − Ish)

2Ra

Constant losses = Wc ...found above

∴ Total losses = (I − Ish)
2Ra + Wc ; ηm = 

2( )input losses
input

sh a cVI I I R W
VI

− − −− =

EfEfEfEfEfffffficiencicienciciencicienciciency when ry when ry when ry when ry when running as a generaunning as a generaunning as a generaunning as a generaunning as a generatortortortortor

Output = VI ; Armature, Cu loss = (I + Ish)
2Ra ; Constant loss = Wc ...found above

∴ Total losses = (I + Ish)
2R + Wc ; ηg = 2

output
output + losses ( )sh a c

VI

VI I I R W
=

+ + +

31.3.31.3.31.3.31.3.31.3.          AdvAdvAdvAdvAdvantages of Swinburantages of Swinburantages of Swinburantages of Swinburantages of Swinburne’ne’ne’ne’ne’s s s s s TTTTTestestestestest

1. It is convenient and economical because power required to test a large machine is small i.e. only
no-load input power.

2. The efficiency can be predetermined at any load because constant-losses are known.

31.31.31.31.31.4.  Main Disadvantages4.  Main Disadvantages4.  Main Disadvantages4.  Main Disadvantages4.  Main Disadvantages

1. No account is taken of the change in iron losses from no-load to full-load.  At full-load, due to
armature reaction, flux is distorted which increases the iron losses in some cases by as much as 50%.

2. As the test is on no-load, it is impossible to know whether commutation would be satisfactory at
full-load and whether the temperature rise would be within the specified limits.

Example 31.3.  A 220 V, d.c. shunt motor at no load takes a current of 2.5 A.  The resistances of
the armature and shunt field are 0.8 Ω and 200 Ω respectively.  Estimate the efficiency of the motor
when the input current is 20 A.  State precisely the assumptions made.

(Electrical Technology, Kerala Univ. 1986)

Solution.  No-load input = 220 × 2.5 = 550 W
This input meets all kinds of no-load losses i.e. armature Cu loss and constant losses.
Ish = 220/200 = 1.1 A.  No-load arm current, Ia0 = 2.5 − 1.1 = 1.4 A

* The armature resistance is found to decrease slightly with increasing armature current as shown in Fig. 31.5
(b).  This is due to the fact that brush contact resistance is inversely proportional to the armature current.

www.EngineeringBooksPdf.com



1096 Electrical Technology

No-load armature Cu loss = 2
0aI Ra = 1.42 × 0.8 = 1.6 W

Constant losses = 550 − 1.6 = 548.4 W
When input current is 20 A
Ia = 32 − 1.1 = 30.9 A ; Armature Cu loss = 30.92 × 0.8 = 764 W
Total loss = 764 + 548.4 = 1312 W (approx.) ; Input = 220 × 20 = 4,400 W
Output = 4,400 − 1,312 = 3,088 W ; Efficiency = (3088/4400) × 100 = 70.2%
In the above calculations, it has been assumed that :
1. mechanical losses remain constant even through motor speed changes from no-load to the given

load.
2. effect of armature reaction on main pole flux with a consequent change in iron losses has been

neglected.
3. decrease in flux due to increase in shunt resistance by heating has been neglected.

Example 31.4.  When running on no-load, a 400-V shunt motor takes 5 A.  Armature resistance
is 0.5 Ω and field resistance 200 Ω.  Find the output of the motor and efficiency when running on full-
load and taking a current of 50 A.  Also, find the percentage change in speed from no-load to full-
load. (Electro Mechanics, Allahabad Univ. 1991)

Solution.  No-load input = 400 × 5 = 2,000 W
This input goes to meet all kinds of no-load losses i.e. armature Cu loss and constant losses.

Ish = 400/200 = 2 A ; No-load Ia = 5 − 2 = 3 A
No-load arm. Cu loss = 32 × 0.5 = 4.5 W ; Constant losses = 2,000 − 4.5 = 1,995.5 W
When line current is 50 A

Ia = 50 − 2 = 48 A ; Arm. Cu loss = 482 × 0.5 = 1,152 W
Total loss on F.L. = 1,152 + 1,995.5 = 3,147.5 W ; Input = 50 × 400 = 20,000 W

Output = 20,000 − 3,147.5 = 16,852.5 W = 16.8 kW
F.L. efficiency = 16,852.5/20,000 = 0.8426 or 84.26%

Now, Eb1 = 400 − (3 × 0.5) = 398.5 V ; Eb2 = 400 − (48 × 0.5) = 376 V

1

2

N
N

= 1

2

398.5
376

b

b

E
E

= ∴ 1 2

2

22.5
376

N N
N
−

=  = 0.0598

∴ percentage change in speed = 5.98

Example 31.5.  The no-load test of a 44.76 kW, 220-V, d.c. shunt motor gave the following
figures:

Input current = 13.25 A ; field current = 2.55 A ; resistance of armature at 75ºC = 0.032 Ω and
brush drop = 2 V.  Estimate the full-load current and efficiency.

(Electrical Engineering, Madras Univ. 1987)

Solution.  No-load Condition
No-load input = 220 × 13.25 = 2915 W ; Armature current = 13.25 − 2.55 = 10.7 A

Armature Cu loss = 10.72 × 0.032 = 3.6 W
Loss due to brush drop = 2 × 10.7 = 21.4 W

Variable loss = 21.4 + 3.6 = 25 We ,  Constant losses Wc = 2915 − 25 = 2890 W
Full-load Condition
If Ia is the full-load armature current, then full-load motor input current is (Ia + 2.55) A.
F.L. motor power input = 220 (Ia + 2.55) W
This input must be equal to the sum of
(i) output = 44.76 kW = 44,760 W (ii) Wc = 2,890 W

(iii) brush loss = 2Ia watt (iv) Arm. Cu loss = 0.032 Ia
2

www.EngineeringBooksPdf.com



Testing of D.C. Machines 1097

∴ 220 (Ia + 2.55) = 44,750 + 2,890 + 2Ia + 0.032 Ia
2

or 0.032Ia
2 − 218 Ia + 47,090 = 0

or Ia =
2218 218 4 0.032 47, 090
2 0.032

± − × ×
×  = 223.5 A

Line input current  I = Ia + Ish = 223.5 + 2.55 = 226 A
F.L. power input = 226 × 220 = 49,720 W

∴ F.L. efficiency = 44,760/49,720 = 0.9 or 90%.

Example 31.6.  A 200-V, shunt motor develops an output of 17.158 kW when taking 20.2 kW.
The field resistance is 50 Ω and armature resistance 0.06 Ω.  What is the efficiency and power input
when the output is 7.46 kW ? (Elect. Machines-I, Aligarh Muslim Univ. 1989)

Solution.  In the first case :
Output = 17,158 W Input = 20,200 W

Total losses = 20,200 − 17,158 = 3,042 W ; Input current = 20,200/200 = 101 A
Ish = 200/50 = 4 A ; Ia = 101 − 4 = 97 A

∴ Armature Cu loss = 972 × 0.06 = 564.5 W
∴   Constant losses = 3,042 − 564.5 = 2,477.5 = 2478 W (approx.)
In the second case :
Let, Ia = armature current Input current = (Ia + 4) A
Now, input power = output + Ia

2Ra + constant losses
∴ 200(Ia + 4) = 7,460 + 0.06 Ia

2 + 2,478

or 0.06Ia
2 − 200Ia + 9,138 = 0

∴ Ia =
2200 200 4 0.06 9,138 200 194
2 0.06 0.12

± − × × ±=
×  = 3,283.3 A or 46 A

We will reject the larger value because it corresponds to unstable operation of the motor.  Hence, take
Ia = 46 A.

∴ Input current I = Ia + Ish = 46 + 4 = 50 A

Power input =
50 200

1000
×

 = 10 kW ∴ η  = 
7, 460 100

10, 000
×

 = 74.6%

Example 31.7.  A 200-V, 14.92 kW dc shunt motor when tested by the Swinburne method gave
the following results :

Running light : armature current was 6.5 A and field current 2.2 A.  With the armature locked,
the current was 70 A when a potential difference of 3 V was applied to the brushes.  Estimate the
efficiency of the motor when working under full-load conditions.

(Electrical Engg.-I, Bombay Univ. 1985)

Solution.  No-load input current = 6.5 + 2.2 = 8.7 A
 No-load power input = 200 × 8.7 = 1,740 W

No-load input equals Cu losses and stray losses.
Field Cu loss = 200 × 2.2 = 440 W

Armature Cu loss = 6.52 × 0.04286 = 1.8 W (� Ra = 3/70 = 0.04286 Ω)

∴ Constant losses = 1,740 − 1.8 = 1738 W
We will assume that constant losses are the same at full-load also.
Let, Ia = full-load armature current
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F.L. armature Cu loss = 0.04286 Ia
2 W ; Constant losses = 1,738 W

F.L. total loss = 1,738 + 0.04286 Ia
2

F.L. output = 14,920 W ; F.L. input = 200 (Ia + 2.2) W
We know, input = output + losses

or 200 Ia + 440 = 14,920 + 1,738 + 0.04286 Ia
2

or 0.04286 Ia
2 − 200 Ia + 16,218 = 0 ∴ Ia = 82.5 A

∴ Input current = 82.5 + 2.2 = 84.7 A

F.L. power input = 200 × 84.7 A = 16,940 W
∴ η = 14,920 × 100/16,940 = 88%

Example 31.8.  In a test on a d.c. shunt generator whose full-load output is 200 kW at 250 V, the
following figures were obtained :

(a) When running light as a motor at full speed, the line current was 36 A, the field current
12 A, and the supply voltage 250.

(b) With the machine at rest, a p.d. of 6 V produced a current of 400 A through the armature
circuit.  Explain how these results may be utilised to obtain the efficiency of generator at full-load
and half-load.  Neglect brush voltage drop.

Solution.  At no-load :
Ia = 36 − 12 = 24 A ; Ra = 6/400 = 0.015 Ω

∴ Armature Cu loss = 242 × 0.015 = 8.64 watt
No-load input = total losses in machine = 250 × 36 = 9,000 W

Constant losses = 9,000 − 8.64 = 8,991.4 W
At full-load :

Output = 200,000 W ; Output current = 200,000/250 = 800 A ; Ish = 12 A
∴ F.L. armature current = 800 + 12 = 812 A

∴ F.L. armature Cu losses = 8122 × 0.015 = 9890 W

∴ F.L. total losses = 9890 + 8,991.4 = 18881 W ∴ η  = 200, 000 100
200, 000 18, 881

×
+

 = 91.4%

At half-load :
Output = 100,000 W ; Output current = 100,000/250 = 400 A

Ia = 400 + 12 = 412 A ∴ Ia
2Ra = 4122 × 0.015 = 2,546 W

Total losses = 8,991.4 + 2,546 = 11,537 W ∴ η  = 
100, 000 100

111, 537
×

 = 89.6%

Example 31.9. A 250-V, 14.92 kW shunt motor has a maximum efficiency of 88% and a speed of
700 r.p.m. when delivering 80% of its rated output.  The resistance of its shunt field is 100 Ω.
Determine the efficiency and speed when the motor draws a current of 78 A from the mains.

Solution. Full-load output = 14,920 W
80% of F.L. output = 0.8 × 14.920 = 11,936 W ; η = 0.88

Input = 11,936/0.88 = 13,564 W
Total losses = 13,564 − 11,936 = 1,628 W

As efficiency is maximum at this load, the variable loss is equal to constant losses.

∴ Wc = Ia
2Ra = 1,628/2 ∴ Ia

2Ra = 814 W
Now, input current = 13,564/250 = 54.25 A
∴ Ish = 250/100 = 2.5 A ∴ Ia = 54.25 − 2.5 = 51.75 A
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∴ 51.752 Ra = 814 ∴ Ra = 814/51.752 = 0.3045 Ω
When input current is 78 A

Ia = 78 − 2.5 = 75.5 A ∴ Ia
2Ra = 75.52 × 0.3045 = 1,736 W

Total losses = 1,736 + 814 = 2,550 W ; Input = 250 × 78 = 19,500 W

η =
19, 500 2, 550

100
19, 550

− ×  = 86.9%

Speed :

2

1

N
N

= 2

1

b

b

E
E

or 2 250 (75.5 0.3045) 227
700 250 (51.75 0.3045) 234.25

− ×= =
− ×

N
 ; N2 = 680 r.p.m.

31.5.31.5.31.5.31.5.31.5. RegeneraRegeneraRegeneraRegeneraRegenerativtivtivtivtive or Hopkinson’e or Hopkinson’e or Hopkinson’e or Hopkinson’e or Hopkinson’s s s s s TTTTTest (Bacest (Bacest (Bacest (Bacest (Back-to-Back-to-Back-to-Back-to-Back-to-Back k k k k TTTTTest)est)est)est)est)

By this method, full-load test can be carried out on two shunt machines, preferably identical ones,
without wasting their outputs.  The two machines are mechanically coupled and are so adjusted electrically
that one of them runs as a motor and the other as a generator.  The mechanical output of the motor drives the
generator and the electrical output of generator is used in supplying the greater part of input to the motor.  If
there were no losses in the machines, they would have run without any external power supply.  But due to
these losses, generator output is not sufficient to drive the motor and vice-versa.  The losses are supplied
either by an extra motor which is belt-connected to the motor-generator set or as suggested by Kapp,
electrically from the supply mains.

Essential connections for the test
are shown in Fig. 31.6.  The two shunt
machines are connected in parallel.
They are, to begin with, started as un-
loaded motors.  Then, the field of one
is weakened and that of the other is
strengthened so that the former runs
as a motor and the latter as a genera-
tor.  The usual method of procedure is
as follows :

Machine M is started up from the
supply mains with the help of a starter
(not shown) whereas main switch S of
the other machine is kept open.  Its
speed is adjusted to normal value by means of its shield regulator.  Machine M drives machine G as a

generator and its voltage is read on volt-
meter V1.  The voltage of G is adjusted
by its field regulator until voltmeter V1
reads zero, thereby showing that its volt-
age is the same, both in polarity and mag-
nitude as that of the main supply.  There-
after, S is closed to parallel the machines.
By adjusting the respective field regula-
tors, any load can now be thrown on to
the machines.  Generator current I1 can
be adjusted to any desired value by in-
creasing the excitation of G or by reduc-

ing the excitation of M and the corresponding values of different ammeters are read.

Fig. 31.6

Motor-cum generator set
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The electrical output of the generator plus the small power taken from the supply, is taken by the motor
and is given out as a mechanical power after supplying the motor losses.

If supply voltage is V, then

Motor input = V(I1 + I2), where I2 is the current taken from the supply.
Generator output = VI1 ...(i)

Assuming that both machines have the same efficiency ηηηηη,
Output of motor = η × input = η V(I1 + I2) = generator input

Output of generator = η × input = η × η V(I1 + I2) = η2 V(I1 + I2) ...(ii)
Hence, from (i) and (ii), we get

η2V(I1 + I2) = VI1 or η = 
1

1 2

I
I I+

However, it is not quite correct to assume equal efficiencies for two machines because their armature
currents as well as excitations are different.  We will not find the efficiencies separately.

Let Ra = armature resistance of each machine
I3 = exciting current of the generator
I4 = exciting current of the motor

Armature Cu loss in generator = (I1 + I3)2Ra ; Armature Cu loss in motor = (I1 + I2 − I4)2Ra

Shunt Cu loss in generator = VI3 ; Shunt Cu loss in motor = VI4

But total motor and generator losses are equal to the power supplied by the mains.

Power drawn from supply = VI2

If we subtract the armature and shunt Cu losses from this, we get the stray losses of both machines.
∴ Total stray losses for the set

 = VI2 − [(I1 + I3)2Ra + (I1 + I2 − I4)2Ra + VI3 + VI4] = W (say)

Making one assumption that stray losses are equally divided between the two machines, we have
  Stray loss per machine = W/2
For Generator

Total losses = (I1 + I3)
2 Ra + VI3 + W/2 = Wg (say)

Output = VI1 ∴ η g = 1

1 g

VI
VI W+

Total losses = (I1 + I2 − I4)
2Ra + VId + W/2 = Wm (say)

Input = V(I1 + I2) ∴ η m = 1 2

1 2

( )
( )

mV I I W
V I I

+ −
+

31.6.31.6.31.6.31.6.31.6. AlterAlterAlterAlterAlternananananativtivtivtivtive Connections fe Connections fe Connections fe Connections fe Connections for Hopkinson’or Hopkinson’or Hopkinson’or Hopkinson’or Hopkinson’s s s s s TTTTTestestestestest

In Fig. 31.7 is shown in slightly different method of connecting the two machines to the supply.  Here,
the main difference is that the shunt windings are directly connected across the lines.  Hence, the line input
current is I1 excluding the field currents.  The efficiencies can be calculated as detailed below :

Motor armature Cu loss = (I1 + I2)2Ra ; Generator armature Cu loss = I2
2Ra

Power drawn from the supply = V I1

∴ Total stray losses i.e. iron, friction and windage losses for the two machines are
= VI1 − [(I1 + I2)

2 Ra − I2
2 Ra] = W (say)
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∴ stray loss for each machine = W/2

Motor Efficiency
Motor input = armature input + shunt field input = V (I1 + I2) + VI3 + Winput

Motor losses = armature Cu loss + shunt Cu loss + stray losses

= (I1 + I2)2Ra + VI3 + W/2 = Wm (say)

Motor η = 100input m

input

W W

W

−
×

Generator Efficiency
Generator output = VI2 ; Generator losses = I2

2Ra + V I4 + W/2 = Wg (say)

∴ Generator η = 2

2 g

VI
VI W+

31.7.31.7.31.7.31.7.31.7. MerMerMerMerMerits of Hopkinson’its of Hopkinson’its of Hopkinson’its of Hopkinson’its of Hopkinson’s s s s s TTTTTestestestestest

1. Power required for the test is small as compared to the full-load powers of the two machines.
2. As machines are being tested under full-load conditions, the temperature rise and the commutation

qualities of the machines can be observed.

Fig. 31.7

3. Because of full-load conditions, any change in iron loss due to flux distortion at full-load, is being
taken into account.

The only disadvantage is with regard to the availability of two identical machines.

Example 31.10 (a).  In a Hopkinson’s test on two 220-V, 100-kW generators, the circulating
current is equal to the full-load current and, in addition, 90 A are taken from the supply.  Obtain the
efficiency of each machine.

Solution.  Output current of the generator

I1 =
100, 000 5, 000

220 11
=  = 454.4 A, I2 = 90 A

Assuming equal efficiencies, from Art. 29.5, we have

η =
1

1 2

454.5
454.5 90

I
I I

=
+ +  = 0.914 or 91.4%

Example 31.10 (b).  In the Hopkinson’s test on two d.c. machines, machine A has a field current
of 1.4 A and machine B has a field current of 1.3 A.  Which machine acts as a generator ?

(Bharathithasan University April 1997)
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Solution.  In Hopkinson’s test (on two identical d.c. shunt machines), since the two machines are
coupled, the speed is common and is decided by the field current of the motor.  The field windings of both
the machines are in parallel with a separate D.C. source.

Since the machines are identical and are running at the same speed, their e.m.fs are in proportion to
their field currents.

E.M.F. induced in the armature of machine A
E.M.F. induced in the armature of machine B = 

1.4
1.3

EA = (1.4/1.3) × EB = 1.077 EB

Since EA is larger than EB, Machine A supplies power to Machine B.  It means, A is working as a
generator, and B is motoring.

Example 31.11.  Two shunt machines loaded for the Hopkinson’s test take 15 A at 200 V from the
supply.  The motor current is 100 A and the shunt currents are 3 A and 2.5 A.  If the armature
resistance of each machine is 0.05 ohm, calculate the efficiency of each machine for this particular
load-condition. (Bharathithasan Univ. April 1997)

Solution.  Line current into armature circuits = 15 A, Motor armature copper-loss = 500 W
Motor-armature-current = 100 A, Generator armature copper loss = 361 W
Hence generator-armature-current = 85 A
For each machine, No load Mechanical losses + Core-loss + Stray losses

= ½(VIa − I2
am ram − I2

ag rag)
= ½ (200 × 15 − 1002 × 0.05 − 852 × 0.05)
= ½ (3000 − 500 − 361) = 1069.5 W

     Motor field copper-loss = 200 × 3 = 600 W ≅  1.07 kW
Generator field copper-loss = 200 × 2.5 = 500 W
          Total Losses in motor = 600 + 1069.5 + 500 = 2169.5 W
   Total Losses in Generator = 500 + 1069.5 + 361 = 1931 W

Efficiency of motor = 
Motor output

100%
Motor input

×

Motor Input : (a) 200 × 100 = 20 kW to armature
(b) 0.6 kW to field winding

Total Input to motor = 20.6 kW
From armature side, losses to be catered are :
(i) Stray losses + No Load Mech. Losses + Core Losses = 1.07 kW

(ii) Armature copper-loss = 0.5 kW
Motor Output from armature = 20 − 0.5 − 1.07 = 18.43 kW

Motor efficiency = 18.43 100%
20.6

×  = 89.47%

Generator armature output = 200 × 85 × 10−3 = 17 kW
Generator losses : (a) Field wdg : 0.5 kW

(b) Total no-load-losses : 1.07 kW
(c) armature copper-loss = 0.36 kW

Total losses in Generator = 1.93 kW

Generator efficiency =
17 100%

17 1.93
×

+  = 89.80%

Special Note: 15 A current for d.c. supply is related here to armature-input for two machines
which are under back-to-back regenerative tests.  There are different variations in handling and giving
the test data.  It is always desirable to draw the circuit diagram according to which the calculations are
being related.
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Example 31.12.  The Hopkinson’s test on two similar shunt machines gave the following full-
load data :

Line voltage = 110 V Field currents are 3 A and 3.5 A
Line current = 48 A Arm. resistance of each is 0.035 Ω
Motor arm. current = 230 A
Calculate the efficiency of each machine assuming a brush contact drop of 1 volt per brush.

(Electrical Machines, Nagpur Univ. 1992)
Solution.  The motor-generator set is shown in Fig. 31.8.  It should also be noted that the machine with

lesser excitation is motoring.  We will find the total armature Cu losses and brush contact loss for both
machines.
Motor

Arm. Cu loss = 2302 × 0.035 = 1,851.5 W
Brush contact loss = 230 × 2 = 460 W

Total arm. Cu loss = 1851.5 +  460 = 2,312 W
     Shunt Cu loss = 110 × 3 = 330 W
     Total Cu loss = 2,312 + 330 = 2,642 W

Generator
Generator arm. current = 233 − 48 + 3.5

= 188.5 W

Arm. Cu loss = 188.52 × 0.035 = 1,244 W
Brush contact Cu loss = 188.5 × 2 = 377 W
Total arm. Cu loss = 1,244 + 377 = 1,621 W

Shunt Cu loss = 110 × 3.5 = 385 W ;
Total Cu loss = 1,621 + 385 = 2,006 W

For the Set
Total arm. and shunt Cu loss for the set

                                     = 2,642 + 2,006 = 4,648 W
      Total input = 110 × 48 = 5,280 W ; Stray losses for the set = 5,280 − 4,648 = 632 W
Stray losses per machine = 632/2 = 316 W

Motor Efficiency
Arm. Cu + brush drop loss = 2,312 W Shunt Cu loss = 330 W

Stray losses = 316 W Total loss = 2,312 + 330 + 316 = 2,958 W
Motor input = 110 × 233 = 25,630 W ; Motor output = 25,630 − 2,958 = 22,672

∴ η = 22,672 × 100/25,630 = 88.8%
Generator Efficiency

Total losses = 2,006 + 316 = 2,322 W ; Output = 110 × 185 = 20,350 W
Generator input = 20,350 + 2,322 = 22,672 W = motor input

η = 20,350/22,672 = 0.894 or 89.4%

Example 31.13.  In a Hopkinson’s test on a pair of 500-V, 100-kW shunt generators, the follow-
ing data was obtained :

Auxiliary supply, 30 A at 500 V : Generator output current, 200 A
Field currents, 3.5 A and 1.8 A
Armature circuit resistances, 0.075 Ω each machine.  Voltage drop at brushes, 2 V (each machine).
Calculate the efficiency of the machine acting as a generator.

(Elect. Technology-1, Gwalior Univ. 1986)

Fig. 31.8
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Solution.  Motor arm. current = 200 + 30 = 230 A, as shown in Fig. 31.9.
Motor arm. Cu loss = 2302 × 0.075 + 230 × 2 = 4,428 W
Motor field Cu loss = 500 × 1.8 = 900 W

Generator arm. Cu loss = 2002 × 0.075 +  200 × 2 = 3,400 W
Geneator field Cu loss = 500 × 3.5 = 1,750 W

Total Cu loss for two machines

= 4,428 + 900 + 3400 + 1750

= 10,478 W

Power taken from auxiliary supply

= 500 × 30 = 15,000 W
Stray losses for the two machines

= 15,000 − 10,478 = 4,522 W

Stray loss per machine = 4,522/2 = 2,261 W
Total losses in generator = 3400 + 1750 + 2261 = 7,411 W

Generator output = 500 × 200 = 100,000 W

∴ η g =
output 100, 000 100

output + losses 107, 411
= × = 93.09%

Example 31.14.  Explain the Hopkinson’s test on a pair of shunt motors.

In such a test on 250-V machines, the line current was 50 A and the motor current 400 A not
including the field currents of 6 A and 5 A.  The armature resistance of each machine was 0.015 Ω.
Calculate the efficiency of each machine. (Adv. Elect. Machines, A.M.I.E. Sec. B, 1991)

Solution.  The connections are shown in Fig. 31.10.

Motor armature Cu loss
= 4002 × 0.015 = 2,400 W

Generator armature Cu loss
= 3502 × 0.015 = 1,838 W

Power drawn from supply
= 250 × 50 = 12,500 W

∴ Iron, friction and windage losses for the two
machines

= 12,500 − (2,400 + 1,838)
= 8,262 W

Iron, friction and windage loss per machine
= 8.262/2 = 4,130 W* (approx.)

Motor Losses and Efficiency
Motor arm. Cu loss = 2,400 W ; Motor field Cu loss = 250 × 5 = 1,250 W

Iron, friction and windage losses = 4,130 W
Total motor losses = 2,400 + 1,250 + 4,130 = 7,780 W

Motor input = 250 × 400 + 250 × 5 = 101,250 W
∴ Motor efficiency = (101,250 − 7,780)/101,250 = 0.923 or 92.3%

* We could also get this value as follows :

Total supply input = 250 × 61 = 15,250 W ; Gen. and motor field Cu loss = 250 × 6 + 250 × 5 = 2,750 W

Iron, friction and windage losses for both machines

= 15,250 − (2,400 + 1,838 + 2,750) = 8,262 W – as before

Fig. 31.10

Fig. 31.9
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Generator Losses and Efficiency
Generator arm. Cu loss = 1,838 W ; Generator field Cu loss = 250 × 6 = 1,500 W
Iron, friction and windage loss = 4,130 W
Total losses = 1,838 + 1,500 + 4,130 = 7.468 W
Generator output = 250 × 350 = 87,500 W
∴   Generator efficiency = (87,500 − 7.468)/87,500 = 0.915 or 91.5%

Example 31.15.  The Hopkinson’s test on two shunt machines gave the following results for full-
load :

Line voltage = 250 V ; current taken from supply system excluding field currents = 50 A ; motor
armature current = 380 A ; field currents 5 A and 4.2 A.  Calculate the efficiency of the machine
working as a generator.  Armature resistance of each machine is 0.2 Ω.

(Electrical Machinery-I Mysore Univ. 1988)

Solution.  The connections are shown in Fig. 31.11.
Motor arm. Cu loss = 3802 × 0.02 = 2,888 W
Generator arm. Cu loss = 3302 × 0.02 = 2,178 W
Power drawn from supply = 250 × 50 = 12,500 W
Stray losses for the two machines

= 12,500 − (2,888 + 2,178) = 7.434 W
Stray losses per machine = 7,434/2 = 3,717 W
Motor Efficiency

Arm. Cu loss = 2,888 W
Field Cu loss = 250 × 4.2 = 1050 W
Stray losses = 3,717 W

Total loss = 2,888 + 1050 + 3,717
= 7,655 W

Motor input = 250 × 380 + 250 × 4.2
= 96,050 W

Motor output = 96,050 − 7,655
= 88,395 W

∴ η = 88,395/96,050 = 0.9203  or  92.03%
Generator Efficiency

Arm. Cu loss = 2,178 W ; Field Cu loss = 250 × 5 = 1250 W
Stray losses = 3,717 W ; Total losses = 7,145 W

Generator output = 250 × 330 = 82,500 W
Generator input = 82,500 + 7,145 = 89,645 W

η = 82,500/89,645 = 0.9202 or  92.02%

31.8.31.8.31.8.31.8.31.8. RetarRetarRetarRetarRetardadadadadation or Running Dotion or Running Dotion or Running Dotion or Running Dotion or Running Down wn wn wn wn TTTTTestestestestest

This method is applicable to shunt motors and generators and is used for finding stray losses.  Then,
knowing the armature and shunt Cu losses at a given load current, efficiency can be calculated.

The machine under test is speeded up slightly beyond its normal speed and then supply is cut off from
the armature while keeping the field excited.  Consequently, the armature slows down and its kinetic energy
is used to meet the rotational losses i.e. friction, windage and iron losses.*

Kinetic energy of the armature is K.E. = 1
2

Iω2

where I = moment of inertia of the armature and ω = angular velocity
∴ Rotational losses, W = Rate of loss of K.E.

* If armature slows down with no excitation, then energy of the armature is used to overcome mechanical
losses only, there being no iron losses (see Ex. 31.19).

Fig. 31.11
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∴ W = ( )21 .
2

d dI I
dt dt

ωω = ω

Two quantities need be known (i) moment of inertia (I) of the armature and (ii) d
dt
ω  or dN

dtbecause ω ∝  N.  These are found as follows :

(a) Finding 
d
dt
ω

Fig. 31.12 Fig. 31.13

As shown in Fig. 31.12, a voltmeter V is connected
across the armature.  This voltmeter is used as a speed
indicator by suitably graduating it, because E ∝  N.  When
supply is cut off, the armature speed and hence voltme-
ter reading falls.  By noting different amounts of voltage
fall in different amounts of time, a curve is drawn be-
tween time and the speed (obtained from voltage values)
as shown in Fig. 31.13.

From any point P which corresponds to normal speed,
a tangent AB is drawn.

Then
dN
dt =

(in r.p.m.)
(in seconds)

OB
OA

From (i), above W =
dI
dt
ωω

Now ω =
2
60

Nπ
...(N in r.p.m.)

W = ( ) ( ) ( )22 2 2; . . 0.011 . .
60 60 60

N d N dN dNI W I N I N
dt dt dt

π π π× = = ...(ii)

(ii) Finding Moment of Inertia (I)
(a) First Method–where I is calculated.
First, slowing down curve is drawn with armature alone.  Next, a fly-wheel of known moment of inertia

I1 is keyed onto the shaft and slowing down curve is drawn again.  Obviously, slowing down time will be
longer due to combined increased moment of inertia of the two.  For any given speed,
(dN/dt1) and (dN/dt2) are determined as before.  It should be noted that the losses in both cases would be
almost the same, because addition of a fly-wheel will not make much difference to the losses.

Hence, from equation (ii) above

In the first case, W = ( )2

1

2
60

dNIN
dt

 π
 
 

Shunt wound generator
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In the second case, W = ( )2

1
2

2 ( )
60

dNI I N
dt

 π + ×  
 

∴ 1
2

( ) dNI I
dt

 +  
 

= 1

1 21

or
I IdN dN dNI

dt dtdt I
+       =            

∴ I = 2 1 1
1 1 1

1 2 2 1 2 1

( / )
;

( / ) ( / )
dN dt dt t

I I I I
dN dt dN dt dt dt t t

× = =
− − −

(b) Second Method–where I is eliminated.
In this method, first, time taken to slow down, say by 5%, is noted with armature alone.  Next, a

retarding torque–mechanical or preferably electrical, is applied to the armature and again time is noted.
The method using electrical torque is shown in Fig. 31.12.  The double-throw switch S while cutting off
the armature from supply, automatically joins it to a non-inductive resistance R as shown.  The power
drawn by this resistance acts as a retarding torque on the armature, thereby making it slow down
comparatively quickly.  The additional loss is Ia

2 (Ra + R) or VIa ,
where Ia = average current through R ; V = average voltage across R.

Let W′ be this power.  Then from (i) above

W = ( )2

1

2 . .
60

dNI N
dt

π

W + W′ = ( )2

2

2 . .
60

dNI N
dt

π

∴ W W
W

′+
= 1

2

dt
dt

∴ W = W′ × 2 2

1 2 1 2

or
dt t

W W
dt dt t t

′= ×
− −

where
1

dN
dt

= rate of change of speed without extra load

2

dN
dt

= rate of change of speed with extra electrical load.

Example 31.16.  In a retardation test on a separately-excited motor, the induced e.m.f. in the
armature falls from 220 V to 190 V in 30 seconds on disconnecting the armature from the supply.
The same fall takes place in 20 seconds if, immediately after disconnection, armature is connected
to a resistance which takes 10 A (average) during this fall.  Find stray losses of the motor.

(Adv. Elect. Machines, A.M.I.E. Sec. B, 1992)

Solution.  Let W = stray losses (mechanical and magnetic losses)

Average voltage across resistance = (200 + 190)/2 = 195 V, Average current = 10 A
∴ Power absorbed W′  = 1950 W

Using the relation      2

1 2

tW
W t t

=′ −  ; we get W = 1950 × 
20

30 20−  = 3,900 watt

Example 31.17.  In a retardation test on a d.c. motor, with its field normally excited, the speed
fell from 1525 to 1475 r.p.m. in 25 seconds.  With an average load of 1.0 kW supplied by the
armature, the same speed drop occurred in 20 seconds.  Find out the moment of inertia of the rotat-
ing parts in kg.m2. (Electrical Machines-III, Gujarat Univ. 1984)

Solution.  As seen from Art. 31.8 (ii) (b).

W′ = ( )22 . .
60

dNI N
dt

π .  Also W = W′  × 2

1 2

t
t t−

Here, W′ = 1 kW = 1000 W, t1 = 25 second, t2 = 20 second

 If  is the samedN
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∴ W = 1000 × 20/(25 − 20) = 4000 W
Now, N = 1500 r.p.m. (average speed) ; dN = 1525 − 1475 = 50 r.p.m. ; dt = 25
∴ 4000 = (2π/60)2 I.1500 × 50/25 ∴ I = 121.8 kg.m2.

Example 31.18.  A retardation test is made on a separately-excited d.c. machine as a motor.  The
induced voltage falls from 240 V to 225 V in 25 seconds on opening the armature circuit and
6  seconds on suddenly changing the armature connection from supply to a load resistance taking
10 A (average).  Find the efficiency of the machines when running as a motor and taking a current of
25 A on a supply of 250 V.  The resistance of its armature is 0.4 Ω and that of its field winding is 250 Ω.

(Elect. Technology, Allahabad Univ. 1991)

Solution.  Average voltage across load
= (240 + 225)/2 = 232.5 V ; Iav = 10 A

∴ Power absorbed W′ = 232.5 × 10 = 2,325 W
and t1 = 30 second, t2 = 6 second ; W = stray loss

Using
W
W ′ = 2

1 2

t
t t−

 = 734.1 W, we get

Stray losses W = 2325 × 
6

25 6−  = 734.1 W

Input current = 25 A ; Ish = 250/250 = 1 A ; Ia = 25 − 1 = 24 A

Armature Cu loss = 242 × 0.4 = 230.4 W ; Shunt Cu loss = 250 × 1 = 250 W
∴ Total  losses = 734.1 + 230.4 + 250 = 1,215 W (approx.)

Input = 250 × 25 = 6,250 W ; Output = 6,250 − 1,215 = 5,035 W

∴ η = 5,035/6,250 = 0.806  or  80.6%
Example 31.19.  A retardation test is carried out on a 1000 r.p.m. d.c. machine.  The time taken

for the speed to fall from 1030 r.p.m. to 970 r.p.m. is :
(a) 36 seconds with no excitation
(b) 15 seconds with full excitation and
(c) 9 seconds with full excitation and the armature supplying an extra load of 10 A at 219 V.
Calculate (i) the moment of inertia of the armature in kg. m2 (ii) iron losses and (iii) the me-

chanical losses at the mean speed of 1000 r.p.m.

Solution.  It should be noted that
(i) when armature slows down with no excitation, its kinetic energy is used to overcome mechanical

losses only ; because due to the absence of flux, there is no iron loss.
(ii) with excitation, kinetic energy is used to supply mechanical and iron losses collectively known as

stray losses.
(iii) If I is taken in kg-m2 unit, then rate of loss of energy is in watts.

Mechanical loss Wm = ( )22 . .
60

dNI N
dt

π ...Art. 31.8

Here dN = 1030 − 970 = 60 r.p.m., dt = 36 seconds, N = 1000 r.p.m.

Wm = ( )22 60. .
60 36

I Nπ
...(i)

Similarly Ws = ( )22 60. .
60 15

I Nπ
...(ii)

AlsoWs = 2

1 2

9219 10
15 9

t
W

t t
′ = × ×

− −
 = 3,285 W
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Using equation (ii), we get

3,285 = ( )22 601000
60 15

Iπ × × ×

(i) ∴ I = 75 kg.m2

Dividing (i) by (ii), we get 15
36

m

s

W
W

=

(ii) ∴ Wm = 3,285 × 15/36 = 1,369 W
(iii) ∴ Iron losses = Ws − Wm = 3,285 − 1,369 = 1,916 W

31.9.31.9.31.9.31.9.31.9. Field’Field’Field’Field’Field’s s s s s TTTTTest fest fest fest fest for Seror Seror Seror Seror Series Motories Motories Motories Motories Motor

This test is applicable to two similar
series motors.  Series motors which are
mainly used for traction work are easily
available in pairs.  The two machines are
coupled mechanically.

One machine runs normally as a
motor and drives generator whose output
is wasted in a variable load R (Fig.
31.14).  Iron and friction losses of two
machines are made equal (i) by joining
the series field winding of the generator
in the motor armature circuit so that both

machines are equally excited and (ii) by running them at
equal speed.  Load resistance R is varied till the motor
current reaches its full-load value indicated by ammeter
A1.  After this adjustment for full-load current, different
ammeter and voltmeter readings are noted.
Let V = supply voltage ; I1 = motor current ; V2 = terminal
p.d. of generator ; I2 = load current.

∴  Intake of the whole set = VI1 ; output = V2I2.

Total losses in the set,    Wt= VI1 − V2I2

Armature and field Cu losses Wcu = (Ra + 2Rse)I1
2 + I2

2Ra

where Ra = hot armature resistance of each machine

Rse = hot series field resistance of each machine

∴ Stray losses for the set = Wt − Wcu

Stray losses per machine Ws =
2

t cuW W−

Stray losses are equally divided between the machines because of their equal excitation and speed.

Motor Efficiency
Motor input = V1I1

Motor losses = armature + field Cu losses + stray losses

= (Ra + Rse)I1
2 + Ws = Wm (say)

η m =
1 1

1 1

mV I W
V I

−

Fig. 31.14

Micro series motors
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Generator Efficiency
The generator efficiency will be of little use because it is running under abnormal conditions of separate

excitation.  However, the efficiency under these unusual conditions can be found if desired.

Generator output = V2I2

Field Cu loss = I1
2Rse (�  Motor current is passing through it.)

Armature Cu loss = I2
2Ra ; Stray losses = Ws

Total losses = I1
2Rse + I2

2Ra + Ws = Wg (say)

ηg = 2 2

2 2 g

V I
V I W+

It should be noted that although the two machines are mechanically coupled yet it is not a regenerative
method, because the generator output is wasted instead of being fed back into the motor as in Hopkinson’s
(back-to-back) test.

Example 31.20.  A test on two coupled similar tramway motors, with their fields connected in
series, gave the following results when one machine acted as a motor and the other as a generator.
Motor : Armature current = 56 A ; Armature voltage = 590 V

Voltage drop across field winding = 40 V
Generator :

Armature current = 44 A ; Armature voltage = 400 V
Field voltage drop = 40 V ; Resistance of each armature = 0.3 Ω

Calculate the efficiency of the motor and gearing at this load.

(Elect. Machinery-II, Nagpur Univ. 1992 & JNTU, Hyderabad, 2000)

Solution.  The connection for the two machines are shown in Fig. 31.15.

Total input = 630 × 56 = 35,280 W

Output = 400 × 44 = 17,600 W

Total losses in the two machines are

= 35,280 − 17,600 = 17,680 W

Series field resistance

Rse = 40/56

=  0.714 Ω
Total Cu loss = (0.3 + 2 × 0.714) × 562 + 442

× 0.3 = 5,425 + 581 = 6,006 W

Stray losses of the set= 17,680 − 6,006

= 11,674 W

∴ Stray losses/machine= 11,674/2 = 5,837 W

Motor Efficiency
Motor armature input = arm. voltage × motor

current = 590 × 56 = 33,040 W

Armature circuit Cu loss

= (0.3 + 0.714) × 562 = 3,180 W

Stray loss = 5,837 W – found above

Total losses = 3,180 + 5,837 = 9,017 W, Output = 33,040 − 9,017 = 24,023 W

∴ η m = 24,023/33,040 = 0.727 or 72.7%

Fig. 31.15
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Generator Efficiency
Armature Cu loss = 442 × 0.3 = 581 W, Series field Cu loss = 40 × 56 = 2,240 W

Stray losses = 5,837 W ; Total losses = 581 + 2,240 + 5,837 = 8,658 W

Output = 400 × 44 = 17,600 W
∴ η g = 17,600/(17,600 + 8,658) = 0.67 or 67%

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No. 31.1 31.1 31.1 31.1 31.1

1. A 500-V, shunt motor takes a total current of 5 A when running unloaded.  The resistance of
armature circuit is 0.25 Ω and the field resistance is 125 Ω.  Calculate the efficiency and output when the
motor is loaded and taking a current of 100 A. [90.4% ; 45.2 kW]

2. A d.c. shunt motor rated at 12.5 kW output runs at no-load at 1000 r.p.m. from a 250-V supply
consuming an input current of 4 A.  The armature resistance is 0.5 Ω and shunt field resistance is 250 Ω.
Calculate the efficiency of the machine when delivering full-load output of 12.5 kW while operating at 250
V. [81.57%]  (Elect. Technology-I Madras Univ. 1979)

3. The following results were obtained during Hopkinson’s test on two similar 230-V machines;
armature currents 37 A and 30 A; field currents 0.85 A and 0.8 A.  Calculate the efficiencies of machines if
each has an armature resistance of 0.33 Ω. [Generator 87.9%, Motor 87.7%]

4. In a Field’s test on two 230-V, 1.492 kW mechanically-coupled similar series motors, the following
figures were obtained. Each has armature and compole winding resistance of 2.4 Ω, series field resistance of
1.45 Ω and total brush drop of 2 V.  The p.d. across armature and field was 230 V with a motor current of
10.1 A.  The generator supplied a current of 8.9 A at a terminal p.d. of 161 V.  Calculate the efficiency and
output of the motor for this load. [76.45%, 1.775 kW]

5. Describe the Hopkinson’s test for obtaining the efficiency of two similar shunt motors.  The
readings obtained in such a test were as follows ; line voltage 100 V ; motor current 30 A ; generator current
25 A ; armature resistance of each machine 0.25 Ω.  Calculate the efficiency of each machine from these
results, ignoring the field currents and assuming that their iron and mechanical losses are the same.

[Motor 90.05%, Generator 92.5%]
6. The Hopkinson’s test on two similar d.c. shunt machines gave the following results :

Line voltage = 220 V ; line current excluding field currents = 40 A ; the armature current of motoring
machine = 200 A ; field currents 6 A and 7 A.  Calculate the efficiency of each of the machines at the given
load conditions.  The armature resistance of each of the machines is 0.05 Ω.

[ηηηηηm = 86.58% ; ηηηηηg = 86.3%] (Electrical Engg-I, M.S. Univ. Baroda 1980)

OBJECTIVE TEST – 31

1. One of the main advantages of Swinburne’s test
is that it

(a) is applicable both to shunt and compound
motors

(b) needs one running test

(c) is very economical and convenient

(d) ignores any charge in iron loss

2. The main disadvantage of Hopkinson’s test for
finding efficiency of shunt d.c. motors is that it

(a) requires full-load power

(b) ignores any change in iron loss

(c) needs one motor and one generator

(d) requires two identical shunt machines

3. The most economical method of finding no-load
losses of a large d.c. shunt motor is—test.

(a) Hopkinson’s

(b) Swinburne’s

(c) retardation

(d) Field’s

4. Retardation test on a d.c. shunt motor is used for
finding—losses.

(a) stray

(b) copper

(c) friction

(d) iron
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QUESTIONS AND ANSWERS ON D.C. MOTORS

Q. 1. How may the direction of rotation of a d.c. motor be reversed ?
Ans. By reversing either the field current or current through the armature.  Usually, reversal of

current through the armature is adopted.

Q. 2. What will happen if both currents are reversed ?
Ans. The motor will run in the original direction.
Q. 3. What will happen if the field of a d.c. shunt motor is opened ?
Ans. The motor will achieve dangerously high speed and may destroy itself.
Q. 4. What happens if the direction of current at the terminals of a series motor is reversed ?
Ans. It does not reverse the direction of rotation of motor because current flows through the

armature in the same direction as through the field.

Q. 5. Explain what happens when a d.c. motor is connected across an a.c. supply ?
Ans. 1. Since on a.c. supply, reactance will come into the picture, the a.c. supply will be offered

impedance (not resistance) by the armature winding.  Consequently, with a.c. supply,
current will be much less.  The motor will run but it would not carry the same load as it
would on d.c. supply.

2. There would be more sparking at the brushes.

3. Though motor armature is laminated as a rule, the field poles are not.  Consequently, eddy
currents will cause the motor to heat up and eventually burn on a.c. supply.

Q. 6. What will happen if a shunt motor is directly connected to the supply line ?
Ans. Small motors up to 1 kW rating may be line-started without any adverse results being pro-

duced.  High rating motors must be started through a suitable starter in order to avoid the huge
starting current which will

(i)  damage the motor itself and (ii) badly affect the voltage regulation of the supply line.
Q. 7. What is the function of interpoles and how are interpole windings connected ?
Ans. Interpoles are small poles placed in between the main poles.  Their function is to assist commu-

tation by producing the auxiliary or commutating flux.  Consequently, brush sparking is practi-
cally eliminated.  Interpole windings are connected in series with the armature windings.

Q. 8. In rewinding the armature of a d.c. motor, progressive connections are changed to
retrogressive ones.  Will it affect the operation in any way ?

Ans. Yes.  Now, the armature will rotate in the opposite direction.

5. The main thing common between Hopkinson’s
test and Field’s test is that both

(a) require two electrically-coupled series motors

(b) need two similar mechanically-coupled
motors

(c) use negligible power

(d) are regenerative tests

6. The usual test for determining the efficiency of a
traction motor is the .............. test.

(a) Field’s

(b) retardation

(c) Hopkinson’s

(d) Swinburne’s

ANSWERS

1. c    2. d    3. b    4. a    5. b    6. a
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Q. 9. A d.c. motor fails to start when switched on.  What could be the possible reasons and
remedies ?

Ans. Any one of the following reasons could be responsible :
1. Open-circuit in controller–should be checked for open starting resistance or open switch

or open fuse.

2. Low terminal voltage–should be adjusted to name-plate value.
3. Overload–should be reduced if possible otherwise larger motor should be installed.
4. Excessive friction–bearing lubrication should be checked.

Q. 10. A d.c. motor is found to stop running after a short period of time.  What do you think
could be the reasons ?  How would you remedy each ?

Ans. Possible causes are as under :
1. Motor not getting enough power–check voltage at motor terminals as well as fuses, clups

and overload relay.
2. Weak or no field–in the case of adjustable-speed motors, check if rheostat is correctly

set.  Also, check field winding for any ‘open’.  Additionally, look for any loose
winding or broken connection.

3. Motor torque insufficient for driving the given load–check line voltage with name-plate
voltage.  If necessary, use larger motor to match the load.

Q. 11. What are the likely causes if a d.c. motor is found to run too slow under load ?  And
the remedy ?

Ans. 1. Supply line voltage too low–remove any excessive resistance in supply line, connections
or controller.

2. Brushes ahead of neutral–set them on neutral.
3. Overload–reduce it to allowable value or use larger motor.

Q. 12. Why does a d.c. motor sometime run too fast when under load ?  Give different possible
causes and their remedies.

Ans. Different possible causes are as under :
1. Weak field–remove any extra resistance in shunt field circuit.  Also, check for ‘grounds’.
2. Line voltage too high–reduce it to name-plate value.
3. Brushes back of neutral–set them on neutral.

Q. 13. Under what conditions is sparking produced at the brushes of a d.c. motor ?  How
would you remedy it ?

Ans. 1. Commutator in bad condition–clean and reset brushes.
2. commutator either eccentric or rough–grind and true the commutator.  Also, undercut

mica.
3. Excessive vibration–balance armature.  Make sure that brushes ride freely in holders.
4. Brush-holding spring broken or sluggish–replace spring and adjust pressure to

recommended value.
5. Motor overloaded–reduce load or install motor of proper rating.
6. Short-circuit in armature circuit–remove any metallic particles between commutator

segments and check for short between adjacent commutator risers.  Locate and repair
internal armature short if any.

Q. 14. Sometimes a hissing noise (or brush chatter) is heard to emanate from the commutator
end of a running d.c. motor.  What could it be due to and how could it be removed ?
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Ans. Any one of the following causes could produce brush chatter :
1. Excessive clearance of brush holders–adjust properly
2. Incorrect angle of brushes–adjust to correct value

3. Unsuitable brushes–replace them
4. High mica–undercut it
5. Wrong brush spring pressure–adjust to correct value.

Q. 15. What are the possible causes of excessive sparking at brushes in a d.c. motor ?
Ans. 1. Poor brush fit on commutator–sand-in the brushes and polish commutator.

2. Brushes binding in the brush holders–clean holders and brushes and remove any irregu-
larities on surfaces of brush holders or rough spots on brushes.

3. Excessive or insufficient pressure on brushes–adjust pressure.
4. Brushes off neutral–set them on neutral.

Q. 16. Why does a d.c. motor sometime spark on light load ?
Ans. Due to the presence of paint spray, chemical, oil or grease etc. on commutator.

Q. 17. When is the armature of a d.c. motor likely to get over-heated ?
Ans. 1. When motor is over-loaded.

2. When it is installed at a place having restricted ventilation.
3. When armature winding is shorted.

Q. 18. What causes are responsible for over-heating of commutator in a d.c. motor ?
Ans. It could be due either to the brushes being off neutral or being under excessive spring

pressure. Accordingly, brushes should be adjusted properly and the spring pressure
should be reduced but not to the point where sparking is introduced.
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Fig. 32.1

f

Laminated Core

Primary

Secondary

32.1. Working Principle of a Transformer
A transformer is a static (or stationary) piece of apparatus by means of which electric power in

one circuit is transformed into electric power of the same frequency in another circuit.  It can raise or
lower the voltage in a circuit but with a correspond-
ing decrease or increase in current.  The physical
basis of a transformer is mutual induction between
two circuits linked by a common magnetic flux.  In
its simplest form, it consists of two inductive coils
which are electrically separated but magnetically
linked through a path of low reluctance as shown
in Fig. 32.1.  The two coils possess high mutual
inductance.  If one coil is connected to a source of
alternating voltage, an alternating flux is set up in
the laminated core, most of which is linked with
the other coil in which it produces mutually-in-
duced e.m.f. (according to Faraday’s Laws of Electromagnetic Induction e = MdI/dt).  If the second
coil circuit is closed, a current flows in it and so electric energy is transferred (entirely magnetically)
from the first coil to the second coil.  The first coil, in which electric energy is fed from the a.c. supply
mains, is called primary winding and the other from which energy is drawn out, is called secondary
winding.  In brief, a transformer is a device that

1. transfers electric power from one circuit to another
2. it does so without a change of frequency
3. it accomplishes this by electromagnetic induction and

4. where the two electric circuits are in mutual inductive influence of each other.

32.2. Transformer Construction

The simple elements of a transformer
consist of two coils having mutual
inductance and a laminated steel core.  The
two coils are insulated from each other and
the steel core.  Other necessary parts are :
some suitable container for assembled core
and windings ; a suitable medium for
insulating the core and its windings from
its container ; suitable bushings (either of
porcelain, oil-filled or capacitor-type) for
insulating and bringing out the terminals

of windings
from the
tank.

In all
types of
transformers,
the core is constructed of transformer sheet steel laminations assembled
to provide a continuous magnetic path with a minimum of air-gap
included.  The steel used is of high silicon content, sometimes heat
treated to produce a high permeability and a low hysteresis loss at the

iron core

secondary
coil

secondary
coil

110/120
volts

220/240
volts

110/120
volts

primary
coil

220/240
volts

Principle of transformer

Fig. 32.2
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Transformer 1117

usual operating flux densities.  The eddy current loss is minimised by
laminating the core, the laminations being insulated from each other by a
light coat of core-plate varnish or by an oxide layer on the surface.  The
thickness of laminations varies from 0.35 mm for a frequency of 50 Hz to
0.5 mm for a frequency of 25 Hz.  The core laminations (in the form of
strips) are joined as shown in Fig. 32.2.  It is seen that the joints in the
alternate layers are staggered in order to avoid the presence of narrow
gaps right through the cross-section of the core.  Such staggered joints
are said to be ‘imbricated’.

Constructionally, the transformers are of two
general types, distinguished from each other
merely by the manner in which the primary
and secondary coils are placed around the
laminated core.  The two types are known as (i) core-type and (ii) shell-
type.  Another recent development is spiral-core or wound-core type, the
trade name being spirakore transformer.
In the so-called core type transformers, the windings surround a
considerable part of the core whereas in shell-type transformers, the core
surrounds a considerable portion of the windings as shown schematically
in Fig. 32.3 (a) and (b) respectively.

Fig. 32.3 Fig. 32.4

In the simplified diagram for the core type transformers [Fig. 32.3 (a)], the primary and secondary
winding are shown located on the opposite legs (or limbs) of the core, but in actual construction,
these are always interleaved to reduce leakage flux.  As shown in Fig. 32.4, half the primary and half the
secondary winding have been placed side by side or concentrically on each limb, not primary on one
limb (or leg) and the secondary on the other.

Lamination

Coils

Butt Joint

Fig. 32.5 Fig. 32.6

In both core and shell-type transformers, the individual laminations are cut in the form of long
strips of L’s, E’s and I’s as shown in Fig. 32.5.  The assembly of the complete core for the two types of
transformers is shown in Fig. 32.6 and Fig. 32.7.

Low
voltage

High
voltage

Normal Operation

Oil Iron Core

Magnetic Flux

Ground

Core-type transformerLeads

Primary
Winding

Secondary Winding

Paper Insulation
Laminated

core

Shell-Type transformer
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As said above, in order to avoid high reluctance at the joints where the laminations are butted against
each other, the alternate layers are stacked differently to eliminate these joints as shown in Fig. 32.6 and
Fig. 32.7.

Butt Joint

Fig. 32.7

32.3.32.3.32.3.32.3.32.3. CorCorCorCorCore-type e-type e-type e-type e-type TTTTTransfransfransfransfransfororororormermermermermersssss

The coils used are form-wound and
are of the cylindrical type.  The general
form of these coils may be circular or oval
or rectangular.  In small size core-type
transformers, a simple rectangular core is
used with cylindrical coils which are either
circular or rectangular in form.  But for
large-size core-type transformers, round

or circular cylindrical coils are used which are so
wound as to fit over a cruciform core section as
shown in Fig. 32.8(a).  The circular cylindrical coils
are used in most of the core-type transformers
because of their mechanical strength.  Such
cylindrical coils are wound in helical layers with the
different layers insulated from each other by paper,
cloth, micarta board or cooling ducts.  Fig. 32.8(c)
shows the general arrangement of these coils with
respect to the core.  Insulating cylinders of fuller
board are used to separate the cylindrical windings
from the core and from each other.  Since the low-
voltage (LV) winding is easiest to insulate, it is placed
nearest to the core (Fig. 32.8).

Core

L.V.H.V.H.V. L.V. L.V. H.V.

( )b ( )c

Insulating
Cylinder

H.V. Winding

L.V. Winding

Fig. 32.8

Coil Coil Coil Coil Coil

Single-Phase Transformer Cores

2-leg core 3-leg core 4-leg core

Fig. 32.8 (a)
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Because of laminations and insulation, the net or effective core area is reduced, due allowance for
which has to be made (Ex. 32.6).  It is found that, in general, the reduction in core sectional area due to the
presence of paper, surface oxide etc. is of the order of 10% approximately.

As pointed out above, rectangular cores with rectangular cylindrical coils can be used for small-size
core-type transformers as shown in Fig. 32.9 (a) but for large-sized transformers, it becomes wasteful to
use rectangular cylindrical coils and so circular cylindrical coils are preferred.  For such purposes, square
cores may be used as shown in Fig. 32.9 (b) where circles represent the tubular former carrying the coils.
Obviously, a considerable amount of useful space is still wasted.  A common improvement on square core
is to employ cruciform core as in Fig. 32.9 (c) which demands, at least, two sizes of core strips.  For very
large transformers, further core-stepping is done as in Fig. 32.9 (d) where at least three sizes of core plates
are necessary.  Core-stepping not only gives high space factor but also results in reduced length of the mean
turn and the consequent I2R loss.  Three stepped core is the one most commonly used although more steps
may be used for very large transformers as in Fig. 32.9 (e).  From the geometry of Fig. 32.9, it can be shown
that maximum gross core section for Fig. 32.9 (b) is 0.5 d2 and for Fig. 32.9 (c) it is 0.616 d2 where d is the
diameter of the cylindrical coil.

Fig. 32.9

32.4. Shell-type Transformers

In these case also, the coils are form-would but are multi-layer disc type usually wound in the
form of pancakes.  The different layers of such multi-layer discs are insulated from each other by
paper.  The complete winding consists of stacked discs with insulation space between the coils–the
spaces forming horizontal cooling and insulating ducts.  A shell-type transformer may have a simple
rectangular form as shown in Fig. 32.10 or it may have distributed form as shown in Fig. 32.11.

Fig. 32.10

A very commonly-used shell-type transformer is the one known as Berry Transformer–so called
after the name of its designer and is cylindrical in form.  The transformer core consists of laminations
arranged in groups which radiate out from the centre as shown in section in Fig. 32.12.
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It may be pointed out that cores and coils of transformers must be provided with rigid mechanical
bracing in order to prevent movement and possible insulation damage.  Good bracing reduces vibration and
the objectionable noise–a humming sound–during operation.

The spiral-core transformer employs the newest development in core construction.  The core is as-
sembled of a continuous strip or ribbon of transformer steel wound in the form of a circular or elliptical
cylinder.  Such construction allows the core flux to follow the grain of the iron.  Cold-rolled steel of high
silicon content enables the designer to use considerably higher operating flux densities with lower loss per
kg.  The use of higher flux density reduces the weight per kVA.  Hence, the advantages of such construction
are (i) a relatively more rigid core (ii) lesser weight and size per kVA rating (iii) lower iron losses at higher
operating flux densities and (iv) lower cost of manufacture.

( )b
( )a

Cylindrical
Winding

Magnetic
Core

Fig. 32.11 Fig. 32.12

Transformers are generally housed in tightly-fitted sheet-metal ; tanks filled with special insulating oil*.
This oil has been highly developed and its function is two-fold.  By circulation, it not only keeps the coils
reasonably cool, but also provides the transformer with additional insulation not obtainable when the
transformer is left in the air.

In cases where a smooth tank surface does not provide sufficient cooling area, the sides of the tank are
corrugated or provided with radiators mounted on the sides.  Good transformer oil should be absolutely free
from alkalies, sulphur and particularly from moisture.  The presence of even an
extremely small percentage of moisture in the oil is highly detrimental from the insulation viewpoint
because it lowers the dielectric strength of the oil considerably.  The importance of avoiding moisture
in the transformer oil is clear from the fact that even an addition of 8 parts of water in 1,000,000 reduces
the insulating quality of the oil to a value generally recognized as below standard.  Hence, the tanks
are sealed air-tight in smaller units.  In the case of large-sized transformers where complete air-tight
construction is impossible, chambers known as breathers are provided to permit the oil inside the tank
to expand and contract as its temperature increases or decreases.  The atmospheric moisture is
entrapped in these breathers and is not allowed to pass on to the oil.  Another thing to avoid in the oil
is sledging which is simply the decomposition of oil with long and continued use.  Sledging is caused
principally by exposure to oxygen during heating and results in the formation of large deposits of dark
and heavy matter that eventually clogs the cooling ducts in the transformer.

No other feature in the construction of a transformer is given more attention and care than the
insulating materials, because the life on the unit almost solely depends on the quality, durability and
handling of these materials.  All the insulating materials are selected on the basis of their high quality
and ability to preserve high quality even after many years of normal use.

* Instead of natural mineral oil, now-a-days synthetic insulating fluids known as ASKARELS (trade name) are
used.  They are non-inflammable and, under the influence of an electric arc, do not decompose to produce
inflammable gases.  One such fluid commercially known as PYROCLOR is being extensively used because
it possesses remarkable stability as a dielectric and even after long service shows no deterioration through
sledging, oxidation, acid or moisture formation.  Unlike mineral oil, it shows no rapid burning.
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All the transformer leads are brought out of their cases through suitable bushings.  There are many
designs of these, their size and construction depending on the voltage of the leads.  For moderate voltages,
porcelain bushings are used to insulate the leads as they come out through the tank.  In general, they look
almost like the insulators used on the transmission lines.  In high voltage installations, oil-filled or capacitor-
type bushings are employed.

The choice of core or shell-type construction is usually determined by cost, because similar character-
istics can be obtained with both types.  For very high-voltage transformers or for multiwinding design, shell-
type construction is preferred by many manufacturers.  In this type, usually the mean length of coil turn is
longer than in a comparable core-type design.  Both core and shell forms are used and the selection is
decided by many factors such as voltage rating, kVA rating, weight, insulation stress, heat distribution etc.

Another means of classifying the transformers is according to the type of cooling employed.  The
following types are in common use :

(a) oil-filled self-cooled (b) oil-filled water-cooled (c) air-blast type
Small and medium size distribution transformers–so called because of their use on distribution

systems as distinguished from line transmission–are of type (a).  The assembled windings and cores
of such transformers are mounted in a welded, oil-tight steel tank provided with steel cover.  After
putting the core at its proper place, the tank is filled with purified, high quality insulating oil.  The oil
serves to convey the heat from the core and the windings to the case from where it is radiated out to
the surroundings.  For small size, the tanks are usually smooth-surfaced, but for larger sizes, the cases
are frequently corrugated or fluted to get greater heat radiation area without increasing the cubical
capacity of the tank.  Still larger sizes are provided with radiators or pipes.

Construction of very large self-cooled transformers is expensive, a more economical form of
construction for such large transformers is provided in the oil-immersed, water-cooled type.  As
before, the windings and the core are immersed in the oil, but there is mounted near the surface of oil,
a cooling coil through which cold water is kept circulating.  The heat is carried away by this water.  The
largest transformers such as those used with high-voltage transmission lines, are constructed in this
manner.

Oil-filled transformers are built for outdoor duty and as these require no housing other than their
own, a great saving is thereby effected.  These transformers require only periodic inspection.

For voltages below 25,000 V, transformers can be built for cooling by means of an air-blast.  The
transformer is not immersed in oil, but is housed in a thin sheet-metal box open at both ends through
which air is blown from the bottom to the top by means of a fan or blower.

32.5. Elementary Theory of an Ideal Transformer
An ideal transformer is one which has no losses i.e. its windings have no ohmic resistance, there is no

magnetic leakage and hence which has no I2R and core losses.  In other words, an ideal transformer consists
of two purely inductive coils wound on a loss-free core.  It may, however, be noted that it is impossible
to realize such a transformer in practice, yet for convenience, we will start with such a trans-
former and step by step approach an actual transformer.
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Fig. 32.13
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Consider an ideal transformer [Fig. 32.13 (a)] whose secondary is open and whose primary is con-
nected to sinusoidal alternating voltage V1.  This potential difference causes an alternating current to flow in
the primary.  Since the primary coil is purely inductive and there is no output (secondary being open) the
primary draws the magnetising current Iµ  only.  The function of this current is
merely to magnetise the core, it is small in magnitude and lags V 1 by 90°.  This alternating current Iµ
produces an alternating flux φ which is, at all
times, proportional to the current (assuming
permeability of the magnetic circuit to be
constant) and, hence, is in phase with it.  This
changing flux is linked both with the primary
and the secondary windings.  Therefore, it
produces self-induced e.m.f. in the primary.
This self-induced e.m.f. E1 is, at every in-
stant, equal to and in opposition to V 1.  It is
also known as counter e.m.f. or back e.m.f.
of the primary.

Similarly, there is produced in the sec-
ondary an induced e.m.f. E2 which is
known as mutually induced e.m.f.  This
e.m.f. is antiphase with V1 and its magni-
tude is proportional to the rate of change
of flux and the number of secondary turns.

The instantaneous values of applied
voltage, induced e.m.fs, flux and
magnetising current are shown by sinu-
soidal waves in Fig. 32.13 (b).  Fig. 32.13
(c) shows the vectorial representation of the effective values of the above quantities.

32.6. E.M.F. Equation of a Transformer

Let N1 = No. of turns in primary
N2 = No. of turns in secondary
Φm = Maximum flux in core in webers

= Bm × A
f = Frequency of a.c. input in Hz

As shown in Fig. 32.14, flux increases from its zero value to
maximum value Φm in one quarter of the cycle i.e. in 1/4 f second.

∴ Average rate of change of flux = 
1/ 4

m

f
Φ

= 4 f Φm Wb/s or volt
Now, rate of change of flux per turn means induced e.m.f. in volts.
∴ Average e.m.f./turn = 4 f Φm volt
If flux Φ varies sinusoidally, then r.m.s. value of induced e.m.f. is obtained by multiplying the average

value with form factor.

Form factor =
r.m.s. value

= 1.11
average value

∴ r.m.s. value of e.m.f./turn = 1.11 × 4 f Φm = 4.44 f Φm volt
Now, r.m.s. value of the induced e.m.f. in the whole of primary winding

= (induced e.m.f/turn) × No. of primary turns
E1 = 4.44 f N1 Φm = 4.44 f N1 BmA ...(i)

Fig. 32.14
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T
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T = 1/ f
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If the primary coil
has 3 loops and the
secondary coil has
30, the voltage is
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If the primary coil
has 30 loops and
the secondary coil
has 3, the voltage
is stepped down 10
times.

Step-down transformer

Step-up transformer
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Similarly, r.m.s. value of the e.m.f. induced in secondary is,
E2   = 4.44 f N2 Φm = 4.44 f N2 BmA ...(ii)

It is seen from (i) and (ii) that E1/N1 = E2/N2 = 4.44 f Φm.  It means that e.m.f./turn is the same in both
the primary and secondary windings.

In an ideal transformer on no-load, V 1 = E1 and E2 = V 2 where V 2 is the terminal voltage
(Fig. 32.15).

32.7 Voltage Transformation Ratio (K)
From equations (i) and (ii), we get

2

1

E
E

= 2

1

N
K

N
=

This constant K  is known as voltage transformation
ratio.

(i) If N2 > N1 i.e. K > 1, then transformer is called step-up
transformer.

(ii) If N2 < N1 i.e. K < 1, then transformer is known as
step-down transformer.

Again, for an ideal transformer, input VA  = output VA .

V 1 I1 = V 2 I2 or 2 1

1 2

1I V
I V K

= =

Hence, currents are in the inverse ratio of the (voltage) transformation ratio.

Example 32.1.  The maximum flux density in the core of a 250/3000-volts, 50-Hz single-phase
transformer is 1.2 Wb/m2.  If the e.m.f. per turn is 8 volt, determine

(i) primary and secondary turns  (ii) area of the core.
(Electrical Engg.-I, Nagpur Univ. 1991)

Solution.  (i) E1 = N1 × e.m.f. induced/turn
N1 = 250/8 = 32; N2 = 3000/8 = 375

(ii) We may use E2 = − 4.44 f N2 Bm A
∴ 3000 = 4.44 × 50 × 375 × 1.2 × A ; A = 0.03m2.

Example 32.2.  The core of a 100-kVA, 11000/550 V, 50-Hz, 1-ph, core type transformer has a
cross-section of 20 cm × 20 cm.  Find (i) the number of H.V. and L.V. turns per phase and (ii) the e.m.f.
per turn if the maximum core density is not to exceed 1.3 Tesla.  Assume a stacking factor of 0.9.

What will happen if its primary voltage is increased by 10% on no-load ?
(Elect. Machines, A.M.I.E. Sec. B, 1991)

Solution.  (i) Bm = 1.3 T, A  = (0.2 × 0.2) × 0.9 = 0.036 m2

∴ 11,000 = 4.44 × 50 × N1 × 1.3 × 0.036, N1 = 1060
550 = 4.44 × 50 × N2 × 1.3 × 0.036; N2 = 53

or, N2 = KN1 = (550/11,000) × 1060 = 53
(ii) e.m.f./turn = 11,000/1060 = 10.4 V or 550/53 = 10.4 V
Keeping supply frequency constant, if primary voltage is increased by 10%, magnetising current will

increase by much more than 10%.  However, due to saturation, flux density will increase only marginally and
so will the eddy current and hysteresis losses.

Example 32.3.  A single-phase transformer has 400 primary and 1000 secondary turns.  The
net cross-sectional area of the core is 60 cm2.  If the primary winding be connected to a 50-Hz supply
at 520 V, calculate (i) the peak value of flux density in the core (ii) the voltage induced in the
secondary winding. (Elect. Engg-I, Pune Univ. 1989)

V1 E1 E2 V2

�

Fig. 32.15
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Solution. K = N2/N1 = 1000/400 = 2.5
(i) E2/E1 = K ∴ Ε2 = ΚΕ1 = 2.5 × 520 = 1300 V
(ii) E1 = 4.44 f N1 BmA
or 520 = 4.44 × 50 × 400 × Bm × (60 × 10−4) ∴ Bm = 0.976 Wb/m2

Example 32.4.  A 25-kVA transformer has 500 turns on the primary and 50 turns on the second-
ary winding.  The primary is connected to 3000-V, 50-Hz supply.  Find the full-load primary and
secondary currents, the secondary e.m.f. and the maximum flux in the core.  Neglect leakage drops
and no-load primary current. (Elect. & Electronic Engg., Madras Univ. 1985)

Solution. K = N2/N1 = 50/500 = 1/10
Now, full-load I1 = 25,000/3000 = 8.33 A.  F.L. I2 = I1/K = 10 × 8.33 = 83.3 A

e.m.f. per turn on primary side   = 3000/500 = 6 V
∴ secondary e.m.f. = 6 × 50 = 300 V (or E2 = KE1 = 3000 × 1/10 =300 V )
Also, E1 = 4.44 f N1Φm; 3000 = 4.44 × 50 × 500 × Φm ∴ Φ m = 27 mWb
Example 32.5.  The core of a three phase, 50 Hz, 11000/550 V delta/star, 300 kVA, core-type

transformer operates with a flux of 0.05 Wb.  Find
(i) number of H.V. and L.V. turns per phase. (ii) e.m.f. per turn

(iii) full load H.V. and L.V. phase-currents. (Bharathithasan Univ. April 1997)

Solution. Maximum value of flux has been given as 0.05 Wb.
(ii) e.m.f. per turn = 4.44 f φm

= 4.44 × 50 × 0.05 = 11.1 volts
(i) Calculations for number of turns on two sides :
Voltage per phase on delta-connected primary winding = 11000 volts
Voltage per phase on star-connected secondary winding = 550/1.732 = 317.5 volts

T1 = number of turns on primary, per phase
= voltage per phase/e.m.f. per turn
= 11000/11.1 = 991

T2 = number of turns on secondary, per phase
= voltage per phase/e.m.f. per turn
= 317.5/11.1 = 28.6

Note :  (i) Generally, Low-voltage-turns are calculated first, the figure is rounded off to next higher even
integer.  In this case, it will be 30.  Then, number of turns on primary side is calculated by turns-ratio.

In this case, T1 = T2 (V1/V2) = 30 × 11000/317.5 = 1040

This, however, reduces the flux and results into less saturation.  This, in fact, is an elementary
aspect in Design-calculations for transformers. (Explanation is added here only to overcome a doubt
whether a fraction is acceptable as a number of L.V. turns).

(ii) Full load H.V. and L.V. phase currents :
Output per phase = (300/3) = 100 kVA

H.V. phase-current =
100 1000

9.1 Amp
11, 000

× =

L.V. phase-current = (100 × 1000/317.5) = 315 Amp

Example 32.6.  A single phase transformer has 500 turns in the primary and 1200 turns in the
secondary.  The cross-sectional area of the core is 80 sq. cm.  If the primary winding is connected to
a 50 Hz supply at 500 V, calculate (i) Peak flux-density, and (ii) Voltage induced in the secondary.

(Bharathiar University November 1997)
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Solution.  From the e.m.f. equation for transformer,

500 = 4.44 × 50 × φm × 500

φm = 1/222 Wb

(i) Peak flux density, Bm = φm / (80 × 10−4) = 0.563 wb/m2

(ii) Voltage induced in secondary is obtained from transformation ratio or turns ratio

2

1

V
V =

2

1

N
N

or V2 = 500 × 1200/500 = 1200 volts

Example 32.7.  A 25 kVA, single-phase transformer has 250 turns on the primary and 40 turns on
the secondary winding. The primary is connected to 1500-volt, 50 Hz mains.  Calculate
(i) Primary and Secondary currents on full-load, (ii) Secondary e.m.f., (iii) maximum flux in the core.

(Bharathiar Univ. April 1998)
Solution. (i) If   V 2 = Secondary voltage rating,  = secondary e.m.f.,

2

1500
V

=
40

250 , giving V2 = 240 volts

(ii) Primary current = 25000/1500 = 16.67 amp

Secondary current = 25000/240 = 104.2 amp

(iii) If φm is the maximum core-flux in Wb,

1500 = 4.44 × 50 × φm × 250, giving φm = 0.027 Wb or 27 mWb

Example 32.8.  A single-phase, 50 Hz, core-type transformer has square cores of 20 cm side.
Permissible maximum flux-density is 1 Wb/m2.  Calculate the number of turns per Limb on the High
and Low-voltage sides for a 3000/220 V ratio. (Manonmaniam Sundaranar Univ. April 1998)

Solution.  E.M.F. equation gives the number of turns required on the two sides.  We shall first
calculate the L.V.-turns, round the figure off to the next higher even number, so that given maximum
flux density is not exceeded.  With the corrected number of L.V. turns, calculate H.V.-turns by
transformation ratio.  Further, there are two Limbs.  Each Limb accommodates half-L.V. and half H.V.
winding from the view-point of reducing leakage reactance.

Starting with calculation for L.V. turns, T2,

4.44 × 50 × [(20 × 20 × 10−4) × 1] × Τ2 = 220

T2 = 220/8.88 = 24.77

Select T2 = 26

T1/T2 = V1/V2

T1 = 26 × 3000/220 = 354, selecting the nearest even integer.

Number of H.V. turns on each Limb = 177

Number of L.V. turns on each Limb = 13

32.8. Transformer with Losses but no Magnetic Leakage

We will consider two cases (i) when such a transformer is on no load and (ii) when it is loaded.

32.9. Transformer on No-load
In the above discussion, we assumed an ideal transformer i.e. one in which there were no core losses

and copper losses.  But practical conditions require that certain modifications be made in the foregoing
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theory.  When an actual transformer is put on load, there is iron loss in the core and copper loss in the
windings (both primary and secondary) and these losses are not entirely negligible.

Even when the transformer is on no-load, the primary input current is not wholly reactive.  The primary
input current under no-load conditions has to supply (i) iron losses in the core i.e. hysteresis loss and  eddy
current loss and  (ii) a very small amount of copper loss in primary (there being no Cu loss in secondary as
it is open).  Hence, the no-load primary input current I0 is not at 90° behind V1 but lags it by an angle φ0 <
90°.  No-load input power

W0 = V 1I0 cos φ0

where cos φ0 is primary power factor under no-load conditions.  No-load
condition of an actual transformer is shown vectorially in Fig. 32.16.

As seen from Fig. 32.16, primary current I0 has two components :

(i) One in phase with V 1.  This is known as active or working or
iron loss component Iw because it mainly supplies the iron loss plus
small quantity of primary Cu loss.

Iw = I0 cos φ0

(ii) The other component is in quadrature with V 1 and is known as
magnetising component Iµ  because its function is to sustain the
alternating flux in the core.  It is wattless.

Iµ = I0 sin φ0

Obviously, I0 is the vector sum of Iw and Iµ, hence I0 = (Iµ
2 + Iω

2).

The following points should be noted carefully :

1. The no-load primary current I0 is very small as compared to the full-load primary current.  It is
about 1 per cent of the full-load current.

2. Owing to the fact that the permeability of the core varies with the instantaneous value of the
exciting current, the wave of the exciting or magnetising current is not truly sinusoidal.  As such it
should not be represented by a vector because only sinusoidally varying quantities are represented
by rotating vectors.  But, in practice, it makes no appreciable difference.

3. As I0 is very small, the no-load primary Cu loss is negligibly small which means that no-load
primary input is practically equal to the iron loss in the transformer.

4. As it is principally the core-loss which is responsible for shift in the current vector, angle φ0 is
known as hysteresis angle of advance.

Example 32.9.  (a) A 2,200/200-V transformer draws a no-load primary current of 0.6 A and
absorbs 400 watts.  Find the magnetising and iron loss currents.

(b) A 2,200/250-V transformer takes 0.5 A at a p.f. of 0.3 on open circuit.  Find magnetising
and working components of no-load primary current.

Solution.  (a) Iron-loss current

= no-load input in watts 400
primary voltage 2, 200

= = 0.182 A

Now I0
2 = Iw

2 + Iµ
2

Magnetising component Iµ = 2 2(0.6 0.182)− =  0.572 A

The two components are shown in Fig. 29.15.

Fig. 32.16
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(b) I0 = 0.5 A, cos φ0 = 0.3 ∴ Iw = I0 cos φ0 = 0.5 × 0.3 = 0.15 A

Iµ = 2 20.5 0.15 0.476 A− =

Example 32.10.  A single-phase transformer has 500 turns on the primary and 40 turns on the
secondary winding.  The mean length of the magnetic path in the iron core is 150 cm and the joints
are equivalent to an air-gap of 0.1 mm.  When a p.d. of 3,000 V is applied to the primary, maximum
flux density is 1.2 Wb/m2.  Calculate (a) the cross-sectional area of the core (b) no-load secondary
voltage (c) the no-load current drawn by the primary (d) power factor on no-load.  Given that
AT/cm for a flux density of 1.2 Wb/m2 in iron to be 5, the corresponding iron loss to be 2 watt/kg at
50 Hz  and the density of iron as 7.8 gram/cm3.

Solution. (a) 3,000 = 4.44 × 50 × 500 × 1.2 × A ∴ A  = 0.0225 m2 = 225 cm2

This is the net cross-sectional area.  However, the gross area would be about 10% more to allow
for the insulation between laminations.

(b) K = N2/N1 = 40/500 = 4/50

∴ N.L. secondary voltage = KE1 = (4/50) × 3000 = 240 V
(c) A T per cm = 5 ∴ A T for iron core = 150 × 5 = 750

A T for air-gap =
7

0

1.2 0.0001 95.5
4 10

BHl l −= × = × =
µ π ×

Total AT for given Bmax = 750 + 95.5 = 845.5

Max. value of magnetising current drawn by primary = 845.5/500 = 1.691 A

Assuming this current to be sinusoidal, its r.m.s. value is Iµ = 1.691/ 2 1.196 A=
Volume of iron = length × area = 150 × 225 = 33,750 cm3

Density = 7.8 gram/cm3 ∴ Mass of iron = 33,750 × 7.8/1000 = 263.25 kg

Total iron loss = 263.25 × 2 = 526.5 W

Iron loss component of no-load primary current I0 is Iw = 526.5/3000 = 0.176 A

I0 = 2 2 2 21.196 0.176u wI I+ = + =0.208 A

(d) Power factor,cos φ0 = Iw/I0 = 0.176/1.208 = 0.1457

Example 32.11.  A single-phase transformer has 1000 turns on the primary and 200 turns on the
secondary.  The no load current is 3 amp.  at a p.f. of  0.2 lagging.  Calculate the primary current and
power-factor when the secondary current is 280 Amp at a p.f. of 0.80 lagging.

(Nagpur University, November 1997)

Solution.  V 2 is taken as reference.   cos−1 0.80 = 36.87°

I2 = 280 ∠− 36.87º amp

I’2 = (280/5) ∠− 36.87º amp

φ = cos−1 0.20 = 78.5°, sin φ = 0.98

I1 = I0 + I’2 = 3(0.20 − j 0.98) + 56 (0.80 − j 0.60)

= 0.6 − j 2.94 + 44.8 − j 33.6

= 45.4 − j 2.94 + 44.8 − j 33.6

= 45.4 − j 36.54 = 58.3 ∠ 38.86º

Thus I lags behind the supply voltage by an angle of 38.86°.
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Tutorial Problems 32.1

1. The number of turns on the primary and secondary windings of a 1−φ transformer are 350 and 35
respectively.  If the primary is connected to a 2.2 kV, 50-Hz supply, determine the secondary voltage
on no-load. [220 V] (Elect. Engg.-II, Kerala Univ. 1980)

2. A 3000/200-V, 50-Hz, 1-phase transformer is built on a core having an effective cross-sectional area
of 150 cm2 and has 80 turns in the low-voltage winding.  Calculate

(a)  the value of the maximum flux density in the core
(b)  the number of turns in the high-voltage winding. [(a) 0.75 Wb/m2 (b) 1200]

3. A 3,300/230-V, 50-Hz, 1-phase transformer is to be worked at a maximum flux density of 1.2 Wb/m2

in the core.  The effective cross-sectional area of the transformer core is 150 cm2.  Calculate suitable
values of primary and secondary turns. [830; 58]

4. A 40-kVA, 3,300/240-V, 50 Hz, 1-phase transformer has 660 turns on the primary.  Determine
(a)  the number of turns on the secondary
(b)  the maximum value of flux in the core

(c)  the approximate value of primary and secondary full-load currents.
Internal drops in the windings are to be ignored. [(a) 48 (b) 22.5 mWb (c) 12.1 A; 166.7 A]

5. A double-wound, 1-phase transformer is required to step down from 1900 V to 240 V, 50-Hz.  It is
to have 1.5 V per turn.  Calculate the required number of turns on the primary and secondary windings
respectively.
The peak value of flux density is required to be not more than 1.2 Wb/m2.  Calculate the required
cross-sectional area of the steel core.  If the output is 10 kVA, calculate the secondary current.

[1,267; 160; 56.4 cm2; 41.75 A]
6. The no-load voltage ratio in a 1-phase, 50-Hz, core-type transformer is 1,200/440.  Find the number

of turns in each winding if the maximum flux is to be 0.075 Wb. [24 and 74 turns]
7. A 1-phase transformer has 500 primary and 1200 secondary turns.  The net cross-sectional area of

the core is 75 cm2.  If the primary winding be connected to a 400-V, 50 Hz supply, calculate.
(i)  the peak value of flux density in the core and (ii) voltage induced in the secondary winding.

[0.48 Wb/m2; 60 V]
8. A 10-kVA, 1-phase transformer has a turn ratio of 300/23.  The primary is connected to a 1500-V,

60 Hz supply.  Find the secondary volts on open-circuit and the approximate values of the currents
in the two windings on full-load.  Find also the maximum value of the flux. [115 V; 6.67 A; 87 A;
11.75 mWb]

9. A 100-kVA, 3300/400-V, 50 Hz, 1 phase transformer has 110 turns on the secondary.  Calculate the
approximate values of the primary and secondary full-load currents, the maximum value of flux in the
core and the number of primary turns.
How does the core flux vary with load ? [30.3 A; 250 A; 16.4 mWb; 907]

10. The no-load current of a transformer is 5.0 A at 0.3 power factor when supplied at 230-V, 50-Hz.  The
number of turns on the primary winding is 200.  Calculate (i) the maximum value of flux in the core (ii)
the core loss (iii) the magnetising current. [5.18 mWb; 345 W; 4.77 A]

11. The no-load current of a transformer is 15  at a power factor of 0.2 when connected to a 460-V, 50-Hz
supply.  If the primary winding has 550 turns, calculate
(a)  the magnetising component of no-load current
(b)  the iron loss
(c)  the maximum value of the flux in the core. [(a) 14.7 A (b) 1,380 W (c) 3.77 mWb]

12. The no-load current of a transformer is 4.0 A at 0.25 p.f. when supplied at 250-V, 50 Hz.  The number
of turns on the primary winding is 200.  Calculate

(i)  the r.m.s. value of the flux in the core (assume sinusoidal flux)
(ii)  the core loss

(iii)  the magnetising current. [(i) 3.96 mWb (ii) 250 W (iii) 3.87 A]
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13. The following data apply to a single- phase transformer:
output :  100 kVA, secondary voltage; 400 V; Primary turns: 200; secondary turns: 40; Neglecting the
losses, calculate: (i) the primary applied voltage (ii) the normal primary and secondary currents (iii)
the secondary current, when the load is 25 kW at 0.8 power factor.
(Rajiv Gandhi Technical University, Bhopal 2000) [(i)  2000 V,  (ii)  50  amp,  (iii)  78.125  amp]

32.10. Transformer on Load

When the secondary is loaded, the secondary current I2 is set up.  The
magnitude and phase of I2 with respect to V 2 is determined by the charac-
teristics of the load.  Current I2 is in phase with V2 if load is non-inductive, it
lags if load is inductive and it leads if load is capacitive.

The secondary current sets up its own m.m.f. (=N2I2) and hence its
own flux Φ2 which is in opposition to the main primary flux Φ which is
due to I0.  The secondary ampere-turns  N2 I2 are known as
demagnetising amp-turns.  The opposing secondary flux Φ2 weakens
the primary flux Φ momentarily, hence primary back e.m.f. E1 tends to be
reduced.  For a moment V 1 gains the upper hand over E1 and hence
causes more current to flow in primary.

Let the additional primary current be I2′ .  It is known as load
component of primary current.  This current is antiphase with I2′.  The
additional primary m.m.f. N1 I2 sets up its own flux Φ2′ which is in
opposition to Φ2 (but is in the same direction as Φ) and is equal to it in
magnitude.  Hence, the two cancel each other out.  So, we find that the
magnetic effects of secondary current I2 are immediately neutralized by
the additional primary current I2′ which is brought into existence exactly
at the same instant as I2.  The whole process is illustrated in Fig. 32.17.

Hence, whatever the load conditions, the net flux passing through
the core is approximately the same as at no-load.  An important deduction is that due to the constancy
of core flux at all loads, the core loss is also practically the same under all load conditions.

As Φ2 = Φ2′ ∴ N2I2 = N1I2′ ∴ I2′ = 
2

2 2
1

N
I KI

N
× =

Hence, when transformer is on load, the primary winding has two currents in it; one is I0 and the other
is I2′ which is anti-phase with I2 and K times in magnitude.  The total primary current is the vector sum
of I0 and I2′′′′′.
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In Fig. 32.18 are shown the vector diagrams for a load transformer when load is non-inductive and
when it is inductive (a similar diagram could be drawn for capacitive load).  Voltage transformation
ratio of unity is assumed so that primary vectors are equal to the secondary vectors.  With reference
to Fig. 32.18 (a), I2 is secondary current in phase with E2 (strictly speaking it should be V 2).  It causes
primary current I2′ which is anti-phase with it and equal to it in magnitude (��K = 1).  Total primary
current I1 is the vector sum of I0 and I2′ and lags behind V 1 by an angle φ1.

In Fig. 32.18 (b) vectors are drawn for an inductive load.  Here I2 lags E2 (actually V 2) by φ2.
Current I2′ is again antiphase with I2 and equal to it in magnitude.  As before, I1is the vector sum of I2′
and I0 and lags behind V 1 by φ1.

It will be observed that φ1 is slightly greater than φ2.  But if we neglect I0 as compared to I2′ as in
Fig. 32.18 (c), then φ1 = φ2.  Moreover, under this assumption

N1I2′ = N2I1 = N1I2 ∴ 2 1 2

2 2 1

I I N
K

I I N
′

= = =

It shows that under full-load conditions, the ratio of primary and secondary currents is constant.
This important relationship is made the basis of current transformer–a transformer which is used with
a low-range ammeter for measuring currents in circuits where the direct connection of the ammeter is
impracticable.

Example 32.12.  A single-phase transformer with a ratio of 440/110-V takes a no-load current
of 5A at 0.2 power factor lagging.  If the secondary supplies a current of 120 A at a p.f. of 0.8 lagging,
estimate the current taken by the primary. (Elect. Engg. Punjab Univ. 1991)

Solution. cos φ2 = 0.8, φ2 = cos−1 (0.8) = 36°54′
cos φ0 = 0.2 ∴ φ 0 = cos−1 (0.2) = 78° 30′

Now K = V2/V1 = 110/440 = 1/4
∴ I2′ = KI2 = 120 × 1/4 = 30 A

I0 = 5 A.
Angle between I0 and I2′

= 78° 30′ − 36° 54′ = 41° 36′
Using parallelogram law of vectors (Fig. 32.19) we get

I1 = 2 2(5 30 2 5 30 cos 41 36 )+ + × × × ° ′

= 34.45 A
The resultant current could also have been found by resolving

I2′ and I0 into their X  and Y -components.

Example 32.13.  A transformer has a primary winding of
800 turns and a secondary winding of 200 turns.  When the load
current on the secondary is 80 A at 0.8 power factor lagging,
the primary current is 25 A at 0.707 power factor lagging.
Determine graphically or otherwise the no-load current of the
transformer and its phase with respect to the voltage.

Solution.  Here K = 200/800 = 1/4; I2′ = 80 × 1/4 = 20 A

φ2 = cos−1 (0.8) = 36.9°; φ1 = cos− 1 (0.707) = 45°

As seen from Fig. 32.20, I1 is the vector sum of I0 and I2′.  Let
I0 lag behind V 1 by an angle φ0.

I0 cos φ0 + 20 cos 36.9° = 25 cos 45°

Fig. 32.19
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∴ I0 cos φ2 = 25 × 0.707 − 20 × 0.8

= 1.675 A
I0 sin φ0 + 20 sin 36.9° = 25 sin 45°

∴ I0 sin φ0 = 25 × 0.707 − 20 × 0.6

= 5.675 A
∴ tan φ0 = 5.675/1.675 = 3.388
∴ φ 0 = 73.3°
Now, I0 sin φ0 = 5.675
∴ I0 = 5.675/sin 73.3° = 5.93 A
Example 32.14.  A single phase transformer takes 10 A on no load at p.f. of 0.2 lagging.  The

turns ratio is 4 : 1 (step down).  If the load on the secondary is 200 A at a p.f. of 0.85 lagging.  Find
the primary current and power factor.

Neglect the voltage-drop in the winding. (Nagpur University November 1999)
Solution.  Secondary load of 200 A, 0.85 lag is reflected as 50 A, 0.85 lag in terms of the primary

equivalent current.
I0 = 10 ∠−φ 0, where φ0 = cos−1 0.20 = 78.5° lagging

= 2 − j 9.8 amp

I2’= 50 ∠−φ L where φL = cos−1 0.85 = 31.8°, lagging
I2’ = 42.5 − j 26.35

Hence primary current I1

= I0 + I2′
= 2 − j 9.8 + 42.5 − j 26.35
= 44.5 − j 36.15

|I1| = 57.333 amp, φ = 0.776 Lag.

φ =
1 44.5cos 39.10 lagging

57.333
− = °

The phasor diagram is shown in Fig. 32.21.

Tutorial Problems 32.2

1. The primary of a certain transformer takes 1 A at a power factor of 0.4 when it is connected across
a 200-V, 50-Hz supply and the secondary is on open circuit.  The number of turns on the primary is
twice that on the secondary.  A load taking 50 A at a lagging power factor of 0.8 is now connected
across the secondary.  What is now the value of primary current ? [25.9 A]

2. The number of turns on the primary and secondary windings of a single-phase transformer are 350
and 38 respectively.  If the primary winding is connected to a 2.2 kV, 50-Hz supply, determine

(a) the secondary voltage on no-load,

(b) the primary current when the secondary current is 200 A at 0.8 p.f. lagging, if the no-load current
is 5 A at 0.2 p.f. lagging,

(c) the power factor of the primary current. [239 V; 25-65 A; 0.715 lag]
3. A 400/200-V, 1-phase transformer is supplying a load of 25 A at a p.f. of 0.866 lagging.  On no-load

the current and power factor are 2 A and 0.208 respectively.  Calculate the current taken from the
supply. [13.9 A lagging V1 by 36.1°]

4. A transformer takes 10 A on no-load at a power factor of 0.1.  The turn ratio is 4 : 1 (step down).  If

IO

I�2

I1

	 O

	 	 L

V (Ref)

Fig. 32.21
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a load is supplied by the secondary at 200 A and p.f. of 0.8, find the primary current and power factor
(internal voltage drops in transformer are to be ignored). [57.2 A; 0.717 lagging]

5. A 1-phase transformer is supplied at 1,600 V on the h.v. side and has a turn ratio of 8 : 1.  The
transformer supplies a load of 20 kW at a power factor of 0.8 lag and takes a magnetising current of
2.0 A at a power factor of 0.2.  Calculate the magnitude and phase of the current taken from the h.v.
supply. [17.15 A ; 0.753 lag]  (Elect. Engg. Calcutta Univ. 1980)

6. A 2,200/200-V, transformer takes 1 A at the H.T. side on no-load at a p.f. of 0.385 lagging.  Calculate
the iron losses.

If a load of 50 A at a power of 0.8 lagging is taken from the secondary of the transformer, calculate the
actual primary current and its power factor. [847 W; 5.44 A; 0.74 lag]

7. A 400/200-V, I-phase  transformer is supplying a load of 50 A at a power factor of 0.866 lagging.  The
no-load current is 2 A at 0.208 p.f. lagging.  Calculate the primary current and primary power factor.

[26.4 A; 0.838 lag] (Elect. Machines-I, Indore Univ. 1980)

32.11.  Transformer with Winding Resistance but No Magnetic Leakage
An ideal transformer was supposed to possess no resistance, but in an actual transformer, there

is always present some resistance of the primary and secondary windings.  Due to this resistance,
there is some voltage drop in the two windings.  The result is that :

(i) The secondary terminal voltage V 2 is vectorially less than the secondary induced e.m.f. E2
by an amount I2 R2 where R2 is the resistance of the secondary winding.  Hence, V 2 is equal to the
vector difference of E2 and resistive voltage drop I2 R2.

∴ V2 = E2 − I2 R2 ...vector difference
(ii) Similarly, primary induced e.m.f. E1 is equal to the vector difference of V 1 and I1 R1 where R1

is the resistance of the primary winding.
E1 = V 1 − I1 R1 ...vector difference

I' KI2 2=

I1

� E1

E2

V2

I2

I0

V1

I
R

1
1

I
R

2
2

( )a

�

I'2

I1

E2

I2

V2

I0

V1

I
R1

1

I R2
2

( )c

_E1

	 2

�

I' KI2 2=

I1

E2

V2

I2

I0

V1

I
R

1
1

I R2 2

( )b

_E1

	 2
�

	 1

Fig. 32.22

The vector diagrams for non-inductive, inductive and capacitive loads are shown in Fig. 32.22 (a),
(b) and (c) respectively.

32.12.  Equivalent Resistance

In Fig. 32.23 a transformer is shown whose primary and secondary windings have resistances of
R1 and R2 respectively.  The resistances have been shown external to the windings.
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It would now be shown that the resistances of the
two windings can be transferred to any one of the two
windings.  The advantage of concentrating both the
resistances in one winding is that it makes calculations
very simple and easy because one has then to work in
one winding only.  It will be proved that a resistance of
R2 in secondary is equivalent to R2/K

2 in primary.  The
value R2/K

2 will be denoted by R2′− the equivalent
secondary resistance as referred to primary.

The copper loss in secondary is I2
2 R2.  This loss is supplied by primary which takes a current of I1.

Hence if R2′ is the equivalent resistance in primary which would have caused the same loss as R2 in
secondary, then

I1
2 R2′ = I2

2R2 or R2′ = (I2/I1)
2R2

Now, if we neglect no-load current I0, then I2/I1 = I/K*.  Hence, R2′ = R2/K
2

Similarly, equivalent primary resistance as referred to secondary is R1′ = K2R1

In Fig. 32.24, secondary resistance has been transferred to primary side leaving secondary circuit
resistanceless.  The resistance R1 + R2′ = R1 + R2/K

2 is known as the equivalent or effective resistance
of the transformer as referred to primary and may be designated as R01.

∴ R01 = R1 + R2′ = R1 + R2 / K2

Similarly, the equivalent resistance of the transformer as referred to secondary is
R02 = R2 + R1′ = R2 + K2 R1.

This fact is shown in Fig. 32.25 where all the resistances of the transformer has been concentrated
in the secondary winding.

R2

R02

K R2
1R'1=

R1

R01

R2

K
2R'2 R2

=

Fig. 32.24 Fig. 32.25

It is to be noted that

1. a resistance of R1 in primary is equivalent to K2R1 in secondary.  Hence, it is called equivalent
resistance as referred to secondary i.e. R1.

2.  a resistance of R2 in secondary is equivalent to R2/K
2 in primary.  Hence, it is called the

equivalent secondary resistance as referred to primary i.e. R2′.
3. Total or effective resistance of the transformer as referred to primary is

R01 = primary resistance + equivalent secondary resistance as referred to primary
= R1 + R2′ = R1 + R2/K

2

4. Similarly, total transformer resistance as referred to secondary is,

R02 = secondary resistance + equivalent primary resistance as referred to secondary
= R2 + R1′ = R2 + K2R1

Fig. 32.23

R1

I1 I2

R2

* Actually I2 # 2/I2′ = I/K and not I2 # 2/I1.  However, if I0 is neglected, then I2′ = I1.
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Note :  It is important to remember that

(a) when shifting any primary resistance to the secondary, multiply it by K2 i.e. (transformation ratio)2.

(b) when shifting secondary resistance to the primary, divide it by K2.

(c) however, when shifting any voltage from one winding to another only K  is used.

32.13.  Magnetic Leakage

In the preceding discussion, it has been assumed that
all the flux linked with primary winding also links the
secondary winding.  But, in practice, it is impossible to
realize this condition.  It is found, however, that all the
flux linked with primary does not link the secondary but
part of it i.e. ΦL1 completes its magnetic circuit by passing
through air rather than around the core, as shown in Fig.
32.26.  This leakage flux is produced when the m.m.f. due
to primary ampere-turns existing between points a and
b, acts along the leakage paths.  Hence, this flux is known as primary leakage flux and is proportional
to the primary ampere-turns alone because the secondary turns do not link the magnetic circuit of ΦL1

.
The flux ΦL1 is in time phase with I1.  It induces an e.m.f. eL1

 in primary but not in secondary.

Similarly, secondary ampere-turns (or m.m.f.) acting across points c and d set up leakage flux ΦL2
which is linked with secondary winding alone (and not with primary turns).  This flux ΦL2 is in time
phase with I2 and produces a self-induced e.m.f. eL2

 in secondary (but not in primary).

At no load and light loads, the primary and secondary ampere-turns are small, hence leakage fluxes
are negligible.  But when load is increased, both primary and secondary windings carry huge currents.
Hence, large m.m.f.s are set up which, while acting on leakage paths, increase the leakage flux.

As said earlier, the leakage flux linking with each winding, produces a self-induced e.m.f. in that
winding.  Hence, in effect, it is equivalent to a small
choker or inductive coil in series with each winding
such that voltage drop in each series coil is equal to
that produced by leakage flux.  In other words, a
transformer with magnetic leakage is equivalent to
an ideal transformer with inductive coils connected
in both primary and secondary circuits as shown in
Fig. 32.27 such that the internal e.m.f. in each inductive
coil is equal to that due to the corresponding leakage
flux in the actual transformer.

X 1   =  eL1/I1 and X 2 = eL2/I2

The terms X 1 and X 2 are known as primary and secondary leakage reactances respectively.

Following few points should be kept in mind :

1. The leakage flux links one or the other winding but not both, hence it in no way contributes
to the transfer of energy from the primary to the secondary winding.

2. The primary voltage V1 will have to supply reactive drop I1X 1 in addition to I1R1.  Similarly E2
will have to supply I2 R2 and I2 X 2.

3. In an actual transformer, the primary and secondary windings are not placed on separate legs
or limbs as shown in Fig. 32.27 because due to their being widely separated, large primary and
secondary leakage fluxes would result.  These leakage fluxes are minimised by sectionalizing and
interleaving the primary and secondary windings as in Fig. 32.6 or Fig. 32.8.

Fig. 32.26

LoadV1

a

b

� L1

�
c

d

� l2

Fig. 32.27
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32.14.  Transformer with Resistance and Leakage Reactance
In Fig. 32.28 the primary and secondary windings of a transformer with reactances taken out of

the windings are shown.  The primary impedance is given by

Z1 = 2 2
1 1( )R X+

Similarly, secondary impedance is
given by

Z2 = 2 2
2 2( )R X+

The resistance and leakage reactance of
each winding is responsible for some voltage
drop in each winding.  In primary, the leakage
reactance drop is I1X 1 (usually 1 or 2% of V 1).
Hence

V1  =  E1 + I1 (R1 + jX1) = E1 + I1 Z1

Similarly, there are I2R2 and I2X 2 drops in secondary which combine with V 2 to give E2.

E2  = V2 + I2 (R2 + jX2) = V2 + I2 Z2

The vector diagram for such a transformer for different kinds of loads is shown in Fig. 32.29.  In
these diagrams, vectors for resistive drops are drawn parallel to current vectors whereas reactive
drops are perpendicular to the current vectors.  The angle φ1 between V 1 and I1 gives the power factor
angle of the transformer.

It may be noted that leakage reactances can also be transferred from one winding to the other in
the same way as resistance.

∴ X2′ = X2/K2 and X 1′ = K2X1

and X01 = X 1 + X2′ = X 1 + X 2/K
2 and X 02 = X 2 + X 1′ = X 2 + K2 X1

V2

I1

I2

V1

E1

I0

I'
2

E2

I X1 1

I R1 1I Z1 1

I R2 2

I X2 2

I Z2 2

�

� �

V2

I1

I2

V1

E1

I0

I'
2

E2

I X1 1

I R1 1I Z1 1

I R2 2

I X2 2

I Z2 2

�

� �

	 �

V2

I1

I2

V1

E1

I0

I'
2

E2

I X1 1 I R1 1
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I R2 2
I X2 2
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�

	 �

Fig. 32.29

Fig. 32.28
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R +R'1 2 X +X'1 2

R01

Z01

X01

R +R'2 1 X +X'2 1

R02

Z02

X02

Fig. 32.30 (a) Fig. 32.30 (b)

It is obvious that total impedance of the transformer as referred to primary is given by

Z01 = 2 2
01 01( )R X+ ...Fig. 32.30 (a)

and Z02 = 2 2
02 02( )R X+ ...Fig. 32.30 (b)

Example 32.15.  A 30 kVA, 2400/120-V, 50-Hz transformer has a high voltage winding resistance
of 0.1 Ω and a leakage reactance of 0.22Ω.  The low voltage winding resistance is 0.035 Ω and the
leakage reactance is 0.012 Ω.  Find the equivalent winding resistance, reactance and impedance
referred to the (i) high voltage side and (ii) the low-voltage side.

(Electrical Machines-I, Bangalore Univ. 1987)

Solution. K = 120/2400 = 1/20; R1 = 0.1 Ω, X1 = 0.22 Ω
R2 = 0.035 Ω and X 2 = 0.012 Ω

(i) Here, high-voltage side is, obviously, the primary side.  Hence, values as referred to primary side
are

R01 = R1 + R2′ = R1 + R2/K2 = 0.1 + 0.035/(1/20)2 = 14.1 ΩΩΩΩΩ
X01 = X 1 + X 2′ = X 1 + X 2/K

2 = 0.22 + 0.12/(1/20)2 = 5.02 ΩΩΩΩΩ

Z01 = 2 2 2 2
01 01 14.1 5.02R X+ = + = 115 ΩΩΩΩΩ

(ii) R02 = R2 + R1′  = R2 + K2R1 = 0.035 + (1/20)2 × 0.1 = 0.03525 ΩΩΩΩΩ
X02 = X 2 + X 1′ = X 2 + K2X 1 = 0.012 + (1/20)2 × 0.22 = 0.01255 ΩΩΩΩΩ

Z02 = 2 2 2 2
02 02 0.0325 0.01255R X+ = + = 0.0374 ΩΩΩΩΩ

(or Z02 = K2Z01 = (1/20)2 × 15 = 0.0375 Ω)

Example 32.16.  A 50-kVA, 4,400/220-V transformer has R1 = 3.45 Ω, R2 = 0.009 Ω.  The values
of reactances are X1 = 5.2 Ω and X2 = 0.015 Ω.  Calculate for the transformer (i) equivalent resis-
tance as referred to primary (ii) equivalent resistance as referred to secondary (iii) equivalent reac-
tance as referred to both primary and secondary (iv) equivalent impedance as referred to both pri-
mary and secondary (v) total Cu loss, first using individual resistances of the two windings and
secondly, using equivalent resistances as referred to each side.

(Elect. Engg.-I, Nagpur Univ. 1993)

Solution.  Full-load I1 = 50,000/4,400 = 11.36 A (assuming 100% efficiency)
Full-load I2 = 50,000/2220 = 227 A; K = 220/4,400 = 1/20

(i) R01 = 2
1 2 2

0.0093.45 3.45 3.6
(1 / 20)

+ = + = + =
R

R
K

7.05 ΩΩΩΩΩ

(ii) R02 = R2 + K2R1 = 0.009 + (1/20)2 × 3.45 = 0.009 + 0.0086 = 0.0176 ΩΩΩΩΩ
Also, R02 = K2 R01 = (1/20)2 × 7.05 = 0.0176 Ω (check)
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(iii) X01 = X 1 + X 2′ = X 1 + X 2/K2 = 5.2 + 0.015/(1/20)2 = 11.2 ΩΩΩΩΩ
X02 = X 2 + X 1′ = X 2 + K2 X 1 = 0.015 + 5.2/202 = 0.028 ΩΩΩΩΩ

AlsoX02 = K2 X 01 = 11.2/400 = 0.028 Ω (check)

(iv) Z01 = 2 2 2 2
01 01( ) (7.05 11.2)R X+ = + =  13.23 ΩΩΩΩΩ

Z02 = 2 2 2 2
02 02( ) (0.0176 0.028)R X+ = + = 0.03311 ΩΩΩΩΩ

AlsoZ02 = K2Z01 = 13.23/400 = 0.0331 Ω (check)
(v) Cu loss = I1

2 R2 + I2
2 R2 = 11.362 × 3.45 + 2272 × 0.009 = 910 W

AlsoCu loss = I1
2R01 = 11.362 × 7.05 = 910 W

= I2
2R02 = 2272 × 0.0176 = 910 W

Example 32.17.  A transformer with a 10 : 1 ratio and rated at 50-kVA, 2400/240-V, 50-Hz is
used to step down the voltage of a distribution system.  The low tension voltage is to be kept
constant at 240 V.

(a) What load impedance connected to low-tension size will be loading the transformer fully at
0.8 power factor (lag) ?

(b) What is the value of this impedance referred to high tension side ?
(c) What is the value of the current referred to the high tension side ?

(Elect. Engineering-I, Bombay Univ. 1987)

Solution. (a) F. L. I2 = 50,000/240 = 625/3 A; Z2 = 
240

(625 / 3)
= 1.142 ΩΩΩΩΩ

(b) K = 240/2400 = 1/10
The secondary impedance referred to primary side is

Z2′ = Z2/K2 = 1.142/(1/10)2 = 114.2 ΩΩΩΩΩ
(c) Secondary current referred to primary side is I2′ = KI2 = (1/10) × 625/3 = 20.83 A

Example 32.18.  The full-load copper loss on the h.v. side of a 100-kVA, 11000/317-V, 1-phase
transformer is 0.62 kW and on the L.V. side is 0.48 kW.

(i) Calculate R1, R2 and R3 in ohms (ii) the total reactance is 4 per cent, find  X1, X2 and X3 in
ohms if the reactance is divided in the same proportion as resistance.

(Elect. Machines A.M.I.E,. Sec. B, 1991)

Solution. (i) F.L. I1 = 100 × 103/11000 = 9.1 A. F.L. I2 = 100 × 103/317 = 315.5 A
Now, I1

2 R1 = 0.62 kW or R1 = 620/9.12 = 7.5 Ω
I2

2 R2 = 0.48 kW, R2 = 480/315.52 = 0.00482 Ω
R2′ = R2/K

2 = 0.00482 × (11,000/317)2 = 5.8 Ω

% reactance = 1 01 01
01

1

9.1
100 or 4 100, 48.4

11000
I X X

X
V
× ×

× = × = Ω

X 1 + X 2′ = 48.4 Ω.  Given R1/R2′ = X1/X2′
or (R1 + R2′)/R2′ = (X 1 + X2′)/X2′ (7.5 + 5.8)/5.8 = 48.4/X 2′  ∴  X 2′ = 21.1 Ω

∴ X1 = 48.4 − 21.1 = 27.3 Ω, X2 = 21.1 × (317/11000)2 = 0.175 ΩΩΩΩΩ
Example 32.19.  The following data refer to a I-phase transformer :
Turn ratio 19.5 : 1 ; R1 = 25 Ω ; X1 = 100 Ω ; R2 = 0.06 Ω ; X2 = 0.25 Ω.  No-load current =

1.25 A leading the flux by 30°.

The secondary delivers 200 A at a terminal voltage of 500 V and p.f. of 0.8 lagging.  Determine
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by the aid of a vector diagram, the primary applied voltage, the primary p.f. and the efficiency.
(Elect. Machinery-I, Madras Univ. 1989)

Solution.  The vector diagram is similar to Fig. 30.28 which has been redrawn as Fig. 32.31.  Let us
take V 2 as the reference vector.

∴ V2 = 500 ∠ 0° = 500 + j0
I2 = 200 (0.8 − j 0.6) = 160 − j 120

Z2 = (0.06 + j 0.25)
E2 = V 2 + I2 Z2

= (500 + j 0) + (160 − j 120) (0.06 + j 0.25)
= 500 + (39.6 + j 32.8) = 539.6 + j 32.8 = 541 ∠ 3.5°

Obviously, β = 3.5°
E1 = E2/K = 19.5 E2 = 19.5 (539.6 + j 32.8)

= 10,520 + j 640
∴ − E1 = − 10,520 − j 640 = 10,540 ∠ 183.5°

I2′′′′′ = − I2K  = (− 160 + j 120)/19.5
= − 8.21 + j 6.16

As seen from Fig. 32.31, I0 leads V2 by an angle

= 3.5 ° + 90° + 30° = 123.5°
∴ I0 = 1.25 ∠ 123.5°

= 1.25 (cos 123.5° + j sin 123.5°)

= 1.25 (− cos 56.5° + j sin 56.5°)
= − 0.69 + j 1.04

I1 = I2′′′′′     + I0 = (− 8.21 + j 6.16) + (− 0.69 + j 1.04)

= − 8.9 + j 7.2 = 11.45 ∠ 141°
V2 = − − − − − E1 + I1Z1

=  − 10,520 − j 640 + (− 8.9 + j 7.5) (25 + j 100)

= − 10,520 − j 640 − 942 − j 710
= − 11,462 − j 1350
= 11,540 ∠ 186.7°

Phase angle between V1 and I1 is = 186.7° − 141° = 45.7°
∴                    primary p.f. = cos 45.7° = 0.698 (lag)
No-load primary input power = V 1 I0 sin φ0

= 11,540 × 1.25 × cos 60° = 7,210 W
R02 = R2 + K2 R1 = 0.06 + 25/19.52 = 0.1257 Ω

Total Cu loss as referred to secondary = I2
2 R02 = 2002 × 0.1257 = 5,030 W

Output = V 2 I2 cos φ2 = 500 × 200 × 0.8 = 80,000 W
Total losses = 5030 + 7210 = 12,240 W
Input = 80,000 + 12,240 = 92,240 W

η = 80,000/92,240 = 0.8674 or 86.74%

Example 32.20.  A 100 kVA, 1100/220 V, 50 Hz, single-phase transformer has a leakage impedance
of (0.1 + 0/40) ohm for the H.V. winding and (0.006 + 0.015) ohm for the L.V. winding.  Find the
equivalent winding resistance, reactance and impedance referred to the H.V. and L.V. sides.

(Bharathiar Univ. Nov. 1997)
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Solution.  Turns ratio = (N1/N2) = (V1/ V2) = 1100/220 = 5

(i) Referred to H.V. side :
Resistance = r1 + r2 = 0.1 + (25 × 0.006) = 0.25 ohm
Reactance = x1 + x2′ = 0.4 + (25 × 0.015) = 0.775 ohm

Impedance = (0.252 + 0.7752)0.5 = 0.8143 ohm
(ii) Referred to L.V. side :
Resistance = 0.25/25 = 0.01
(or resistance = 0.006 + (0.1/25) = 0.01 ohm)
Reactance = 0.775/25 = 0.031 ohm

Impedance = 0.8143/25 = 0.0326 ohm

32.15.  Simplified Diagram

The vector diagram of Fig. 32.29 may be
considerably simplified if the no-load current
I0 is neglected.  Since I0 is 1 to 3 per cent of
full-load primary current I1, it may be neglected
without serious error.  Fig. 32.32 shows the
diagram of Fig. 32.29 with I0 omitted altogether.

In Fig. 32.32, V2, V 1, φ2 are known, hence
E2 can be found by adding vectorially I2 R2
and I2 X 2 to V 2.  Similarly, V 1 is given by the
vector addition of I1 R1 and I1 X 1 to E1.  All the
voltages on the primary side can be transferred
to the secondary side as shown in figure, where
the upper part of the diagram has been rotated
through 180°.  However, it should be noted
that each voltage or voltage drop should be
multiplied by transformation ratio K.

The lower side of the diagram has been
shown separately in Fig. 32.34 laid horizontally
where vector for V 2 has been taken along
X-axis.

It is a simple matter to find transformer regulation as shown in Fig. 32.34 or Fig. 32.35.
It may be noted that V2 = KV1 − I2 (R02 + jX02) = KV1 − I2Z02.
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Fig. 32.32

* Also, V1 = (V2 + I2 Z02) #3/K
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32.16.  Total Approximate Voltage Drop
in a Transformer

When the transformer is on no-load, then V 1 is ap-
proximately equal to E1.  Hence E2 = KE1 = K V1.  Also,
E2 = 0V 2 where 0V2 is secondary terminal voltage on no-
load, hence no-load secondary terminal voltage is K V1.
The secondary voltage on load is V2.  The difference be-
tween the two is I2 Z02 as shown in Fig. 32.35.  The ap-
proximate voltage drop of the transformer as referred to
secondary is found thus :

With O as the centre and radius OC draw an arc cutting OA produced at M.  The total voltage drop I2
Z02 = AC = A M which is approximately equal to A N.  From B draw BD perpendicular on OA produced.
Draw CN perpendicular to OM and draw BL parallel to OM.

Approximate voltage drop

= AN = AD +DN

= I2R02 cos φ + I2X 02sin φ
where φ1 = φ2 = φ (approx).

This is the value of approximate voltage drop for a lagging power factor.
The different figures for unity and leading power factors are shown in Fig. 32.36 (a) and (b)

respectively.

I2V2 I R2 02

I
X

1
0
2

I
Z

2
0
2KV

= V
1

0
2

0
B

A

C

( )a

	 ��	1 2

	 2

I2

V2

I X1
02

I Z2 02

I
R

2
02

KV
= V

1
0

2

0

B

A

C

( )b

Fig. 32.36

The approximate voltage drop for leading power factor becomes
(I2R02 cos φ ± I2 X 02 sin φ)

In general, approximate voltage drop is (I2 R02 cos φ ± I2 X 02 sin φ)

It may be noted that approximate voltage drop as referred to primary is
(I1R01 cos φ ± I1 X01 sin φ)

% voltage drop in secondary is=
2 02 2 02

0 2

cos sin
100

I R I X
V

φ ± φ
×

= 2 02 2 02

0 2 0 2

100 100
cos sin

I R I X
V V

×
φ ± φ

= vr cos φ ± vx sin φ

where vr = 2 02 1 01

0 2 1

100 100
percentage resistive drop =

I R I R
V V

=

vx = 2 02 1 01

0 2 1

100 100
percentage reactive drop ==

I X I X
V V

Fig. 32.35
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32.17.  Exact Voltage Drop
With reference to Fig. 32.35, it is to be noted that exact voltage drop is A M and not A N.  If we add the

quantity NM to A N, we will get the exact value of the voltage drop.

Considering the right-angled triangle OCN, we get
NC2 = OC2 − ON2 = (OC + ON) (OC − ON) = (OC + ON) (OM − ON) = 2 OC × NM

∴ NM = NC2/2.OC  Now, NC  = LC − LN = LC − BD

∴ NC = I2 X 02 cos φ − I2R02 sin φ ∴ NM = 
2

2 02 2 02

0 2

( cos sin )
2

I X I R
V

φ − φ

∴ For a lagging power factor, exact voltage drop is

= A N + NM = (I2R02 cos φ + I2X 02 sin φ) + 
2

2 02 2 02

0 2

( cos sin )
2

I X I R
V

φ − φ

For a leading power factor, the expression becomes

= (I2R02 cos φ − I2X 02 sin φ) + 
2

2 02 2 02

0 2

( cos sin )
2

I X I R
V

φ + φ

In general, the voltage drop is

= (I2 R02 cos φ ± I2 R02 sin φ) + 
2

2 02 2 02

0 2

( cos sin )
2

I X I R
V

φ ± φ

Percentage drop is

= 
2

2 02 2 02 2 02 2 02
2

0 2 0 2

( cos sin ) 100 ( cos sin ) 100

2

φ ± φ × φ φ ×
+

�I R I X I X I R
V V

= (vr cos φ ± vx sin φ) + (1/200) (vx cos φ � �vr sin φ)2

The upper signs are to be used for a lagging power factor and the lower ones for a leading power
factor.

Example 32.21.  A 230/460-V transformer has a primary resistance of 0.2 Ω and reactance
of 0.5 Ω and the corresponding values for the secondary are 0.75 Ω and 1.8 Ω respectively.  Find
the secondary terminal voltage when supplying 10 A at 0.8 p.f. lagging.

(Electric. Machines-II, Bangalore Univ. 1991)

Solution. K = 460/230 = 2; R02 = R2 + K2 R1 = 0.75 + 22 × 0.2 = 1.55 Ω
X02 = X 2 + K2X 1 = 1.8 + 22 × 0.5 = 3.8 Ω

Voltage drop = I2 (R02 cos φ + X02 sin φ) = 10 (1.55 × 0.8 + 3.8 × 0.6) = 35.2V
∴ Secondary terminal voltage = 460 − 35.2 = 424.8 V

Example 32.22.  Calculate the regulation of a transformer in which the percentage resistance
drops is 1.0% and percentage reactance drop is 5.0% when the power factor is (a) 0.8 lagging
(b) unity and (c) 0.8 leading. (Electrical Engineering, Banaras Hindu Univ. 1988)

Soluion.   We will use the approximate expression of Art 30.16.

(a) p.f. = cos φ = 0.8 lag µ = vr cos φ + vx sin φ = 1 × 0.8 + 5 × 0.6 = 3.8%
(b) p.f. = cos φ = 1 µ = 1 × 1 + 5 × 0 = 1%
(c) p.f. = cos φ = 0.8 lead µ = 1 × 0.8 − 5 × 0.6 = − − − − − 2.2%

Example 32.23.  A transformer has a reactance drop of 5% and a resistance drop of 2.5%.  Find
the lagging power factor at which the voltage regulation is maximum and the value of this
regulation. (Elect. Engg. Punjab Univ. 1991)

Solution.  The percentage voltage regulation (µ) is given by
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µ = vr cos φ + vx sin φ
where vr is the percentage resistive drop and vx is the percentage reactive drop.

Differentiating the above equation, we get 
d
d
µ
φ  = − vr sin φ + vx cos φ

For regulation to be maximum, dµ / dφ = 0 ∴ − vr sin φ + vx cos φ = 0
or tan φ = vx/vr = 5/2.5 = 2 ∴ φ = tan−1 (2) = 63.5° Now, cos φ = 0.45 and sin φ = 0.892
Maximum percentage regulation = (2.5 × 0.45) + (5 × 0.892) = 5.585

Maximum percentage regulation is 5.585 and occurs at a power factor of 0.45 (lag).

Example 32.24.  Calculate the percentage voltage drop for a transformer with a percentage
resistance of 2.5% and a percentage reactance of 5% of rating 500 kVA when it is delivering
400 kVA at 0.8 p.f. lagging. (Elect. Machinery-I, Indore Univ. 1987)

Solution. % drop = (% ) cos (% ) sin

f f

R I X I
I I

φ φ+

where If is the full-load current and I the actual current.

∴ % drop =
(% )(% )

rating rating
X kVARR kW

kVA kVA
+

In the present case, kW = 400 × 0.8 = 320 and kVAR = 400 × 0.6 = 240

∴ % drop = 2.5 320 5 240
500 500
× ×+ = 4%

32.18.  Equivalent Circuit

The transformer shown diagrammatically in Fig. 32.37 (a) can be resolved into an equivalent
circuit in which the resistance and leakage reactance of the transformer are imagined to be external to
the winding whose only function then is to transform the voltage (Fig. 32.37 (b)).  The no-load

E1

I1

V1 V2

R1
R2

Z1
Z2

I1 I0
I2

I'2X1
X2

V1 E1 E2 V2X0R0

Iw I

I2

E2

�

( )a ( )b

ZL

Ideal
Transformer

Fig. 32.37

current I0 is simulated by pure inductance X 0 taking the magnetising component Iµ and a non-inductive
resistance R0 taking the working component Iw connected in parallel across the primary circuit.
The value of E1 is obtained by subtracting vectorially I1 Z1 fromV 1.   The value of X 0 = E1/I0 and of
R0 = E1/Iw.  It is clear that E1 and E2 are related to each other by expression

E2/E1 = N2/N1 = K.

To make transformer calculations simpler, it is preferable to transfer voltage, current and impedance
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either to the primary or to the secondary.  In that case, we would have to work in one winding only which is
more convenient.

The primary equivalent of the secondary induced voltage is E2′ = E2/K = E1.
Similarly, primary equivalent of secondary terminal or output voltage is V2′ = V2/K.
Primary equivalent of the secondary current is I2′ = KI2.

For transferring secondary impedance to primary K2 is used.
R2′ = R2/K

2, X 2′ = X 2/K2, Z2′ = Z2/K2

The same relationship is used for shifting an external load impedance to the primary.

The secondary circuit is shown in Fig. 32.38 (a) and its equivalent primary values are shown in Fig.
32.38 (b).

E2 V2

R2

Z2
I2

X2

ZL

( )a

Load E' =E2 1

I'2

V' =V /K2 2

R' =R /K2 2

2
X' =X /K2 2

2

Z' =Z /KL L

2

( )b

Fig. 32.38

The total equivalent circuit of the transformer is obtained by adding in the primary impedance as shown
in Fig. 32.39.  This is known as the exact equivalent circuit but it presents a somewhat harder circuit
problem to solve.  A simplification can be made by transferring the exciting circuit across the terminals as in
Fig. 32.40 or in Fig. 32.41 (a).  It should be noted that in this case X 0 = V 1/Iµ.

E = E�2 1
V�L

I�2

I�2
R�2 X�2

Z�2

Z�L

I1

I0

E1

I1

X0V1
R0

R1

Z1

X1

Iw

Load E = E�2 1

I�2

I'2

R�2

Z�L

I1

I1

X0V1

I0

R0

R1
X1 X2

Load

Fig. 32.39                       Fig. 32.40

Further simplification may be achieved by omitting I0 altogether as shown in Fig. 32.41(b).
From Fig. 32.39 it is found that total impedance between the input terminal is

Z = Z1 + Zm | | (Z2′ + ZL′) = 
2

1
2

( )
( )

m L

m L

′ + ′ 
+ + ′ + ′ 

Z Z Z
Z

Z Z Z
where Z2′ = R2′ + jX2′ and Zm = impedance of the exciting circuit.

This is so because there are two parallel circuits, one having an impedance of Zm and the other
having Z2′ and ZL′ in series with each other.

∴ V1 = 2
1 1

2

( )
( )

m L

m L

′ + ′ 
+ + ′ + ′ 

Z Z Z
I Z

Z Z Z
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V�2

I�2

I'2

X1 X2

X01

Z�L

I1

I1

I0

X0V1

I0

R0

R1

R01

R2

Load

I =I1 2�

I =I1 2� X01

Z01

R01

Z�L
V1 V2 Load

Fig. 32.41 (a) Fig. 32.41 (b)

Example 32.25.  The parametres of a 2300/230 V, 50-Hz transfomer are given below :
R1 = 0.286 Ω R2′ = 0.319 Ω R0 = 250 Ω
X 1 = 0.73 Ω X2′ = 0.73 Ω X 0 = 1250 Ω

The secondary load impedance ZL = 0.387 + j 0.29.  Solve the exact equivalent circuit with
normal voltage across the primary.

Solution. K = 230/2300 = 1/10;  ZL = 0.387 + j 0.29
ZL′ = ZL/K2 = 100 (0.387 + j 0.29) = 38.7 + j 29 = 48.4 ∠ 36.8°

∴ Z2′ + ZL′ = (38.7 + 0.319) + j(29 + 0.73) = 39.02 + j29.73 = 49.0 ∠ 37.3°
Ym = (0.004 − j 0.0008); Zm = 1/Ym = 240 + j48 = 245 ∠ 11.3°

Zm + (Z2′ + ZL′) = (240 + j48) + (39 + j29.7) = 290 ∠ 15.6°

∴ I1 = 1

2
1

2

2300 0
( ) 0.286 0.73 41.4 33
( )

m L

m L

j
∠ ° =  ′ + ′ + + ∠ ° + ′ + ′

V
Z Z Z

Z
Z Z Z

=
2300 0

54.8 33.7
42 33.7

∠ ° = ∠− °
∠ °

Now I2′ = 1
2

245 11.3
54.8 33.7

( ) 290 15.6
m

L m

∠ °× = ∠ − ° ×
′ + ′ + ∠ °

Z
I

Z Z Z

= 54.8 ∠ − 33.7° × 0.845 ∠− 4.3° = 46.2 ∠ − 38°

I0 =
2

1
2

( ) 49 37.3
54.8 33.7

( ) 290 15.6
L

m L

′ + ′ ∠ °× = ∠ − ° ×
+ ′ + ′ ∠ °
Z Z

I
Z Z Z

= 54.8 ∠− 33.7° × 0.169 ∠ 21.7° = 9.26 ∠− 12°
Input power factor = cos 33.7° = 0.832 lagging
Power input = V 1I1 cos φ1 = 2300 × 54.8 × 0.832 = 105 kW
Power output = 46.22 × 38.7 = 82.7 kW
Primary Cu loss = 54.82 × 0.286 = 860 W
Secondary Cu loss = 46.22 × 0.319 = 680 W; Core loss = 9.262 × 240 = 20.6 kW

η = (82.7/105) × 100 = 78.8%; V2′ = I2′ ZL′ = 46.2 × 48.4 = 2,240V

∴ Regulation =
2300 2240

100
2240

− × = 2.7%

Example 32.26.  A transformer has a primary winding with a voltage-rating of 600 V.  Its
secondary-voltage rating is 1080 V with an additional tap at 720 V.  An 8 kW resistive load is
connected across 1080-V output terminals.  A purely inductive load of 10kVA is connected across
the tapping point and common secondary terminal so as to get 720 V.  Calculate the primary current
and its power-factor.  Correlate it with the existing secondary loads.  Neglect losses and magnetizing
current. (Nagpur University, Winter 1999)
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Solution.  Loads are connected as shown in Fig. 32.42.

Ir2
=

8000 7.41 at unity p.f.
1080

=

IL2
= 10000/720 = 13.89 at zero lagging p.f.

These are reflected on to the primary sides with appropriate ratios of turns, with corresponding power-
factors.  If the corresponding transformed currents are represented by the above symbols modified by
dashed superscripts,

I′r2 = 7.41 × 1080/600 = 13.34 A at unity p.f.
I′L2

= 13.89 × 720/600 = 16.67 A at zero lag. p.f.
Hence, Ir2

= [Ir2
′2 + IL2

′2]0.5 = 21.35 A, at 0.625 lag p.f.

Fig. 32.42

Correlation :  Since losses and magnetizing current are ignored, the calculations for primary current
and its power-factor can also be made with data pertaining to the two Loads (in kW/kVAR), as supplied by
the 600 V source.

S = Load to be supplied : 8 kW at unity p.f. and 10 kVAR lagging

Thus, S = P + jQ = 8 − j 10 kVA

S = (82 + 102)0.5 = 12.8 kVA

Power − factor = cos φ = 8/12.8 = 0.625 lag

Primary current = 12.8 × 1000/600 = 21.33 A

32.19.  Transformer Tests

As shown in Ex 32.25, the performance of a transformer can be calculated on the basis of its equivalent
circuit which contains (Fig. 32.41) four main parameters, the
equivalent resistance R01 as referred to primary (or secondary
R02), the equivalent leakage reactance X 01 as referred to
primary (or secondary X 02), the core-loss conductance G0
(or resistance R0) and the magnetising susceptance B0 (or
reactance X0).  These constants or parameters can be easily
determined by two tests (i) open-circuit test and (ii) short-
circuit test.  These tests are very economical and convenient,
because they furnish the required information without actually
loading the transformer.  In fact, the testing of very large a.c.
machinery consists of running two tests similar to the open
and short-circuit tests of a transformer.

Small transformer
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32.20.  Open-circuit or No-load Test

The purpose of this test is to determine
no-load loss or core loss and no-load I0 which
is helpful in finding X0 and R0.

One winding of the transformer –
whichever is convenient but usually high
voltage winding – is left open and the other
is connected to its supply of normal voltage
and frequency.  A wattmeter W , voltmeter V
and an ammeter A  are connected in the low-
voltage winding i.e. primary winding in the
present case.  With normal voltage applied to the primary, normal flux will be set up in the core, hence
normal iron losses will occur which are recorded by the wattmeter.  As the primary no-load current I0 (as
measured by ammeter) is small (usually 2 to 10% of rated load current), Cu loss is negligibly small in primary
and nil in secondary (it being open).  Hence, the wattmeter reading represents practically the core loss under
no-load condition (and which is the same for all loads as pointed out in Art. 32.9).

It should be noted that since I0 is itself very small, the pressure coils of the wattmeter and the
voltmeter are connected such that the current in them does not pass through the current coil of the
wattmeter.

Sometimes, a high-resistance voltmeter is connected across the secondary.  The reading of the voltmeter
gives the induced e.m.f. in the secondary winding.  This helps to find transformation ratio K.

The no-load vector diagram is shown in Fig. 32.16.  If W  is the wattmeter reading (in Fig. 32.43),
then

W = V 1 I0 cos φ0 ∴ cos φ0 = W /V 1 I0

∴ Iµ = I0 sin φ0, Iw = I0 cos φ0  ∴   X 0 = V 1/Iµ  and  R0 = V 1/Iw

Or since the current is practically all-exciting current when a transformer is on no-load (i.e. I0 ≅  Iµ) and
as the voltage drop in primary leakage impedance is small*, hence the exciting admittance Y 0 of the trans-
former is given by I0 = V1 Y 0  or  Y 0 = I0/V 1.

The exciting conductance G0 is given by W  = V 1
2 G0  or  G0 = W /V 1

2.

The exciting susceptance B0 = 2 2
0 0( )−Y G

Example. 32.27.  In no-load test of single-phase transformer, the following test data were
obtained :

Primary voltage : 220 V ; Secondary voltage : 110 V ;

Primary current : 0.5 A ; Power input : 30 W.

Find the following :

(i) The turns ratio (ii)  the magnetising component of no-load current (iii)  its working (or loss)
component (iv)  the iron loss.

Resistance of the primary winding = 0.6 ohm.

Draw the no-load phasor diagram to scale. (Elect. Machine A.M.I.E. 1990)

Solution.  (i) Turn ratio, N1/N2 = 220/110 = 2
(ii) W  = V 1 I0 cos φ0 ; cos φ0 = 30/220 × 0.5 = 0.273 ; sin φ0 = 0.962

Iµ = I0 sin φ0 = 0.5 × 0.962 = 0.48 A

* If it is not negligibly small, then I
0
 = E

1
Y

0
 i.e. instead of V

1
 we will have to use E

1
.

I0

V1 E =V2 2

W

V

A

Low High

Fig. 32.43
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(iii) Iw = I0 cos φ0 = 0.5 × 0.273 = 0.1365 A
(iv) Primary Cu loss = I0

2 R1 = 0.52 × 0.6 = 0.15 W
∴ Iron loss = 30 − 0.15 = 29.85 W

Example 32.28.  A 5 kVA 200/1000 V, 50 Hz, single-phase transformer gave the following test
results :

O.C. Test (L.V. Side) : 2000 V, 1.2 A, 90 W
S.C. Test (H.V. Side) : 50 V, 5A, 110 W
(i) Calculate the parameters of the equivalent circuit referred to the L.V. side.

(ii) Calculate the output secondary voltage when delivering 3 kW at 0.8 p.f. lagging, the input
primary voltage being 200 V.  Find the percentage regulation also.

(Nagpur University, November 1998)

Solution.  (i)  Shunt branch parameters from O.C. test (L.V. side) :
R0  =  V2/Pi  =  2002/90  =  444 ohms,   Iao  =  200/444  =  0.45 amp
Iµ  =  (1.22 − 0.452)0.5  =  1.11 amp,    Xm  =  200/1.11  = 180.2 ohms

All these are referred to L.V. side.
(ii) Series-branch Parameters from S.C test (H.V side) :
Since the S.C. test has been conducted from H.V. side, the parameters will refer to H.V. side.
They should be converted to the parameters referred to L.V. side by transforming them suitably.
From S.C. Test readings, Z = 50/5  = 10 ohms

R = 110/25  = 4.40 ohms,  X = (102 − 4.42)0.5 = 8.9 ohms
These are referred to H.V. side.
For referring these to L.V. side, transform these using the ratio of turns, as follows :

r1 = 4.40 × (200/1000)2  = 0.176 ohm
x1 = 8.98 × (200/1000)2  = 0.36 ohm

Equivalent circuit can be drawn with R0 and X m calculated above and r1 and x1 as above.
L.V. Current at rated load= 5000/200  =  25 A
L.V. Current at 3 kW at 0.8 lagging p.f. = (3000/0.80)/200  =  18.75 A

Regulation at this load = 18.75 (r1 cos φ + x1 sin φ)
= 18.75 (0.176 × 0.80 + 0.36 × 0.6)
= + 6.69 Volts = + (6.69/200) × 100% = + 3.345%

This is referred to L.V. side, and positive sign means voltage drop.
Regulation in volts ref. to H.V. side = 6.69 × 1000/200 = 33.45 V
With 200 V across primary (i.e. L.V. side), the secondary (i.e. H.V. side)

terminal voltage = 1000 − 33.45  =  966.55 V
Note :  Since approximate formula for voltage regulation has been used, the procedure is simpler, and faster.

32.21. Separation of Core Losses
The core loss of a transformer depends upon the frequency and the maximum flux density when

the volume and the thickness of the core laminations are given.  The core loss is made up of two parts
(i) hysteresis loss Wh = PB1.6

max f as given by Steinmetz’s empirical relation and (ii) eddy current loss We
= QB2

max  f
2 where Q is a constant.  The total core-loss is given by

Wi = Wh + We  = PB1.6
max  f

2 + QB2
max  f

2

If we carry out two experiments using two different frequencies but the same maximum flux
density, we should be able to find the constants P and Q and hence calculate hysteresis and eddy
current losses separately.

www.EngineeringBooksPdf.com



1148 Electrical Technology

Example 32.29.  In a transformer, the core loss  is found to be 52 W at 40 Hz and 90 W at 60 Hz
measured at same peak flux density.  Compute the hysteresis and eddy current losses at 50 Hz.

(Elect. Machines, Nagpur Univ. 1993)

Solution.  Since the flux density is the same in both cases, we can use the relation
Total core loss W i = Af + Bf 2 or Wi/f  = A  + Bf

∴ 52/40 = A + 40B  and 90/60 = A  + 60B ; ∴ A  = 0.9  and  B = 0.01
At 50 Hz, the two losses are

Wh = A f = 0.9 × 50  = 45 W ; W e = Bf 2  = 0.01 × 502  =  25 W

Example 32.30.  In a power loss test on a 10 kg specimen of sheet steel laminations, the maximum
flux density and waveform factor are maintained constant and the following results were obtained:

Frequency (Hz) 25 40 50 60 80
Total loss (watt) 18.5 36 50 66 104
Calculate the eddy current loss per kg at a frequency of 50 Hz.

(Elect. Measur. A.M.I.E. Sec B, 1991)

Solution.  When flux density and wave form factor remain constant, the expression for iron loss
can be written as

Wi = Af + Bf 2 or Wi/f  =  A  + Bf
The values of Wi / f for different frequencies are as under :
f 25 40 50 60 80
Wi / f 0.74 0.9 1.0 1.1 1.3
The graph between f and Wi/f has been plotted in Fig. 32.44.  As seen from it, A  = 0.5 and

B = 0.01
∴ Eddy current loss at 50 Hz = Bf 2 = 0.01 × 502 = 25 W
∴ Eddy current loss/kg = 25/10 = 2.5 W

Example 32.31.  In a test for the determination of the losses of a
440-V, 50-Hz transformer, the total iron  losses were found to be 2500 W
at normal voltage and frequency.  When the applied voltage and
frequency were 220 V and 25 Hz, the iron losses were found to be 850 W.
Calculate the eddy-current loss at normal voltage and frequency.

                                   (Elect. Inst. and Meas. Punjab Univ. 1991)
Solution.  The flux density in both cases is the same because in

second case voltage as well as frequency are halved. Flux density remaining the same, the eddy current loss
is proportional to  f 2 and hysteresis loss ∝  f.

Hysteresis loss ∝  f = A f and eddy current loss ∝  f 2 = Bf 2

where A  and B are constants.

Total iron loss Wi = Af  + Bf 2 ∴ iW
f

  =  A   + Bf ...(i)

Now, when f = 50 Hz  :  Wi  =  2500 W

and when f = 25 Hz ;  Wi  =  850 W
Using these values in (i) above, we get, from Fig. 32.44

2,500/50 = A   +  50 B and 850/25  =  A   +  25 B ∴ B  =  16/25  =  0.64

Hence, at normal p.d. and frequency
eddy current loss = Bf 2  =  0.64 × 502  =  1600 W

Hystersis loss = 2500 − 1600  =  900 W

Fig. 32.44

Wi

f

A

B

f
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Example 32.32.  When a transformer is connected to a 1000-V, 50-Hz supply the core loss is
1000 W, of which 650 is hysteresis and 350 is eddy current loss.  If the applied voltage is raised to
2,000 V and the frequency to 100 Hz, find the new core losses.

Solution. Hysteresis loss Wh ∝ 1.6 1.6
max maxB f PB f=

Eddy current loss We ∝ B2
max f

2  =  QB2
max f

2

From the relation E = 4.44 fNBmax A volt, we get Bmax
  ∝  E/f

Putting this value of Bmax in the above equations, we have

Wh =
2

1.6 0.6EP f PE f
f

−  =  
 and W e  =  

2
2 2  =  

EQ f QE
f

In the first case, E = 1000 V,  f  =  50 Hz,  W h  =  650  W ,  W e  =  350 W
∴ 650 = P × 10001.6 × 50− 0.6 ∴ P = 650  × 1000−1.6  × 500.6

Similarly, 350 = Q × 10002 ∴ Q  =  350  × 1000−2

Hence, constants P and Q are known.
Using them in the second case, we get

Wh = (650 × 1000−1.6 × 500.6) × 20001.6 × 100−0.6 = 650 × 2 = 1,300 W
We = (350 × 1000−2) × 2,0002 = 350 × 4 = 1,400 W

∴ Core loss under new condition is  =  1,300 + 1,400 =  2700 W
Alternative Solution
Here, both voltage and frequency are doubled, leaving the flux density unchanged.
With 1000 V at 50 Hz

Wh = Af  or  650  = 50 A ;  A  = 13
We = Bf 2  or 350 = B × 502 ;  B = 7/50

With 2000 V at 100 Hz
Wh = A f = 13 × 100 = 1300 W and
We = Bf 2 = (7/50)  × 1002 = 1400 W

∴ New core loss = 1300 + 1400 = 2700 W
Example 32.33.  A transformer with normal voltage impressed has a flux density of 1.4 Wb/m2

and a core loss comprising of 1000 W eddy current loss and 3000 W hysteresis loss.  What do these
losses become under the following conditions ?

(a) increasing the applied voltage by 10% at rated frequency.

(b) reducing the frequency by 10% with normal voltage impressed.

(c) increasing both impressed voltage and frequency by 10 per cent.

(Electrical Machinery-I, Madras Univ. 1985)

Solution.  As seen from Ex. 32.32
Wh = PE1.6 f −0.6 and We = QE2

From the given data, we have 3000 = PE1.6  f −0.6 ...(i)
and 1000 = QE2 ...(ii)

where E and f are the normal values of primary voltage and frequency.
(a) Here voltage becomes = E + 10% E  =  1.1 E

The new hysteresis loss is Wh = P (1.1 E)1.6 f  −0.6 ...(iii)

Dividing Eq. (iii) by (i), we get 
3000

hW
= 1.11.6;  Wh = 3000 × 1.165 = 3495 W
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The new eddy-current loss is

We = Q (1.1. E)2 ∴
1000

eW
 = 1.12

∴ We = 1000 × 1.21  =  1210 W

(b) As seen from Eq.  (i) above eddy-current loss would not be effected.  The new hysteresis loss is
Wh = PE1.6 (0.9 f)−0.6 ...(iv)

From (i) and (iv), we get 
3000

hW
 =  0.9−0.6,  Wh  =  3000 × 1.065  =  3,196 W

(c) In this case, both E and f are increased by 10%.  The new losses are as under :
Wh = P (1.1 E)1.6  (1.1 f)−0.6

∴
3000

hW
= 1.11.6  × 1.1−0.6  =  1.165  × 0.944

∴ Wh = 3000 × 1.165 × 0.944 = 3,299 W
As We is unaffected by changes in f, its value is the same as found in (a) above i.e. 1210 W
Example 32.34.  A transformer is connected to 2200 V, 40 Hz supply.  The core-loss is 800 watts

out of which 600 watts are due to hysteresis and the remaining, eddy current losses.  Determine the
core-loss if the supply voltage and frequency are 3300 V and 60 Hz respectively.

(Bharathiar Univ. Nov. 1997)

Solution.  For constant flux density (i.e. constant V/f ratio), which is fulfilled by 2200/40 or
3300/60 figures in two cases,

Core-loss = A f + B f 2

First term on the right-hand side represents hysteresis-loss and the second term represents the
eddy-current loss.

At 40 Hz, 800 = 600 + eddy current loss.
Thus, A f = 600, or A = 15

B f 2 = 200, or B = 200/1600 = 0.125
At 60 Hz, core-loss = 15 × 60 + 0.125 × 602

= 900 + 450
= 1350 watts

32.22  Short-Circuit or Impedance Test
This is an economical method for determining the following :
(i) Equivalent impedance (Z01 or Z02),

leakage reactance (X 01 or X 02) and
total resistance (R01 or R02) of the transformer
as referred to the winding in which the mea-
suring instruments are placed.

(ii) Cu loss at full load (and at any de-
sired load).  This loss is used in calculating
the efficiency of the transformer.

(iii) Knowing Z01 or Z02, the  total
voltage drop in the transformer as referred
to primary or secondary can be calculated and hence regulation of the transformer determined.

In this test, one winding, usually the low-voltage winding, is solidly short-circuited by a thick conductor
(or through an ammeter which may serve the additional purpose of indicating rated load current) as shown
in Fig. 32.45.

Fig. 32.45
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Fig. 32.46

A low voltage (usually 5 to 10% of normal primary voltage) at correct frequency (though for Cu losses
it is not essential) is applied to the primary and is cautiously increased till full-load currents are flowing both
in primary and secondary (as indicated by the respective ammeters).

Since, in this test, the applied voltage is a small percentage of the normal voltage, the mutual flux Φ
produced is also a small percentage of its normal value (Art. 32.6).  Hence, core losses are very small with
the result that the wattmeter reading represent the full-load Cu loss or I2R loss for the whole transformer i.e.
both primary Cu loss and secondary Cu loss.  The equivalent circuit of the transformer under short-circuit
condition is shown in Fig. 32.46.  If Vsc is the voltage required to circulate rated load currents, then Z01 =
Vsc/I1

Also W = I1
2 R01

∴ R01 = W/I1

∴ X01 = ( )2 2
01 01Z R−

In Fig. 32.47 (a) the equivalent circuit
vector diagram for the short-circuit test is
shown.  This diagram is the same as shown
in Fig. 32.34 except that all the quantities
are referred to the primary side. It is obvious
that the entire voltage V SC is  consumed in
the impedance drop of the two windings.

If R1 can be measured, then knowing
R01, we can find R2′ = R01 − R1.  The impedance triangle can then be divided into the appropriate
equivalent triangles for primary and secondary as shown in Fig. 32.47 (b).

32.23.  Why Transformer Rating in kVA ?
As seen, Cu loss of a transformer depends on current and iron loss on voltage.  Hence, total

transformer loss depends on volt-ampere (VA) and not on phase angle between voltage and current
i.e. it is independent of load power factor.  That is why rating of transformers is in kVA and not in kW.

Example 32.35.  The primary and secondary windings of a 30 kVA 76000/230,  V, 1-phase
transformer have resistance of 10 ohm and 0.016 ohm respectively.  The reactance of the transformer
referred to the primary is 34 ohm.  Calculate the primary voltage required to circulate full-load
current when the secondary is short-circuited.  What is the power factor on short circuit ?

(Elect. Machines AMIE Sec. B 1991)

Solution. K = 230/6000  =  23/600,  X01  =  34 Ω,
R01 = R1 + R2/K2  =  10 + 0.016  (600/23)2  =  20.9 Ω
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Fig. 32.47
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Z01 = 2 2 2 2
01 01 20.9 34 40+ = + = ΩR X

F.L.,  I1 = 30,000/6000 = 5 A ;  V SC = I1 Z01 = 5 × 40 = 200 V

Short circuit p.f. = R01/Z01 = 20.9/40 = 0.52

Example 32.36.  Obtain the equivalent circuit of a 200/400-V, 50-Hz, 1-phase transformer from
the following test data :

O.C test  :  200 V, 0.7 A,  70 W  – on L.V. side
S.C. test  :  15 V,    10 A,  85 W  – on H.V. side
Calculate the secondary voltage when delivering 5 kW at 0.8 p.f. lagging, the primary voltage

being 200V. (Electrical Machinery-I, Madras Univ. 1987)

Solution.  From O.C. Test
V 1 I0 cos φ0 = W0

∴ 200 × 0.7 × cos φ0 = 70
cos φ0 = 0.5 and sin φ0  =  0.866

Iw = I0 cos φ0  =  0.7 × 0.5  =  0.35 A
Iµ = I0 sin φ0  =  0.7 × 0.866  =  0.606 A

R0 = V 1/Iw  =  200/0.35  =  571.4 Ω
X0 = V 1/Iµ  =  200/0.606  =  330 Ω

As shown in Fig. 32.48, these values refer to primary
i.e. low-voltage side.

From S.C. Test
It may be noted that in this test, instruments have been placed in the secondary i.e. high-voltage

winding whereas the low-voltage winding i.e. primary has been short-circuited.
Now, as shown in Art. 32.32

Z02 = V sc/I2  =  15/10  =  1.5 Ω ;  K  =  400/200  =  2

Z01 = Z02/K
2  =  1.5/4  =  0.375 Ω

Also I2
2R02 = W  ;  R02  =  85/100  =  0.85 Ω
R01 = R02/K

2  = 0.85/4  =  0.21 Ω

X01 = 2 2 2 2
01 01 0.375 0.21 0.31Z R− = − = Ω

Output  kVA = 5/0.8 ;  Output current I2  =  5000/0.8  ×  400  =  15.6 A
This value of I2 is approximate because V 2 (which is to be calculated as yet) has been taken equal

to 400 V (which, in fact, is equal to E2 or 0V 2).

Now, Z02 = 1.5 Ω,  R02  =  0.85 Ω ∴ X 02  =  2 21.5 0.85 1.24− = Ω
Total transformer drop as referred to secondary

= I2 (R02 cos φ2 + X 02 sin φ2)  =  15.6 (0.85 × 0.8  +  1.24 × 0.6)  =  22.2 V

∴ V2 = 400 − 22.2  =  377.8 V

Example 32.37.  Starting from the ideal transformer, obtain the approximate equivalent circuit
of a commercial transformer in which all the constants are lumped and represented on one side.

A 1-phase transformer has a turn ratio of 6.  The resistance and reactance of primary winding
are 0.9 Ω and  5 Ω respecitvely and those of the secondary are 0.03 Ω and 0.13 Ω respectively.  If
330 -V at 50-Hz be applied to the high voltage winding with the low-voltage winding short-
circuited, find the current in the low-voltage winding and its power factor.  Neglect magnetising
current.

Fig. 32.48
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Solution. Here K = 1/6 ; R01  =  R1  + R ′2  =  0.9  + (0.03 × 36)  =  1.98 Ω
X01 = X 1  +  X 2′  =  5  + (0.13  × 36)  =  9.68 Ω

∴ Z01 = ( )2 29.68 1.98+   =  9.9 Ω;  V SC  =  330 V

∴ Full-load primary current I1 = V sc/Z01  =  330/0.9  =  100/3 A
As I0 is negligible, hence I1 = I′2  =  100/3 A.  Now, I′2  =  KI2

F.L. secondary current I2 = I′2K =  (100/3) × 6  =  200 A
Now,  Power input on short-circuit   =  V SCI1 cos φSC  = Cu loss  =  I1

2 R01

∴ (100/3)2 × 1.98 = 330 × (100/3) × cos φSC ;  cos φSC  =  0.2

Example 32.38.  A 1-phase, 10-kVA, 500/250-V, 50-Hz transformer has the following constants:
Reactance : primary 0.2 Ω;  secondary 0.5 Ω
Resistance : primary 0.4 Ω;  secondary 0.1 Ω
Resistance of equivalent exciting circuit referred to primary,  R0  =  1500 Ω
Reactance of equivalent exciting circuit referred to primary, X0  = 750 Ω
What would be the reading of the instruments when the transformer is connected for the open-

circuit and short-circuit tests ?

Solution.  While solving this question, reference may please be made to Art.  30.20 and 30.22.
O.C. Test

Iµ = V 1/X 0  =  500/750 = 2/3 A ;  Iw  =  V 1/R0  =  500/1500  =  1/3 A

∴ I0 =
2 21/ 3) (2 / 3) +   =  0.745 A

No-load primary input = V 1Iw  =  500 × 1/3  =  167 W
Instruments used in primary circuit are : voltmeter, ammeter and wattmeter, their readings being

500 V, 0.745 A and 167 W respectively.
S.C. Test
Suppose S.C. test is performed by short-circuiting the l.v. winding i.e. the secondary so that all

instruments are in primary.
R01 = R1 + R ′2 = R1 + R2/K2 ; Here K = 1/2 ∴ R01 = 0.2 + (4 × 0.5) = 2.2 Ω
Similarly, X01 = X1 + X ′2 = 0.4 + (4 × 0.1) = 0.8 Ω

Z01 = 2 2(2.2 0.8 )+  = 2.341 Ω
Full-load primary current
I1 = 10,000/500 = 20 A ∴  V SC = I1Z01 = 20 × 2.341 = 46.8 V

Power absorbed = I2
1 R01 = 202 × 2.2 = 880 W

Primary instruments will read : 46.8 V, 20 A, 880 W.

Example 32.39.  The efficiency of a 1000-kVA, 110/220 V, 50-Hz, single-phase transformer, is
98.5 % at half full-load at 0.8 p.f. leading and 98.8 % at full-load unity p.f.  Determine (i) iron loss
(ii) full-load copper loss and (iii) maximum efficiency at unity p.f.

(Elect. Engg. AMIETE Sec. A Dec. 1991)

Solution.  Output at F.L. unity p.f. = 1000 × 1 = 1000 kW
F.L. input = 1000/0.988 = 1012.146 kW
F.L. lossses = 1012.146 − 1000 = 12.146 kW
If F.L. Cu and iron losses are x and y respectively then

x + y = 12.146 kW ...(i)
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Input at half F.L. 0.8 p.f. = 500 × 0.8/0.985 = 406.091 kW
Total losses at half F.L. = 406.091 − 400 = 6.091 kW
Cu loss at half-load = x (1/2)2 = x/4
∴ x/4 + y = 6.091 ...(ii)
From Eqn. (i) and (ii), we get (i)  x = 8.073 kW and (ii) y = 4.073 kW

(iii) kVA for ηmax = 1000 × 4.073/ 8.073  = 710.3 kVA

Output at u.p.f.  = 710.3 × 1 = 710.3 kW
Cu loss = iron loss = 4.037 kW ; Total loss = 2 × 4.037 = 8.074 kW

∴ η max = 710.3/(710.3 + 8.074) = 0.989 or 98.9 %

Example 32.40.  The equivalent circuit for a 200/400-V step-up transformer has the following
parameters referred to the low-voltage side.

Equivalent resistance = 0.15 Ω ; Equivalent reactance = 0.37 Ω
Core-loss component resistance = 600 Ω ; Magnetising reactance = 300 Ω
When the transformer is supplying a load at 10 A at a power factor of 0.8 lag, calculate (i) the

primary current (ii) secondary terminal voltage. (Electrical Machinery-I, Bangalore Univ. 1989)

Solution.  We are given the following :
R01 = 0.15 Ω, X01 = 0.37 Ω ; R0 = 600 Ω, X 0 = 300 Ω

Using the approximate equivalent circuit of Fig. 32.41, we have,
Iµ = V1/X0 = 200/300 = (2/3) A
Iw = V1/R0 = 200/600 = (1/3) A

I0 = 2 2 2 2(2 / 3) (1/ 3)wI Iµ + = +  = 0.745 A

As seen from Fig. 32.49

tan θ = 1/ 3 1
2 / 3 2

wI
Iµ

= =  ; θ = 26.6º

∴ φ 0 = 90º − 26.6º = 63.4º ; Angle between I0 and

I′2 = 63.4º − 36.9º = 26.5º; K = 400/200 = 2
I′2 = KI2 = 2 × 10 = 20 A

(i) I1 = (0.7452 + 202 + 2 × 0.745 × 20 × cos 26.5º)1/2

= 20.67 A
(ii) R02 = K2 R01 = 22 × 0.15 = 0.6 Ω

X02 = 22 × 0.37 = 1.48 Ω
Approximate voltage drop

= I2 (R02 cos φ + X 02 sin φ)
= 10 (0.6 × 0.8 + 1.48 × 0.6) = 13.7 V

∴ Secondary terminal voltage = 400 − 13.7
= 386.3 V

Example 32.41.  The low voltage winding of a 300-kVA, 11,000/2500-V, 50-Hz transformer has
190 turns and a resistance of 0.06.  The high-voltage winding has 910 turns and a resistance of
1.6 Ω .  When the l.v. winding is short-circuited, the full-load current is obtained with 550-V applied
to the h.v. winding.  Calculate (i) the equivalent resistance and leakage reactance as referred to h.v.
side and (ii) the leakage reactance of each winding.

Solution.  Assuming a full-load efficiency of 0.985, the full-load primary current is

I1

V1

36.9
o

63.4
o

36.9
o

' �

	 *

I = KI2 2�

I0

Iw

I = 10A2

I


Fig. 32.49
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= 300,000/0.985 × 11,000 = 27.7A

∴ Z01 = 550/27.7 = 19.8 Ω ; R ′2 = R2/K2 = 0.06 (910/190)2 = 1.38 Ω
∴ R01 = R1 + R ′2 = 1.6 + 1.38 = 2.98 Ω

X01 = ( )2 2 2 2
01 01 (19.8 2.98 )Z R− = −  = 19.5 Ω

Let us make another assumption that for each winding the ratio (reactance/resistance) is the same, then
X1 = 19.5 × 1.6/2.98 = 10.5 Ω
X ′2 = 19.5 × 1.38/2.98 = 9.0 Ω ; X 2 = 9(190/910)2 = 0.39 Ω

(a) R01 = 2.98 ΩΩΩΩΩ ; X 01 = 19.5 ΩΩΩΩΩ (b) X 1 = 10.5 ΩΩΩΩΩ : X 2 = 0.39 ΩΩΩΩΩ
Example 32.42.  A 230/115 volts, single phase transformer is supplying a load of 5 Amps, at

power factor 0.866 lagging.  The no-load current is 0.2 Amps at power factor 0.208 lagging.  Calcu-
late the primary current and primary power factor.

(Nagpur University Summer 2000)

Solution.  L.V. current of 5 amp is referred to as a
2.5 amp current on the primary (= H.V.) side, at 0.866
lagging p.f.  To this, the no load current should be added,
as per the phasor diagram in Fig. 32.50.  The phase
angle of the load-current is 30º lagging.  The no load
current has a phase angle of 80º lagging.  Resultant of
these two currents has to be worked out.  Along the
reference, active components are added.

Active components of currents =
2.5 × 0.866 + 0.2 × 0.208

= 2.165 + 0.0416
= 2.2066 amp

Along the perpendicular direction, the reactive components get added up.
Reactive component = 2.5 ×  0.5 + 0.2 × 0.9848

= 1.25 + 0.197 = 1.447 amp.
I1 = 2.2066 − j 1.447

φ = tan−1 1.447
2.2066

 = 33.25º ; as shown

Tutorial Problems 32.3

1. The S.C. test on a 1-phase transformer, with the primary winding short-circuited and 30 V applied to
the secondary gave a wattmeter reading of 60 W and secondary current of 10 A.  If the normal applied
primary voltage is 200, the transformation ratio 1 :2 and the full-load secondary current 10 A, calculate
the secondary terminal p.d. at full-load current for (a) unity power factor (b) power factor 0.8 lagging.
If any approximations are made, they must be explained. [394 V, 377.6 V]

2. A single-phase transformer has a turn ratio of 6, the resistances of the primary and secondary windings
are 0.9 Ω and 0.025 Ω respectively and the leakage reactances of these windings are 5.4 Ω and 0.15
Ω respectively.  Determine the voltage to be applied to the low-voltage winding to obtain a current of
100 A in the short-circuited high voltage winding.  Ignore the magnetising current. [82 V]

3. Draw the equivalent circuit for a 3000/400-V, I-phase transformer on which the following test results
were obtained.  Input to high voltage winding when 1.v. winding is open-circuited : 3000 V, 0.5 A, 500

Fig. 32.50.  Phasor diagram for Currents

30°
	

Ref

2.5 A

I1

0.2 A
80°
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W.  Input to 1.v. winding when h.v. winding is short-circuited : 11 V, 100 A, 500 W.  Insert the
appropriate values of resistance and reactance.

[R0 = 18,000 ΩΩΩΩΩ, X0 = 6,360 ΩΩΩΩΩ, R01 = 2.81 ΩΩΩΩΩ, X01 = 5.51 ΩΩΩΩΩ] (I.E.E. London)
4. The iron loss in a transformer core at normal flux density was measured at frequencies of 30 and 50

Hz, the results being 30 W and 54 W respectively.  Calculate (a) the hysteresis loss and (b) the eddy
current loss at 50 Hz. [44 W, 10 W]

5. An iron core was magnetised by passing an alternating current through a winding on it.  The power
required for a certain value of maximum flux density was measured at a number of different frequencies.
Neglecting the effect of resistance of the winding, the power required per kg of iron was 0.8 W at 25
Hz and 2.04 W at 60 Hz.  Estimate the power needed per kg when the iron is subject to the same
maximum flux density but the frequency is 100 Hz. [3.63 W]

6. The ratio of turns of a 1-phase transformer is 8, the resistances of the primary and secondary
windings are 0.85 Ω and 0.012 Ω respectively and leakage reactances of these windings are 4.8 Ω and
0.07 Ω respectively.  Determine the voltage to be applied to the primary to obtain a current of 150 A
in the secondary circuit when the secondary terminals are short-circuited.  Ignore the magnetising
current. [176.4 W]

7. A transformer has no-load losses of 55 W with a primary voltage of 250 V at 50 Hz and 41 W with
a primary voltage of 200 V at 40 Hz.  Compute the hysteresis and eddy current losses at a primary
voltage of 300 volts at 60 Hz of the above transformer.  Neglect small amount of copper loss at no-
load. [43.5 W ; 27 W] (Elect. Machines AMIE Sec. B. (E-3) Summer 1992)

8. A 20 kVA, 2500/250 V, 50 Hz, 1-phase transformer has the following test results :

O.C. Test (1.v. side) : 250 V, 1.4 A, 105 W

S.C. Test (h.v. side) : 104 V, 8 A, 320 W

Compute the parameters of the approximate equivalent circuit referred to the low voltage side and
draw the circuit. (R0 = 592.5 ΩΩΩΩΩ ; X0 = 187.2 ΩΩΩΩΩ ; R02 = 1.25 ΩΩΩΩΩ ; X12 = 3 ΩΩΩΩΩ)

(Elect. Machines A.M.I.E. Sec. B Summer 1990)
9. A 10-kVA, 2000/400-V, single-phase transformer has resistances and leakage reactances as follows :

R1 = 5.2 Ω, X 1 = 12.5 Ω, R2 = 0.2 Ω, X 2 = 0.5 Ω
Determine the value of secondary terminal voltage when the transformer is operating with rated
primary voltage with the secondary current at its rated value with power factor 0.8 lag.  The no-load
current can be neglected.  Draw the phasor diagram. [376.8 V] (Elect. Machines, A.M.I.E. Sec B, 1989)

10. A 1000-V, 50-Hz supply to a transformer results in 650 W hysteresis loss and 400 W eddy current
loss.  If both the applied voltage and frequency are doubled, find the new core losses.

                                         [Wh = 1300 W ; We = 1600 W] (Elect. Machine, A.M.I.E. Sec. B, 1993)
11. A 50 kVA, 2200/110 V transformer when tested gave the following results :

O.C. test (L.V. side) : 400 W, 10 A, 110 V.

S.C. test (H.V. side) : 808 W, 20.5 A, 90 V.

Compute all the parameters of the equivalent ckt. referred to the H.V. side and draw the resultant ckt.
                        (Rajiv Gandhi Technical University, Bhopal 2000)

[Shunt branch : R0 = 12.1 k-ohms, Xm = 4.724 k-ohms Series branch : r = 1.923 ohms, x = 4.39 ohms]

32.24.  Regulation of a Transformer
1. When a transformer is loaded with a constant primary voltage, the secondary voltage

decreases* because of its internal resistance and leakage reactance.
Let 0V2 = secondary terminal voltage at no-load.

* Assuming lagging power factor.  It will increase if power factor is leading.
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= E2 = EK1 = K V1 because at no-load the impedance drop is negligible.

V2 = secondary terminal voltage on full-load.
The change in secondary terminal voltage from no-load to full-load is = 0V2 − V2.  This change divided

by 0V2 is known as regulation ‘down’.  If this change is divided by V2, i.e., full-load secondary terminal
voltage, then it is called regulation ‘up’.

∴ % regn ‘down’ = 0 2 2

0 2

100
V V

V
−

×  and % regn ‘up’ = 0 2 2

2

100
V V

V
−

×

In further treatment, unless stated otherwise, regulation is to be taken as regulation ‘down’.
We have already seen in Art. 32.16 (Fig. 32.35) that the change in secondary terminal voltage from no-

load to full-load, expressed as a percentage of no-load secondary voltage is,
= νr cos φ ± νx sin φ (approximately)

Or more accurately

= (νr cos φ ± νx sin φ) + 
1

200  (νx cos φ � νr sin φ)2

∴ % regn = νr cos φ ± νx sin φ ...approximately.
The lesser this value, the better the transformer, because a good transformer should keep its

secondary terminal voltage as constant as possible under all conditions of load.
(2) The regulation may also be explained in terms of primary values.
In Fig. 32.51 (a) the approximate equivalent circuit of a transformer is shown and in Fig. 32.51 (b), (c)

and (d) the vector diagrams corresponding to different power factors are shown.
The secondary no-load terminal voltage as referred to primary is E′2 = E2/K = E1 = V 1 and if the

secondary full-load voltage as referred to primary is V ′2 (= V 2/K) then

% regn = 1 2

1

100
V V

V

′−
×

Fig. 32.51

From the vector diagram, it is clear that if angle between V 1 and V ′2 is neglected, then the value of
numerical difference V 1 − V ′2 is given by (I1 R01 cos φ + I1 X 01 sin φ) for lagging p.f.

∴ % regn = 1 01 1 01

1

cos sin
100

I R I X
V

φ + φ
×  = νr cos φ + νx sin φ

where 1 01

1

100I R
V
×

= νr and  1 01

1

100I X
V

×
= νx ...Art. 32.16

As before, if angle between V 1 and V 2′ is not negligible, then

% regn = (νr cos φ ± νx sin φ) + 
1

200  (νx cos φ � νr sin φ)2

(3) In the above definitions of regulation, primary voltage was supposed to be kept constant and
the changes in secondary terminal voltage were considered.
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As the transformer is loaded, the secondary terminal voltage falls (for a lagging p.f.).  Hence, to keep
the output voltage constant, the primary voltage must be increased.  The rise in primary voltage required to
maintain rated output voltage from no-load to full-load at a given power factor expressed as percentage of
rated primary voltage gives the regulation of the transformer.

Suppose primary voltage has to be raised from its rated value V1 to V1′, then

% regn. = 1 1

1

100
V V

V

′ − ×

Example 32.43.  A-100 kVA transformer has 400 turns on the primary and 80 turns on the
secondary.  The primary and secondary resistances are 0.3 Ω and 0.01 Ω respectively and the
corresponding leakage reactances are 1.1 and 0.035 Ω respectively.  The supply voltage is 2200 V.
Calculate (i) equivalent impedance referred to primary and (ii) the voltage regulation and the sec-
ondary terminal voltage for full load having a power factor of 0.8 leading.

(Elect. Machines, A.M.I.E. Sec. B, 1989)

Solution.  K = 80/400 = 1/5, R1 = 0.3 Ω, R01 = R1 + R2/K
2 = 0.3 + 0.01/(1/5)2 = 0.55 Ω

X01 = X 1 + X 2/K
2 = 1.1 + 0.035/(1/5)2 = 1.975 Ω

(i) Z01 = 0.55 + j 1.975 = 2.05 ∠ 74.44º
(ii) Z02 = K2Z01 = (1/5)2 (0.55 + j 1.975) = (0.022 + j 0.079)
No-load secondary voltage = K V1 = (1/5) × 2200 = 440 V, I2 = 10 × 103/440 = 227.3 A
Full-load voltage drop as referred to secondary

= I2 (R02 cos φ − X 02 sin φ)
= 227.3 (0.022 × 0.8 − 0.079 × 0.6 ) = − 6.77 V

% regn. = − 6.77 × 100/440 = − 1.54
Secondary terminal voltage on load = 440 − (− 6.77) = 446.77 V

Example 32.44.  The corrected instrument readings obtained from open and short-circuit tests
on 10-kVA, 450/120-V, 50-Hz transformer are :

O.C. test :  V1 = 120 V; I1 = 4.2 A; W1 = 80 W; V1, W1 and I1 were read on the low-voltage side.
S.C. test :  V1 = 9.65 V; I1 = 22.2 A ; W1 = 120 W − with low-voltage winding short-circuited

Compute :
(i) the equivalent circuit (approximate) constants,

(ii) efficiency and voltage regulation for an 80% lagging p.f. load,
(iii) the efficiency at half full-load and 80% lagging p.f. load.

(Electrical Engineering-I, Bombay Univ. 1988)

Soluion.  It is seen from the O.C. test, that with primary open, the secondary draws a no-load current
of 4.2 A.  Since K = 120/450 = 4/15, the corresponding no-load primary current I0 = 4.2 × 4/15 = 1.12 A.

(i) Now, V 1I0 cos φ0 = 80 ∴ cos φ0 = 80/450 × 1.12 = 0.159
∴ φ 0 = cos−1 (0.159) = 80.9°; sin φ0 = 0.987

Iw = I0 cos φ0 = 1.12 × 0.159 = 0.178A and  Iµ= 1.12 × 0.987 = 1.1 A
∴ R0 = 450/0.178 = 2530 Ω Ω Ω Ω Ω and X 0 = 450/1.1 = 409 ΩΩΩΩΩ
During S.C. test, instruments have been placed in primary.
∴ Z01 = 9.65/22.2 = 0.435 Ω

R01 = 120/22.22 = 0.243 Ω

X01 = 2 20.435 0.243 0.361− = Ω
The equivalent circuit is shown in Fig. 32.52.
(ii) Total approximate voltage drop as referred to primary is I1 (R01 cos φ + X 01 sin φ).

* Assuming φ1 = φ2 = cos−1 (0.8).
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Fig. 32.52

Now, full-load I1 = 10,000/450 = 22.2 A
∴ Drop = 22.2 (0.243 × 0.8 + 0.361 × 0.6) = 9.2 V
Regulation = 9.2 × 100/450 = 2.04%
F.L. losses = 80 + 120 = 200 W;
F.L. output = 10,000 × 0.8 = 8000 W

η = 8000/8200 = 0.9757 or 97.57%
(iii) Half-load

Iron loss = 80 W; Cu loss = (1/2)2 × 120 = 30 W

Total losses = 110 W; Output = 5000 × 0.8 = 4000 W

∴ η = 4000/4110 = 0.9734 or 97.34%

Example 32.45.  Consider a 20 kVA, 2200/220 V, 50 Hz transformer.  The O.C./S.C. test results
are as follows :

O.C. test : 220 V, 4.2 A, 148 W (1.v. side)
S.C. test : 86 V, 10.5 A, 360 W (h.v. side)
Determine the regulation at 0.8 p.f. lagging and at full load.  What is the p.f. on short-circuit ?

(Elect. Machines Nagpur Univ. 1993)

Solution.  It may be noted that O.C. data is not required in this question for finding the regulation.
Since during S.C. test instruments have been placed on the h.v. side i.e. primary side.

∴ Z01 = 86/10.5 = 8.19 Ω; R01 = 360/10.52 = 3.26 Ω

X01 = 2 28.19 3.26 7.5− = Ω
F.L. primary current, I1 = 20,000/2200 = 9.09 A
Total voltage drop as referred to primary = I1 (R01 cos φ + X 01 sin φ)
Drop = 9.09 (3.26 × 0.8 + 7.5 × 0.6) = 64.6 V
% age regn. = 64.6 × 100/2200 = 2.9%, p.f. on short-circuit = R01/Z01 = 3.26/8.19 = 0.4 lag

Example 32.46.  A short-circuit test when performed on the h.v. side of a 10 kVA, 2000/400 V
single phase transformer, gave the following data ; 60 V, 4 A, 100 W.

If the 1.v. side is delivering full load current at 0.8 p.f. lag and at 400 V, find the voltage applied
to h.v. side. (Elect. Machines-I, Nagpur Univ. 1993)

Solution.  Here, the test has been performed on the h.v. side i.e. primary side.

Z01 = 60/4 = 15 Ω ; R01 = 100/42 = 6.25 Ω ; X 01 = 2 215 6.25−  = 13.63 Ω

F.L. I1 = 10,000/2000 = 5A
Total transformer voltage drop as referred to primary is

I1 (R01 cos φ + X01 sin φ) = 5 (6.25 × 0.8 + 13.63 × 0.6) = 67 V
Hence, primary voltage has to be raised from 2000 V to 2067 V in order to compensate for the total

voltage drop in the transformer.  In that case secondary voltage on load would remain the same as on
no-load.

Example 32.47.  A 250/500-V transformer gave the following test results :
Short-circuit test : with low-voltage winding short-circuited :
20 V; 12 A, 100 W
Open-circuit test : 250 V, 1 A, 80 W on low-voltage side.
Determine the circuit constants, insert these on the equivalent circuit diagram and calculate

applied voltage and efficiency when the output is 10 A at 500 volt and 0.8 power factor lagging.

(Elect. Machines, Nagpur Univ. 1993)
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Solution.  Open-circuit Test :
V 1I0 cos  φ0 = 80 ∴ cos φ0 = 80/250 × I = 0.32

Iw = I0 cos φ0 = I × 0.32 = 0.32 A , Iµ = 2 2(1 0.32 ) 0.95− = A

R0 = V 1/Iw = 250/0.32 = 781.3 Ω, X 0 = V 1 / Iµ = 250/0.95 = 263.8 Ω
The circuit is shown in Fig. 32.53 (a).
Short-circuit Test :
As the primary is short-circuited, all values refer to secondary winding.

Fig. 32.53 (a) Fig. 32.53 (b)

∴ R02 =
2

short-circuit power 100
F.L. secondary current 12

=  = 0.694 Ω

Z02 = 20/12 = 1.667 Ω ; X 02 = 2 2(1.667 0.694 )−  = 1.518 Ω

As R0 and X 0 refer to primary, hence we will transfer these values to primary with the help of
transformation ratio.

K = 500/250 = 2 ∴ R01 = R02/K
2 = 0.694/4 = 0.174 Ω

X01 = X02/K
2 = 1.518/4 = 0.38 Ω ; Z01 = Z02/K

2 = 1.667/4 = 0.417 Ω
The equivalent circuit is shown in Fig. 32.53 (a).

Efficiency
Total Cu loss = I2

2R02 = 100 × 0.694 = 69.4 W ; Iron loss = 80 W

Total loss = 69.4 + 80 = 149.4 W ∴ η  = 
5000 0.8 100

4000 149.4
× ×

+
 = 96.42%

The applied voltage V 1′ is the vector sum of V 1 and I1Z01 as shown in Fig. 32.53 (b).
I1 = 20 A ; I1R01 = 20 × 0.174 = 3.84 V ; I1X 01 = 20 × 0.38 = 7.6 V

Neglecting the angle between V 1 and V 1′, we have

V 1′
2 = OC2 = ON2 + NC2 = (OM + MN)2 + (NB + BC)2

= (250 × 0.8 + 3.48)2 + (250 × 0.6 + 7.6)2

V 1′
2 = 203.52 + 157.62 ∴ V 1′ = 257.4 V

Example 32.48.  A 230/230 V, 3 kVA transformer gave the following results :

O.C. Test : 230 V, 2 amp, 100 W

S.C. Test : 15 V, 13 amp, 120 W

Determine the regulation and efficiency at full load 0.80 p.f. lagging.

(Sambalpur University, 1998)

Solution.  This is the case of a transformer with turns ratio as 1 : 1.  Such a transformer is mainly
required for isolation.
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Rated Current = 3000
230

 = 13 amp

Cu-losses at rated load = 120 watts, from S.C. test
Core losses = 100 watts, from O.C. test

At full load, VA output = 3000
At 0.8 lag p.f., Power output = 3000 × 0.8 = 2400 watts

Required efficiency = 2400 100%
2400 220

×
+

 = 91.6%

From S.C. test, Z =
15
13  = 1.154 ohms

R =
120

15 15×  = 0.53 ohm, X  = 2 21.154 0.53−  = 1.0251 ohm

Approximate voltage regulation

= IR cos φ + IX sin φ = 13[0.53 × 0.8 + 1.0251 × 0.6]
= 13[0.424 + 0.615] = 13.51 volts

In terms of %, the voltage regulation = 
13.51 100%
230

×  = 5.874%

Example 32.49.  A 10 kVA, 500/250 V, single-phase transformer has its maximum efficiency of
94% when delivering 90% of its rated output at unity p.f.  Estimate its efficiency when delivering its
full-load output at p.f. of 0.8 lagging. (Nagpur University, November 1998)

Solution.  Rated output at unity p.f. = 10000 W.  Hence, 90% of rated output = 9,000 W
Input with 94% efficiency = 9000/0.94 W

Losses = 9000((1/0.94) − 1) = 574 W

At maximum efficiency, variable copper-loss = constant = Core loss = 574/2 = 287 W
At rated current, Let the copper-loss = Pc watts
At 90% load with unity p.f., the copper-loss is expressed as 0.902 × Pc.

Hence, Pc = 287/0.81 = 354 W
(b) Output at full-load, 0.8 lag p.f. = 10,000 × 0.80 = 8000 W
At the corresponding load, Full Load copper-loss = 354 W

Hence, efficiency = 8000/(8000 + 354 + 287) = 0.926 = 92.6%

Example 32.50.  Resistances and Leakage reactance of 10 kVA, 50 Hz, 2300/230 V single phase
distribution transformer are r1 = 3.96 ohms, r2 = 0.0396 ohms, x1 = 15.8 ohms, x2 = 0.158 ohm.
Subscript 1 refers to HV and 2 to LV winding (a) transformer delivers rated kVA at 0.8 p.f.  Lagging
to a load on the L.V. side.  Find the H.V. side voltage necessary to maintain 230 V across Load-
terminals.  Also find percentage voltage regulation.  (b) Find the power-factor of the rated load-
current at which the voltage regulation will be zero, hence find the H.V. side voltage.

(Nagpur University, November 1997)

Solution.  (a)  Rated current on L.V. side = 10,000/230 = 43.5 A.  Let the total resistance and total
leakage reactance be referred to L.V. side.  Finally, the required H.V. side voltage can be worked out
after transformation.

Total resistance, r = r1′ + r2 = 3.96 × (230/2300)2 + 0.0396
= 0.0792 ohms

Total leakage-reactance, x = x1′ + x2 = 15.8 × (230/2300)2 + 0.158

= 0.316 ohm
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For purpose of calculation of voltage-magnitudes, approximate formula for voltage regulation can be
used.  For the present case of 0.8 lagging p.f.

V1′ = V 2 + I [r cos φ + x sin φ]
= 230 + 43.5 [(0.0792 × 0.8) + (0.316 × 0.6)]
= 230 + 43.5 [0.0634 + 0.1896] = 230 + 11 = 241 volts

Hence, V1 = 241 × (2300/230) = 2410 volts.
It means that H.V. side terminal voltage must be 2410 for keeping 230 V at the specified load.
(b) Approximate formula for voltage regulation is :  V1′ − V 2 = I [r cos φ ± x sin φ]
With Lagging p.f., +ve sign is retained.  With leading power-factor, the −ve sign is applicable.  For the

voltage-regulation to be zero, only leading P.f. condition can prevail.
Thus, r cos φ − x sin φ = 0
or tan φ = r/x = 0.0792/0.316 = 0.25
or φ = 14º, cos φ = 0.97 leading

Corresponding sin φ = sin 14º =  0.243
H.V. terminal voltage required is 2300 V to maintain 230 V at Load, since Zero regulation condition is

under discussion.

Example 32.51.  A 5 kVA, 2200/220 V, single-phase transformer has the following parameters.
H.V. side : r1 = 3.4 ohms, x1 = 7.2 ohms

L.V. side : r2 = 0.028 ohms, x2 = 0.060 ohms
Transformer is made to deliver rated current at 0.8 lagging P.f. to a load connected on the L.V.

side.  If the load voltage is 220 V, calculate the terminal voltage on H.V. side
(Neglect the exciting current). (Rajiv Gandhi Technical University, Bhopal, Summer 2001)

Solution.  Calculations may be done referring all the parameters the L.V. side first.  Finally, the
voltage required on H.V. side can be obtained after transformation.

Rated current ref. to L.V. side = 5000/220 = 22.73 A
Total winding resistance ref. to L.V. side = r1′ + r2 = (220/2200)2 × 3.4 + 0.028
Total winding-leakage-reactance ref. to L.V. side = x1′ + x2

= (220/2200)2 × 7.2 + 0.060 = 0.132 ohm

G

B

C

D

F

A

	
I

O

V1

V2

B�

Fig. 32.53(c)

In the phasor diagram of Fig. 32.53 (c).
QA = V 2 = 220 volts, I = 22.73 A at lagging phase angle of 36.87º
AB = Ir,  AD = Ir cos φ = 22.73 × 0.062 × 0.80 = 1.127 V
DC = Ix sin φ = 22.73 × 0.132 × 0.60 = 1.80 V
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OC = 220 + 1.127 + 1.80 = 222.93 volts
BD = Ir sin φ = 0.85 V
B′F = x cos φ = 2.40 V
CF = 2.40 − 0.85 = 1.55 V
V1′ = OF = (222.932 + 1.552)0.50 = 222.935 volts

Required terminal voltage of H.V. side = V1 = 222.935 × (2200/220) = 2229.35 volts
[Note.  In approximate and fast calculations, CF is often ignored for calculation of magnitude of V 1′.  The

concerned expression is : V 1′ = V 2 + Ir cos φ + Ix sin φ, for lagging P.f.]

Example 32.52.  A 4-kVA, 200/400 V, single-phase transformer takes 0.7 amp and 65 W on Open-
circuit.  When the low-voltage winding is short-circuited and 15 V is applied to the high-voltage
terminals, the current and power are 10 A and 75 W respectively.  Calculate the full-load efficiency
at unity power factor and full-load regulation at 0.80 power-factor lagging.

(Nagpur University April 1999)

Solution.  At a load of 4 kVA, the rated currents are :
L.V. side :        4000/200 = 20 amp
And H.V. side :     4000/400 = 10 amp
From the test data, full-load copper-loss = 75 W
And constant core-loss = 65 W
From S.C. test, Z = 15/10 = 1.5 ohms

R = 75/100 = 0.75 ohm

Hence x = 2 21.5 0.75−  = 1.30 ohms

All these series-parameters are referred to the H.V. side, since the S.C. test has been conducted
from H.V. side.

Full-load efficiency at unity p.f. = 4000 / (4000 + 65 + 75)
= 0.966 = 96.6%

Full load voltage regulation at 0.80 lagging p.f.
= Ir cos φ + I x sin φ
= 10 (0.75 × 0.80 + 1.30 × 0.60) = 16.14 Volts

Thus, due to loading, H.V. side voltage will drop by 16.14 volts (i.e. terminal voltage for the load
will be 383.86 volts), when L.V. side is energized by 200-V source.

32.25.  Percentage Resistance, Reactance and Impedance

These quantities are usually measured by the voltage drop at full-load current expressed as a
percentage of the normal voltage of the winding on which calculations are made.

(i) Percentage resistance at full-load

% R =
2

1 01 1 01

1 1 1

100 100
I R I R
V V I

× = ×

=
2
2 02

2 2

100
I R
V I

×  = % Cu loss at full-load

% R = % Cu loss = νr ...Art.32.16
(ii) Percentage reactance at full-load

% X =
1 01 2 02

1 2

100 100
I X I X

V V
× = ×  = νx
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(iii) Percentage impedance at full-load

% Z = 1 01 2 02

1 2

100 100
I Z I Z

V V
× = ×

(iv) %Z = 2 2(% % )R X+

It should be noted from above that the reactances and resistances in ohm can be obtained thus :

R01 = 
1 1

1 1

% % Cu loss
100 100

R V V
I I

× ×
=

× ×  ; Similarly R02 = 
2 2

2 2

% % Cu loss
100 100

R V V
I I

× ×
=

× ×

X 01 =  
1 1

1 1

%
100 100

zX V V
I I

× ν ×
=

× × ; Similarly X 02 =  
22

2 2

%
100 100

x VX V
I I

ν ××
=

× ×
It may be noted that percentage resistance, reactance and impedance have the same value whether

referred to primary or secondary.

Example 32.53.  A 3300/230 V, 50-kVA, transformer is found to have impedance of 4% and a Cu
loss of 1.8% at full-load.  Find its percentage reactance and also the ohmic values of resistance,
reactance and impedance as referred to primary.  What would be the value of primary short-circuit
current if primary voltage is assumed constant ?

Solution. % X = 2 2 2 2(% % ) (4 1.8 ) 3.57%Z R− = − = (��Cu loss = % R)

Full load  I1 = 50,000/3300 = 15.2 A (assuming 100% efficiency).  Considering primary winding, we
have

% R = 01 1
01

100 1.8 3300
1.8

100 15.2L

R I
R

V
× ×= ∴ = =

×
3.91 ΩΩΩΩΩ

Similarly % X = 01 1
01

1

100 3.57 3300
3.57

100 15.2
X I

X
V

× ×= ∴ = =
× 7.76 ΩΩΩΩΩ

Similarly Z01 = 4 3300
100 15.2

× =
×

8.7 ΩΩΩΩΩ

Now
Short-circuit current

Full load current =
100 S.C. current = 15.2 25 =

4
∴ × 380 A

Example 32.54.  A 20-kVA, 2200/220-V, 50-Hz distribution transformer is tested for efficiency
and regulation as follows :

O.C. test : 220 V 4.2 A, 148 W –l.v side

S.C. test : 86 V 10.5 A, 360 W – l.v. side

Determine (a) core loss (b) equivalent resistance referred to primary (c) equivalent resistance
referred to secondary (d) equivalent reactance referred to primary (e) equivalent reactance referred
to secondary (f) regulation of transformer at 0.8 p.f. lagging current (g) efficiency at full-load and
half the full-load at 0.8 p.f. lagging current.

Solution.  (a) As shown in Art 32.9, no-load primary input is practically equal to the core loss.
Hence, core loss as found from no-load test, is 148 W.

(b) From S.C. test, R01 = 360/10.52 = 3.26 ΩΩΩΩΩ
(c) R02 = K2R01 = (220/2200)2 × 3.26 = 0.0326 Ω

* Short circuit ISC =
1

01

V
Z Now, Z01 = 

1

1

%
100
V Z

I
×

×

ISC = 1 1 1

1 1

100 100 100
% % %

SCIV I I
V Z Z I Z
× × ×

= ∴ =
×

*
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(d) Z10 =
86 8.19

10.5
SC

SC

V
I

= = Ω

X01 = 2 2(8.19 3.26 )− =7.51 ΩΩΩΩΩ

(e) X02 = K2 X 01 = (220/2200)2 × 7.51 = 0.0751 Ω
(f ) We will use the definition of regulation as given in Art. 32.24 (3).
We will find the rise in primary voltage necessary to maintain the output terminal voltage constant from

no-load to full-load.

Rated primary current = 20,000/2200 = 9.1 A

V 1′ = 2 2[2200 0.8 9.1 3.26) (2200 0.6 9.1 7.51) ]× + × + × + × = 2265 V

∴ % regn =
2265 2200

100
2200

− × = 2.95%

We would get the same result by working in the secondary.  Rated secondary current = 91 A.

0V 2 = 2 2(220 0.8 91 0.0326) (220 0.6 91 0.0751) ] 226.5 V× + × + × + × =

∴ % regns. =
226.5 220

100
220

− × =  2.95%

(g) Core loss = 1.48 W.  It will be the same for all loads.
Cu loss at full load = I1

2 R01 = 9.12 × 3.26 = 270 W

Cu loss at half full-load = 4.552 × 3.26 = 67.5 W (or F.L. Cu loss/4)

∴ η at full-load =
22, 000 0.8 100

20, 000 0.8 148 270
× × =

× + + 97.4%

∴ η at half-load =
10, 000 0.8 100

10, 000 0.8 148 67.5
× × =

× + + 97.3%

Example 32.55.  Calculate the regulation of a transformer in which the ohmic loss is 1% of the
output and the reactance drop is 5% of the voltage, when the power factor is (i) 0.80 Lag (ii) unity
(iii) 0.80 Leading. (Madras University, 1997)

Solution.  When 1% of output is the ohmic loss, p.u. resistance of the transformer, εr = 0.01

When 5% is the reactance drop, p.u. reactance of the transformer εx = 0.05
(i) Per Unit regulation of the transformer at full-load, 0.8 Lagging p.f.

= 0.01 × cos φ + 0.05 × sin φ = 0.01 × 0.8 + 0.05 × 0.06 = 0.038 or 3.8%

(ii) Per Unit regulation at unity p.f. = 0.01 × 1 = 0.01 or 1%
(iii) Per Unit regulation at 0.08 Leading p.f. = 0.01 × 0.8 − 0.05 × 0.6 = − 0.022 or − 2.2%

Example 32.56.  The maximum efficiency of a 500 kVA, 3300/500 V, 50 Hz, single phase
transformer is 97% and occurs at 3/4th full-load u.p.f.  If the impedance is 10% calculate the
regulation at fullload, 0.8 p.f. Lag. (Madurai Kamraj University, November 1997)

Solution.  At unity p.f. with 3/4th full load, the output of the transformer

= 500 × 0.75 × 1 kW = 375 kW

0.97 =
375

375 2 iP+
where Pi = core loss in kW, at rated voltage.
At maximum efficiency, x2 Pc = Pi

(0.75)2 Pc = Pi

where x = 0.75, i.e. 3/4th which is the fractional loading of the transformer
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Pc = copper losses in kW, at rated current

Pi = ( ){ }1 1 3(375) 1 ½ 375 5.8 kW
2 0.97 97

× − = × × =

Pc = 5.8/(0.75)2 = 10.3 kW

Full load current in primary (H.V.) winding = 
500 1000

3300
× =  151.5 amp

Total winding resistance ref. to primary

= 2

10.3 1000
0.44876 ohm

(151.5)

× =

εr = % resistance = 
151.5 0.44876

100 %
3300
× × =  2.06%

εz = % Impedance = 10%

εx = % reactance = 100 4.244− =  9.7855%

By Approximate formula at 0.8 p.f. lag
% regulation = εr cos φ + εx sin φ

= 2.06 × 0.8 + 9.7855 × 0.6
= 1.648 + 5.87 = 7.52 %

Example 32.57.  A transformer has copper-loss of 1.5% and reactance-drop of 3.5% when tested
at full-load.  Calculate its full-load regulation at (i) u.p.f. (ii) 0.8 p.f.  Lagging and (iii) 0.8 p.f.
Leading. (Bharathithasan Univ. April 1997)

Solution.  The test-data at full-load gives following parameters :
p.u. resistance = 0.015, p.u. reactance = 0.035

(i) Approximate Voltage − Regulation at unity p.f. full load
= 0.015 cos φ + 0.035 sin φ
= 0.015 per unit = 1.5%

(ii) Approximate Voltage − Regulation at 0.80 Lagging p.f.
= (0.015 × 0.8) + (0.035 × 0.6) = 0.033 per unit = 3.3%

(iii) Approximate Voltage Regulation at 0.8 leading p.f.

= Ir cos φ − Ix sin φ
= (0.015 × 0.8) − (0.035 × 0.6) = − 0.009 per unit = − − − − − 0.9%

32.26.  Kapp Regulation Diagram

It has been shown that secondary terminal voltage falls as the load on the transformer is increased
when p.f. is lagging and it increases when the power factor is leading.  In other words, secondary terminal
voltage not only depends on the load but on power factor also (Art. 32.16).   For finding the voltage
drop (or rise) which is further used in determining the regulation of the transformer, a graphical
construction is employed which was proposed by late Dr. Kapp.

For drawing Kapp regulation diagram, it is necessary to know the equivalent resistance and
reactance as referred to secondary i.e. R02 and X 02.  If I2 is the secondary load current, then secondary
terminal voltage on load V 2, is obtained by subtracting I2 R02 and I2 X 02 voltage drops vectorially from
secondary no-load voltage 0V 2.

Now, 0V 2 is constant, hence it can be represented by a circle of constant radius OA as in Fig. 32.54.
This circle is known as no-load or open-circuit e.m.f. circle.  For a given load, OI2 represents the load
current and is taken as the reference vector, CB represents I2 R02 and is parallel to OI2, A B represents I2
X 02 and is drawn at right angles to CB.  Vector OC obviously represents I2 X 02 and is drawn at right
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angles to CB.  Vector OC obviously rep-
resents secondary terminal voltage V 2.
Since I2 is constant, the drop triangle
ABC remains constant in size.  It is seen
that end point C of V 2 lies on another
circle whose centre is O′.  This point O′
lies at a distance of I2 X02 vertically be-
low the point O and a distance of I2 R02
to its left as shown in Fig. 32.54.

Suppose it is required to find the
voltage drop on full-load at a lagging
power factor of cos φ, then a radius OLP
is drawn inclined at an angle of φ with
OX.  LM = I2 R02 and is drawn horizon-
tal MN = I2 X 02 and is drawn perpen-
dicular to LM.  Obviously, ON is no-
load voltage 0V 2.  Now, ON = OP =

0V2.  Similarly, OL is V 2.  The voltage
drop = OP − OL = LP.

Hence, percentage regulation ‘down’ is = 100 100
OP OL LP

OP OP
− × = ×

It is seen that for finding voltage drop, triangle LMN need not be drawn, but simply the radius OLP.
The diagram shows clearly  how the secondary terminal voltage falls as the angle of lag

increases.  Conversely, for a leading power factor, the fall in secondary terminal voltage decreases till for an
angle of φ0 leading, the fall becomes zero; hence V 2 = 0V 2.  For angles greater than φ0,  the secondary
terminal voltage V2 becomes greater than 0V2.

The Kapp diagram is very helpful in determining the variation of regulation with power factor but it has
the disadvantage that since the lengths of the sides of the impedance triangle are very small as compared to
the radii of the circles, the diagram has to be drawn on a very large scale, if sufficiently accurate results are
desired.

32.27. Sumpner of Back-to-Back Test

This test provides data for finding the
regulation, efficiency and heating under load
conditions and is employed only when two
similar transformers are available.  One
transformer is loaded on the other and both
are connected to supply.  The power taken
from the supply is that necessary for supplying
the losses of both transformers and the
negligibly small loss in the control circuit.

As shown in Fig. 32.55, primaries of the
two transformers are connected in parallel
across the same a.c. supply.  With switch S
open, the wattmeter W1 reads the core loss
for the two transformers.

Fig. 32.55

Fig. 32.54
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The secondaries are so connected that their potentials are in opposition to each other.  This would
so if V A B = V CD and A  is joined to C whilst B is joined to D.  In that case, there would be no secondary
current flowing around the loop formed by the two secondaries.  T is an auxiliary low-voltage trans-
former which can be adjusted to give a variable voltage and hence current in the secondary loop
circuit.  By proper adjustment of T, full-load secondary current I2 can be made to flow as shown.  It is
seen, that I2 flows from D to C and then from A  to B.  Flow of I1 is confined to the loop FEJLGHMF
and it does not pass through W1.  Hence, W1 continues to read the core loss and W 2 measures full-load
Cu loss (or at any other load current value I2).  Obviously, the power taken in is twice the losses of a
single transformer.

Example 32.58.  Two similar 250-kVA, single-phase transformers gave the following results
when tested by back-to-back method :

Mains wattmeter, W1 = 5.0 kW
Primary series circuit wattmeter, W2 = 7.5 kW (at full-load current).
Find out the individual transformer efficiencies at 75% full-load and 0.8 p.f. lead.

(Electrical Machines-III, Gujarat Univ. 1986)

Solution.  Total losses for both transformers = 5 + 7.5 = 12.5  kW
F.L. loss for each transformer = 12.5/2 = 6.25 kW

Copper-loss at 75% load = ( )23 7.5 kW 2.11 kW
4 2

× =

Output of each transformer at 75% F.L. and 0.8 p.f. = (250 × 0.75) × 0.8 = 150 kW

η = 150
150 2.5 2.11

=
+ +

 97%

32.28. Losses in a Transformer

In a static
transformer, there
are no friction or
windage losses.
Hence, the only
losses occuring
are :

(i) C o r e
or Iron Loss :  It
includes both
hysteresis loss
and eddy cur-
rent loss.  Be-
cause the core
flux in a trans-
former remains
practically con-
stant for all loads
(its variation being
1 to 3% from no-load to full-load).  The core loss is practically the same at all loads.

Hysteresis loss Wh = η B1.6
max f  V  watt; eddy current loss W e = PB2

max f
2t2 watt

These losses are minimized by using steel of high silicon content for the core and by using very thin

Typical 75kVA Transformer Losses vs. Load

3,000

2,500

2,000

1,500

1,000

500

To
ta

l L
o

se
s 

(W
at

ts
)

0

Load (%)
0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100

1500Rise
1100Rise
800Rise
TP-1 1500C Rise

www.EngineeringBooksPdf.com



Transformer 1169

laminations.  Iron or core loss is found from the O.C. test.  The input of the transformer when on no-
load measures the core loss.

(ii) Copper loss.  This loss is due to the ohmic resistance of the transformer windings.  Total Cu loss
= I1

2R1 + I2
2R2 = I1

2R01 + I2
2R02.  It is clear that Cu loss is proportional to (current)2 or kVA2.  In other

words, Cu loss at half the full-load is one-fourth of that at full-load.
The value of Cu loss is found from the short-circuit test (Art. 32.22).

32.29. Efficiency of a Transformer
As is the case with other types of electrical machines, the efficiency of a transformer at a particular load

and power factor is defined as the output divided by the input–the two being measured in the same units
(either watts or kilowatts).

Efficiency = Output
Input

But a transformer being a highly efficient piece of equipment, has very small loss, hence it is impractical
to try to measure transformer, efficiency by measuring input and output.  These quantities are nearly of the
same size.  A better method is to determine the losses and then to calculate the efficiency from ;

Efficiency = Output Output
Output + losses Output + Cu loss + iron loss

=

or η = Input Losses losses1
Input Input
− = −

It may be noted here that efficiency is based on power output in watts and not in volt-amperes, al-
though losses are proportional to VA.  Hence, at any volt-ampere load, the efficiency depends on power
factor, being maximum at a power factor of unity.

Efficiency can be computed by determining core loss from no-load or open-circuit test and Cu loss
from the short-circuit test.

32.30.  Condition for Maximum Efficiency

Cu loss = I1
2R01 or I2

2R02 = Wcu

Iron loss = Hysteresis loss + Eddy current loss = Wh + We = Wi

Considering primary side,
Primary input = V 1I1 cos φ1

η =
2

1 1 1 1 011 1 1

1 1 1 1 1 1

coscos losses
cos cos

iV I I R WV I
V I V I

φ − −φ −
=

φ φ

= 1 − 1 01

1 1 1 1 1cos cos
iI R W

V V I
−

φ φ
Differentiating both sides with respect to I1, we get

1

d
dI

η = 01
2

1 1 1 1 1

0
cos cos

iR W

V V I
− +

φ φ

For η to be maximum,
1

d
dI

η
= 0.  Hence, the above equation becomes

01

1 1cos
R

V φ = 2
1 1 1cos

iW

V I φ
or Wi = I1

2R01 or I2
2R02

or Cu loss = Iron loss
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Fig. 32.56

The output current corresponding to maximum efficiency is I2 = 02( / )iW R .

It is this value of the output current which will make the Cu loss equal to the iron loss.  By proper
design, it is possible to make the maximum efficiency occur at any desired load.

Note. (i) If we are given iron loss and full-
load Cu loss, then the load at which two losses
would be equal (i.e. corresponding to maximum
efficiency) is given by

= Full load × ( )Iron loss
F.L. Cu loss

In Fig. 32.56, Cu losses are plotted as a
percentage of power input and the efficiency
curve as deduced from these is also shown.  It is
obvious that the point of intersection of the Cu
and iron loss curves gives the point of maximum
efficiency.  It would be seen that the efficiency
is high and is practically constant from 15%
full-load to 25% overload.

(ii) The efficiency at any load is given by

η =
full-load kVA p.f.

100
( full-load kVA p.f.) +

x
x W Wcu i

× × ×
× × +

where x = ratio of actual to full-load kVA

Wi = iron loss in kW ; W cu = Cu loss in kW.

Example 32.59.  In a 25-kVA, 2000/200 V, single-phase transformer, the iron and full-load cop-
per losses are 350 and 400 W respectively.  Calculate the efficiency at unity power factor on
 (i) full load (ii) half full-load. (Elect. Engg. & Electronic, Bangalore Univ. 1990 and

Similar example in U.P. Technical University 2001)

Solution.  (i)  Full-load Unity p.f.
Total loss = 350 + 400 = 750 W

F.L. output at u.p.f. = 25 × 1 = 25 kW ; η = 25/25.75 = 0.97 or 97%
(ii) Half F.L. Unity p.f.
Cu loss = 400 × (1/2)2 = 100 W.  Iron loss remains constant at 350 W, Total loss = 100 + 350

= 450 W.
Half-load output at u.p.f. = 12.5 kW

∴ η = 12.5/(12.5 + 0.45) = 96.52%

Example 32.60.  If P1 and P2 be the iron and copper losses of a transformer on full-load, find the
ratio of P1 and P2 such that maximum efficiency occurs at 75% full-load.

(Elect. Machines AMIE Sec. B, Summer 1992)

Solution.  If P2 is the Cu loss at full-load, its value at 75% of full-load is = P2 × (0.75)2 = 9P2/16.  At
maximum efficiency, it equals the iron loss P1 which remains constant throughout.  Hence, at maximum
efficiency.

P1 = 9P2/16 or P1/P2 = 9/16.

Example 32.61.  A 11000/230 V, 150-kVA, 1-phase, 50-Hz transformer has core loss of 1.4 kW
and F.L. Cu loss of 1.6 kW.  Determine

(i) the kVA load for max. efficiency and value of max. efficiency at unity p.f.

(ii) the efficiency at half F.L. 0.8 p.f. leading (Basic Elect. Machine, Nagpur Univ. 1993)
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Solution. (i)  Load kVA corresponding to maximum efficiency is

= F.L. kVA × 
Iron loss 1.6250

F.L. Cu loss 1.4
= ×  = 160 kVA

Since Cu loss equals iron loss at maximum efficiency, total loss = 1.4 + 1.4 = 2.8 kW ;
output = 160 × 1 = 160 kW

ηmax = 160/162.8 = 0.982 or 98.2%
(ii) Cu loss at half full-load = 1.6 × (1/2)2 = 0.4 kW ; Total loss = 1.4 + 0.4 = 1.8 kW

Half F.L. output at 0.8 p.f.= (150/2) × 0.8 = 60 kW

∴ Efficiency = 60/(60 + 1.8) = 0.97 or 97%
Example 32.62.  A 5-kVA, 2,300/230-V, 50-Hz transformer was tested for the iron losses with

normal excitation and Cu losses at full-load and these were found to be 40 W and 112 W respectively.
Calculate the efficiencies of the transformer at 0.8 power factor for the following kVA outputs :

1.25 2.5 3.75 5.0 6.25 7.5

Plot efficiency vs kVA output curve. (Elect. Engg. -I, Bombay Univ. 1987)

Solution. F.L. Cu loss = 112 W ; Iron loss = 40 W

(i) Cu loss at 1.25 kVA = 112 × (1.25/5)2 = 7 W
Total loss = 40 + 7 = 47 W  Output = 1.25 × 0.8 = 1 kW = 1,000 W

η = 100 × 1,000/1,047 = 95.51 %
(ii) Cu loss at 2.5 kVA = 112 × (2.5/5)2 = 28 W

Total loss = 40 + 28 = 68 W
Output = 2.5 × 0.8 = 2 kW

η = 2,000 × 100/2,068 = 96.71%
(iii) Cu loss at 3.75 kVA

= 112 × (3.75/5)2 = 63 W

Total loss = 40 + 63 = 103 W
η = 3,000 × 100/3,103 = 96.68 %

(iv) Cu loss at 5 kVA

= 112 W
Total loss = 152 W = 0.152 kW

Output = 5 × 0.8 = 4 kW

η = 4 × 100/4.142 = 96.34 %
(v) Cu loss at 6.25 kVA

= 112 × (6.25/5)2 = 175 W

Total loss = 125 W = 0.125 kW ; Output = 6.25 × 0.8 = 5 kW
η = 5 × 100/5.215 = 95.88 %

(vi) Cu loss at 7.5 kVA = 112 × (7.5/5)2 = 252 W

Total loss = 292 W = 0.292 kW ; Output = 7.5 × 0.8 = 6 kW
η = 6 × 100/6.292 = 95.36 %

The curve is shown in Fig. 32.57.

Example 32.63.  A 200-kVA transformer has an efficiency of 98% at full load.  If the max.
efficiency occurs at three quarters of full-load, calculate the efficiency at half load.  Assume negli-
gible magnetizing current and p.f. 0.8 at all loads. (Elect. Technology Punjab Univ. Jan. 1991)

Fig. 32.57
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Solution.  As given, the transformer has a F.L. efficiency of 98 % at 0.8 p.f.

F.L. output = 200 × 0.8 = 160 kW ; F.L. input = 160/0.98 = 163.265 kW
F.L. losses = 163.265 − 160 = 3.265 kW

This loss consists of F.L. Cu loss x and iron loss y.

∴ x + y = 3.265 kW ...(i)
It is also given that ηmax occurs at three quarters of full-load when Cu loss becomes equal to iron

loss.
∴ Cu loss at 75 % of F.L. = x (3/4)2 =9 x/16

Since y remains constant, hence 9 x/16 = y ...(ii)
Substituting the value of y in Eqn. (i), we get x + 9 x/16 = 3265 or x = 2090 W; y = 1175 W
Half-load Unity p.f.

Cu loss = 2090 × (1/2)2 = 522 W ; total loss = 522 + 1175 = 1697 W
Output = 100 × 0.8 = 80 kW ; η = 80/81.697 = 0.979 or 97.9 %

Example 32.64.  A 25-kVA, 1-phase transformer, 2,200 volts to 220 volts, has a primary resistance
of 1.0 Ω and a secondary resistance of 0.01 Ω .  Find the equivalent secondary resistance and the
full-load efficiency at 0.8 p.f. if the iron loss of the transformer is 80% of the full-load Cu loss.

(Elect. Technology, Utkal Univ. 1998)

Solution.  K = 220/2,200 = 1/10 ; R02 = R2 + K2 R1 = 0.01 + 1/100 = 0.02 ΩΩΩΩΩ
Full-load I2 = 25,000/220 = 113.6 A ; F.L. Cu loss = I2

2 R02 = 113.62 × 0.02 = 258 W.
Iron loss = 80% of 258 = 206.4 W ; Total loss = 258 + 206.4 = 464.4 W

F.L. output = 25 × 0.8 = 20 kW = 20,000 W
Full-load η = 20,000 × 100/(20,000 + 464.4) = 97.7 %

Example 32.65.  A 4-kVA, 200/400-V, 1-phase transformer has equivalent resistance and reactance
referred to low-voltage side equal to 0.5 Ω and 1.5 Ω respectively.  Find the terminal voltage on the
high-voltage side when it supplies 3/4th full-load at power factor of 0.8, the supply voltage being 220
V.  Hence, find the output of the transformer and its efficiency if the core losses are 100 W.

(Electrical Engineering ; Bombay Univ. 1985)

Solution.  Obviously, primary is the low-voltage side and the secondary, the high voltage side.
Here, R01 = 0.5 Ω and X 01 = 1.5 Ω.  These can be transferred to the secondary side with the help of

the transformation ratio.
K = 400/200 = 2 ; R02 = K2 R01 = 22 × 0.5 = 2 Ω ; X 02 = K2 X 01 = 4 × 1.5 = 6 Ω
Secondary current when load is 3/4 the, full-load is = (1,000 × 4 × 3/4)/400 = 7.5 A
Total drop as referred to transformer secondary is
= I2 (R02 cos φ + X 02 sin φ)* = 7.5 (2 × 0.8 + 6 × 0.6) = 39 V

∴ Terminal voltage on high-voltage side under given load condition is
= 400 − 39 = 361 V

Cu loss = I2
2 R02 = 7.52 × 2 = 112.5 W Iron loss = 100 W

Total loss = 212.5 W output = (4 × 3/4) × 0.8 = 2.4 kW
Input = 2,400 + 212.5 = 2,612.5 W η = 2,400 × 100/2,612.5 = 91.87 %

Example 32.66.  A 20-kVA, 440/220 V, I-φ, 50 Hz transformer has iron loss of 324 W.  The Cu
loss is found to be 100 W when delivering half full-load current.  Determine (i) efficiency when

* Assuming a lagging power factor
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delivering full-load current at 0.8 lagging p.f. and (ii) the percent of full-load when the efficiency will
be maximum. (Electrotechnique-II, M.S. Univ., Baroda 1987)

Solution. F.L. Cu loss = 22 × 100 = 400 W ; Iron loss = 324 W

(i) F.L. efficiency at 0.8 p.f. = 20 0.8
100

(20 0.8) 0.724
× ×

× +
 = 95.67 %

(ii) kVA for maximum
F.L. kVA

= Iron loss 324
F.L. Cu loss 400

=  = 0.9

Hence, efficiency would be maximum at 90 % of F.L.

Example 32.67.  Consider a 4-kVA, 200/400 V single-phase transformer supplying full-load
current at 0.8 lagging power factor.  The O.C./S.C. test results are as follows :

O.C. test : 200 V, 0.8 A, 70 W (I.V. side)
S.C. test : 20 V, 10 A, 60 (H.V. side)
Calculate efficiency, secondary voltage and current into primary at the above load.
Calculate the load at unity power factor corresponding to maximum efficiency.

(Elect. Machines Nagpur Univ. 1993)

Solution.  Full-load, I2 = 4000/400 = 10 A

It means that S.C. test has been carried out with full secondary flowing.  Hence, 60 W represents
full-load Cu loss of the transformer.

Total F.L. losses = 60 + 70 = 130 W ; F.L. output = 4 × 0.8 = 3.2 kW
F.L. η = 3.2/3.33 = 0.96 or 96 %
S.C. Test

Z02 = 20/10 = 2 Ω ; I2
2 R02 = 60 or R02 = 60/102 = 0.6 Ω ; X 02 = 2 22 0.6−  = 1.9 Ω

Transformer voltage drop as referred to secondary
= I2 (R02 cos φ + X02 sin φ) = 10 (0.6 × 0.8 + 1.9 × 0.6) = 16.2 V

∴ V2 = 400 − 16.2 = 383.8 V
Primary current = 4000/200 = 20 A

kVA corresponding to ηmax = 4 × 70 / 60  = 4.32 kVA
∴ Load at u.p.f. corresponding to ηmax = 4.32 × 1 = 4.32 kW

Example 32.68.  A 600 kVA, 1-phase transformer has an efficiency of 92 % both at full-load and
half-load at unity power factor.  Determine its efficiency at 60 % of full-load at 0.8 power factor lag.

(Elect. Machines, A.M.I.E. Sec. B, 1992)

Solution.

η = 2

cos
100

( ) cos i Cu

x kVA

x kVA W x W

× × φ ×
× × φ + +

where x represents percentage of full-load
Wi is iron loss and WCu is full-load Cu loss.
At F.L. u.p.f. Here x = 1

∴ 92 =
2

1

1 600 1

1 600 1 CuW I W

× ×
× × + +

 × 100, Wi + WCu = 52.174 kW ...(i)

At half F.L. UPF.  Here x = 1/2

92 = 2

1/ 2 600 1

(1/ 2) 600 1 (1/ 2)i CuW W

× ×
× × + +

 × 100 ;
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∴ Wi + 0.25 WCu = 26.087 kW ...(ii)
From (i) and (ii), we get, W i = 17.39 kW, WCu = 34.78 kW
60 % F.L. 0.8 p.f. (lag) Here, x = 0.6

η = 2

0.6 600 0.8 100

(0.6 600 0.8) 17.39 (0.6) 34.78

× × ×
× × + +

 = 85.9 %

Example 32.69.  A 600-kVA, 1-ph transformer when working at u.p.f. has an efficiency of 92 %
at full-load and also at half-load.  Determine its efficiency when it operates at unity p.f. and 60 % of
full-load. (Electric. Machines, Kerala Univ. 1987)

Solution.  The fact that efficiency is the same i.e. 92 % at both full-load and half-load will help us
to find the iron and copper losses.

At full-load
Output = 600 kW ; Input = 600/0.92 = 652.2 kW ; Total loss = 652.2 − 600 = 52.2 kW
Let x = Iron loss − It remains constant at all loads.

y = F.L. Cu loss − It is ∝  (kVA)2. ∴ x  + y = 52.2 ...(i)
At half-load
Output = 300 kW ; Input = 300/0.92 ∴ Losses = (300/0.92 − 300) = 26.1 kW
Since Cu loss becomes one-fourth of its F.L. value, hence

x + y/4 = 26.1
Solving for x and y, we get x = 17.4 kW ; y = 34.8 kW ...(ii)
At 60 % full-load
Cu loss = 0.62 × 34.8 = 12.53 kW ; Total loss = 17.4 + 12.53 = 29.93 kW
Output = 600 × 0.6 = 360 kW ∴ η  = 360/389.93 = 0.965 or 96.5 %

Example 32.70.  The maximum efficiency of a 100-kVA, single phase transformer is 98% and
occurs at 80% of full load at 8 p.f.  If the leakage impedance of the transformer is 5 %, find the
voltage regulation at rated load of 0.8 power factor lagging.

(Elect. Machines-I, Nagpur Univ. 1993)

Solution.  Since maximum efficiency occurs at 80 percent of full-load at 0.8 p.f.,

Output at ηmax = (100 × 0.8) × 0.8 = 64 kW ; Input = 64/0.98 = 65.3 kW
∴ Total loss =  65.3 − 64 = 1.3 kW.  This loss is divided equally between Cu and iron.
∴ Cu loss at 80 % of full-load = 1.3/2 = 0.65 kW

Cu loss at full-load = 0.65/0.82 = 1 kW

% R = 
2 2

Cu loss 100100 1
100V I

× = ×  = 1 % = vr ; vx = 5 %

∴ % age regn. = (1 × 0.8 + 5 × 0.6) + 1
200

 (5 × 0.8 − 1 × 0.6)2 = 0.166 %

Example 32.71.  A 10 kVA, 5000/440-V, 25-Hz single phase transformer has copper, eddy current
and hysteresis losses of 1.5, 0.5 and 0.6 per cent  of output on full load.  What will be the percentage
losses if the transformer is used on a 10-kV, 50-Hz  system keeping the full-load current constant ?
Assume unity power factor operation.  Compare the full load efficiencies for the two cases.

(Elect. Machines, A.M.I.E., Sec. B, 1991)

Solution.  We know that E1 = 4,44 f N1B1A ..  When both excitation voltage and frequency are
doubled, flux remains unchanged.

F.L. output at upf = 10 kVA × 1 = 10 kW
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F.L. Cu loss = 1.5 × 10/100 = 0.15 kW ; Eddy current loss

= 0.5 × 10/100 = 0.05 kW ; Hysteresis loss = 0.6 × 10/100 = 0.06 kW
Now, full-load current is kept constant but voltage is increased from 5000 V to 10,000 V.  Hence,

output will be doubled to 20 kW.  Due to constant current, Cu loss would also remain constant.
New Cu loss = 0.15 kW, % Cu loss = (0.15/20) × 100 = 0.75 %

Now, eddy current loss ∝  f 2 and hysteresis loss ∝  f.
New eddy current loss = 0.05 (50/25)2 = 0.2 kW, % eddy current loss = (0.2/20) × 100 = 1 %
Now, Wh = 0.06 × (50/25) = 0.12 kW, % Wh = (0.12/20) × 100 = 0.6 %

η1 = 10 100
10 0.15 0.05 0.06

×
+ + +

 = 87.4 %

η2 = 20 100
20 0.15 0.2 0.12

×
+ + +

 = 97.7 %

Example 32.72.  A 300-kVA, single-phase transformer is designed to have a resistance of 1.5 %
and maximum efficiency occurs at a load of 173.2 kVA.  Find its efficiency when supplying full-load
at 0.8 p.f. lagging at normal voltage and frequency. (Electrical Machines-I, Gujarat Univ. 1985)

Solution. % R =
2 2

F.L. Cu loss 100
Full-load V I

×  ; 1.5 = F.L. Cu loss 100
300 1000

×
×

∴ F.L. Cu loss = 1.5 × 300 × 1000/100 = 4500 W

Also, 173.2 = 300 Iron Loss
4500

 ; Iron loss = 1500 W

Total F.L. loss = 4500 + 1500 = 6 kW

F.L. η at 0.8 p.f. = 300 0.8
100

(300 0.8) 6
× ×

× +
 =  97.6 %

Example 32.73.  A single phase transformer is rated at 100-kVA, 2300/230-V, 50 Hz.  The
maximum flux density in the core is 1.2 Wb/m2 and the net cross-sectional area of the core is 0.04 m2.
Determine

(a) The number of primary and secondary turns needed.

(b) If the mean length of the magnetic circuit is 2.5 m and the relative permeability is 1200,
determine the magnetising current.  Neglect the current drawn for the core loss.

(c) On short-circuit with full-load current flowing, the power input is 1200 W and an open-
circuit with rated voltage, the power input was 400 W.  Determine the efficiency of the transformer
at 75 % of full-load with 0.8 p.f. lag.

(d) If the same transformer is connected to a supply of similar voltage but double the frequency
(i.e., 100 Hz).  What is the effect on its efficiency ? (Elect. Engg., Bombay Univ. 1988)

Solution.  (a)  Applying e.m.f. equation of the transformer to the primary, we have
2300 = 4.44 × 50 × N1 × (1.2 × 0.0.4) ∴ N1 = 216

K = 230/2300 = 1/10 N2 = KN1 = 216/10 = 21.6 or 22

(b) AT = H × l = 
7

0

1.2 2.5
1989

4 10 1200r

B l −
×× = =

µ µ π × ×
 ∴  I = 

1989
216  = 9.21 A

(c) F.L. Cu loss =  1200 W − S.C. test ; Iron loss = 400 W − O.C. test
Cu loss at 75 % of F.L. = (0.75)2 × 1200 = 675 W

Total loss = 400 + 675 = 1075 kW
Output = 100 × (3/4) × 0.8 = 60 kW ; η = (60/61.075) × 100 = 98.26 %
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(d) When frequency is doubled, iron loss is increased because

(i) hysteresis loss is doubled − Wh ∝  f
(ii) eddy current loss is quadrupled − We ∝  f 2

Hence, efficiency will be decreased.

Example 32.74.   A transformer has a resistance of 1.8 % and a reactance of 5.4 %. (a) At full
load, what is the power-factor at which the regulation will be : (i) Zero, (ii) positive-maximum ?
(b) If its maximum efficiency occurs at full-load (at unity p.f.), what will be the efficiency under these
conditions ?

Solution :  Approximate percentage regulation is given, in this case, by the relationship
1.8 cos φ ± 5.4 sin φ.
(a) Regulation :
(i) If regulation is zero, negative sign must be applicable. This happens at leadings p.f.

Corresponding p.f. = tan φ = 1.8/5.4 = 0.333 leading
φ = 18.440 leading

(ii) For maximum positive regulation, lagging p.f. is a must.  From phasor diagram, the result can
be obtained.

Corresponding tan φ = 5.4/1.8 = 3, φ = 71.56 lagging
% Voltage regulation = 1.8 cos φ + 5.4 sin φ = 5.7 %

(b) Efficiency :  Maximum efficiency occurs at such a load when
Iron  losses = Copper  losses

This means Iron-losses are 1.8 %.

Efficiency = 100/(100 + 1.8 + 1.8) = 96.52 %

Example 32.75.  A 10 kVA, 1 phase, 50 Hz, 500/250 V transformer gave following test results :

OC test (LV) side : 250 V, 3.0 A, 200 W

SC test (LV) side : 15 V, 30 A, 300 W.

Calculate efficiency and regulation at full load, 0.8 p.f. lagging.

(Nagpur University, Summer 2000)

Solution.  For efficiency calculations, full load current should be calculated, on the L.V. side in
this case,

F.L. Current = 
10, 000

250  = 40 amp

Short-circuit test data have been given at 30 A current on the L.V. side.

i2r losses at 40 A L.V. side = ( )240 300
30

×  Watts = 533.3 Watts

At rated voltage, iron losses (from O.C. test) = 200 Watts
F.L. Output at 0.8 P.F. = 10,000 × 0.8 = 8000 Watts

Hence, η = 8000 100 %
8000 4733.3

×
+

 = 91.6 %

For regulation, series resistance and reactance parameters of the equivalent circuit have to be
evaluated, from the S.C. test.

Series Impedance, Z = 15
30

 = 0.5 ohm

Series resistance, r = 300
30 30×

 = 0.333 ohm

www.EngineeringBooksPdf.com



Transformer 1177

Series reactance, x = 2 20.5 0.333−  = 0.373 ohm

By Approximate formula,

p.u. regulation at full load, 0.8 p.f. lagging

= 40
250

 [0.333 × 0.8 − 0.373 × 0.6] = 6.82 × 10−3 p.u.

When converted into volts, this is 6.82 × 10−3 × 250 = 1.70 volt

Example 32.76. A 40 kVA, 1-ph, transformer has an iron loss of 400 W, and full copper loss of
800 W.  Find the load at which maximum efficiency is achieved at unity power factor.

(Amravati University, Winter 1999)

Solution.  If x = fraction of rated load at which the efficiency is maximum.
Pi = Iron−loss = 400 W
Pc = F.L. copper−loss = 800 W

Then x2 Pc = Pi

On substitution of numerical values of Pi and Pc, we get
x = 0.707

Hence, the efficiency is maximum, at unity p.f. and at 70.7 % of the rated Load.  At this load,
copper−loss = Iron−loss = 0.40 kW

Corresponding output = 40 × 0.707 × 1

= 28.28 kW

Corresponding efficiency = 28.28
28.28 0.4 0.4+ +

 = 97.25 %

Extension to Question : (a)  At what load (s) at unity p.f. the efficiency will be 96.8 %  ?

40 70 125

96

96.5

96.8

97

97.25

97.5

98

XX

0.90 P.f.

Unity P.f.

/
%

% Load

0
0

Fig. 32.58.  Efficiency variation with load

Solution.  Let x = Fractional load at which the concerned efficiency occurs, at unity p.f.

2

40

40 0.8 0.40

x

x x+ +
 = 0.968

This gives the following values of x : x1 = 1.25 x2 = 0.40
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Thus, at 40 % and at 125 % of the rated load, the efficiency will be 96.8 % as marked on the graph,
in Fig. 32.58.

(b) How will maximum-efficiency condition be affected if the power factor is 0.90 lagging ?
Solution.
The condition for efficiency-variation-statement is that the power factor remains constant.  Thus, for

0.90 lagging p.f., another curve (Lower curve in Fig. 32.58) will be drawn for which the maximum efficiency
will occur at the same value of x (= 0.707), but

Maximum efficiency =
2

40 cos

40 cos 0.80 0.40

x

x

φ
φ + +

= 28.28 0.90
(28.28 0.90) 0.80

×
× +

 = 97 %

Example 32.77.  A 10 kVA, 500/250 V, single-phase transformer gave the following test results:
S.C. Test (H.V. side) : 60 V, 20 A, 150 W
The maximum efficiency occurs at unity power factor and at 1.20 times full-load current.  De-

termine full-load efficiency at 0.80 p.f.  Also calculate the maximum efficiency.
(Rajiv Gandhi Technical University, Bhopal, Summer 2001)

Solution.  Full-load current on H.V. side = 10,000/500 = 20 Amp
S.C. test has been conducted from H.V. side only.  Hence, full-load copper-loss, at unity

p.f. = 150 watts
(a) Maximum efficiency occurs at 1.2 times full-load current, at unity p.f. corresponding copper-

loss = (1.2)2 × 150 = 216 watts
At maximum efficiency, copper-loss = core-loss = 216 watts
Corresponding Power-output = 1.2 × 10,000 × 1.0 = 12 kW
Hence, maximum efficiency at unity P.f. = (12)/(12 + 0.216 + 0.2160) = 0.9653 = 96.53 %
(b) Full-load efficiency at 0.80 P.f.
Output Power at full-load, 0.80 P.f. = 10,000 × 0.8 = 8000 W, constant core-loss = 216 W
Corresponding copper-loss = 150 W
Total losses = 366 W
Hence, efficiency = (8000/8366) × 100 % = 95.63 %.

32.31.  Variation of Efficiency with Power Factor

The efficiency of a transformer is given by

η = Input - LossesOutput
Input Input

=

= 1 − 
2 2

Losses Losses1
Input ( cos losses)V I

= −
φ +

Let, losses/V2 I2 = x

∴ η = 1 − 2 2

2 2

losses /
cos (losses / )

V I
V Iφ +

= 1 − 
/ cos

1
(cos ) 1 ( / cos )

xx
x x

φ= −
φ + + φ

The variations of efficiency with power factor at
different loadings on a typical transformer are shown in
Fig. 32.59. Fig. 32.59
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Tutorial Problems 32.4

1. A 200-kVA transformer has an efficiency of 98 % at full-load.  If the maximum efficiency occurs at
three-quarters of full-load, calculate (a) iron loss at F.L. (b) Cu loss at F.L.  (c) efficiency at half-load.
Ignore magnetising current and assume a p.f. of 0.8 at all loads.

[(a) 1.777 kW (b) 2.09 kW (c) 97.92%]
2. A 600 kVA, 1-ph transformer has an efficiency of 92 % both at full-load and half-load at unity power

factor.  Determine its efficiency at 60 % of full load at 0.8 power factor lag.

[90.59%] (Elect. Machines, A.M.I.E. Sec. B, 1992)
3. Find the efficiency of a 150 kVA transformer at 25 % full load at 0.8 p.f. lag if the copper loss at full

load is 1600 W and the iron loss is 1400 W.  Ignore the effects of temperature rise and magnetising
current. [96.15%] (Elect. Machines, A.M.I.E. Sec. B, 1991)

4. The F.L. Cu loss and iron loss of a transformer are 920 W and 430 W respectively. (i) Calculate the
loading of the transformer at which efficiency is maximum (ii) what would be the losses for giving
maximum efficiency at 0.85 of full-load if total full-load losses are to remain unchanged ?

[(a) 68.4% of F.L. (ii) Wi = 565 W ; Wcu = 785 W]
5. At full-load, the Cu and iron losses in a 100-kVA transformer are each equal to 2.5 kW.  Find the

efficiency at a load of 65 kVA, power factor 0.8. [93.58%] (City & Guilds London)

6. A transformer, when tested on full-load, is found to have Cu loss 1.8% and reactance drop 3.8%.
Calculate its full-load regulation (i) at unity p.f. (ii) 0.8 p.f. lagging  (iii) 0.8 p.f. leading.

[(i) 1.80% (ii) 3.7 % (iii) −−−−−0.88%]
7. With the help of a vector diagram, explain the significance of the following quantities in the open-

circuit and short-circuit tests of a transformer (a) power consumed (b) input voltage (c) input current.

When a 100-kVA single-phase transformer was tested in this way, the following data were obtained
: On open circuit, the power consumed was 1300 W and on short-circuit the power consumed was
1200 W.  Calculate the efficiency of the transformer on (a) full-load (b) half-load when working at
unity power factor. [(a) 97.6% (b) 96.9%] (London Univ.)

8. An 11,000/230-V, 150-kVA, 50-Hz, 1-phase transformer has a core loss of 1.4 kW and full-load Cu
loss of 1.6 kW.  Determine (a) the kVA load for maximum efficiency and the minmum efficiency (b)
the efficiency at half full-load at 0.8 power factor lagging. [140.33 kVA, 97.6% ; 97%]

9. A single-phase transformer, working at unity power factor has an efficiency of 90 % at both  half-load
and a full-load of 500 kW.  Determine the efficiency at 75 % of full-load. [90.5%] (I.E.E. London)

10. A 10-kVA, 500/250-V, single-phase transformer has its maximum efficiency of 94 % when delivering
90 % of its rated output at unity power factor.  Estimate its efficiency when delivering its full-load
output at p.f. of 0.8 lagging. [92.6%] (Elect. Machinery, Mysore Univ, 1979)

11. A single-phase transformer has a voltage ratio on open-circuit of 3300/660-V.  The primary and
secondary resistances are 0.8 Ω and 0.03 Ω respectively, the corresponding leakage reactance being
4 Ω and 0.12 Ω.  The load is equivalent to a coil of resistance 4.8 Ω and inductive reactance 3.6 Ω.
Determine the terminal voltage of the transformer and the output in kW. [636 V, 54 kW]

12. A 100-kVA, single-phase transformer has an iron loss of 600 W and a copper loss of 1.5 kW at full-
load current.  Calculate the efficiency at (a)  100 kVA output at 0.8 p.f. lagging (b) 50 kVA output at
unity power factor. [(a) 97.44% (b) 98.09%]

13. A 10-kVA, 440/3300-V, 1-phase transformer, when tested on open circuit, gave the following figures
on the primary side : 440V ; 1.3 A ; 115 W.

When tested on short-circuit with full-load current flowing, the power input was 140 W.  Calculate
the efficiency of the transformer at (a) full-load unity p.f. (b) one quarter full-load 0.8 p.f.

[(a) 97.51% (b) 94.18%] (Elect. Engg-I, Sd. Patel Univ. June 1977)
14. A 150-kVA single-phase transformer has a core loss of 1.5 kW and a full-load Cu loss of 2 kW.

Calculate the efficiency of the transformer (a) at full-load, 0.8 p.f. lagging (b) at one-half full-load
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unity p.f.  Determine also the secondary current at which the efficiency is maximum if the secondary
voltage is maintained at its rated value of 240 V. [(a) 97.17% (b) 97.4% ; 541 A]

15. A 200-kVA, 1-phase, 3300/400-V transformer gave the following results in the short-circuit test.  With
200 V applied to the primary and the secondary short-circuited, the primary current was the full-load
value and the input power 1650 W.  Calculate the secondary p.d. and percentage regulation when the
secondary load is passing 300 A at 0.707 p.f. lagging with normal primary voltage.

[380 V ; 480%]
16. The primary and secondary windings of a 40-kVA, 6600/250-V, single-phase transformer have

resistances of 10 Ω and 0.02 Ω respectively.  The leakage reactance of the transformer referred to the
primary is 35 Ω.  Calculate

(a) the primary voltage required to circulate full-load current when the secondary is short-circuited.

(b) the full-load regulations at (i) unity (ii) 0.8 lagging p.f. Neglect the no-load current.

[(a) 256 V (b) (i) 2.2% (ii) 3.7%]  (Elect. Technology, Kerala Univ. 1979)
17. Calculate :

(a) F.L. efficiency at unity p.f.

(b) The secondary terminal voltage when supplying full-load secondary current at p.f. (i) 0.8 lag
(ii) 0.8 lead for the 4-kVA, 200/400 V, 50 Hz, 1-phase transformer of which the following are the
test figures :

Open circuit with 200 V supplied to the primary winding-power 60 W.  Short-circuit with 16 V
applied to the h.v. winding-current 8 A, power 40 W. [0.97 ; 383 V ; 406 V]

18. A 100-kVA, 6600/250-V, 50-Hz transformer gave the following results :

O.C. test : 900 W, normal voltage.

S.C. test (data on h.v. side) : 12 A, 290 V, 860 W

Calculate

(a) the efficiency and percentage regulation at full-load at 0.8 p.f. lagging.

(b) the load at which maximum efficiency occurs and the value of this efficiency at p.f. of unity, 0.8
lag and 0.8 lead.                     [(a) 97.3%, 4.32% (b) 81 kVA, 97.8%, 97.3% ; 97.3%]

19. The primary resistance of a 440/110-V transformer is 0.5 Ω and the secondary resistance is 0.04 Ω.
When 440 V is applied to the primary and secondary is left open-circuited, 200 W is drawn from the
supply.  Find the secondary current which will give maximum efficiency and calculate this efficiency
for a load having unity power factor.
                                          [53 A ; 93.58%] (Basic Electricity & Electronics. Bombay Univ. 1981)

20. Two tests were performed on a 40-kVA transformer to predetermine its efficiency.  The results were:

Open circuit : 250 V at 500 W

Short circuit : 40 V at F.L. current, 750 W both tests from primary side.

Calculate the efficiency at rated kVA and 1/2 rated kVA at (i) unity p.f. (ii) 0.8 p.f.

[96.97% ; 96.68% ; 96.24% ; 95.87%]
21. The following figures were obtained from tests on a 30-kVA, 3000/110-V transformer :

O.C. test : 3000 V 0.5 A 350 W ;           S.C. test ; 150 V 10 A         500 W

Calculate the efficiency of the transformer at

(a)   full-load, 0.8 p.f. (b)   half-load, unity p.f.

Also, calculate the kVA output at which the efficiency is maximum. [96.56% ; 97% ; 25.1 kVA]
22. The efficiency of a 400 kVA, 1-phase transformer is 98.77 % when delivering full load at 0.8 power

factor, and 99.13 % at half load and unity power factor.  Calculate (a) the iron loss, (b) the full load
copper loss. [(a) 1012 W (b) 2973 W]  (Rajiv Gandhi Technical University, 2000)
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32.32.  All-day Efficiency
The ordinary or commercial efficiency of

a transformer is given by the ratio
Output in watts
Input in watts

.

But there are certain types of transformers
whose performance cannot be judged by this
efficiency.  Transformers used for supplying
lighting and general network i.e., distribution
transformers have their primaries energised all
the twenty-four hours, although their
secondaries supply little or no-load much of
the time during the day except during the house
lighting period.  It means that whereas core
loss occurs throughout the day, the Cu loss
occurs only when the transformers are loaded.  Hence, it is considered a good practice to design such
transformers so that core losses are very low.  The Cu losses are relatively less important, because they
depend on the load.  The performance of such is compared on the basis of energy consumed during a
certain time period, usually a day of 24 hours.

∴ η all-day = Output in kWh
Input in kWh

 (For 24 hours)

This efficiency is always less than the commercial efficiency of a transformer.
To find this all-day efficiency or (as it is also called) energy efficiency, we have to know the load cycle

on the transformer i.e., how much and how long the transformer is loaded during 24 hours.  Practical
calculations are facilitated by making use of a load factor.

Example 32.78.  Find the all-day efficiency of 500-kVA distribution transformer whose copper
loss and iron loss at full load are 4.5 kW and 3.5 kW respectively.  During a day of 24 hours, it is
loaded as under :

No. of hours Loading in kW Power factor

6 400 0.8

10 300 0.75

4 100 0.8

4 0 –

(Elect. Machines, Nagpur Univ. 1993)

Solution.  It should be noted that a load of 400 kW at 0.8 p.f. is equal to 400/0.8 = 500 kVA.
Similarly, 300 kW at 0.75 p.f. means 300/0.75 = 400 kVA and 100 kW at 0.8 p.f. means 100/0.8 = 125 kVA
i.e., one-fourth of the full-load.

Cu loss at F.L. of 500 kVA = 4.5 kW

Cu loss at 400 kVA = 4.5 × (400/500)2 = 2.88 kW
Cu loss at 125 kVA = 4.5 × (125/500)2 = 0.281 kW

Total Cu loss in 24 hrs = (6 × 4.5) + (10 × 2.88) + (4 × 0.281) + (4 × 0)

= 56.924 kWh
The iron loss takes place throughout the day irrespective of the load on the transformer because

its primary is energized all the 24 hours.

The world first 5,000 KVA amorphous transformer
commissioned in August 2001 in Japan
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∴ Iron loss in 24 hours = 24 × 3.5 = 84 kWh

Total transformer loss = 56.924 + 84 = 140.924 kWh
Transformer output is 24 hrs = (6 × 400) + (10 × 300) + (4 × 100) = 5800 kWh

∴ η all-day = output 5800
output + losses 5800 140.924

=
+

 = 0.976 or 97.6 %

Example 32.79.  A 100-kVA lighting transformer has a full-load loss of 3 kW, the losses being
equally divided between iron and copper.  During a day, the transformer operates on full-load for 3
hours, one half-load for 4 hours, the output being negligible for the remainder of the day.  Calculate
the all-day efficiency. (Elect. Engg. Punjab Univ. 1990)

Solution.  It should be noted that lighting transformers are taken to have a load p.f. of unity.
Iron loss for 24 hour = 1.5 × 24 = 36 kWh ; F.L. Cu loss = 1.5 kW

∴ Cu loss for 3 hours on F.L. = 1.5 × 3 = 4.5 kWh

Cu loss at half full-load = 1.5/4 kW
Cu loss for 4 hours at half the load = (1.5/4) × 4 = 1.5 kWh

Total losses = 36 + 4.5 + 1.5 = 42 kWh

Total output = (100 × 3) + (50 × 4) = 500 kWh
∴ η all-day = 500 × 100/542 = 92.26 %
Incidentally, ordinary or commercial efficiency of the transformer is

= 100/(100 + 3) = 0.971 or 97.1 %

Example 32.80.  Two 100-kW transformers each has a maximum efficiency of 98 % but in one the
maximum efficiency occurs at full-load while in the other, it occurs at half-load.  Each transformer
is on full-load for 4 hours, on half-load for 6 hours and on one-tenth load for 14 hours per day.
Determine the all-day efficiency of each transformer. (Elect. Machines-I, Vikram Univ. 1988)

Solution.  Let x be the iron loss and y the full-load Cu loss.  If the ordinary efficiency

is a maximum at 1/m of full-load, then x = y/m2.

Now, output = 100 kW ; Input = 100/0.98
∴ Total losses = 100/0.98 − 100 = 2.04 kW
∴ y + x/m2 = 2.04

Ist Transformer
Here m = 1 ; y + y = 2.04 ; y = 1.02 kW and x = 1.02 kW

Iron loss for 24 hours = 1.02 × 24 = 24.48 kWh
Cu loss for 24 hours = 4 × 1.02 + 6 × (1.02/4) + 14 (1.02/102) = 5.73 kWh

Total loss = 24.48 + 5.73 = 30.21 kWh
= 4 × 100 + 6 × 50 + 14 × 10 = 840 kWh

∴ η all-day = 840/870.21 = 0.965 or 96.5 %
2nd Transformer
Here 1/m = 1/2 or m = 2 ∴  y + y/4 = 2.04
or y = 1.63 kW ; x = 0.14 kW

Output = 840 kWh ...as above
Iron loss for 24 hours = 0.41 × 24 = 9.84 kWh

Cu loss for 24 hours = 4 × 1.63 + 6 (1.63/4) + 14 (1.63/102) = 9.19 kWh
Total loss = 9.84 + 9.19 = 19.03 kWh

∴ η all-day = 840/859.03 = 0.978 or  97.8 %
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Example 32.81.  A 5-kVA distribution transformer has a full-load efficiency at unity p.f. of 95
%, the copper and iron losses then being equal.  Calculate its all-day efficiency if it is loaded throughout
the 24 hours as follows :

No load for 10 hours Quarter load for 7 hours
Half load for 5 hours Full load for 2 hours
Assume load p.f. of unity. (Power Apparatus-I, Delhi Univ. 1987)

Solution.  Let us first find out the losses from the given commercial efficiency of the transformer.
Output = 5 × 1 = 5 kW ; Input = 5/0.95 = 5.264 kW
Losses = (5.264 − 5.000) = 0.264 kW = 264W
Since efficiency is maximum, the losses are divided equally between Cu and iron.
∴ Cu loss at F.L. of 5 kVA = 264/2 = 132 W ; Iron loss = 132 W

Cu loss at one-fourth F.L. = (1/4)2 × 132 = 8.2 W
Cu loss at one-half F.L. = (1/2)2 × 132 = 33 W

Quarter load Cu loss for 7 hours = 7 × 8.2 = 57.4 Wh
Half-load Cu loss for 5 hours = 5 × 33 = 165 Wh

F.L. Cu loss for 2 hours = 2 × 132 = 264 Wh
Total Cu loss during one day = 57.4 + 165 + 264 = 486.4 Wh = 0.486 kWh

Iron loss in 24 hours = 24 × 132 = 3168 Wh = 3.168 kWh
Total losses in 24 hours = 3.168 + 0.486 = 3.654 kWh

Since load p.f. is to be assumed as unity.
F.L. output = 5 × 1 = 5 kW ; Half F.L. output = (5/2) × 1 = 2.5 kW
Quarter load output = (5/4) × 1 = 1.25 kW

Transformer output in a day of 24 hours = (7 × 1.25) + (5 × 2.5) + (2 × 5) = 31.25 kWh

ηall-day = 31.25 100
(31.25 3.654)

×
+

 = 89.53 %

Example 32.82.  Find “all day” efficiency of a transformer having maximum efficiency of 98 %
at 15 kVA at unity power factor and loaded as follows :

12 hours – 2 kW at 0.5 p.f. lag
6 hours – 12 kW at 0.8 p.f. lag
6 hours – at no load. (Elect. Machines-I, Nagpur Univ. 1993)

Solution. Output = 15 × 1 = 15 kW, input = 15/0.98
Losses = (15/0.98 − 15) = 0.306 kW = 306 W

Since efficiency is maximum, the losses are divided equally between Cu and iron.
∴ Cu loss at 15 kVA = 306/2 = 153 W, Iron loss = 153 W

2 kW at 0.5 p.f. = 2/0.5 = 4 kVA, 12 kW at 0.8 p.f. = 12/0.8 = 15 kVA

Cu loss at 4 kVA = 153 (4/15)2 = 10.9 W ; Cu loss at 15 kVA = 153 W.
Cu loss in 12 hrs = 12 × 10.9 = 131 Wh ; Cu loss in 6 hr = 6 × 153 = 918 Wh.

Total Cu loss for 24 hr = 131 + 918 = 1050 Wh = 1.05 kWh
Iron loss for 24 hrs = 24 × 153 = 3,672 Wh = 3.672 kWh

Output in 24 hrs = (2 × 12) + (6 × 12) = 96 kWh
Input in 24 hrs = 96 + 1.05 + 3.672 = 100.72 kWh

∴ η all-day = 96 × 100/100.72 = 95.3 %
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Example 32.83.  A 150-kVA transformer is loaded as follows :
Load increases from zero to 100 kVA in 3 hours from 7 a.m. to 10.00 a.m., stays at 100 kVA from

10 a.m. to 6 p.m. and then the transformer is disconnected till next day.  Assuming the load to be
resistive and core-loss equal to full-load copper loss of 1 kW, determine the all-day efficiency and
the ordinary efficiency of the transformer. (Electrical Machines-II, Indore Univ. 1990)

Solution.  Since load is resistive, its p.f. is unity.
Average load from 7 a.m. to 10 a.m. = (0 + 100)/2 = 50 kVA i.e., one-third F.L.

Load from 10 a.m. to 6 p.m. = 100 kVA i.e., 2/3 of F.L.
Ordinary Efficiency
In this case, load variations are not relevant.

Output = 150 × 1 = 150 kW ; Iron loss = Cu loss = 1 kW ; Total loss = 2 kW.
∴ Ordinary η = 150/(150 + 2) = 0.9868 or 98.68 %
All-day Efficiency

Cu loss from 7-10 a.m. = 3 × (1/3)2 × 1 = 0.333 kWh
Cu loss from 10 a.m. to 6.p.m. = 8 × (2/3)2 × 1 = 3.555 kWh

Total Cu loss for 24 hrs = 0.333 + 3.555 = 3.888 kWh
Total iron loss for 24 hrs = 24 × 1 = 24 kWh

Losses for a day of  24 hrs = 27.888 kWh
Output for 24 hrs = 3 × (50 × 1) + 8 (100 × 1) = 950 kWh

∴ η all-day = 950 100
(950 27.888)

×
+

 = 97.15 %

Example 32.84.  Find the all-day efficiency of a 50 kVA distribution transformer having full load
efficiency of 94 % and full-load copper losses are equal to the constant iron losses.  The loading of
the transformer is as follows, the power factor being 1.0.

(i) No load for 10 hours (ii) Half load for 5 hours

(iii) 25 % load for 6 hours (iv) Full load for 3 hours. (Sambalpur University, 1998)
Solution.  At full load unity p.f.

efficiency = 94 % = 50,000
50,000 2 iP+

2Pi = 50,000 50,000
0.94

 −  
, or Pi = 1 1 0.9450,000

2 0.94
− ×   

,

Pi = 25,000 × 0.06
0.94

 = 1596 Watts

Hence, full load Cu-losses = 1596 Watts
(a) Energy required in overcoming Cu-losses, during 24 hours

(i) No load for 10 hours : zero
(ii) At half load, Cu-losses = (0.5)2 × 1596 Watts = 399

Energy in 5 hours = 399 5
1000

×  kWh = 1.995 kWh

(iii) At 25 % load, Cu-loss = (0.25)2 × 1596 = 99.75 Watts

Energy in 6 hours =
6 99.75

1000
×

 = 0.5985 kWh

(iv) Energy lost during 3 hours of full load = 1596 3
1000

×  = 4.788 kWh

(b) Energy lost in constant core-losses for 2 hours = 1596 24
1000

×  = 38.304 kWh
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(c) Energy required by the load = 25 × 5 + 12.5 × 6 + 50 × 3 = 125 + 75 + 150 = 350 kWh

All-day efficiency = 350 100
350 38.304 7.3815

×
+ +

 = 88.454 %

Example 32.85.  A 10 kVA, 1-ph transformer has a core-loss of 40 W and full load ohmic loss of
100 W.  The daily variation of load on the transformer is as follows :

6 a.m. to 1 p.m. 3 kW at 0.60 p.f.
1 p.m. to 5 p.m. − 8kW at 0.8 p.f.
5 p.m. to 1 a.m. full load at u.p.f.
1 a.m. to 6 a.m. no load
Determine all day efficiency of the transformer (Amravati University, 1999)

Solution.  Fractional loading (= x) and the output kWh corresponding to load variations can be
worked out in tabular form, as below :

S.N. Number x = x2 Pc in kW Output in Copper Loss
of hours kWh in kWh

1 7
3/0.6
10

 = 0.5 0.502 × 0.10 = 0.025 3 × 7 = 21 0.025 × 7 = 0.175

2 4
8/0.8
10

 = 1.0 0.10 8 × 4 = 32 0.1 × 4 = 0.40

3 8
10/1
10

 = 1.0 0.10 10 × 8 = 80 0.1 × 8 = 0.8

4 5 Zero Zero Zero Zero

Output in kWh 21 + 32 + 80

= 133

Ohmic Loss, in kWh 0.175 + 0.40 + 0.80

= 1.375

Core loss during 24 Hrs = 
400

1000
 × 24 = 0.96 kWh

Hence, Energy efficiency (= All day Efficiency) = 133
133 + 1.375 + 0.96

 × 100 = 98.3 %

Example 32.86.  A transformer has its maximum efficiency of 0.98 at 15 kVA at unity p.f.
During a day, it is loaded as follows :

12 hours : 2 kW at  0.8 p.f.

6 hours : 12 kW at 0.8 p.f.

6 hours : 18 kW at 0.9 p.f.

Find the all day efficiency. (Manomaniam Sundaranar Univ. April 1998)

Solution.  Let 15 kVA be treated as full load.
Output at maximum efficiency = 15000 × 1 watts
Input = 15000/0.98 watts

Losses = Input − Output = 15000 (1/0.98 − 1) = 15000 × 2/98 = 306 Watts
At maximum efficiency, since the variable copper-loss and constant core-loss are equal.
Full load copper-loss = Constant core-loss = 306/2 = 153 Watts

Let the term x represents the ratio of required Load/Full load.

Output = 15 × cos φ

load kVA
Xmer Rating
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Following tabular entries simplify the calculations for all-day efficiency.

S.N. x Hrs x2Pc in kW Energy in Copper Output during the
-loss in kWh period in kWh

1
2/0.5
15

 = 
15
4

12 0.01088 0.131 24

2
12/0.8 1.0

15
= 6 0.153 0.918 72

3
18/0.9 4 / 3

15
= 6 0.272 1.632 108

Total output during the day = 204 kWh
Total copper-loss during the day = 2.681 kWh
Total core-loss during the day = 0.153 × 24 = 3.672
All day efficiency = (204/210.353) × 100 = 96.98 %

Tutorial Problems 32.5

1. A 100-kVA distribution transformer has a maximum efficiency of 98 % at 50 % full-load and unity
power factor.  Determine its iron losses and full-load copper losses.

The transformer undergoes a daily load cycle as follows :

Load Power factor Load duration

100 kVA 1.0 8 hrs

50 kVA 0.8 6 hrs

No load 10 hrs

Determine its all-day efficiency.                        (Electrical Engineering, MS Univ. Baroda 1979)

2. What is meant by energy efficiency of a transformer ?

A 20-kVA transformer has a maximum efficiency of 98 percent when delivering three-fourth full-load
at u.p.f.  If during the day, the transformer is loaded as follows :

12 hours No load

6 hours 12 kWh, 0.8 p.f.

6 hours 20 kW, u.p.f.

Calculate the energy efficiency of the transformer.

                      (Electrical Technology-III, Gwalior Univ., 1980)

32.33.  Auto-transformer

It is a transformer with one winding only, part of this being  common to both primary and
secondary.  Obviously, in this transformer the primary and secondary are not electrically isolated from
each other as is the case with a 2-winding transformer.  But its theory and operation are similar to those
of a two-winding transformer.  Because of one winding, it uses less copper and hence is cheaper.  It is
used where transformation ratio differs little from unity.  Fig. 32.60 shows both step down and step-up
auto-transformers.

As shown in Fig. 32.60 (a), A B, is primary winding having N1 turns and BC is secondary winding
having N2 turns.  Neglecting iron losses and no-load current.

2 2 1

1 1 2

V N I
V N I

= = = K
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The current in section CB is vector
difference* of I2 and I1.  But as the two
currents are practically in phase oppo-
sition, the resultant current is (I2 − I1)
where I2 is greater than I1.

As compared to an ordinary 2-
winding transformer of same output, an
auto-transformer has higher efficiency
but smaller size.  Moreover, its voltage
regulation is also superior.

Saving of Cu
Volume and hence weight of Cu, is

proportional to the length and area of
the cross-section of the conductors.
Now, length of conductors is proportional to the number of turns and cross-section depends on current.
Hence, weight is proportional to the product of the current and number of turns.

With reference to Fig. 32.60,
Wt. of Cu in section AC is ∝  (N1 − N2) I1 ; Wt. of Cu in section BC  is  ∝  N2 (I2 − I1).
∴ Total Wt. of Cu in auto-transformer ∝  (N1 − N2) I1 + N2 (I2 − I1)

If a two-winding transformer were to perform the same duty, then
Wt. of Cu on its primary ∝  N1I1 ; Wt. of Cu on secondary ∝  N2I2

Total Wt. of Cu ∝ N1I1 + N2I2

∴ Wt. of Cu in auto-transformer
Wt. of Cu in ordinary transformer

= 1 2 1 2 2 1

1 1 2 2

( ) ( )N N I N I I
N I N I

− + −
+

= I − 

2

1 1 2

2 2 1 1

1 1

2
2 11 1 ;
2

1

N
N N IK K K

N I N I K
N I

 = − = − = = 
 + ×
�

Wt. of Cu in auto-transformer
(Wa) = (1 − K) × (Wt. of Cu in ordinary
transformer W0)

∴ Saving = W0 − Wa

       =  W 0 − (1 − K) W0 = K W0

∴ Saving = K × (Wt. of Cu in ordi-
nary transformer)

Hence, saving will increase as K ap-
proaches unity.

It can be proved that power trans-
formed inductively is input (1 − K).

The rest of the power = (K × input) is
conducted directly from the source to the
load i.e., it is transferred conductively to
the load.

Fig. 32.60

V2

I1

I
=

(I
I

)
�

1
c

2

I2

Load

C

BI1

A

I
=

(I
I

)
�

2
c

1

V1 V2

V1

C
I1

I2

Load

I2I1I2

Step up auto-transformer

* In fact, current flowing in the common winding of the auto-transformer is always equal to the difference
between the primary and secondary currents of an ordinary transformer.

    (a)                                                     (b)
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Uses
As said earlier, auto-transformers are used when K is nearly equal to unity and where there is no

objection to electrical connection between primary and secondary.  Hence, such transformers are
used :

1. to give small boost to a distribution cable to correct the voltage drop.
2. as auto-starter transformers to give upto 50 to 60 % of full voltage to an induction motor during

starting.

3. as furnace transformers for getting a convenient supply to suit the furnace winding from a 230-V
supply

4. as interconnecting transformers in 132 kV/330 kV system.
5. in control equipment for 1-phase and 3-phase electrical locomotives.

Example 32.87.  An auto-transformer supplies a load of 3 kW at 115 volts at a unity power
factor.  If the applied primary voltage is 230 volts, calculate the power transferred to the load

(a) inductively and (b) conductively. (Basic Elect. Machines, Nagpur Univ, 1991)

Solution.  As seen from Art 32.33

Power transferred inductively = Input (1 − K)
Power transferred conductively = Input × K
Now, K = 115/230 = 1/2, input ≅  output = 3 kW

∴ Inductively transferred power = 3 (1 − 1/2) = 1.5 kW
Conductivley transferred power = (1/2) × 3 = 1.5 kW

Example 32.88.  The primary and secondary voltages
of an auto-transformer are 500 V and 400 V respectively.
Show with the aid of diagram, the current distribution in the
winding when the secondary current is 100 A and calculate
the economy of Cu in this particular case.

Solution.  The circuit is shown in Fig, 30.61.

K = V 2/V 1 = 400/500 = 0.8
∴ I1 = KI2 = 0.8 × 100 = 80 A
The current distribution is shown in Fig. 32.61.

Saving = K W0 = 0.8 W0 - Art 32.33
∴ Percentage saving = 0.8 × 100 = 80

Example 32.89.  Determine the core area, the number of turns and the position of the tapping
point for a 500-kVA, 50-Hz, single-phase, 6,600/5,000-V auto-transformer, assuming the following
approximate values : e.m.f. per turn 8 V.  Maximum flux density 1.3 Wb/m2.

Solution. E = 4.44 f Φm N volt

Φm = / 8
4.44 4.44 50
E N

f
=

×
 = 0.03604 Wb

Core area = 0.03604/1.3 = 0.0277 m2 = 277 cm2

Turns of h.v. side = 6600/8 = 825 ; Turns of L.V . side = 5000/8 = 625
Hence, tapping should be 200 turns from high voltage end or 625 turns from the common end.

32.34. Conversion of 2-Winding Transformer into Auto-transformer
Any two-winding transformer can be converted into an auto-transformer either step-down or

step-up.  Fig. 32.62 (a) shows such a transformer with its polarity markings.  Suppose it is a 20-kVA,

Fig. 32.61

500 V

100 A

20 A

100 A

400 V

80 A

80 A

www.EngineeringBooksPdf.com



Transformer 1189

2400/240 V transformer.  If we employ additive polarity between the high-voltage and low-voltage sides,
we get a step-up auto-transformer.  If, however, we use the subtractive polarity, we get a step-down auto-
transformer.

Fig. 32.62

(a) Additive Polarity
Connections for such a polarity are shown in Fig. 32.62 (b).  The circuit is re-drawn in Fig. 32.62 (c)

showing common terminal of the transformer at the top whereas Fig. 32.62 (d) shows the same circuit
with common terminal at the bottom.  Because of additive polarity, V 2 = 2400 + 240 = 2640 V and V 1 is
2400 V.  There is a marked increase in the kVA of the auto-transformer (Ex. 32.90).  As shown in
Fig. 32.62 (d), common current flows towards the common terminal.  The transformer acts as a step-up
transformer.

(b) Subtractive Polarity
Such a connection is shown in Fig. 32.63  (a).  The circuit has been re-drawn with common polarity

at top in Fig. 32.63 (b) and at bottom in Fig. 32.63 (c).  In this case, the transformer acts as a step-down
auto-transformer.

Fig. 32.63

The common current flows away from the common terminal.  As will be shown in Example 32.91,  in
this case also, there is a very large increase in kVA rating of the auto-transformer though not as marked as
in the previous case.  Here, V 2 = 2400 − 240 = 2160 V.

Example 32.90.  For the 20-kVA, 2400/240-V two-winding step-down transformer shown in
Fig. 32.63 (a) connected as an auto-transformer with additive polarity as shown in Fig. 30.61 (d),
compute
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(i) original current capacity of HV-windings.
(ii) original current capacity of LV-windings.

(iii) k VA rating of auto-transformer using current capacity of current LV winding as calculated
in (ii) above.

(iv) per cent increase in kVA capacity of auto-transformer as compared to original two-winding
transformer.

(v) values of I1 and Ic in Fig. 30.61 (d) from value of I2 used in (iii) above.
(vi) per cent overload of 2400-V winding when used as an auto-transformer.

(vii) comment on the results obtained.

Solution. (i) I1 = 20 × 103/2400 = 8.33 A   (ii) I2= I1/K = 8.33 × 10 = 83.3 A
(iii) kVA rating of auto-transformer V 2I2 = 2640 × 83.3 × 10−3 = 220 kVA

(iv) Per cent increase in kVA rating = 220 100
20

× =  1100%

(v) I1 = 220 × 103/2400 = 91.7A, Ic = I1 − I2 = 91.7 − 83.3 = 8.4 A
(vi) Per cent overload of 2400 V winding = 8.4 × 100/8.33 = 100.8%

(vii) As an auto-transformer, the kVA has increased tremendously to 1100% of its original value with
LV  coil at its rated current capacity and HV coil at negligible overload i.e. 1.008 × rated load.

Example 32.91.  Repeat Example 30.64 for subtractive polarity as shown in Fig. 32.62 (c).

Solution.  (i) I1 = 8.33 A (ii) I2 = 83.3 A
(iii) New kVA rating of auto-transformer is 2160 × 83.3 × 10−3 = 180 kVA

(iv) Per cent increase in kVA rating = 
180 100
20

× = 900%

(v) I1 = 180 × 103/2400 = 75 A, Ic = I2 − I1 = 83.3 − 75 = 8.3 A
(vi) Per cent overload of 2400V winding = 8.3 × 100/8.33 = 100%

(vii) In this case, kVA has increased to 900% of its original value as a two-winding transformer with
both low-voltage and high-voltage windings carrying their rated currents.

The above phenomenal increase in kVA capacity is due to the fact that in an auto-transformer energy
transfer from primary to secondary  is by both conduction as well as induction whereas in a
2-winding transformer it is by induction only.  This extra conductive link is mainly responsible for the
increase in kVA capacity.

Example 32.92.  A 5-kVA, 110/110-V, single-phase, 50-Hz transformer has full-load efficiency of
95% and an iron loss of 50 W.  The transformer is now connected as an auto-transformer to a
220-V supply. If it delivers a 5-kW load at unity power factor to a 110-V circuit, calculate the
efficiency of the operation and the current drawn by the high-voltage side.

(Electric Machinery-II, Banglore Univ. 1991)

Solution.  Fig. 32.64 (a)
shows the normal connection
for a 2-winding transformer.  In
Fig. 32.64 (b) the same unit
has been connected as an auto
transformer.  Since the two
windings are connected in se-
ries, voltage across each is 110
V.

The iron loss would Fig. 32.64

110 V

Primary Secondary

110 V

( ) 2-Winding Transformera

220 V

110 V

( ) Auto-Transformerb

L
o

ad
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remain the same in both connections.  Since the auto-transformer windings will each carry but half the
current as compared to the conventional two-winding transformer, the copper loss will be one-fourth of the
previous value.

Two-winding Transformer

η = 0.95 ∴ 0.95 = 
output 5,000

output + losses 5,000 50 Cu loss
=

+ +
∴ Cu loss = 212 W
Auto-transformer

Cu loss = 212/4 = 53 W; Iron loss = 50 W ∴ η = 
5,000 0.9797 or . %

5,000 53 50
=

+ +
97 97

Current of the h.v. side = 5103/220 = 23.2 A

Example 32.93. A transformer has a primary voltage rating of 11500 volts and secondary volt-
age rating of 2300 volts.  Two windings are connected in series and the primary is connected to a
supply of 11500 volts, to act as a step-up auto transformer.  Determine the voltage output of the
transformer.

Question extended : If the two winding transformer is rated at 115 kVA, what will be the kVA
raitng of the auto-transformer ? (Madras University, 1997)

Solution.   As in Fig. 32.65 (a), 115 kVA, 11500/2300 V, transformer has the current ratings of 10 A
and 50 A.

Referring to Fig. 32.65 (b),  the step-up connections have been shown. Winding currents have to
be at the same rated values.  As in Fig. 32.65 (b), the voltage obtainable at B1 − B2 is 13800 V , and from
b1 a load-current of 50 A can be supplied.

kVA rating = 13800 × 50 × 10−3 = 690

 (b) 2 winding transformer Rating : 115kVA                         (b) Auto transformer

Fig. 32.65

Example 32.94.  An 11500/2300 V transformer is rated at 100 kVA as a 2 winding transformer.
If the two windings are connected in series to form an auto-transformer, what will be the possible
voltage ratios ? (Manonmaniam Sundaranar Univ. April 1998)

Solution.  Fig. 32.66 (a) shows this 2-winding transformer with
rated winding currents marked .

Rated current of 11.5 kV winding = 100 × 100/11500 = 8.7
Amp

Rated current of 2300 V winding = 43.5 Amp

Fig. 32.66 (b) and Fig. 32.66 (c) show autotransformer Fig. 32.66 (a). 2 winding transformer

10A

11500/2300V

a1

a2

b1

b2

PRI SEC 50 amp
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connections.  On H.V. side, they have a rating of 13.8 kV.  On L.V. side, with connection as in Fig. 32.66
(b), the rating is 2300 V.  On L.V. side of Fig. 32.66 (c), the output is at 11.5 kV.

Thus, possible voltage ratios are : 13800/2300 V and 13800/11500 V.
With both the connections, step-up or step-down versions are possible.
Extension of Question :  Calculate kVA ratings in the two cases.

Fig. 32.66

Windings will carry the rated currents, while working out kVA outputs.
In Fig. 32.66 (b), Input current (into terminal A 1 of windings A1-A 2) can be 8.7 Amp with H.V.-side-

voltage ratings as 13.8 kV.  Transformation ratio = 13800/2300 = 6
Hence, kVA rating = 13.8 × 8.7 = 120
Output current = 120 × 1000/2300 = 52.2 Amp
Current in the winding B1-B2

= Difference of Output current and Input current
= 52.2 − 8.7 = 43.5 A, which is the rated current of the winding B1-B2.

In Fig. 32.66 (c).  Similarly, transformation ratio = 13800/11500 = 1.2
kVA rating = 13800 × 43.5 × 10−`3 = 600

Output current = 600 × 1000/11500 = 52.2 Amp
Current carried by common winding = 52.2 − 43.5 = 8.7 A, which is rated current for the winding

A 1-A 2. Thus, with the same two windings give, a transformation ratio closer to unity gives higher kVA
rating as an auto transformer.

Thus, a 100 kVA two winding transformer is reconnected as an autotransformer of 120 kVA with
transformation ratio as 6, and becomes a 600 kVA autotransformer with transformation ratio as 1.2.

Example 32.95.   A two-winding transformer is
rated at 2400/240 V, 50-kVA.  It is re-connected as a
step-up auto-transformer, with 2400 V input.  Calcu-
late the rating of the auto-transformer and the induc-
tively and conductively transferred powers while deliv-
ering the rated output at unity power-factor.

                         (Nagpur University, Winter 1999)

Solution.  With 50 kVA as the rating, the rated currents
on the two sides are 20.8 A (2400-V side) and 208 A
(240 − V side).  With the required re-connection, the 2400-
V winding will work as a common winding.  As shown in
Fig. 32.67, the winding common to input and output can
carry 20.8 A, the output current can be 208 A with a
voltage of 2640 V, which means that the output of this auto Fig. 32.67
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transformer is (2640 ×  208) = 550 kVA.

The corresponding input-current is
(208 × 2640/2400) = 229 A.

The ratio of turns in this case is given by

k = 2640/2400 = 1.1
With the step-up job, and k = 1.1

Rating of Auto-transformer
Rating as two-winding transformer

 = 1.1
~ 1 0.1

=k
k

This gives the rating as auto-transformer of 550 kVA.
At unity power-factor, the rated load = 550 kW.
Out of this, the “inductively” transferred power

= Power handled by the common winding
= (2400 V)  × (20.8 A) × 10− 3 = 50 kW.
= Rated output as a two-winding transformer.

Remaining Power = 550 kW − 50 kW = 500 kW.
This power of 500 kW is “conductively” transferred as is clear from the division of currents at the

input node. Out of the total current of 229 A from the source, 208 A goes straight to the output.  The
remaining current of 20.8 A is through the “common” and “inductive” path, as marked in the
Fig. 32.67.

32.35. Parallel Operation of Single-phase Transformers
For supplying a load in excess of the rating of

an existing transformer, a second transformer may
be connected in parallel with it as shown in Fig.
32.68.  It is seen that primary windings are
connected to the supply bus bars and secondary
windings are connected to the load bus-bars.  In
connecting two or more than two transformers in
parallel, it is essential that their terminals of similar
polarities are joined to the same bus-bars as in Fig.
32.68.  If this is not done, the two e.m.fs. induced
in the secondaries which are paralleled with incorrect
polarities, will act together in the local secondary
circuit even when supplying no load and will hence
produce the equivalent of a dead short-circuit as
shown in Fig. 32.69.

There are certain definite conditions which
must be satisfied in order to avoid any local circulating currents and to ensure that the transformers share the
common load in proportion to their kVA ratings.  The conditions are :

1. Primary windings of the transformers should be suitable for the supply system voltage and fre-
quency.

2. The transformers should be properly connected with regard to polarity.
3. The voltage ratings of both primaries and secondaries should be identical.  In other words, the

transformers should have the same turn ratio i.e. transformation ratio.
4. The percentage impedances should be equal in magnitude and have the same X/R ratio in order to

avoid circulating currents and operation at different power factors.

Fig. 32.68
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5. With transformers having different kVA ratings, the equivalent impedances should be
inversely proportional to the individual kVA rating if circulating currents are to be avoided.

Of these conditions, (1) is easily comprehended ; condition (2) is absolutely essential (otherwise
paralleling with incorrect polarities will result in dead short-circuit).  There is some lattitude possible
with conditions (3) and (4).  If condition (3) is not exactly satisfied i.e. the two transformers have
slightly different transformation or voltage ratios, even then parallel operation is possible.  But due to
inequality of induced e.m.fs. in secondaries, there will be even on no-load, some circulating current between
them (and therefore between the primary windings also) when secondary terminals are connected in parallel.
When secondaries are loaded, this localized circulating current will tend to produce unequal loading condition.
Hence, it may be impossible to take full kVA output
from the parallel connected group without one of the
transformers becoming over-heated.

If condition (4) is not exactly satisfied i.e.
impedance triangles are not identical in shape and
size, parallel operation will still be possible, but the
power factors at which the two transformers operate
will be different from the power factor of the common
load.  Therefore, in this case, the two transformers
will not share the load in proportion to their kVA
ratings.

It should be noted that the impedances of two
transformers may differ in magnitude and in quality (i.e. ratio of equivalent resistance to reactance).  It is
worthwhile to distinguish between the percentage and numerical value of an impedance.  For example,
consider two transformers having ratings in the ratio 1 : 2.  It is obvious that to carry double the current, the
latter must have half the impedance of the former for the same regulation.  For parallel operation, the
regulation must be the same, this condition being enforced by the very fact of their being connected in
parallel.  It means that the currents carried by the two transformers are proportional to their ratings provided
their numerical impedances are inversely proportional to these ratings and their percentage impedances
are identical.

If the quality of the two percentage impedances is different (i.e. ratio of percentage resistance  to
reactance is different), then this will result in divergence of phase angle of the two currents, with the
result that one transformer will be operating with a higher and the other with a lower power factor than
that of the combined load.

(a) Case 1. Ideal Case
We will first consider the ideal case of two transformers having the same voltage ratio and having

impedance voltage triangles identical in size and shape.
Let E be the no-load secondary voltage of each transformer and V 2 the terminal voltage ; IA  and

IB the currents supplied by them and I-the total current, lagging behind V 2 by an angle φ (Fig. 32.70(a)
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In Fig. 32.70 (b) a single triangle ABC represents the identical impedance voltage triangles of both the
transformers.  The currents IA  and IB of the individual transformers are in phase with the load current I and
are inversely proportional to the respective impedances.  Following relations are obvious.

I = IA + IB; V2 = E − IAZA = E − IBZB = E − IZAB

Also IAZA = IBZB or IA/IB = ZB/ZA

∴ IA = IZB/(ZA + ZB) and IB = IZA /(ZA + ZB)

(b) Case 2.  Equal Voltage Ratios
Let us assume that no-load voltages of both secondaries is the same i.e. EA = EB = E, and that the two

voltages are coincident i.e. there is no phase difference between EA and EB, which would be true if the
magnetising currents of the two
transformers are not much different
from each other.  Under these
conditions, both primaries and
secondaries of the two transformers
can be connected in parallel and there
will circulate no current between them
on on-load.

However, if we neglect the
magnetising admittances, the two transformers can be connected as shown by their equivalent circuits in Fig.
32.71.  The vector diagram is shown in Fig. 32.72.

From Fig. 32.71 (a) or (b) it is seen that it represents two impedances in parallel.  Considering all
values consistently with reference to secondaries, let

ZA, ZB = impedances of the transformers
IA, IB = their respective currents

V2 = common terminal voltage
I = combined current

It is seen that  IAZA = IBZB = IZAB ...(i)
where ZAB is the combined impedance of ZA

and ZB in parallel.
1/ZAB = 1/ZA + 1/ZB

Hence ZAB = ZAZB/(ZA + ZB) ...(ii)
From equation (i), we get

ZA = IZAB ZA = IZB/(ZA + ZB) and IB = IZAB/ZB = IZA/ (ZA + ZB)
Multiplying both sides by common terminal voltage V2, we have

V2IA = B
2

A B+
Z

V I
Z Z

; Similarly  V2IB = A
2

A B+
Z

V I
Z Z

Let V2I ×10−3 = S-the combined load kVA.  Then, the kVA carried by each transformer is

B
A

A B
=

+
Z

S S
Z Z

=
A B

1
1+ /

S
Z Z

and A
B

A B B A

1=
+ 1+ /

=
Z

S S S
Z Z Z Z

...(iii)

Hence, SA and SB are obtained in magnitude as well as in phase from the above vectorial
expressions.

The above problem may be solved graphically, although somewhat more laboriously.  As shown in Fig.
32.72, drawn IA and IB with an angular difference of (φA−φB) and magnitude (according to some suitable
scale) inversely proportional to the respective impedances.  Vector sum of IA  and IB gives total combined
current I.  The phase angle and magnitude of I will be known from the conditions of loading, so that angle φ

Fig. 32.72
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between V2 and I will be known.  Inserting this, the transformer currents IA  and IB become known in
magnitude and phase with respect to V2.

Note.  (a) In equation (iii) above, it is not necessary to use the ohmic values of resistances and reactances,
because only impedance ratios are required.

(b) The two percentage impedances must be adjusted to the same kVA in the case of transformers of
different rating as in Ex. 32.101.

(c) From equation (iii) above, it is seen that if two transformers having the same rating and the same
transformation ratio are to share the load equally, then their impedances should be equal i.e. equal resistances and
reactances and not numerical equality of impedances.  In general, for transformers of different ratings but same
transformation ratio, their equivalent impedances must be inversely proportional to their ratings if each transformer
is to assume a load in proportion to its rating.  For example, as said earlier, a transformer operating in parallel with
another of twice the rating, must have an impedance twice that of the large transformer in order that the load may
be properly shared between them.

Example 32.96.  Two 1-phase transformers with equal turns have impedances of (0.5 + j3) ohm
and (0.6 + j10) ohm with respect to the secondary.  If they operate in parallel, determine how they
will share a total load of 100 kW at p.f. 0.8 lagging ?    (Electrical Technology, Madras Univ. 1987)

Solution.   ZA = 0.5 + j 3 = 3.04 ∠ 80.6° ZB = 0.6 + j 10 = 10.02 ∠ 86.6°

ZA + ZB = 1.1 + j13 = 13.05∠ 85.2°

Now, a load of 100 kW at 0.8 p.f. means a kVA of 100/0.8 = 125. Hence,

S = 125 ∠ −  36.9°

SA = A

A B+
Z

S
Z Z

=
125 36.9 10.02 86.6

13.05 85.2
∠ − ° × ∠ °

∠ °
 = 96 ∠ −  35.5°

= a load of 96 × cos 35.5° = 78.2 kW

A
B

A B
=

+
Z

S S
Z Z

=
125 36.9 3.04 80.6

13.05 85.2
∠ − ° × ∠ °

∠ °
 = 29.1 ∠−  41.5°

= a load of 29.1 × cos 41.5° = 21.8 kW

Note.  Obviously, transformer A  is carrying more than its due share of the common load.

Example 32.97. Two single-phase transformers A and B are connected in parallel.  They have
same kVA ratings but their resistances are respectively 0.005 and 0.01 per unit and their leakage
reactances 0.05 and 0.04 per unit.  If A is operated on full-load at a p.f. of 0.8 lagging, what will be
the load and p.f. of B ? (A.C. Machines-I, Jadavpur Univ. 1985)

Solution.  In general, SA = B

A B+
�

S
Z Z

and SB = A

A B+
�

S
Z Z

where S is the total kVA supplied and ZA and ZB are the percentage impedances of these transformers.

B

A

S
S

= A

B

Z
Z

Now, ZA = 0.005 + j 0.05 per unit ; % ZA = 0.5 + j 5 and %ZB = 1 + j 4
Let SA = SA∠ −  36.87°

where SA represents the rating of transformer A  (and also of B).

SB = SA ∠−  36.87° × (0.5 5)
(1 4)

j
j

+
+

= SA ∠−  36.87°× 20.7
17

 ∠ 8.3° = 1.22 SA ∠−  28.57°
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It is obvious that transformer B is working 22% over-load and its power factor is

cos 28.57° = 0.878 (lag)

Example 32.98.  Two 1-phase transformers A and B rated at 250 kVA each are operated in
parallel on both sides.  Percentage impedances for A and B are (1 + j 6) and (1.2 + j 4.8) respectively.
Compute the load shared by each when the total load is 500 kVA at 0.8 p.f. lagging.

(Electrical Machines-II, Indore Univ. 1989)

Solution.

A

A B+
�

Z Z
 = 

1 6
2.2 10.8

j
j

+
+ = 0.55∠ 2.1° ; B

A B

1.2 4.8
+ 2.2 10.8

j
j

+=
+

�

Z Z
 = 0.45∠−  2.5°

B
A

A B+
=

�
S S

Z Z = 500∠− 36.9° × 0.45∠−  2.5° = 225∠−∠−∠−∠−∠− 39.4°

A
B

A B+
=

�
S S

Z Z
= 500∠−  36.9° × 0.55∠ 2.1° = 275∠−∠−∠−∠−∠−  34.8°

Obviously, transformer B is overloaded to the extent of (275 − 250) × 100/250 = 10%.  It carries
(275/500) × 100 = 55% of the total load.

Example 32.99.  Two 100-kW, single-phase transformers are connected in parallel both on the
primary and secondary.  One transformer has an ohmic drop of 0.5% at full-load and an inductive
drop of 8% at full-load current.  The other has an ohmic drop of 0.75% and inductive drop of 2%.
Show how will they share a load of 180 kW at 0.9 power factor.

(Elect. Machines-I, Calcutta Univ. 1988)

Solution.  A load of 180 kW at 0.9 p.f. means a kVA of 180/0.9 = 200
∴ Load S = 200 − 25.8°

1

1 2+
�

Z Z
=

2 2

(0.5 8) (0.5 8)(1.25 12)
(1.25 12) 1.25 12

j j j
j

+ + −=
+ +

=
96.63 4 96.65 2.4

145.6 145.6
j+ ∠ °=  =  0.664∠ 2.4°

2

1 2+
�

Z Z
=

(0.75 4)(1.25 12)
145.6

j j+ −

=
48.94 4 49.1 5

145.6 145.6
j− ∠− °=

= 0.337∠− 5°

S1 = 2

1 2+
Z

S
Z Z

= 200∠−  25.8° × 0.337 ∠− 5° = 67.4∠− 30.8°

∴ kW1 = 67.4 × cos 30.8° = 67.4 × 0.859 = 57.9 kW
S2 = 200 ∠− 25.8° × 0.664 ∠ 2.4° = 132.8 ∠− 23.4

kW2 = 132.8 × cos 23.4° = 132.8 × 0.915 = 121.5 kW

Note. Second transformer is working 21.5% over-load.  Also, it shares 65.7% of the total load.

Example 32.100. A load of 200 kW at 0.85 power factor lagging is to be shared by two transform-
ers A and B having the same ratings and the same transformation ratio.  For transformer A, the full-
load resistive drop is 1% and reactance drop 5% of the normal terminal voltage.  For transformer
B the corresponding values are : 2% and 6%.  Calculate the load kVA supplied by each transformer.

Solution. ZA = 1 + j 5; ZB = Z + j 6
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1 5
2 6

j
j

+=
+

A

B

Z
Z

= 0.8 + j 0.1 ; 
A

2 6
1 5

j
j

+=
+

BZ
Z

 = 1.23 − j 0.514

Load kVA = kW/p.f. = 200/0.85 = 235

kVA = S = 235(0.85 − j 0.527)
= 200 − j 123.8 (� cos φ = 0.85; sin φ = 0.527)

SA = B

A B A B

Z 1S = S
Z + Z 1 + (Z /Z )

=
200 123.8 200 123.8

1 (0.8 0.1) 1.8 0.1
j j

j j
− −=

+ + +
 = 107.3 − j 74.9

SA = 2 2(107.3 74.9 )+  = 131; cos φA = 107.3/131 = 0.82 (lag)

Similarly SB = A

A B

Z
S

Z + Z
 = 

B A

1S
1 + (Z /Z )

= 200 123.8 200 123.8
1 (1.23 0.514) 2.23 0.154

j j
j j

− −=
+ − −

 = 93 − j 49

∴ SB = 2 2(93 49 )+  = 105; cos φB = 90/105 = 0.888 (lag)

(As a check, S = SA + SB = 131 + 105 = 236.  The small error is due to approximations made in
calculations.)

Example 32.101. Two 2,200/110-V, transformers are operated in parallel to share a load of
125 kVA at 0.8 power factor lagging.  Transformers are rated as below :

A : 100 kVA ; 0.9% resistance and 10% reactance

B : 50 kVA ; 1.0% resistance and 5% reactance

Find the load carried by each transformer. (Elect. Technology, Utkal Univ. 1989)

Solution.  It should be noted that the percentages given above refer to different ratings.  As
pointed out in Art. 32.35, these should be adjusted to the same basic kVA, say, 100 kVA.

% ZA = 0.9 + j 10 ; % ZB = (100/50)(1 + j 5) = (2 + j 10)

A

A B

Z
Z + Z

=
2 2

0.9 10 (0.9 10) (2.9 20)
(2.9 20) 2.9 20

j j j
j

+ + −=
+ +

=
(202.6 11) 202.9

408.4 08.4
j+ ∠3.1°=

4 = 0.4968 ∠ 3.1°

B

A B

Z
Z + Z

= (2 10)(2.9 20) 206 11
408.4 08.4

j j j+ − −=
4

=
206.1

408.4
∠ − 3.1°

 = 0.504 ∠−  3.1°

Also cos φ = 0.8, φ = cos−1 (0.8) = 36.9°

SA = 
B

A B

Z
S

Z + Z = 125 ∠−  36.9° × 0.504 ∠−  3.1° = 63 ∠ −  40°

SB = A

A B

Z
S

Z + Z
= 125 ∠−  36.9° × 0.4968 ∠  3.1° = 62.1 ∠ −  33.8°
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Example 32.102.  A 500-kVA transformer with 1% resistance and 5% reactance is connected in
parallel with a 250-kVA transformer with 1.5% resistance and 4% reactance.  The secondary
voltage of each transformer is 400 V on no-load.  Find how they share a load of 750-kVA at a p.f. of
0.8 lagging. (Electrical Machinery-I, Madras Univ. 1987)

Solution.  It may be noted that percentage drops given above refer to different ratings.  These should
be adjusted to the same basic kVA i.e. 500 kVA.

% ZA = 1 + j 5 = 5.1 ∠  78.7° ; % ZB = ( )500
250 (1.5 + j 4) = 3 + j 8 = 8.55 ∠  69.4°

%(ZA +ZB) = 4 + j 13 = 13.6 ∠  72.9° ; S = 750 ∠−  36.9°

SA = 
B

A B

Z
S

Z + Z = 750 36.9 8.55 69.4
13.6 72.9

∠ − °× ∠ °
∠ °

= 470 ∠ −  40.4°

= 470 kVA at p.f. of 0.762 lagging

SB = A

A B

Z
S

Z + Z
=

750 36.9 5.1 78.7
13.6 72.9

∠ − °× ∠ °
∠ °  = 280 ∠ −  31.1°

= 280 kVA at p.f. 0.856 lagging
Note.  The above solution has been attempted vectorially, but in practice, the angle between IA  and IB is so

small that if instead of using vectorial expressions, arithmetic expressions were used, the answer would not be
much different.  In most cases, calculations by both vectorial and arithmetical methods generally yield results that
do not differ sufficiently to warrant the more involved procedure by the vector solution.  The above example will
now be attempted arithmetically :

ZA = 5.1 Ω, ZB = 8.55 Ω ; IA/IB = ZB/ZA = 8.55/5.1 = 1.677 ∴  IA = 1.677 IB

Total current = 750,000/400 = 1875 A
I = IA + IB ; 1875 = 1.677IB + IB = 2.677 IB ∴  IB = 1875/2.677

∴ SB = 400 × 1875/2.677 × 100 = 280 kVA
IA = 1.677 × 1875/2.677
SA = 400 × 1.677 × 1875/2.677 × 1000 = 470 kVA

Example 32.103.  Two single-phase transformers A and B of equal voltage ratio are running in
parallel and supply a load of 1000 A at 0.8 p.f. lag.  The equivalent impedances of the two transformers
are (2 + j3) and (2.5 + j5) ohms respectively.  Calculate the current supplied by each transformer
and the ratio of the kW output of the two transformers.

(Electrical Machines-I, Bombay Univ. 1986)

Solution. ZA = (2 + j 3), ZB = (2.5 + j 5)

Now, =A B

B A

I Z
I Z

=
2.5 5
2 3

j
j

+
+

= (1.54+ j 0.2) ; IA = IB (1.54 + j 0.2)

Taking secondary terminal voltage as reference vector, we get

I = 1000(0.8 − j0.6) = 800 − j 600 = 200 (4 − j 3)
Also, I = IA + IB = IB (1.54 + j 0.2) + IB = IB (2.54 + j 0.2)
∴ 200(4 − j 3) = IB (2.54 + j 0.2) ;  IB = 294.6 − j 259.5 = 392.6 ∠−∠−∠−∠−∠−  41.37°

IA= IB (1.54 + j 0.2) = (294.6 − j 259.5) (1.54 + j 0.2) = 505.6 − j 340.7
= 609.7 ∠− 33.95°

The ratio of the kW output is given by the ratio of the in-phase components of the two currents.
output of
output of

A
B

= 505.6 1.7
294.6 1

=

Note.  Arithmetic solution mentioned above could also be attempted.
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Example 32.104.  Two transformers A and B, both of no-load ratio 1,000/500-V are connected
in parallel and supplied at 1,000 V. A is rated at 100 kVA, its total resistance and reactance being
1% and 5% respectively, B is rated at 250 kVA, with 2% resistance and 2% reactance.  Determine
the load on each transformer and the secondary voltage when a total load of 300 kVA at 0.8 power
factor lagging is supplied.

Solution.  Let the percentage impedances be adjusted to the common basic kVA of 100.
Then %ZA = (1+ j 5) ; %ZB = (100/250)(2 + j 2) = (0.8 + j 0.8)

A

A B

Z
Z + Z

=
1 5

(1.8 5.8)
j
j

+
+ = 0.839 ∠ 5.9

B

A B

Z
Z + Z

=
0.8 0.8

(1.8 5.8)
j
j

+
+

 = 0.1865 ∠ −  27.6°

Now, S = 300 ∠ −  36.9° = 240 − j 180

SA = B

A B

Z
S.

Z + Z
= 300 ∠−  36.9° × 0.1865 ∠ −  27.6° = 55.95 ∠ −  64.5°

SB = A

A B

Z
S

Z + Z
= 300 ∠ −  36.9° × 0.839 ∠  5.9° = 251.7 ∠ −  31°

Since ZA and ZB are in parallel, their combined impedance on 100 kVA basis is

ZAB = A B

A B

Z Z
Z + Z

=
(1 5) (0.8 0.8)

(1.8 5.8)
j j

j
+ +

+
= 0.6 + j 0.738

Percentage drop over ZAB is = (0.6 × 240/100) + (0.738 × 180/100) = 1.44 + 1.328 = 2.768%

∴ V2 =
500 2.768

500
100
× −  

= 486.12 V

Example 32.105.  Two 1-φ transformers are connected in parallel at no-load.  One has a turn
ratio of 5,000/440 and a rating of 200 kVA, the other has a ratio of 5,000/480 and a rating of
350 kVA.  The leakage reactance of each is 3.5%.

What is the no-load circulation current expressed as a percentage of the nominal current of the
200 kVA transformer.

Solution.  The normal currents are
200 × 103/440 = 455 A and 350 × 103/480 = 730 A

Reactances seen from the secondary side are
3.5 440
100 455

× = 0.034 Ω, 3.5 480
100 730

×  = 0.023 Ω

The difference of induced voltage is 40 V.  The circulating current is
IC = 40/0.057 = 704 A = 1.55 times the normal current of 200 kVA unit.

Tutorial Problems 32.6

1. Two single-phase transformers A and B of equal voltage ratio are running in parallel and supplying a
load requiring 500 A at 0.8 power factor lagging at a terminal voltage of 400 V.  The equivalent
impedances of the transformers, as referred to secondary windings, are (2 + j 3) and (2.5 + j 5) ohm.
Calculate the current supplied by each transformer.

(Note. The student is advised to try by arithmetic method also).           [IA = 304 A ; IB = 197 A]

2. Two single-phase transformers A  and B are operating in parallel and supplying a common load of
1000 kVA at 0.8 p.f. lagging.  The data regarding the transformers is as follows :
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Transformer Rating %Resistance % Reactance

A 750 kVA 3 5
B 500 kVA 2 4

Determine the loading of each transformer. [SA = 535 ∠− ∠− ∠− ∠− ∠−  34.7° ; SB = 465 ∠−∠−∠−∠−∠−  39.3°]
3. Two transformers A  and B give the following test results.  With the low-tension side short-circuited,

A  takes a current of 10 A at 200 V, the power input being 1000 W.  Similarly, B takes 30 A at 200 V
; the power input being 1,500 W.  On open circuit, both transformers give a secondary voltage of 2200
when 11,000 volts are applied to the primary terminals.  These transformers are connected in parallel
on both high tension and low tension sides  Calculate the current and power in each transformer when
supplying a load of 200 A at 0.8 power factor lagging.  The no-load currents may be neglected.

(Hint : Calculate ZA and ZB from S.C. test data)
[IA = 50.5 A, PA = 100 kW ; IB = 151 A, PB = 252 kW] (London University)

4. Two 6600/250-V transformers have the following short-circuit characteristics : Applied voltage
200 V, current 30 A, power input 1,200 W for one of the transformers ; the corresponding data for the
other transformer being 120 V, 20 A and 1,500 W.  All values are measured on the H.V. side with the
L.V. terminals short circuited.  Find the approximate current and the power factor of each transformer
when working in parallel with each other on the high and low voltage sides and taking a total load of
150 kW at a p.f. of 0.8 lagging from the high voltage bus-bars.
[IA = 13.8 A, cos φφφφφA = 0.63 ; IB = 15.35 A , cos φφφφφB = 0.91] (Electrical Engg-IV, Baroda Univ. 1978)

5. Two 11,000/2,200-V, 1-phase transformers are connected in parallel to supply a total load of 200 at 0.8
p.f. lagging at 2,200 V.  One transformer has an equivalent resistance of 0.4 Ω and equivalent reac-
tance of 0.8 Ω referred to the low-voltage side.  The other has equivalent resistance of 0.1 Ω and  a
reactance of 0.3 Ω.  Determine the current and power supplied by each transformer.

[52 A ; 148 A ; 99 A ; 252 kW]
6. A 2,000-kVA transformer (A ) is connected in parallel with a 4,000-kVA transformer (B) to supply a

3-phase load of 5,000 kVA at 0.8 p.f. lagging.  Determine the kVA supplied by each transformer
assuming equal no-load voltages.  The percentage volt drops in the windings at the rated loads are as
follows :

Transformer A : resistance 2% ; reactance 8%
Transformer B : resistance 1.6% ; reactance 3%

[A : 860 kVA, 0.661 lag ; B : 4170 kVA, 0.824 lag]  (A.C. Machines-I, Jadavpur Univ. 1979)
7. Two single-phase transformers work in parallel on a load of 750 A at 0.8 p.f. lagging.  Determine

secondary voltage and the output and power factor of each transformer.  Test data are :
Open circuit : 11,00/13,300 V for each transformer

Short circuit : with h.v. winding short-circuit
Transformer A : secondary input 200 V, 400 A, 15 kW

Transformer B : secondary input 100 V, 400 A, 20 kW

[3,190 VA : 80 kVA, 0.65 lag ; B : 1,615 kVA ; 0.86 lag]

(c) Case 3. Unequal Voltage Ratios
In this case, the voltage ratios (or transformation

ratios) of the two transformers are different.  It means
that their no-load secondary voltages are unequal.  Such
cases can be more easily handled by phasor algebra
than graphically.

Let EA, EB =  no-load secondary e.m.f.s of the
two transformers.

ZL = load impedance across the secondary.
The equivalent circuit and vector diagram are also

shown in Fig. 32.73 and 32.74.
Fig. 32.73

V1
V2

ZB

ZA
I=I +IA B

IA

IB

EA

EB L
o
ad

Z
L
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It is seen that even when secondaries are on no-load, there will be some cross-current in them because
of inequality in their induced e.m.fs.  This circulating current IC is given by

IC = (EA −−−−− EB)/(ZA + ZB) ...(i)
As the induced e.m.fs. of the two transformers are equal to the total drops in their respective circuits.
∴ ZA = IA ZA + V2 ; EB = IBZB + V2

Now, V2 = IZL = (IA + IB) ZL

where ZL = load impedance
EA = IA ZA + (IA + IB) ZL ...(ii)
EB = IBZB + (IA + IB) ZL ...(iii)

∴∴∴∴∴ EA −−−−− EB = IA ZA −−−−− IB ZB ...(iv)
IA = [(EA −−−−− EB) + IB ZB]/ZA

Substituting this value of IA in equation (iii),
we get

EB = IBZB + [{(EA −−−−− EB) + IBZB}/ZA +IB]/ZL

IB = [EB ZA −−−−− (EA −−−−− EB)ZL ]/[ZAZB + ZL.(ZA + ZB)] ...(v)
From the symmetry of the expression, we get

IA = [EAZB + (EA −−−−− EB)ZL[ZAZB + ZL(ZA + ZB)] ...(vi)

Also, I = IA + IB = � � � �

� � � � �

� � � � �

� � � � �� � � �

By multiplying the numerator and denominator of this equation by 1/ZAZB and the result by ZL we get

V2 = IZL =
/� 	 � 


� 
 �

� � � � �

1/� � ��� � ���

The two equations (v) and (vi) then give the values of secondary currents.  The primary currents may
be obtained by the division of transformation ratio i.e. K and by addition (if not negligible) of the no-load
current.  Usually, EA and EB have the same phase (as assumed above) but there may be some phase
difference between the two due to some difference of internal connection in parallel of a star/star and a star/
delta 3-phase transformers.

If ZA and ZB are small as compared to ZL i.e. when the transformers are not operated near short-
circuit conditions, then equations for IA and IB can be put in a simpler and more easily under-standable
form.  Neglecting ZAZB in comparison with the expression ZL(ZA + ZB), we have

IA =
)

−
+� 
 	 


L A B A B

� � � 

� �� � � � � �
...(vii)

IB =
)

−
−B A A B

L A B A B

� � � 

� �� � � � � �
...(viii)

The physical interpretation of the second term in equations (vii) and (viii) is that it represents the
cross-current between the secondaries.  The first term shows how the actual load current divides
between the loads.  The value of current circulating in transformer secondaries (even when there is no-
load) is given by* IC = (EA −−−−− EB)/(ZA + ZB) assuming that EA > EB.  It lags behind EA by an angle α
given by tan α = (X A + XB)/(RA + RB).  If EA + EB the ratios of the currents are inversely as the
impedances (numerical values).

* Under load conditions, the circulating current is

IC =
/

A B

A B A B L

E E
Z Z Z Z Z

−
+ +

If ZL = ∞ i.e. on open-circuit, the expression reduces to that given above.

Fig. 32.74
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If in Eq. (iv) we substitute IB = I −−−−− IA and simplify, we get

IA =
−B A B

A B A B

IZ E E
+

Z + Z Z + Z
...(ix)

Similarly, if we substitute IA = I −−−−− IB and simplify, then

IB =
−A A B

A B A B

IZ E E
+

Z + Z Z + Z
...(x)

In a similar manner, value of terminal voltage V2 is given by

V2 = IZL =
+ −A B B A A B

A B

E Z E Z IZ Z
Z + Z

...(xi)

These expressions give the values of transformer currents and terminal voltage in terms of the load
current. The value of V2 may also be found as under :

As seen from Fig. 30.70.
IA = (EA −−−−− V2)/ZA = (EA −−−−− V2)YA;IB = (EB −−−−− V2)YB

I = V2YL = IA + IB or V2YL = (EA −−−−− V2)YA + (EB −−−−− V2)YB

∴∴∴∴∴ V2(YL + YA + YB) = EAYA + EBYB or V2 =  
+

+
A A B B

L A B

E Y E Y
Y + Y Y

...(xii)

Eq. (xi) gives V2 in terms of load current.  But if only load kVA is given, the problem becomes more
complicated and involves the solution of a quadratic equation in V2.

Now, S = V2I.  When we substitute this value of I in Eq.  (xi), we get

V2 =
( )

+ −
+

A B B A A B 2

A B

E Z E Z SZ Z /V
Z Z

or V2
2(ZA + ZB) −−−−− V(EAZBEBZA) + SZAZB = 0

When V2 becomes known, then IA and IB may be directly found from

V2 = EA −−−−− IAZA and V2 = EB −−−−− IBZB.

Note.  In the case considered above, it is found more convenient to work with numerical values of imped-
ances instead of % values.

Example 32.106.  Two transformers A and B are joined in parallel to the same load.  Determine
the current delivered by each transformer having given : open-circuit e.m.f. 6600 V for A and 6,400
V for B.  Equivalent leakage impedance in terms of the secondary = 0.3 + j3 for A and 0.2 + j1 for B.
The load impedance is 8 + j6. (Elect. Machines-I, Indore Univ. 1987)

Solution. IA =
( )+ −

+
A B A B L

A B L A B

E Z E E Z
Z Z Z (Z + Z )

Here EA = 6,600 V ; EB = 6,400 V ; ZL = 8 + j 6;  ZA = 0.3 + j 3 ; ZB = 0.2 + j 1

IA =
6600(0.2 1) (6600 6400) (8 6)

(0.3 3)(0.2 1) (8 6) (0.3 3 0.2 1)
+ + − +

+ + + + + + +
j j

j j j j j
117 − j 156 = 195A in magnitude

Similarly, IB =
( )− −

+
B A A B L

A B L A B

E Z E E Z
Z Z Z (Z + Z )

=
6400 (0.3 3) (6600 6400) (8 6)

(0.3 3) (0.2 1) (8 6) (0.5 4)
j j

j j j j
+ − − +

+ + + + + +
= 349 − j 231 = 421 A (in magnitude)
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Example 32.107.  Two 1-φ transformers, one of 100 kVA and the other of 50 kVA are connected
in parallel to the same bus-bars on the primary side, their no-load secondary voltages being 1000 V
and 950 V respectively.  Their resistances are 2.0 and 2.5 per cent respectively and their reactances 8
and 6 percent respectively.  Calculate no-load circulating current in the secondaries.

(Adv. Elect Machines, A.M.I.E. Sec. B, 1991)

Solution.  The circuit connections are shown in Fig. 32.75.

Ist transformer
Normal secondary current  = 100,000/1000 = 100 A

RA =
1000 2.0
100 100

×
×

 = 0.2 Ω ; X A  = 
1000 8
100 100

×
×

 = 0.8 Ω

2nd Transformer
Normal secondary current = 50,000/950 = 52.63 A

RB = 950 × 2.5/100 × 52.63 = 0.45 Ω
XB = 850 × 6/100 × 52.63 = 1.08 Ω

Combined impedance of the two secondaries is

Z = 2 2( ) ( )A B A BR R X X+ + +

= 2 20.65 1.88 1.99+ = Ω
∴ Ic = (1000 − 950)/1.99 = 25.1 A ;  α = tan−1 (1.88/

0.65) = 71°

Example 32.108.  Two single-phase transformers, one of 1000-kVA and the other of 500-kVA
are connected in parallel to the same bus-bars on the primary side ; their no-load secondary voltages
being 500 V and 510 V respectively.  The impedance voltage of the first transformer is 3% and that
of the second 5%.  Assuming that ratio of resistance to reactance is the same and equal to 0.4 in
each. What will be the cross current when the secondaries are connected in parallel ?

(Electrical Machines-I, Madras Univ. 1985)

Solution.  Let us first determine the ohmic value of the two impedances.  Also, let the secondary
voltage be 480 V*.

Full-load IA = 1000 × 1000/480 = 2083 A ; F.L. IB = 500 × 1000/480 = 1042 A

ZA =
% 9 500
100 100 2083

A A

A

Z E
I

× ×=
× ×

= 0.0072 Ω

ZB = 5 510
100 1042

×
× = 0.0245 Ω

IC = 510 500
(0.0072 0.0245)

B A

A B

E E
Z Z

− −=
+ +

= 315.4 A

Note.  Since the value of X/R is the same for the two transformers, there is no phase difference between EA
and EB.

Example 32.109.  Two transformers A and B of ratings 500 kVA and 250 kVA are supplying a
load kVA of 750 at 0.8 power factor lagging.  Their open-circuit voltages are 405V and 415 V
respectively.  Transformer A has 1% resistance and 5% reactance and transformer B has 1.5% resis-
tance and 4% reactance.  Find (a) cross-current in the secondaries on no-load and (b) the load shared
by each transformer.

* Though it is chosen arbitrarily, its value must be less than either of the two no-load e.m.fs.

Fig. 32.75
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Solution.  As said earlier, it is more convenient to work with ohmic impedances and for that purpose,
we will convert percentage value into numerical values by assuming 400 volt as the terminal voltage (this
value is arbitrary but this assumption will not introduce appreciable error).

Now IARA = 1% of 400 ∴ RA  = 1 400
100 1250

×  =  0.0032 Ω

where IA = 500,000/400 = 1250 A

IAXA = 5% of 400 ; X A = 5 400
100 1250

×  = 0.016 Ω (i.e. X A  = 5RA)

In a similar way, we can find RB and XB ; RB = 0.0096 Ω; XB = 0.0256 Ω
∴ ZA  = 0.0032 + j 0.016 = 0.0163 ∠  78.5° ; ZB = 0.0096 + j 0.0256 = 0.0275 ∠ 69.4°

ZA + ZB = 0.0128 + j 0.0416 = 0.0436 ∠  72.9°

Next step is to calculate load impedance.  Let ZL be the load impedance and V2 the terminal voltage
which has been assumed as 400 V .

∴ (V2
2/ZL) = 750 ∠−  36.9°

∴ ZL = 4002 × 10−3/750 ∠−  36.9° = 0.214 ∠  36.9° = (0.171 + j 0.128) Ω

(a) IC =
−A B

A B

E E
Z + Z

 = 
(405 415)

0.0436 72.9
−
∠ °

 = − 230 ∠−  72.9°

(b) IA =
405 0.0275 69.4 (405 415) 0.214 36.9

0.0163 78.5 0.0275 69.4 0.214 36.9 0.0436 72.9
× ∠ ° + − × ∠ °

∠ °× ∠ ° + ∠ °× ∠ °
= 970 ∠ −  35°

Similarly, IB =
415 0.0163 78.5 (405 415) 0.214 36.9

0.0163 78.5 0.0275 69.4 214 369 0.0436 72.9
× ∠ ° − − × ∠ °

∠ °× ∠ ° + ∠ °× ∠ °
∴ SA = 400 × 970 × 10−3 ∠−  35° = 388 ∠−  35° kVA ; cos φA  = cos 35° = 0.82 (lag)

SB = 400 × 875 × 10−3 ∠ 42.6° = 350 ∠−  42.6° kVA

cos φB = cos 42.6° = 0.736 (lag)

Example 32.110.  Two transformers A and B are connected in parallel to a load of (2 + j 1.5)
ohms.  Their impedances in secondary terms are ZA = (0.15 + j 0.5) ohm and ZB = (0.1 + j 0.6) ohm.
Their no-load terminal voltages are EA = 207 ∠ 0° volt and EB =205 ∠ 0° volt.  Find the power
output and power factor of each transformer. (Elect.  Machines-I, Punjab Univ. 1991)

Solution.  Using the equations derived in Art.  30.34 (c), we have

IA =
( )

)
+ −A B A B L

A B L A B

E Z E E Z
Z Z + Z (Z + Z

ZA = (0.15 + j 0.5) Ω ; ZB = (0.1 +j 0.6) Ω ; ZL = (2 + j 1.5) = 2.5 ∠ 36.9°

∴ IA = 207(0.1 0.6) (207 205) (2 1.5)
(0.15 0.5)(0.1 0.6) (2 1.5)(0.25 1.1)

j j
j j j j

+ + − +
+ + + + +

= 24.7 127.2 129.7 79
1.435 2.715 3.07 117.9

j
j

+ ∠ °=
− + ∠ °

= 42.26 ∠−  38.9°A  = (32.89 − j 26.55)A

IB =
( )

)
− −E Z E E Z

Z Z + Z (Z + Z
B A A B L

A B L A B

= 
205(0.15 0.5) 2(2 1.5) 103 75

1.435 2.715 3.07 117.9
j j

j
+ − + ∠ °=

− + ∠ °

= 33.56 ∠ −  42.9° = (24.58 − j 22.84) A

Now V2′ = IZL = (IA + IB) ZL

= (57.47 − j 49.39) (2 + j 1.5) = 189 − j 12.58 = 189.4 ∠−  3.9°
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p.f. angle of transformer A  = − 3.9°− (−38.9°) = 35°

∴ p.f. of A = cos 35° = 0.818 (lag) ; p.f. of B = cos [−3.9° − (−42.9°)] = 0.776 (lag)
Power output of transformer A  is PA  = 189.4 × 42.26 × 0.818 = 6,548 W
Similarly, PB = 189.4 × 33.56 × 0.776 = 4,900 W

Example 32.111.  Two transformers have the following particulars :

Transformer A Transformer B

Rated current 200 A 600 A

Per unit resistance 0.02 0.025

Per unit reactance 0.05 0.06

No-load e.m.f. 245 V 240 V

Calculate the terminal voltage when they are connected in parallel and supply a load impedance
of (0.25 + j 0.1) Ω.(Elect. Machines-I, Sd. Patel Univ. 1981)

Solution.  Impedance in ohms = Zpu × N.L. e.m.f./full-load current
ZA = (245/200)(0.02 + j 0.05) = 0.0245 + j 0.0613 Ω = 0.066 ∠ 68.2°

ZB = (240/600)(0.025 + j 0.06) = 0.01 + j 0.024 Ω = 0.026 ∠ 67.3°

Z = (0.25 + j 0.1) = 0.269 ∠  21.8° ; ZA + ZB = 0.0345 + j 0.0853 = 0.092 ∠ 68°

ZL(ZA + ZB) = 0.269 × 0.092 ∠ 89.8° = 0.0247 ∠ 89.8° = (0 + j 0.0247)

ZAZB = 0.066 × 0.026 ∠  135.5° = (−0.001225 + j 0.001201)

∴ ZAZB + ZL(ZA + ZB) = (−−−−− 0.00125 + j 0.259) = 0.0259 ∠ 92.7°

Let us take EA as reference quantity.

Also Eb is in phase with EA because transformers are in parallel on both sides.

EAZB = 245(0.01 + j 0.0245) = 2.45 + j 5.87

EBZA = 240(0.0245 + j 0.0613) = 5.88 + j 14.7

EAZB + EBZA = 8.33 + j 20.57 = 22.15 ∠  67.9°

Now, I =
22.15 67.9
0.0259 92.7

∠ °=
∠ °

A B B A

A B L A B

E Z + E Z
Z Z + Z (Z + Z )

 = 855 ∠ −  24.8°

∴ V2 = IZL = 885 ∠ −  24.8° × 0.269 ∠ 21.8° = 230 − 3°

Tutorial Problems 29.1

1. A 1000-kVA and a 500-kVA, 1-phase transformers are connected to the same bus-bars on the  primary
side.  The secondary e.m.fs. at no-load are 500 and 510 V respectively.  The impedance voltage of the
first transformer is 3.4% and of the second 5%.  What cross-current will pass between them when the
secondaries are connected together in parallel ? Assuming that the ratio of resistance to reactance is
the same in each, what currents will flow in the windings of the two transformers when supplying a
total load of 1200 kVA.

[(i) 290 A (ii) 1577 and 900 A] (City & Guilds, London)
2. Two transformers A and B are connected in parallel to supply a load having an impedance of

(2 + j 1.5Ω).  The equivalent impedances referred to the secondary windings are 0.15 + j 0.5 Ω and
0.1 + j 0.6 Ω respectively.  The open-circuit e.m.f. of A is 207 V and of B is 205 V.  Calculate (i) the
voltage at the load (ii) the power supplied to the load (iii) the power output of each transformer and
(iv) the kVA input to each transformer.

[(i) 189 ∠− 3.8°V (ii) 11.5 kW (iii) 6.5 kW, 4.95 kW (iv) 8.7 kVA, 6.87 kVA]
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QUESTIONS AND ANSWERS ON TRANSFORMERS

Q.1. How is magnetic leakage reduced to a minimum in commerical transformers ?
Ans. By interleaving the primary and secondary windings.
Q.2. Mention the factors on which hysteresis loss depends ?
Ans. (i) Quality and amount of iron in the core (ii) Flux density and (iii) Frequency.

Q.3. How can eddy current loss be minimised ?
Ans. By laminating the core.
Q.4. In practice, what determines the thickness of the laminae or stampings ?
Ans. Frequency.
Q.5. Does the transformer draw any current when its secondary is open ?
Ans. Yes, no-load primary current.

Q.6. Why ?
Ans. For supplying no-load iron and copper losses in primary.
Q.7. Is Cu loss affected by power factor ?
Ans. Yes, Cu loss varies inversely with power factor.
Q.8. Why ?
Ans. Cu loss depends on current in the primary and secondary windings.  It is well-known that current

required is higher when power factor is lower.

Q.9. What effects are produced by change in voltage ?
Ans. 1. Iron loss.........varies approximately as V 2.

2. Cu loss.........it also varies as V 2 but decreases with an increase in voltage if constant kVA
output is assumed.

3. Efficiency.........for distribution transformers, efficiency at fractional loads decreases with in-
crease in voltage while at full load or overload it increases with increase in voltage and vice-
versa.

4. Regulation.........it varies as V2 but decreases with increase in voltage if constant kVA output
is assumed.

5. Heating.........for constant kVA output, iron temperatures increase whereas Cu temperatures
decrease with increase in voltages and vice-versa.

Q. 10.  How does change in frequency affect the operation of a given transformer ?
Ans. 1. Iron  loss .........increases with a decrease in frequency.  A 60-Hz transformer will have nearly

11% higher losses when worked on 50Hz instead of 60 Hz.  However, when a 25-Hz trans-
former is worked on 60 Hz, iron losses are reduced by 25%.

2. Cu loss.........in distribution transformers, it is independent of frequecy.

3. Efficiency.........since Cu loss is unaffected by change in frequency, a given transformer effi-
ciency is less at a lower frequency than at a higher one.

4. Regulation.........regulation at unity power factor is not affected because IR drop is independent
of frequency.  Since reactive drop is affected, regulation at low power factors decreases with
a decrease in frequency and vice-versa.  For example, the regulation of a 25-Hz transformer
when operated at 50-Hz and low power factor is much poorer.

5. Heating.........since total loss is greater at a lower frequency, the temperature is increased with
decrease in frequency.
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OBJECTIVE TESTS – 32

1. A transformer transforms

(a) frequency

(b) voltage

(c) current

(d) voltage and current.

2. Which of the following is not a basic element of
a transformer ?

(a) core

(b) primary winding

(c) secondary winding

(d) mutual flux.

3. In an ideal transformer,

(a) windings have no resistance

(b) core has no losses

(c) core has infinite permeability

(d) all of the above.

4. The main purpose of using core in a transformer
is to

(a) decrease iron losses

(b) prevent eddy current loss

(c) eliminate magnetic hysteresis

(d) decrease reluctance of the common mag-
netic circuit.

5. Transformer cores are laminated in order to

(a) simplify its construction

(b) minimise eddy current loss

(c) reduce cost

(d) reduce hysteresis loss.

6. A transformer having 1000 primary turns is
connected to a 250-V a.c. supply.  For a
secondary voltage of 400 V, the number of
secondary turns should be
(a) 1600 (b) 250

(c) 400 (d) 1250
7. The primary and secondary induced e.m.fs. E1

and E2 in a two-winding transformer are always
(a) equal in magnitude
(b) antiphase with each other

(c) in-phase with each other
(d) determined by load on transformer second-

ary.

8. A step-up transformer increases
(a) voltage (b) current

(c) power (d) frequency.
9. The primary and secondary windings of an

ordinary 2-winding transformer always have

(a) different number of turns
(b) same size of copper wire
(c) a common magnetic circuit
(d) separate magnetic circuits.

10. In a transformer, the leakage flux of each wind-
ing is proportional to the current in that winding
because
(a) Ohm’s law applies to magnetic circuits
(b) leakage paths do not saturate
(c) the two windings are electrically isolated
(d) mutual flux is confined to the core.

11. In a two-winding transformer, the e.m.f. per turn
in secondary winding is always.......the induced
e.m.f. power turn in primary.
(a) equal to K times
(b) equal to 1/K times
(c) equal to
(d) greater than.

12. In relation to a transformer, the ratio 20 : 1 indi-
cates that
(a) there are 20 turns on primary one turn on

secondary
(b) secondary voltage is 1/20th of primary

voltage
(c) primary current is 20 times greater than the

secondary current.
(d) for every 20 turns on primary, there is one

turn on secondary.
13. In performing the short circuit test of a trans-

former
(a) high voltage side is usually short circuited
(b) low voltage side is usually short circuited
(c) any side is short circuited with preference
(d) none of the above.

(Elect. Machines, A.M.I.E. Sec. B, 1993)
14. The equivalent resistance of the primary of a

transformer having K = 5 and R1 = 0.1 ohm
when referred to secondary becomes.......ohm.
(a) 0.5
(b) 0.02
(c) 0.004
(d) 2.5

15. A transformer has negative voltage regulation
when its load power factor is
(a) zero

(b) unity
(c) leading

(d) lagging.
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16. The primary reason why open-circuit test is
performed on the low-voltage winding of the
transformer is that it
(a) draws sufficiently large on-load current for

convenient reading
(b) requires least voltage to perform the test

(c) needs minimum power input
(d) involves less core loss.

17. No-load test on a transformer is carried out to
determine
(a) copper loss

(b) magnetising current
(c) magnetising current and no-load loss

(d) efficiency of the transformer.
18. The main purpose of performing open-circuit

test on a transformer is to measure its

(a) Cu loss
(b) core loss

(c) total loss
(d) insulation resistance.

19. During short-circuit test, the iron loss of a
transformer is negligible because

(a) the entire input is just sufficient to meet Cu
losses only

(b) flux produced is a small fraction of the nor-
mal flux

(c) iron core becomes fully saturated

(d) supply frequency is held constant.

20. The iron loss of a transformer at 400 Hz is 10
W. Assuming that eddy current and hysteresis
losses vary as the square of flux density, the
iron loss of the transformer at rated voltage but
at 50 Hz would be....... watt.

(a) 80 (b) 640

(c) 1.25 (d) 100

21. In operating a 400 Hz transformer at 50 Hz

(a) only voltage is reduced in the same propor-
tion as the frequency

(b) only kVA rating is reduced in the same pro-
portion as the frequency

(c) both voltage and kVA rating are reduced in
the same proportion as the frequency

(d) none of the above.

22. The voltage applied to the h.v. side of a trans-
former during short-circuit test is 2% of its rated
voltage.  The core loss will be.......percent of
the rated core loss.

(a) 4 (b) 0.4

(c) 0.25 (d) 0.04

23. Transformers are rated in kVA instead of kW
because
(a) load power factor is often not known

(b) kVA is fixed whereas kW depends on load
p.f.

(c) total transformer loss depends on volt-
ampere

(d) it has become customary.
24. When a 400-Hz transformer is operated at 50

Hz its kVA rating is
(a) raduced to 1/8

(b) increased 8 times
(c) unaffected

(d) increased 64 times.

25. At relatively light loads, transformer efficiency
is low because
(a) secondary output is low

(b) transformer losses are high
(c) fixed loss is high in proportion to the output

(d) Cu loss is small.
26. A 200 kVA transformer has an iron loss of 1 kW

and full-load Cu loss of 2kW.  Its load kVA cor-
responding to maximum efficiency is ....... kVA.
(a) 100 (b) 141.4

(c) 50 (d) 200
27. If Cu loss of a transformer at 7/8th full load is

4900 W, then its full-load Cu loss would be
.......watt.
(a) 5600 (b) 6400

(c) 375 (d) 429
28. The ordinary efficiency of a given transformer

is maximum when

(a) it runs at half full-load
(b) it runs at full-load

(c) its Cu loss equals iron loss
(d) it runs slightly overload.

29. The output current corresponding to maximum
efficiency for a transformer having core loss of
100 W and equivalent resistance referred to
secondary of 0.25 Ω is ....... ampere.

(a) 20
(b) 25

(c) 5
(d) 400

30. The maximum efficiency of a 100-kVA trans-
former having iron loss of 900 kW and F.L. Cu
loss of 1600 W occurs at ....... kVA.

(a) 56.3 (b) 133.3
(c) 75 (d) 177.7
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ANSWERS

1. d  2. d  3. d  4. d  5. b  6. a  7. c  8. a  9. c  10. b 11. c  12. d  13. b  14. d
15. c  16. a  17. c   18. b  19. b  20. b  21. b  22. d  23. c  24. a  25. c  26. b  27. b  28. c  29. a  30. c
31. d  32. d   33. c  34. a  35. b  36. a  37. d  38. c

31. The all-day efficiency of a transformer depends
primarily on
(a) its copper loss
(b) the amount of load
(c) the duration of load
(d) both (b) and (c).

32. The marked increase in kVA capacity produced
by connecting a 2 winding transformer as an
autotransfomer is due to
(a) increase in turn ratio
(b) increase in secondary voltage
(c) increase in transformer efficiency
(d) establishment of conductive link between

primary and secondary.
33. The kVA rating of an ordinary 2-winding

transformer is increased when connected as an
autotransformer because
(a) transformation ratio is increased
(b) secondary voltage is increased
(c) energy is transferred both inductively and

conductivity
(d) secondary current is increased.

34. The saving in Cu achieved by converting a
2-winding transformer into an autotransformer
is determined by
(a) voltage transformation ratio
(b) load on the secondary
(c) magnetic quality of core material
(d) size of the transformer core.

35. An autotransformer having a transformation ratio
of 0.8 supplies a load of 3 kW.  The power
transferred conductively from primary to
secondary is.......kW.
(a) 0.6 (b) 2.4

(c) 1.5 (d) 0.27
36. The essential condition for parallel opearation of

two 1-φ transformers is that they should have
the same
(a) polarity

(b) kVA rating
(c) voltage ratio

(d) percentage impedance.
37. If the impedance triangles of two transformers

operating in parallel are not identical in shape and
size, the two transformers will
(a) share the load unequally

(b) get heated unequally
(c) have a circulatory secondary current even

when unloaded

(d) run with different power factors.
38. Two transformers A and B having equal outputs

and voltage ratios but unequal percentage
impedances of 4 and 2 are operating in parallel.
Transformer A  will be running over-load by .......
percent.
(a) 50 (b) 66

(c) 33 (d) 25
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33.1.33.1.33.1.33.1.33.1. ThrThrThrThrThree-Phase ee-Phase ee-Phase ee-Phase ee-Phase TTTTTransfransfransfransfransfororororormermermermermer

Large scale generation of electric power is usually
3-phase at generated voltages of 13.2 kV or somewhat
higher.  Transmission is generally accomplished at higher
voltages of 110, 132, 275, 400 and 750 kV for which
purpose 3-phase transformers are necessary to step up
the generated voltage to that of the transmission line.
Next, at load centres, the transmission voltages are
reduced to distribution voltages of 6,600, 4,600 and
2,300 volts.  Further, at most of the consumers, the
distribution voltages are still reduced to utilization voltages
of 440, 220 or 110 volts.  Years ago, it was a common

practice to use suitably interconnected
three single-phase transformers instead
of a single 3-phase transformer.  But these
days, the latter is gaining popularity
because of improvement in design and
manufacture but principally because of
better acquaintance of operating men
with the three-phase type.  As compared
to a bank of single-phase transformers,
the main advantages of a 3 phase
transformer are that it occupies less floor
space for equal rating, weighs less, costs
about 15% less and further, that only one
unit is to be handled and connected.

Like single-phase transformers, the
three-phase transformers are also of the
core type or shell type.  The basic
principle of a 3-phase transformer is
illustrated in Fig. 33.1 in which only
primary windings have been shown
interconnected in star and put across 3-
phase supply.  The three cores are 120°
apart and their empty legs are shown in

contact with each other.  The centre leg, formed by
these three, carries the flux produced by the three-
phase currents IR, IY and IB.  As at any instant IR + IY
+ IB = 0, hence the sum of three fluxes is also zero.
Therefore, it will make no difference if the common
leg is removed.  In that case any two legs will act as
the return for the third just as in a 3-phase system
any two conductors act as the return for the current

Fig. 33.1

Fig. 33.2 (a)

Three phase transformer inner circuits

ΦR
ΦS

US

UT

UR

ΦR ΦS Φr = 0+ +

ΦT
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in the third conductor.  This improved design is shown in Fig. 33.2 (a) where dotted rectangles indicate the
three windings and numbers in the cores and yokes represent the directions and magnitudes of fluxes at a
particular instant.  It will be seen that at any instant, the amount of ‘up’ flux in any leg is equal to the sum of
‘down’ fluxes in the other two legs.  The core type transformers are usually wound with circular cylindrical
coils.

In a similar way, three single-phase shell type transformers can be combined together to form a 3-
phase shell type unit as shown in Fig. 33.2(b).  But some saving in iron can be achieved in

     Fig. 33.2 (b)      Fig. 33.3

constructing a single
3-phase transformer as
shown in Fig. 33.3.  It does
not differ from three single-
phase transformers put side
by side.  Saving in iron is due
to the joint use of the mag-
netic paths between the
coils.  The three phases, in
this case, are more indepen-
dent than they are in the core
type transformers, because
each phase has a magnetic
circuit independent of the
other.

One main drawback in
a 3-phase transformer is
that if any one phase be-
comes disabled, then the
whole transformer has to
be ordinarily removed from
service for repairs (the shell
type may be operated open

2-leg Core 5-leg Core

Three-Phase Transformer Cores

2-leg Core 3-leg Core 4-leg Core

Single-Phase Transformer Cores

Coil Coil Coil Coil Coil Coil

Coil Coil Coil Coil Coil
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∆ or Vee but this is not always feasible).  However, in the case of a 3-phase bank of single-phase transform-
ers, if one transformer goes out of order, the system can still be run open-∆ at reduced capacity or the faulty
transformer can be readily replaced by a single spare.

33.2.33.2.33.2.33.2.33.2. ThrThrThrThrThree-phase ee-phase ee-phase ee-phase ee-phase TTTTTransfransfransfransfransfororororormer Connectionsmer Connectionsmer Connectionsmer Connectionsmer Connections

There are various methods available for transforming 3-phase voltages to higher or lower
3-phase voltages i.e. for handling a considerable amount of power.  The most common connections are
(i) Y − Y (ii) ∆ − ∆ (iii) Y − ∆ (iv) ∆ − Y (v) open-delta or V − V (vi) Scott connection or T − T connection.

33.3.33.3.33.3.33.3.33.3. Star/Star or Star/Star or Star/Star or Star/Star or Star/Star or Y/YY/YY/YY/YY/Y Connection Connection Connection Connection Connection

This connection is most economi-
cal for small, high-voltage transform-
ers because the number of turns/phase
and the amount of insulation required
is minimum (as phase voltage is only 1/

3  of line voltage).  In Fig. 33.4 a

bank of 3 transformers connected in Y
on both the primary and the secondary
sides is shown. The ratio of line volt-
ages on the primary and secondary
sides is the same as the transformation
ratio of each transformer.  However,
there is a phase shift of 30° between
the phase voltages and line voltages
both on the primary and secondary
sides.  Of course, line voltages on both
sides as well as primary voltages are respectively in phase with each other.  This connection works

satisfactorily only if the load is balanced.  With the unbalanced
load to the neutral, the neutral point shifts thereby making the three
line-to-neutral (i.e. phase) voltages unequal.  The effect of unbal-
anced loads can be illustrated by placing a single load between phase
(or coil) a and the neutral on the secondary side.  The power to the
load has to be supplied by primary phase (or coil) A.  This primary
coil A cannot supply the required power because it is in series with
primaries B and C whose secondaries are open.  Under these condi-
tions, the primary coils B and C act as very high impedances so that
primary coil A can obtain but very little current through them from the
line.  Hence, secondary coil a cannot supply any appreciable power.
In fact, a very low resistance approaching a short-circuit may be
connected between point a and the neutral and only a very small
amount of current will flow.  This, as said above, is due to the reduc-
tion of voltage Ean because of neutral shift.  In other words, under
short-circuit conditions, the neutral is pulled too much towards coil
a.  This reduces Ean but increases Ebn and Ecn (however line voltage
EAB, EBC and ECA are unaffected).  On the primary side, EAN will beFig. 33.4

With these phase angles,
the center points of the Y
must tie either all “–” or all
“+” winding ends together.

With these phase angles, the
winding polarities must stack
together in a complementary
manner (+ to –).–+

+–

+

+

+

+

–
– –

∠ 0°

∠ 240° ∠ 120°

∠ 240°

∠ 120°∠ 0°
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practically reduced to zero whereas EBN and ECN will rise to nearly full primary line voltage.  This difficulty
of shifting (or floating) neutral can be obviated by connecting the primary neutral (shown dotted in the figure)
back to the generator so that primary coil A can take its required power from between its line and the
neutral.  It should be noted that if a single phase load is connected between the lines a and b, there will be a
similar but less pronounced neutral shift which results in an overvoltage on one or more transformers.

Another advantage of stabilizing the primary neutral by connecting it to neutral of the generator is that it
eliminates distortion in the secondary phase voltages.  This is explained as  follows.  For delivering a sine
wave of voltage, it is necessary to have a sine wave of flux in the core, but on account of the characteristics
of iron, a sine wave of flux requires a third harmonic component in the exciting current.  As the frequency of
this component is thrice the frequency of the circuit, at any given instant, it tends to flow either towards or
away from the neutral point in all the three transformers.  If the primary neutral is isolated, the triple fre-
quency current cannot flow.  Hence, the flux in the core cannot be a sine wave and so the voltages are
distorted.  But if the primary neutral is earthed i.e. joined to the generator neutral, then this provides a path
for the triple-frequency currents and e.m.fs. and the difficulty is overcome.  Another way of avoiding this
trouble of oscillating neutral is to provide each of the transformers with a third or tertiary winding of relatively
low kVA rating.  This tertiary winding is connected in ∆ and provides a circuit in which the triple-frequency
component of the magnetising current can flow (with an isolated neutral, it could not).  In that case, a sine
wave of voltage applied to the primary will result in a sine wave of phase voltage in the secondary.  As said
above, the advantage of this connection is that insulation is stressed only to the extent of line to neutral
voltage i.e. 58% of the line voltage.

33.4.33.4.33.4.33.4.33.4. Delta-Delta or Delta-Delta or Delta-Delta or Delta-Delta or Delta-Delta or ∆ − ∆∆ − ∆∆ − ∆∆ − ∆∆ − ∆ Connection Connection Connection Connection Connection

This connection is economical for large, low-voltage transformers in which insulation problem is not so
urgent, because it increases the number of turns/phase.  The transformer connections and voltage triangles
are shown in Fig. 33.5.  The ratio of transformation between primary and secondary line voltage is exactly
the same as that of each transformer.  Further, the secondary voltage triangle abc occupies the same relative
position as the primary voltage triangle ABC i.e. there is no angular displacement between the two.  More-
over, there is no internal phase shift between phase and line voltages on either side as was the case in Y − Y
connection.  This connection has the following advantages :

1. As explained above, in order that the output voltage be sinusoidal, it is necessary that the magnetising
current of the transformer must contain a third harmonic component.  In this case, the third harmonic com-
ponent of the magnetising current can flow in the ∆-connected transformer
primaries without flowing in the line wires.  The three phases are 120° apart which is 3 × 120 = 360° with
respect to the third harmonic, hence it merely circulates in the ∆.  Therefore, the flux is sinusoidal
which results in sinusoidal voltages.

2. No difficulty is experienced from unbalanced loading as was the case in Y − Y connection.
The three-phase voltages remain practically constant regardless of load imbalance.

3. An added advantage of this connection is that if one transformer becomes disabled, the
system can continue to operate in open-delta or in V − V although with reduced available capacity.
The reduced capacity is 58% and not 66.7% of the normal value, as explained in Art. 33.7.
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Fig. 33.5 Fig. 33.6 Fig. 33.7

33.5.33.5.33.5.33.5.33.5. Wye/Delta or Wye/Delta or Wye/Delta or Wye/Delta or Wye/Delta or YYYYY/////∆∆∆∆∆ Connection Connection Connection Connection Connection

The main use of this connection is at the substation end of the transmission line where the voltage is to
be stepped down.  The primary winding is Y-connected with grounded neutral as shown in Fig. 33.6.  The

ratio between the secondary and primary line voltage is 1/ 3  times the transformation ratio of each trans-
former.  There is a 30° shift between the primary and secondary line voltages which means that a Y − ∆
transformer bank cannot be paralleled with either a Y − Y or a ∆ − ∆ bank.  Also, third harmonic currents
flows in the ∆ to provide a sinusoidal flux.

33.6.33.6.33.6.33.6.33.6. Delta/Wye or Delta/Wye or Delta/Wye or Delta/Wye or Delta/Wye or ∆∆∆∆∆/////YYYYY Connection Connection Connection Connection Connection

This connection is generally employed where it is necessary to step up the voltage as for
example, at the beginning of high tension transmission system.  The connection is shown in Fig. 33.7.
The neutral of the secondary is grounded for providing 3-phase 4-wire service.  In recent years, this
connection has gained considerable popularity because it can be used to serve both the 3-phase
power equipment and single-phase lighting circuits.

This connection is not open to the objection of a floating neutral and voltage distortion because
the existence of a ∆-connection allows a path for the third-harmonic currents.  It would be observed
that the primary and secondary line voltages and line currents are out of phase with each other by 30°.
Because of this 30° shift, it is impossible to parallel such a bank with a ∆ − ∆ or Y − Y bank of
transformers even though the voltage ratios are correctly adjusted.  The ratio of secondary to primary

voltage is 3  times the transformation ratio of each transformer.

Example 33.1.  A 3-phase, 50-Hz transformer has a delta-connected primary and star-con-
nected secondary, the line voltages being 22,000 V and 400 V respectively.  The secondary has a star-
connected balanced load at 0.8 power factor lagging.  The line current on the primary side is 5 A.
Determine the current in each coil of the primary and in each secondary line.  What is the output of
the transformer in kW ?

Solution.  It should be noted that in three-phase transformers, the phase transformation ratio is
equal to the turn ratio but the terminal or line voltages depend upon the method of connection
employed.  The ∆/Y connection is shown in Fig. 33.8.
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Fig. 33.8

Phase voltage on primary side = 22,000 V

Phase voltage on secondary side = 400 / 3

∴ K  = 400/22,000 × 3 1/ 55 3=

Primary phase current = 5 / 3 A

Secondary phase current = 5 1 275 A
3 55 3

÷ =

Secondary line current = 275 A

∴ Output = 3 cosL LV I φ = 3 400 275 0.8× × × =15.24 kW.

Example 33.2.  A 500-kVA, 3-phase, 50-Hz transformer has a voltage ratio (line voltages) of
33/11-kV and is delta/star connected.  The resistances per phase are : high voltage 35 Ω, low voltage
0.876 Ω and the iron loss is 3050 W.  Calculate the value of efficiency at full-load and one-half of full-
load respectively (a) at unity p.f. and (b) 0.8 p.f. (Electrical Machinery, Madras Univ. 1985)

Solution.  Transformation ratio K = 
11,000 1

3 33,000 3 3
=

×

Per phase R02 = 0.876  + 
2(1/ 3 3)  × 35 = 2.172 Ω

Secondary phase current =
500,000 500 A
3 11,000 11 3

=
×

Full-load condition

              Full load total Cu loss   =  3 × 2(500 /11 3)  × 2.172 = 4,490 W; Iron loss = 3,050 W

Total full-load losses
= 4,490 + 3,050 = 7,540 W; Output at

unity p.f. = 500 kW
∴ F.L. efficiency = 500,000/507,540

= 0.9854 or 98.54%; Output at 0.8 p.f.

= 400 kW
∴ Efficiency = 400,000/407.540
                       = 0.982 or 98.2%

Half-load condition
Output at unity p.f.= 250 kW
                Cu losses = (1/2)2 × 4,490

              = 1,222 W
Total losses

               = 3,050 + 1,122 = 4,172 W Three-phase transformer
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∴ η = 250,000/254,172 = 0.9835 = 98.35 %
Output at 0.8 p.f. = 200 kW ∴ η = 200,000/204,172 = 0.98 or 98%

Example 33.3.  A 3-phase, 6,600/415-V, 2,000-kVA transformer has a per unit resistance of 0.02
and a per unit leakage reactance of 0.1.  Calculate the Cu loss and regulation at full-load 0.8 p.f.
lag. (Electrical Machines-I, Bombay Univ. 1987)

Solution.   As seen from Art. 27 − 16, % R = % Cu loss = 
Cu loss

100
VA

×

Now, % R = 0.02 × 100 = 2 % ∴ 2 = 
Cu loss

100
2,000

×  ∴ Cu loss = 40 kW

Now, percentage leakage reactance = 0.1 × 100 = 10%
Regn. = vr cos φ + vx sin φ = 2 × 0.8 + 10 × 0.6 = 7.6%

Example 33.4.  A 120-kVA, 6,000/400-V, Y/Y 3-ph, 50-Hz transformer has an iron loss of
1,600 W.  The maximum efficiency occurs at 3/4 full load.

Find the efficiencies of the transformer at

(i) full-load and 0.8 power factor (ii) half-load and unity power factor

(iii) the maximum efficiency. (Elect. Technology Utkal Univ. 1987)

Solution.  Since maximum efficiency occurs at 3/4 full-load, Cu loss at 3/4 full-load equals iron loss
of 1,600 W.

Cu loss at 3/4 F.L. = 1,600 W; Cu loss at F.L. = 1,600 × (4/3)2 = 2,845 W
(i) F.L. output at 0.8 p.f. = 120 × 0.8 = 96 kW = 96,000 W

Total loss = 1,600 + 2,845 = 4,445 W

∴ η = 96,000 100
100, 445

× = 95.57 %

(ii) Cu loss at 1/2 full-load = (1/2)2 × 2,845 = 710 W

Total loss = 710 + 1,600 = 2310 W

Output at 1/2 F.L. and u.p.f. is= 60 kW = 60,000 W; η = 0,000 100
62,310
6 × = 96.57%

(iii) Maximum efficiency occurs at 3/4 full-load when iron loss equals Cu loss.
Total loss = 2 × 1,600 = 3,200 W
Output at u.p.f. = (3/4) × 120 = 90 kW = 90,000 W

Input = 90,000 + 3,200 = 93,200 W ∴ η = 90,000 100
93, 200

× = 96.57%

Example 33.5.  A 3-phase transformer, ratio 33/6.6-kV, ∆/Y, 2-MVA has a primary resistance of 8
Ω per phase and a secondary resistance of 0.08 ohm per phase.  The percentage impedance is 7%.
Calculate the secondary voltage with rated primary voltage and hence the regulation for full-load
0.75 p.f. lagging conditions. (Elect. Machine-I, Nagpur, Univ. 1993)

Solution.  F.L. secondary current = 
6

3

2 10
175 A

3 6.6 10

× =
× ×

K = 6.6 / 3 33×  = 1/8.65; R02 = 0.08 + 8/8.652 = 0.1867 Ω per phase

Now, secondary impedance drop per phase = 6,6007 266.7 V
100 3

× =

∴ Z02 = 266.7/175 = 1.523 Ω per phase
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X02 = 2 2 2 2
02 02 1.523 0.1867 1.51 / phaseZ R− = − = Ω

Drop per phase  = I2 (R02 cos φ + X02 sin φ) = 175 (0.1867 × 0.75 + 1.51 × 0.66) = 200 V

Secondary voltage/phase = 6,600 / 3  = 3,810 V ∴ V2 = 3,810 − 200 = 3,610 V

∴ Secondary line voltage = 3,610 3×  = 6,250 V

%regn. = 200 × 100/3,810 = 5.23 %

Example 33.6.  A 100-kVA, 3-phase, 50-Hz 3,300/400 V transformer is ∆-connected on the h.v.
side and Y-connected on the l.v. side.  The resistance of the h.v. winding is 3.5 Ω per phase and that
of the l.v. winding 0.02 Ω per phase.  Calculate the iron losses of the transformer at normal voltage
and frequency if its full-load efficiency be 95.8% at 0.8 p.f. (lag).

(A.C. Machines-I, Jadavpur Univ. 1989)

Solution.  F.L. output = 100 × 0.8 = 80 kW;  Input = 80/0.958 = 83.5 kW

Total loss = Input − Output = 83.5 − 80 = 3.5 kW
Let us find full-load Cu losses for which purpose, we would first calculate R02.

K =
secondary voltage/phase 400 / 3 4
primary voltage/phase 3,300 33 3

= =

R02 = R2 + K2 R1 = 0.02 + 2(4 / 3 33)×  × 3.5 = 0.037 Ω

Full-load secondary phase current is I2 = 100,000 / 3 400 144.1 A× =
Total Cu loss = 3 I2

2 R02 = 3 × 144.12 × 0.037 = 2,305 W
Iron loss = Total loss − F.L. Cu loss = 3,500 − 2,305 = 1,195 W

Example 33.7.  A 5,000-kVA, 3-phase transformer, 6.6/33-kV, ∆/Y, has a no-load loss of 15 kW
and a full-load loss of 50 kW.  The impedance drop at full-load is 7%.  Calculate the primary voltage
when a load of 3,200 kW at 0.8 p.f. is delivered at 33 kV.

Solution.  Full-load I2 = 65 10 / 3 33,000× ×  = 87.5 A

Impedance drop/phase = 7% of (33/ 3)  = 7% of 19 kV = 1,330 V

∴ Z02 = 1,330/87.5 = 15.3 Ω/phase; F.L. Cu loss = 50 − 15 = 35 kW

∴ 3 I2R02 = 35,000; R02 = 35,000/3 × 8.752 = 1.53 Ω/phase

∴ X02 = 2 215.3 1.53−  = 15.23 ΩΩΩΩΩ

When load is 3,200 kW at 0.8 p.f.

I2 = 3,200 / 3 33 0.8× ×  = 70 A; drop = 70 (1.53 × 0.8 + 15.23 × 0.6) = 725 V/phase

∴ % regn. =
725 100

3.8 %
19,000

× =

Primary voltage will have to be increased by 3.8%.

∴ Primary voltage = 6.6 + 3.8% of 6.6 = 6.85 kV = 6,850 V

Example 33.8.   A 3-phase transformer has its primary connected in ∆ and its secondary in Y.  It
has an equivalent resistance of 1% and an equivalent reactance of 6%.  The primary applied
voltage is 6,600 V.  What must be the ratio of transformation in order that it will deliver 4,800 V at
full-load current and 0.8 power factor (lag) ? (Elect. Technology-II, Magadh Univ. 1991)

Solution.  Percentage regulation

= vr cos φ + vx sin φ
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= 1 × 0.8 + 6 × 0.6 = 4.4%

Induced secondary e.m.f. (line value)
= 4,800 + 4.4% of 4,800 = 5,010 V, as in Fig. 33.9.
Secondary phase voltage

= 5,010 / 3  = 2,890 V

Transformation ratio

K = 2,890/6,600 = 0.437.

Example 33.9.  A 2000-kVA, 6,600/400-V, 3-phase transformer is delta-connected on the high
voltage side and star-connected on the low-voltage side.  Determine its % resistance and % reac-
tance drops, % efficiency and % regulation on full load 0.8 p.f. leading given the following data :

S.C. test ; H.V. data : 400 V, 175 A and 17 kW

O.C. test; L.V. data : 400 V, 150 A and 15 kW (Basic Elect., Machines Nagpur Univ. 1993)

Solution.  From S.C. test data, we have

Primary voltage/phase = 400 V; Primary current/phase = 175 / 3  = 100 A

∴ Z01 =
400

3.96
101

= Ω

I1
2 R01 =

17000

3
 or R01 = 0.555 Ω; X01 = 2 23.96 0.555−  = 3.92 Ω

% R = 1 01

1

101 0.555
100 100

6,600
I R
V

×× = × = 0.849

% X = 1 01

1

101 3.92
100 100

6,600
I X

V
×× = × =  6

% regn = vr cos φ − vx sin φ = 0.49 × 0.8 − 6 × 0.6 = − 2.92%
Full-load primary line current can be found from

13 6,600 I× × = 2000 × 1,000; I1 = 175 A

It shows that S.C. test has been carried out under full-load conditions.
Total losses = 17 + 15 = 32 kW; F.L. output = 2,000 × 0.8 = 1600 kW

η = 1,600/1,632 = 0.98 or  98%
Example 33.10. A 3-ph, delta/star connected 11,000/440 V, 50 Hz transformer takes a line

current of 5 amp, when secondary Load of 0.8 Lagging p.f. is connected.  Determine each coil-
current and output of transformer. (Amravati Univ. 1999)

Solution.  Due to delta/star connections the voltage ratings of the two sides on per phase basis
are :

Primary coil rating = 11,000 V, Secondary coil rating = 
440

3
 = 254 volts

Primary coil-current = 5 / 3  = 2.887 amp

Each coil is delivering equal volt. amps.

Since three phase volt − amps = 3 × 11,000 × 5 / 3
= 95266

Volts amps/phase = 31755
This corresponds to the secondary coil-current of I2, given by

I2 = 31755
254

 = 125 amp. This is shown in Fig. 33.10.

Fig. 33.9

www.EngineeringBooksPdf.com



Transformer : Three Phase 1221

Total Output of transformer, in kVA = 31,755

Since, the p.f. given is 0.8 lagging.
The total output power in kW = 31,755 × 0.80 = 25.4 kW

Fig. 33.10.  Transformer coil currents

Example 33.11.  A load of 1000 kVA at 0.866 p.f. lagging is supplied by two 3 phase transform-
ers of 800 kVA capacity operating in parallel.  Ratio of transformation is same : 6600/400 V, delta/
star.  If the equivalent impedances referred to secondary are (0.005 + j.015) ohm and (0.012 + j
0.030) ohm per phase respectively.  Calculate load and power factor of each transformer.

(Amravati Univ. 1999)

Solution.  Total load = 1000 kVA
cos φ = 0.866 Lag, φ = 30° lag

Total power output = 866 kW
Secondary current with star connection,

I2 =
1000 1000
3 440

×
×

 = 1312.2 amp

If the two transformers are identified as A and B, with their parameters with subscripts of a and b, we
have :

.

aZ = 0.005 + j 0.015 = 0.0158 ∠ 71.56º ohm
.

bZ = 0.012 + j 0.030 = 0.0323 ∠ 68.2º ohm
. .

a b+Z Z = 0.017 + j 0.045 = 0.0481 ∠ 69.3º ohm
.

2aI = secondary current of transformer A
.

2bI = secondary current of transformer B

.

2aI =

.
.
2. .

0.0323 68.2
1312 30

0.0481 69.3
b

b a

∠ °× = × ∠ − °
∠ °+

Z
I

Z Z
= 88.1 ∠ − 31.1°

.

2bI =

.
.
2..

0.0158 71.56
1312 30

0.0481 69.3
a

ba

∠ °× = × ∠ − °
∠ °+

Z
I

ZZ

= 43.1 ∠ − 27.74º
For Transformer A

Load = 3 × 254 × 881 × 10−3 = 671.3 kVA
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Power factor = cos 31.1° lag = 0.856 lag

For Transformer B
Load = 3 × 254 × 431 × 10−3 = 328.4 kVA
Power factor = cos 23.74° lag = 0.885 lag

Check :  Total kW gives a check.
1000 kVA at 0.866 lag means 866 kW.
Output, in kW, of transformer A = 671.3 × 0.856 = 574.6 kW
Output in kW of transformer  B = 328.4 × 0.885 = 290.6 kW
Sum of these two outputs = 574.6 + 290.6 = 865.2 kW
Note.  Total kVAR also gives a check.

Depending on leading or lagging p.f., appropriate sign (+ ve or − ve) must be assigned to the kVAR-term.

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No. 33.1 33.1 33.1 33.1 33.1

1. A 3-phase, star-connected alternator generates 6,360 V per phase and supplies 500 kW at a p.f. 0.9
lagging to a load through a step-down transformer of turns 40 : 1.  The transformer is delta connected on the
primary side and star-connected on the secondary side.  Calculate the value of the line volts at the load.
Calculate also the currents in (a) alternator windings (b) transformer primary windings (c) transformen
secondary windings. [476 V (a) 29.1 A (b) 16.8 A (c) 672 A]

2. A 11,000/6,600 V, 3-φ, transformer has a star-connected primary and a delta-connected secondary.
It supplies a 6.6 kV motor having a star-connected stator, developing 969.8 kW at a power factor of 0.9
lagging and an efficiency of 92 per cent.  Calculate (i) motor line and phase currents (ii) transformer
secondary current and (iii) transformer primary current.

[(a) Motor ; IL = Iph = 126.3 A (b) phase current 73 A (c) 75.8 A]

33.7.33.7.33.7.33.7.33.7. Open-Delta or Open-Delta or Open-Delta or Open-Delta or Open-Delta or V V V V V −−−−− V  V  V  V  V connectionconnectionconnectionconnectionconnection

If one of the transformers of a ∆ − ∆ is removed and 3-phase supply is connected to the primaries as
shown in Fig. 33.11, then three equal 3-phase voltages will be available at the secondary terminals on no-
load.  This method of transforming 3-phase power by means
of only two transformers is called the open − ∆ or V − V
connection.

It is employed :
1. when the three-phase load is too small to warrant

the installation of full three-phase transformer bank.
2. when one of the transformers in a ∆ − ∆ bank is

disabled, so that service is continued although
at reduced capacity, till the faulty transformer is
repaired or a new one is substituted.

3. when it is anticipated that in future the load will
increase necessitating the closing of open delta.

One important point to note is that the total load
that can be carried by a V − V bank is not two-third of the
capacity of a ∆ − ∆ bank but it is only 57.7% of it.  That is
a reduction of 15% (strictly, 15.5%) from its normal rating.
Suppose there is ∆ − ∆ bank of three 10-kVA transformers.  When one transformer is removed, then it runs
in V − V.  The total rating of the two transformers is 20 kVA.  But the capacity of the V − V bank is not the
sum of the transformer kVA ratings but only 0.866 of it i.e. 20 × 0.866 = 17.32 (or 30 × 0.57 = 17.3 kVA).
The fact that the ratio of V-capacity to ∆-capacity is 1/ 3  = 57.7% (or nearly 58%) instead of 266

3
 per

cent can be proved as follows :

Fig. 33.11
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As seen from Fig. 33.12 (a)

∆ − ∆ capacity = 3 . VL . IL = 3 .VL ( 3 .IS) = 3VLIS

In Fig. 33.12 (b), it is obvious that when ∆ − ∆ bank becomes V − V bank, the secondary line current
IL becomes equal to the secondary phase current IS.

∴ V − V capacity = 3 . 3 .L L L SV I V I=

∴ capacity
capacity

V V−
∆ − ∆

=
3 . 1

3 3
L S

L S

V I
V I

=  = 0.577 or 58 per cent

It means that the 3-phase load which can be carried without exceeding the ratings of the transform-
ers is 57.7 per cent of the original load rather than the expected 66.7%.

Fig. 33.12

It is obvious from above that when one transformer is removed from a ∆ − ∆ bank.
1. the bank capacity is reduced from 30 kVA to 30 × 0.577 = 17.3 kVA and not to 20 kVA as might

be thought off-hand.
2. only 86.6% of the rated capacity of the two remaining transformers is available (i.e. 20 × 0.866

= 17.3 kVA).  In other words, ratio of operating capacity to available capacity of an open-∆
is 0.866.  This factor of 0.866 is sometimes called the utility factor.

3. each transformer will supply 57.7% of load and not 50% when operating in V − V (Ex. 33.13).

However, it is worth noting that if three transformers in a ∆ − ∆ bank are delivering their rated load*
and one transformer is removed, the overload on each of the two remaining transformers is 73.2%  because

total load in
/transformer

V V
VA

−
=

3 .
3L S

L S

V I
V I

=  = 1.732

This over-load may be carried temporarily but some provision must be made to reduce the load if
overheating and consequent breakdown of the remaining two transformers is to be avoided.

The disadvantages of this connection are :
1. The average power factor at which the V-bank operates is less than that of the load.  This power

factor is actually 86.6% of the balanced load power factor.  Another significant point to note is that,
except for a balanced unity power factor load, the two transformers in the V − V bank operate at different
power factors (Art. 33.8).

2. Secondary terminal voltages tend to become unbalanced to a great extent when the load is in-
creased, this happens even when the load is perfectly balanced.

It may, however, be noted that if two transformers are operating in V − V and loaded to rated capacity

(in the above example, to 17.3 kVA), the addition of a third transformer increases the total capacity by 3
or 173.2% (i.e. to 30 kVA).  It means that for an increase in cost of 50% for the third transformer, the
increase in capacity is 73.2% when converting from a V − V system to a ∆ − ∆ system.

* In Ex. 33.13, the three transformers are not supplying their rated load of 20 × 3 = 60 kVA but only 40 kVA.
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33.8.33.8.33.8.33.8.33.8. Power Supplied by Power Supplied by Power Supplied by Power Supplied by Power Supplied by V V V V V −−−−− V V V V V Bank Bank Bank Bank Bank

When a V − V bank of two transformers supplies a balanced 3-phase load of power factor cos φ, then
one transformer operates at a p.f. of cos (30° − φ) and the other at cos (30° + φ).  Consequently, the two
transformers will not have the same voltage regulation.

∴ P1 = kVA cos (30° − φ) and P2 = kVA cos (30° + φ)
(i) When φ φ φ φ φ = 0 i.e. load p.f. = 1
Each transformer will have a p.f. = cos 30° = 0.866

(ii) When φ φ φ φ φ = 30° i.e. load p.f. = 0.866.
In this case, one transformer has a p.f. of cos (30° − 30°) = 1 and the other of cos (30° + 30°)

= 0.866.
(iii) When φ φ φ φ φ = 60° i.e. load p.f. = 0.5
In this case, one transformer will have a p.f. = cos (30 − 60°) = cos (− 30°) = 0.866 and the other of

cos (30° + 60°) = 0.  It means that one of the transformers will not supply any load whereas the other
having a p.f. = 0.866 will supply the entire load.

Example 33.12.  What should be the kVA rating of each transformer in a V − V bank when the
3-phase balanced load is 40 kVA ?  If a third similar transformer is connected for operation, what is
the rated capacity ?  What percentage increase in rating is affected in this way ?

Solution.  As pointed out earlier, the kVA rating of each transformer has to be 15% greater.
∴ kVA/trasformer = (40/2) × 1.15 = 23
∆ − ∆ bank rating = 23 × 3 = 69; Increase = [(69 − 40)/ 40] × 100 = 72.5%

Example 33.13. A ∆ − ∆ bank consisting of three 20-kVA, 2300/230-V transformers supplies a
load of 40 kVA.  If one transformer is removed, find for the resulting V − V connection

(i) kVA load carried by each transformer

(ii) per cent of rated load carried by each transformer

(iii) total kVA rating of the V-V bank

(iv) ratio of the V-V bank to ∆ − ∆ bank transformer ratings.

(v) per cent increase in load on each transformer when bank is converted into V-V bank.

Solution.  (i) As explained earlier in Art. 33.7, total kVA load in bank
3

/transformer
V V

VA
− =

∴ kVA load supplied by each of the two transformers = 40 / 3  = 23.1 kVA

Obviously, each transformer in V - V bank does not carry 50% of the original load but 57.7%.

(ii) per cent of rated load = kVA load/transformer 23.1
kVA rating/transformer 20

=  = 115.5 %

carried by each transformer.
Obviously, in this case, each transformer is overloaded to the extent of 15.5 per cent.*

(iii) kVA rating of the V - V bank = (2 × 20) × 0.866 = 34.64 kVA

(iv)
rating 34.64 0.577
rating 60

V V− = =
∆ − ∆

 or 57.7%

* Overloading becomes 73.2% only when full rated load is supplied by the ∆ − ∆ bank (i.e. 3 × 20 = 60 kVA
in this case) before it becomes V − V bank.
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As seen, the rating is reduced to 57.7% of the original rating.

(v) Load supplied by each transformer in ∆ − ∆ bank = 40/3 = 13.33 kVA
∴ Percentage increase in load supplied by each transformer

= 
kVA load/transformer in bank 23.1
kVA load/transformer in � � ���� ����

V V− =
−

 = 1.732 = 173.2 %

It is obvious that each transformer in the ∆ − ∆ bank supplying 40 kVA was running underloaded
(13.33 vs 20 kVA) but runs overloaded (23.1 vs 20 kVA) in V − V connection.

Example 33.14.  A balanced 3-phase load of 150 kW at 1000 V, 0.866 lagging power factor is
supplied from 2000 V, 3-phase mains through single-phase transformers (assumed to be ideal)
connected in (i) delta-delta (ii) Vee-Vee.  Find the current in the windings of each transformer and
the power factor at which they operate in each case.  Explain your calculations with circuit and
vector diagrams.

Solution.  (i)  Delta-Delta Connection

3 cosL LV I φ = 150,000

     3 1000 0.866LI× × × = 150,000 ∴ IL = 100 A

∴ Secondary line current = 100 A; secondary phase current = 100 / 3  = 57.7 A
Transformation ratio = 1000/2000 = 1/2
∴ Primary phase current = 57.7/2 = 28.85 A
(ii) Vee-Vee Connection
Let I  be the secondary line current which is also the phase current in V − V connection.  Then

3 1000 0.866I× × × = 150,000 ∴ Ι = 100 Α
∴ Secondary phase current = 100 A; primary phase current = 100 × 1/2 = 50 A
Transformer power factor = 86.6 per cent of 0.866 = 0.75 (lag).

Example 33.15.  (a) Two identical 1-phase transformers are connected in open-delta across
3-phase mains and deliver a balanced load of 3000 kW at 11 kV and 0.8 p.f. lagging.  Calculate the
line and phase currents and the power factors at which the two transformers are working.

(b) If one more identical unit is added and the open delta is converted to closed delta, calcu-
late the additional load of the same power factor that can now be supplied for the same temperature
rise.  Also calculate the phase and line currents. (Elect. Machinery-I, Madras Univ. 1987)

Solution.  (a)  If I is the line current, then

3 11,000 0.8I× × × = 3,000,000                                       I = 197 A

Since, this also represents the phase current,
∴ Secondary phase current = 197 A; Transformer p.f. = 86.6 per cent of 0.8 = 0.693
(b) Additional load = 72.5 per cent of 3000 = 2175 kW

Total load = 3000 + 2175 = 5175 kW

Now, 3 cosL LV I× φ = 5,175,000 or 3 11,000 0.8LI× × ×  = 5,175,000

∴ IL = 340 A; phase current = 340 / 3  = 196 A

Example 33.16.  Two transformers connected in open delta supply a 400-kVA balanced load
operating at 0.866 p.f. (lag).  The load voltage is 440 V.  What is the (a) kVA supplied by each
transformer ?  (b) kW supplied by each transformer ? (Elect. Machines-I, Gwalior Univ. 1991)
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Solution.  As stated in Art 33.7, the ratio of operating capacity to available capacity in an open-∆ is
0.866.  Hence, kVA of each transformer is one-half of the total kVA load divided by 0.866.

(a) kVA of each transformer =
(400 / 2)

0.866  = 231 kVA

(b) As stated in Art 33.8, the two transformers have power factors of cos (30° − φ) and
cos (30° + φ).

∴ P1 = kVA cos (30° − φ) and P2 = kVA cos (30 + φ)
Now, load p.f. = cos φ = 0.866; φ = cos−1 (0.866) = 30°

∴ P1 = 231 × cos 0° = 231 kW; P2 = 231 × cos 60° = 115.5 kW
Obviously, P1 + P2 must equal 400 × 0.86 = 346.5 kW

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No. 33.2 33.2 33.2 33.2 33.2

1. Three 1100/110-V transformers connected delta-delta supply a lighting load of 100 kW.  One of the
transformers is damaged and removed for repairs.  Find

(a) What currents were flowing in each transformer when the three transformers were in service ?

(b) What current flows in each transformer when the third is removed ? and

(c) The output kVA of each transformer if the transformers connected in open ∆ supply the full-load
with normal heating ?

[(a) primary = 30.3 A; secondary 303 A (b) primary = 30.3 3A ; secondary = 303 3A
(c) 33.33 kVA] (Elect. Machines-I, Gwalior Univ. Apr. 1977)

33.9.33.9.33.9.33.9.33.9. Scott Connection or Scott Connection or Scott Connection or Scott Connection or Scott Connection or T - TT - TT - TT - TT - T Connection Connection Connection Connection Connection

This is a connection by which 3-phase to 3-phase transformation is accomplished with the help of two
transformers as shown in Fig. 33.13.  Since it was first proposed by Charles F.  Scott, it is frequently
referred to as Scott connection.  This connection can also
be used for 3-phase to 2-phase transformation as explained
in Art. 33.10.

One of the transformers has centre taps both on the
primary and secondary windings (Fig. 33.13) and is
known as the main transformer.  It forms the horizontal
member of the connection (Fig. 33.14).

The other transformer has a 0.866 tap and is known
as teaser transformer.  One end of both the primary and
secondary of the teaser transformer is joined to the cen-
tre taps on both primary and secondary of the main trans-
former respectively as shown in Fig. 33.14 (a).  The other
end A of the teaser primary and the two ends B and C of
the main transformer primary are connected to the
3-phase supply.

The voltage diagram is shown in Fig. 33.14 (a) where the 3-phase supply line voltage is assumed
to be 100 V and a transformation ratio of unity.  For understanding as to how 3-phase transformation
results from this arrangement, it is desirable to think of the primary and secondary vector voltages as
forming geometrical TS′ (from which this connection gets its name).

Fig. 33.13
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Fig. 33.14

In the primary voltage T of Fig. 33.14 (a), EDC  and EDB are each 50 V and differ in phase by 180°,
because both coils DB and DC are on the same magnetic circuit and are connected in opposition.
Each side of the equilateral triangle represents 100 V.  The voltage EDA being the altitude of the

equilateral triangle is equal to ( 3 / 2)  × 100 = 86.6 V and lags behind the voltage across the main by

 90°.  The same relation holds good in the secondary winding so that abc is a symmetrical 3-phase
system.

With reference to the secondary voltage triangle of Fig. 33.14 (b), it should be noted that for a load
of unity power factor, current Idb lags behind voltage Edbby 30° and Idc leads Edc by 30°.  In other
words, the teaser transformer and each half of the main transformer, all operate at different power
factors.

Obviously, the full rating of the transformers is not being utilized.  The teaser transformer oper-
ates at only 0.866 of its rated voltage and the main transformer coils operate at cos 30° = 0.866 power
factor, which is equivalent to the main transformer’s coils
working at 86.6 per cent of their kVA rating.  Hence the
capacity to rating ratio in a T–T.  connection is 86.6% —
the same as in V − V  connection if two identical units are
used, although heating in the two cases is not the same.

If, however, both the teaser primary and secondary
windings are designed for 86.6 volts only, then they will
be operating at full rating, hence the combined rating of
the arrangement would become (86.6 + 86.6)/(100 + 86.6)
= 0.928 of its total rating.*  In other words, ratio of kVA
utilized to that available would be 0.928 which makes
this connection more economical than open-∆ with its
ratio of 0.866.

* Alternatively, VA capacity available is = VLIL + (0.866 VL )IL = 1.866 VLIL where IL is the primary line
current.  Since 3-phase power is supplied, volt-amperes actually utilized = 1.732 VLIL.  Hence, ratio of kVA
actually utilized to those available is = 1.732 VLIL/1.866 VLIL = 0.928.

Fig. 33.15
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Fig. 33.15 shows the secondary of the T − T connection with its different voltages based on a nominal
voltage of 100 V.  As seen, the neutral point n is one third way up from point d.  If secondary voltage and
current vector diagram is drawn for load power factor of unity, it will be found that

1. current in teaser transformer is in phase with the voltage.
2. in the main transformer, current leads the voltage by 30° across one half but lags the voltage

by 30° across the other half as shown in Fig. 33.14 (b).
Hence, when a balanced load of p.f. = cos φ, is applied, the teaser current will lag or lead the

voltage by Φ while in the two halves of the main transformer, the angle between current and voltage
will be (30° − Φ) and (30° + Φ).  The situation is similar to that existing in a V − V connection.

Example 33.17.  Two T-connected transformers are used to supply a 440-V, 33-kVA balanced
load from a balanced 3-phase supply of 3300 V.  Calculate (a) voltage and current rating of each
coil (b) kVA rating of the main and teaser transformer.

Solution.  (a) Voltage across main primary is 3300 V whereas that across teaser primary is
= 0.866 × 3300 = 2858 V.

The current is the same in the teaser and the main and equals the line current.
∴ ILP = 33,000 / 3 3300×  = 5.77 A —Fig. 33.16
The secondary main voltage equals the line voltage of 440 V whereas teaser secondary voltage

= 0.866 × 440 = 381 V.
The secondary line current, ILS = ILP/k = 5.77/(440/3300) = 43.3 A as shown in Fig. 33.16.

Fig. 33.16

(b) Main kVA = 3300 × 5.77 × 10−3 = 19 kVA
Teaser kVA = 0.866 × main kVA = 0.866 × 19 = 16.4 kVA

33.10.33.10.33.10.33.10.33.10. Three-phase to Two-phase Conversion and Three-phase to Two-phase Conversion and Three-phase to Two-phase Conversion and Three-phase to Two-phase Conversion and Three-phase to Two-phase Conversion and vice-versavice-versavice-versavice-versavice-versa
This conversion is required to supply two-phase furnaces, to link two-phase circuit with 3-phase sys-

tem and also to supply a 3-phase apparatus from a 2-phase supply source.  For this purpose, Scott connec-
tion as shown in Fig. 33.17 is employed.  This connection requires two transformers of
different ratings although for interchangeability and provision of spares, both transformers may be
identical but having suitable tappings.

Fig. 33.17 Fig. 33.18
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If, in the secondaries of Fig. 33.14 (b), points c and d are connected as shown in Fig. 33.18 (b), then
a 2-phase, 3-wire system is obtained.  The voltage Edc is 86.6 V but ECb = 100 V, hence the

Fig. 33.19

resulting 2-phase voltages will be unequal.  However, as shown in Fig. 33.19 (a) if the 3-phase line is
connected to point A1, such that DA1 represents 86.6% of the teaser primary turns (which are the same
as that of main primary), then this will increase the volts/turn in the ratio of 100 : 86.6, because now 86.6
volts are applied across 86.6 per cent of turns and not 100% turns.  In other words, this will make volts/
turn the same both in primary of the teaser and that of the main transformer.  If the secondaries of both
the transformers have the same number of turns, then secondary voltage will be equal in magnitude as
shown, thus resulting in a symmetrical 2-phase, 3-wire system.

Consider the same connection drawn slightly differently as in Fig. 33.20.  The primary of the main
transformer having N1 turns is connected between terminals CB of a 3-phase supply.  If supply line
voltage is V, then obviously VAB = VBC  = VCA = V but voltage between A and D is V × 3 / 2.   As said

             Fig. 33.20 Fig. 33.21

above, the number of turns between A and D should be also ( 3 / 2)  N1 for making volt/turn the same
in both primaries.  If so, then for secondaries having equal turns, the secondary terminal voltages will
be equal in magnitude although in phase quadrature.
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It is to be noted that point D is not the neutral point of the primary supply because its voltage with respect to
any line is not / 3.V   Let N be the neutral point.  Its position can be determined as follows.  Voltage of N

with respect to A must be / 3V  and since D to A voltage is 3 / 2,V ×  hence N will be ( 3 / 2 / 3)V V−
= 0.288 V or 0.29 V from D.  Hence, N is above D by a number of turns equal to 29% of N1.  Since 0.288
is one-third of 0.866, hence N divides the teaser winding AD in the ratio 2 : 1.

Let the teaser secondary supply a current I2T at unity power factor.  If we neglect the magnetizing
current I0,  then teaser primary current is I1T = I2T × transformation ratio.

∴ I1T = I2T × 2 1 2 1 2/( 3 / 2) (2 / 3) ( / ) TN N N N I= × ×  = 1.15 (N2/N1) I2T = 1.15 KI2T where
K = N2/N1 = transformation ratio of main transformer.  The current is in phase with star voltage of the
primary supply (Fig. 33.21).

The total current I1M in each half of the pri-
mary of the main transformer consists of two
parts :

(i) One part is that which is necessary to
balance the main secondary current I2M.  Its value
is

= 
2

2 2
1

M M
N

I KI
N

× =

(ii) The second part is equal to one-half of

the teaser primary current i.e. 1
1 .
2 TI   This is so because the main transformer primary forms a return path

for the teaser primary current which divides itself into two halves at mid-point D in either direction.  The
value of each half is = I1T/2 = 1.15 KI2T/2 = 0.58 KI2T .

Hence, the currents in the lines B and C are obtained vectorially as shown in Fig. 33.22.  It should be
noted that as the two halves of the teaser primary current flow in opposite directions from point D, they have
no magnetic effect on the core and play no part at all in balancing the secondary ampere-turns of the main
transformer.

The line currents thus have rectangular components of KI2M and 0.58, KI2T and, as shown in Fig.
33.22, are in phase with the primary star voltages VNB and VNC and are equal to the teaser primary
current.  Hence, the three-phase side is balanced when the two-phase load of unity power factor is
balanced.

Fig. 33.23

Fig. 33.23 (a) illustrates the condition corresponding to a balanced two-phase load at a lagging power
factor of 0.866.  The construction is the same as in Fig. 33.22.  It will be seen that the 3-phase side is again
balanced.  But under these conditions, the main transformer rating is 15% greater than that of the teaser,
because its voltage is 15% greater although its current is the same.

Fig. 33.22
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Hence, we conclude that if the load is balanced on one side, it would always be balanced
on the other side.
The conditions corresponding to an unbalanced two-phase load having different currents and power factors
are shown in Fig. 33.23 (b).  The geometrical construction is similar to those explained in Fig. 33.22 and
33.23 (a).

Summarizing the above we have :

1. Teaser transformer primary has 3 / 2  times the turns of main primary.  But volt/turn is the  same.
Their secondaries have the same turns which results in equal secondary terminal voltages.

2. If main primary has N1 turns and main secondary has N2 turns, then main transformation ratio is
N2/N1.  However, the transformation ratio of teaser is

N2/ 1( 3 / 2)N = 1.15 N2/N1 = 1.15 K

3. If the load is balanced on one side, it is balanced on the other side as well.
4. Under balanced load conditions, main transformer rating is 15% greater than that of the teaser.
5. The currents in either of the two halves of main primary are the vector sum of KI2M and 0.58 KI2T

(or 1
1
2 TI ).

Example 33.18.  Two transformers are required for a Scott connection operating from a 440-V,
3-phase supply for supplying two single-phase furnaces at 200 V on the two-phase side.  If the total
output is 150 kVA, calculate the secondary to primary turn ratio and the winding currents of each
transformer.

Solution.  Main Transformer

Primary volts =  440 V ; secondary volts = 200 V ∴ 2

1

200 1
440 2.2

N
N

= =

Secondary current = 150,000/2 × 200 = 375 A
∴ Primary current = 375 × 1/2.2 = 197 A
Teaser Transformer

Primary volts = ( 3 / 2 440)×  = 381 V :  Secondary volts = 200 V

secondary turns
primary turns

=
200 1
381 1.905

=  (also teaser ratio = 1.15 × 1/2.2 = 1/1.905)

Example 33.19.  Two single-phase furnaces working at 100 V are connected to 3300-V, 3-phase
mains through Scott-connected transformers.  Calculate the current in each line of the 3-phase
mains when the power taken by each furnace is 400-kW at a power factor of 0.8 lagging.  Neglect
losses in the transformers. (Elect. Machines-III, South Gujarat Univ. 1988)

Solution.  Here K = 100/3,300 = 1/33 (main transformer)

I2 = 
400,000
0.8 100×  = 5,000A (Fig. 33.24); Here I2T = I2M = I2 = 5,000 A

As the two-phase load is balanced, the 3-phase side is also balanced.
Primary phase currents are = 1.15 KI2 = 1.15 × (1/33) × 5,000 = 174.3 A

Since for a star-connection, phase current is equal to line current,
∴ Line current = 174.3 A

Note.  We have made use of the fact that since secondary load is balanced, primary load is also balanced.  If
necessary, I1M can also be found.
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I1M is the vector sum of (i) KI2M and (ii) 
1
2

 I1T or 0.58 KI2T .

Fig. 33.24

Now, KI2M = (1/33) × 5,000 = 151 A and 0.58 KI2 = 
1
2

 I1T = 174.3/2 = 87.1 A

∴ I1M = 2 2151 87.1+  = 174.3 A

Example 33.20.  In a Scott-connection, calculate the values of line currents on the 3-phase side
if the loads on the 2-phase side are 300 kW and 450 kW both at 100 V and 0.707 p.f. (lag) and the
 3-phase line voltage is 3,300 V.  The 300-kW load is on the leading phase on the 2-phase side.
Neglect transformer losses. (Elect. Technology, Allahabad Univ. 1991)

Solution.  Connections are shown in Fig. 33.25 (a) and phasor diagram in Fig. 33.25 (b).

Fig. 33.25

Here, K = 100/3,300 = 1/33

Teaser secondary current is I2T = 450,000/100 × 0.707 = 6360 A
Teaser primary current is I1T = 1.15 KI2T = 1.5 × (1/33) × 6360 = 221.8 A
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As shown in Fig. 33.25 (b), main primary current I1M has two rectangular components.

(i) KI2M where I2M is the secondary current of the main transformer and

(ii) Half of the teaser primary current 1
1
2 TI  =  2 2

1 1.15 0.577
2 T TKI KI× =

Now KI2M = 
300,0001

33 100 0.707
×

×  = 128.58 A ; Also 1
1 1 221.8
2 2TI = ×  = 110.9A

Main Primary current = 2 2128.58 110.9 169.79A+ =
Hence, the 3-phase line currents are 221.8 A in one line and 169.79 A in each of the other two.

Example 33.21.  Two electric furnaces are supplied with 1-phase current at 80 V from a
3-phase, 11,000 V system by means of two single-phase Scott-connected transformers with similar
secondary windings.  When the load on one furnace is 500 kW (teaser secondary) and on the other
800 kW (secondary of main transformer) what current will flow in each of the 3-phase lines (a) at
unity power factor and (b) at 0.5 power factor ?  Neglect phase displacement in and efficiency of, the
transformers. (Electrical Engineering, Madras Univ. 1987)

Solution.  The connections are shown in Fig. 33.26 and the phasor diagrams for unity and 0.5 p.f.
are shown in Fig. 33.27 (a) and (b) respectively.

             Fig. 33.26 Fig. 33.27

Here, K = 80/11,000 = 2/275
(a) Unity p.f.
With reference to Fig. 33.27 (a), we have I2T = 500,000/80 × 1 = 6,250 A
Teaser primary current I1T = 1.15 KI2T = 1.15 × (2/275) × 6,250 = 52.5 A
For the main transformer primary

(i) KI2M =
800,0002

275 80 1
×

×  = 72.7 A (ii) 1
1
2 TI×  = 52.5/2 = 26.25 A

Current in the primary of the main transformer is = 2 272.7 26.25+  = 77.1 A

Hence, one 3-phase line carries 52.5 A whereas the other 2 carry 77.1 A each [Fig. 33.27 (a)].
(b) 0.5 p.f.
With reference to Fig. 33.27 (b) we have I2T = 500,000/80 × 0.5 = 12,500 A
Teaser primary current  I1T = 1.15 × (2/275) × 12,500 = 105 A
For the main transformer primary
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(i) KI2M =
800,0002

275 80 0.5
×

×  = 145.4 A (ii) 1
1
2 TI  = 105/2 = 52.5 A.

Current in the primary of the main transformer is = 2 2145.4 52.5+  = 154.2 A.

Hence, one 3-phase line carries 105 A and the other two carry 154.2 A each.
Note :  Part (b) need not be worked out in full because at 0.5 p.f., each component current and hence the

resultant are doubled.  Hence, in the second case, answers can be found by multiplying by a factor of 2 the line
currents found in (a).

Example 33.22.  Two furnaces are supplied with 1-phase current at 50 V from a 3-phase, 4.6 kV
system by means of two 1-phase, Scott-connected transformers with similar secondary windings.
When the load on the main transformer is 350 kW and that on the other transformer is 200 kW at 0.8
p.f. lagging, what will be the current in each 3-phase line ?  Neglect phase displacement and losses
in transformers. (Electrical Machinery-II, Bangalore Univ. 1991)

Solution.  Connections and vector diagrams are shown in Fig. 33.28.
K = 50/4,600 = 1/92; I2T = 200,000/50 × 0.8 = 5,000 A

I1T = 1.15 KI2T = 1.1 × (1/92) × 5,000 = 62.5 A

Fig. 33.28

As shown in Fig. 33.28 (b), main primary current I1M has two rectangular components.

(i) KI2M where I2M = 350,000/50 × 0.8 = 8,750 A ∴  KI2M = 8,750/92 = 95.1 A

(ii) (1/2) I1T = 62.5/2 = 31.3 A ∴  I1M = 2 295.1 31.3+  = 100 A

∴ Current in line A = 62.5 A;  Current in line B = 100 A; Current in line C = 100 A.

Example 33.23.  Two single-phase Scott-connected transformers supply a 3-phase four-wire
distribution system with 231 volts between lines and the neutral.  The h.v. windings are connected
to a two-phase system with a phase voltage of 6,600 V.  Determine the number of turns in each
section of the h.v. and l.v. winding and the position of the neutral point if the induced voltage per
turn is 8 volts.

Solution. As the volt/turn is 8 and the h.v. side voltage is 6,600 V, the h.v. side turns are
= 6,600/8 = 825 on both transformers.
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Now, voltage across points B and C of main winding

= line voltage = 231 3×  = 400 V

No. of turns on the l.v. side of the main transformer =
400/8 = 50

No. of turns on the  l.v. side of teaser transformer =

(3/ 2) mains turns×

= 3 50 / 2×  = 43 (whole number)

The neutral point on the 3-phase side divides teaser
turns in the ratio 1 :  2.

∴ Number of turns between A and N = (2/3) × AD
= (2/3) × 43 = 29

Hence, neutral point is located on the 29th turn from A downwards (Fig. 33.29).

Example 33.24.  A Scott-connected (2 to 3-phase) transformer links a 6,000 V, 2-phase system
with a 440 V; 3-phase system.  The frequency is 50 Hz, the gross core area is 300 cm2, while the
maximum flux density is to be about 1.2 Wb/m2.  Find the number of turns on each winding and the
point to be tapped for the neutral wire on the 3-phase side.  If the load is balanced on the one side
of such a transformer, find whether it will also be balanced on the other side. (London Univ.)

Solution.  Use the transformer voltage equation 1,
E = 4.44 fN Φx volt
Gross core area = 300 cm2

Assuming net iron = 0.9 of gross area, and considering
the h.v. side, we have

6000 = 4.44 × 50 × N1 × 1.2 (300 × 0.9 × 10−4)
N1 = 834
Hence, h.v. sides of both transformers have 834 turns

each.
Now K = 440/6000 = 11/150
∴ Turns on the  l.v. side of main transformer

N2 = 834 × 11/150 = 61

Turns on the  l.v. side of teaser = ( 3 / 2)  × 61 = 53

With reference to Fig. 33.30, number of turns in AN = 53 × 2/3 = 35

Example 33.25.  A 2-phase, 4-wire, 250 V system is supplied to a plant which has a 3-phase
motor load of 30 kVA.  Two Scott-connected transformers supply the 250 V motors.  Calculate
(a) voltage (b) kVA rating of each transformer.  Draw the wiring connection diagram.

Solution.  (a) Both the main and the teaser have the same voltage rating as the supply voltage i.e.
250 V.  The current in the main and the teaser coils is the same as the supply current and is

= 
Total kVA 30,000 60 A arcsin

2 × Line voltage 2 250
= = θ

×
On the three-phase side, current is the same in all coils and is equal to the load line current

= 30,000 / 3 250×  = 69.3 A

Load voltage on main secondary = line voltage = 250 V

Fig. 33.29

Fig. 33.30
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Load voltage on teaser secondary = 0.866 × 250 = 216.5 V

Hence, voltage rating of main transformer is 250/250 whereas that of teaser transformer is
250/216.5.

The current rating of main transformer is 60/69.3 and it is the same for the teaser transformer.
(b) The volt-amp rating of the teaser primary as well as secondary is the same i.e. 60 × 250 × 10−3

= 69.3 × 216.5 × 10−3 = 15 kVA
The main volt-ampere rating of secondary is = 250 × 69.3 × 10−3 = 17.3 kVA
Incidentally, if two identical transformers are used for providing inter-changeability, then both

must be rated at 17.3 kVA.  In that case, a total capacity of 34.6 kVA would be required to provide a
30 kVA load.

The wiring connections are shown in Fig. 33.31.

Fig. 33.31

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No. 33.3 33.3 33.3 33.3 33.3
1. A Scott-connected transformer is fed from a 6,600-V, 3-phase network and supplies two single-phase

furnaces at 100 V.  Calculate the line currents on the 3-phase side when the furnaces take 400 kW and 700 kW
respectively at 0.8 power factor lagging. (Elect. Machines II, Indore Univ. 1977)

[With 400 kW on teaser, line currents are 87. 2 A; 139 A; 139 A]
2. Two 220-V, 1-phase electrical furnaces take loads of 350 kW and 500 kW respectively at a power

factor of 0.8 lagging.  The main supply is at 11-kV, 3-phase, 50 Hz.  Calculate current in the 3-phase lines
which energise a Scott-connected transformer combination. (Elect. Machines, Madras Univ. 1978)

[With 350 kW on teaser line currents are : 45.7 A ; 61.2 A; 61.2 A]
3. Two electric furnaces are supplied with 1-phase current at 80 V from 3-phase, 11,000-V supply

mains by means of two Scott-connected transformers with similar secondary windings.  Calculate the current
flowing kW respectively in each of the 3-phase lines at U.P.P. when the loads on the two transformers are 550
kW of 800 kW.

[With 550 kW on teaser, line currents are : 57.5 A; 78.2; 78.2 A] (Electrical Machines-I, Madras
University, 1977)

33.11.33.11.33.11.33.11.33.11. PPPPParallel Operaarallel Operaarallel Operaarallel Operaarallel Operation of 3-phase tion of 3-phase tion of 3-phase tion of 3-phase tion of 3-phase TTTTTransfransfransfransfransfororororormermermermermersssss
All the conditions which apply to the parallel operation of single-phase transformers also apply

to the parallel running of 3-phase transformers but with the following additions :
1. The voltage ratio must refer to the terminal voltage of primary and secondary.  It is obvious that

this ratio may not be equal to the ratio of the number of turns per phase.  For example, if V1, V2 are the

primary and secondary terminal voltages, then for Y/∆ connection, the turn ratio is V2/ 1( / 3)V

= 2 13 / .V V

2. The phase displacement between primary and secondary voltages must be the same for all
transformers which are to be connected for parallel operation.

3. The phase sequence must be the same.

www.EngineeringBooksPdf.com



Transformer : Three Phase 1237

4. All three transformers in the 3-phase transformer bank will be of the same construction either core
or shell.

Note. (i) In dealing with 3-phase transformers, calculations are made for one phase only.  The value of
equivalent impedance used is the equivalent impedance per phase referred to secondary.

(ii) In case the impedances of primary and secondary windings are given separately, then primary
impedance must be referred to secondary by multiplying it with (transformation ratio)2.

(iii) For Y/∆ or ∆/Y transformers, it should be remembered that the voltage ratios as given in the
questions, refer to terminal voltages and are quite different from turn ratio.

Example 33.26.  A load of 500 kVA at 0.8 power factor lagging is to be shared by two three-
phase transformers A and B of equal ratings.  If the equivalent delta impedances as referred to
secondary are (2 + j6) Ω for A and (2 + j5) Ω for B, calculate the load supplied by each transformer.

Solution. SA  =  B

A B A B

Z 1S = S
Z + Z 1 + (Z /Z )

Now S = 500 (0.8 − j0.6) = (400 − j300)
ZA/ZB = (2 + j6)/(2 + j5) = 1.17 + j 0.07; ZB/ZA = (2 + j5)/(2 + j6) = 0.85 − j 0.05

SA = (400 − j300)/(2.17 + j0.07) = 180 − j 144.2 = 230.7 ∠ − 38.7°

cos φA = 0.78 lagging
SB = (400 − j 300)/(1.85 − j0.05) = 220.1 − j 156 = 270 ∠ − 40°28′ ∴ cos ΦB = 0.76 lagging.

Example 33.27.  State (i) the essential and (ii) the desirable conditions to be satisfied so that two
3-phase transformers may operate successfully in parallel.

A 2,000-kVA transformer (A) is connected in parallel with a 4,000 kVA transformer (B) to
supply a 3-phase load of 5,000 kVA at 0.8 p.f. lagging.  Determine the kVA supplied by each
transformer assuming equal no-load voltages.  The percentage voltage drops in the windings at
their rated loads are as follows :

Transformer A resistance 2% ; reactance 8 %

Transformer B resistance 1.6 % ; reactance 3 %

(Elect. Engineering-II, Bombay Univ. 1987)

Solution.  On the basis of 4,000 kVA
% ZA = (4,000/2,000) (2 + j8) = (4 + j16) = 16.5 ∠ 76°
% ZB = (1.6 + j3); % ZA + % ZB = (5.6 + j16) = 19.8 ∠ 73.6°

S = 5,000 ∠ −  36.9° = (4,000 − j 3,000)

Now SB = . 5,000
16.5 ∠76°= ∠ − 36.9° ×

19.8 ∠73.6°
A

A B

Z
S

Z + Z

= 5,000 ∠ − 36.9° × 0.832 ∠ 2.4° = 4,160 ∠ − 34.5° = (3,425 − j 2,355)
SA = S − − − − − SB = (4,000 − j 3,000) − (3,425 − j 2355)

= (575 − j 645) = 864 ∠ − 48.3°
cos φB = cos 34.5° = 0.824 (lag); cos φA = cos 48.3° = 0.665 (lag).

Example 33.28.  A load of 1,400 kVA at 0.866 p.f. lagging is supplied by two 3-phase transform-
ers of 1,000 kVA and 500 kVA capacity operating in parallel.  The ratio of transformation is the
same in both :  6,600/400 delta-star.  If the equivalent secondary impedances are (0.001 + j 0.003)
ohm and (0.0028 + j0.005) ohm per phase respectively, calculate the load and power factor of each
transformer. (Elect. Engg-I, Nagpur Univ. 1993)
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Solution. On the basis of 1000 kVA, ZA = (0.001+ j 0.003) Ω
ZB = (1000/500) (0.0028 + j 0.005) = (0.0056 + j 0.01) Ω

A

A B

Z
Z + Z =

3

3

(0.001 0.003) 3.162 10 71.6°
(0.0066 0.013) 14.57 10 63.1°

j
j

−

−
+ × ∠=
+ × ∠

 = 0.2032 ∠ 8.5°

S = 1400 ∠ cos−1 (0.866) = 1400 ∠ − 30° = (1212 − j 700)

SB = S . 
A

A B

Z
Z + Z  = 1400 ∠ − 30° × 0.2032 ∠ 8.5°

= 284.5 ∠ − 21.5° = 265 − j 104
SA = S − − − − − SB = (1212 − j 700) − (265 − j 104) = (947 − j 596) = 1145 ∠ − 32.2°

cos φA = cos 32.3° = 0.846 (lag); cos φB = cos 21.5° = 0.93 (lag).

Example 33.29.  Two 3-phase transformers A and B having the same no-load line voltage ratio
3,300/400-V supply a load of 750 kVA at 0.707 lagging when operating in parallel.  The rating of
A is 500 kVA, its resistance is 2% and reactance 3%.  The corresponding values for B are 250 kVA;
1.5% and 4% respectively.  Assuming that both transformers have star-connected secondary wind-
ings, calculate

(a) the load supplied by each transformer,

(b) the power factor at which each transformer is working,

(c) the secondary line voltage of the parallel circuit.

Solution.  On the basis of 500 kVA,
% ZA = 2 + j 3, % ZB = (500/200) (1.5 + j 4) = (3 + j8)

A

A B

Z
Z + Z =

2 3 3 8
0.3

5 1 5 11
j j
j j

+ += ∠ − 9.3°; =
+ +

B

A B

Z
Z + Z  = 0.711 ∠ 3.8°

Now, S = 750 ∠ − 45°

(a) SA = B

A B

Z
S

Z + Z  = 750 ∠ − 45° × 0.711 ∠ 3.8°

= 533 ∠ − 41.2° = (400 − j 351)
SB = 750 ∠ − 45° × 0.3 ∠ 09.3° = 225 ∠ − 54.3°

(b) cos φA = cos 41.2° = 0.752 (lag); cos φB = cos 54.3° = 0.5835 (lag)

(c) Since voltage drop of each transformer is the same, its value in the case of transformer A would
only be calculated.  Now, for transformer A, kW = 400 for the active component of the current and kVAR
= 351 for the reactive component.

∴ % resistive drop = 2 × 400/500

= 1.6%; % reactive drop = 3 × 351/500 = 2.1%

Total percentage drop = 1.6 + 2.1 = 3.7

Secondary line voltage = 400 − (3.7 × 400/100) = 385.2 V.

33.12.33.12.33.12.33.12.33.12. InstrInstrInstrInstrInstrument ument ument ument ument TTTTTransfransfransfransfransfororororormermermermermersssss
In d.c. circuit when large currents are to be measured, it is usual to use low-range ammeters with

suitable shunts.  For measuring high voltages, low-range voltmeters are used with a high resistance connected
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in series with them.  But it is not convenient to use this methods with alternating current and voltage instruments.
For this purpose, specially constructed accurate ratio instrument transformers are employed in conjunction
with standard low-range a.c. instruments.  These instrument
transformers are of two kinds : (i) current transformers for
measuring large alternating currents and (ii) potential
transformers for measuring high alternating voltages.

33.13.33.13.33.13.33.13.33.13. CurrCurrCurrCurrCurrent ent ent ent ent TTTTTransfransfransfransfransfororororormermermermermersssss
These transformers are used with low-range ammeters

to measure currents in high-voltage alternating-current circuits
where it is not practicable to connect instruments and meters
directly to the lines.  In addition to insulating the instrument
from the high voltage line, they step down the current in a
known ratio.  The current (or series) transformer has a primary
coil of one or more turns of thick wire connected in series
with the line whose current is to be measured as shown in
Fig. 33.32.  The secondary consists of a large number of
turns of fine wire and is connected across the ammeter
terminals (usually of 5-ampere bracket should be removed
or 1-ampere range).

Fig. 33.32 Fig. 33.33

As regards voltage, the transformers is of step-up variety but it is obvious that current will be stepped
down.  Thus, if the current transformer has primary to secondary current ratio of 100 : 5, then it steps up
the voltage 20 times whereas it steps down the current to 1/20th of its
actual value.  Hence, if we know current ratio (I1/I2) of the transformer
and the reading of the a.c. ammeter, the line current can be calculated.
In fact, line current is given by the current transformation ratio times the
reading on the ammeter.  One of the most commonly used current trans-
former is the one known as clamp-on or clip-on type.  It has a lami-
nated core which is so arranged that it can be opened out at hinged
section by merely pressing a triggr-like projection (Fig. 33.33).  When
the core is thus opened, it permits the admission of very heavy current-
carrying bus bars or feeders whereupon the trigger is released and the
core is tightly closed by a spring.  The current carrying conductor or
feeder acts as a single-turn primary whereas the secondary is con-
nected across the standard ammeter conveniently mounted in the handle.

It should be noted that, since the ammeter resistance is very low,
the current transformer normally works short circuited.  If for any reason,
the ammeter is taken out of the secondary winding, then this winding Small current transformer

Current transformers
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must be short-circuited with the help of short-circulating switch S.  If this is not done, then due to the
absence of counter amp-turns of the secondary, the unopposed primary m.m.f. will set up an abnormally
high flux in the core which will produce excessive core loss with subsequent heating and a high voltage
across the secondary terminals.  This is not the case with ordinary constant-potential transformers,
because their primary current is determined by the load in their secondary whereas in a current
transformer, the primay current is determined entirely by the load on the system and not by the load on its
own secondary.

Hence, the secondary of a current transformer should never be left open under any circumstances.

Example 33.30.  A 100 : 5 transformer is used in conjunction with a 5-amp ammeter.  If the
latter reads 3.5 A, find the line current.

Solution.  Here, the ratio 100 : 5 stands for the ratio of primary-to-secondary currents i.e.
I1/I2 = 100/5

∴ Primary (or line) current = 3.5 × (100/5) = 70 A

Example 33.31.  It is desired to measure a line current of the order of 2,000 A to 2,500 A. If a
standard 5-amp ammeter is to be used along with a current transformer, what should be the turn
ratio of the latter ?  By what factor should the ammeter reading be multiplied to get the line current
in each case ?

Solution.  I1/I2= 2000/5 = 400 or 2500/5 = 500.  Since I1/I2 = N2/N1 hence N2/N1 = 400 in the first
case and 500 in the second case.  It means that N1 : N2 :: 1 : 400 or 1 : 500.

Ratio or multiplication factor in the first case is 400 and in the second in the second case 500.

33.14.33.14.33.14.33.14.33.14. PPPPPotential otential otential otential otential TTTTTransfransfransfransfransfororororormermermermermersssss

These transformers are extremely
accurate-ratio step-down transformers and are
used in conjunction with standard low-range
voltmeters (usually 150-V) whose deflection
when divided by voltage transformation ratio,
gives the true voltage on the high voltage side.
In general, they are of the shell-type and do
not differ much from the ordinary two-winding
transformers discussed so far, except that their
power rating is extremely small.  Upto voltages
of 5,000, potential transformers are usually of
the dry type, between 5,000 and 13,800 volts,
they may be either dry type or oil immersed
type, although for voltages above 13,800 they
are always oil immersed type.  Since their
secondary windings are required to operate
instruments or relays or pilot lights, their ratings
are usually of 40 to 100 W.  For safety, the
secondary should be completely insulated from
the high-voltage primary and should be, in addition, grounded for affording protection to the operator.  Fig.
33.34 shows the connections of such a transformer.

Small Potential transformer
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1. Which of the following connections is best suited
for 3-phase, 4-wire service ?

(a) ∆ − ∆ (b) Y − Y

(c) ∆ − Y (d) Y − ∆
2. In a three-phase Y-Y transformer connection,

neutral is fundamental to the

(a) suppression of harmonics

(b) passage of unbalanced currents due to
unbalanced loads

(c) provision of dual electric service

(d) balancing of phase voltages with respect to
line voltages.

3. As compared to ∆ − ∆ bank, the capacity of the
V − V bank of transformers is ......... percent.

(a) 57.7 (b) 66.7

(c) 50 (d) 86.6

4. If three transformers in a ∆ − ∆ are delivering
their rated load and one transformer is removed,
then overload on each of the remaining trans-
formers is ......... percent.

(a) 66.7 (b) 173.2

(c) 73.2 (d) 58

5. When a V − V system is converted into a ∆ − ∆
system, increase in capacity of the system is
......... percent.

(a) 86.6 (b) 66.7

(c) 73.2 (d) 50

6. For supplying a balanced 3 − φ load of 40-kVA,
rating of each transformer in V − V bank should
be nearly ......... kVA.

(a) 20 (b) 23

(c) 34.6 (d) 25

7. When a closed − ∆ bank is converted into an
open − ∆ bank, each of the two remaining trans-
formers supplies ......... percent of the original
load.
(a) 66.7 (b) 57.7
(c) 50 (d) 73.2

8. If the load p.f. is 0.866, then the average p.f. of
the V – V bank is
(a) 0.886 (b) 0.75
(c) 0.51 (d) 0.65

9. A T − T connection has higher ratio of utilization
that a V − V connection only when
(a) identical transformers are used
(b) load power factor is leading
(c) load power factor is unity
(d) non-identical transformers are used.

10. The biggest advantage of T - T connection over
the V - V connection for 3-phase power trans-
formation is that it provides
(a) a set of balanced voltages under load
(b) a true 3-phase, 4-wire system
(c) a higher ratio of utilization
(d) more voltages.

11. Of the following statements concerning parallel
operation of transformers, the one which is not
correct is
(a) transformers must have equal voltage

ratings
(b) transformers must have same ratio of trans-

formation
(c) transformers must be operated at the same

frequency
(d) transformers must have equal kVA ratings.

Fig. 33.34 Fig. 33.35

Fig. 33.35 shows the connections of instrument transformers to a wattmeter.  While connecting the
wattmeter, the relative polarities of the secondary terminals of the transformers with respect to their primary
terminals must be known for connections of the instruments.

OBJECTIVE TEST – 33

www.EngineeringBooksPdf.com



1242 Electrical Technology

12. Statement
An auto-transformer is more efficient in trans-
ferring energy from primary to secondary
circuit.

Reason
Because it does so both inductively and
conductively.

Key
(a) statement is false, reason is correct and

relevant

(b) statement is correct, reason is correct but
irrelevant

(c) both statement and reason are correct and
are connected to each other as cause and
effect

(d) both statement and reason are false.

13. Out of the following given choices for poly phase
transformer connections which one will you
select for three-to-two phase conversion ?

(a) Scott (b) star/star
(c) double Scott (d) star/double-delta

14. A T − T transformer cannot be paralleled with
......... transformer.
(a) V − V (b) Y − ∆
(c) Y  − Y (d) ∆ − ∆

15. Instrument transformers are used on a.c. circuits
for extending the range of
(a) ammeters (b) voltmeters
(c) wattmeters (d) all of the above.

16. Before removing the ammeter from a current
transformer, its secondary must be short-
circuited in order to avoid
(a) excessive heating of the core
(b) high secondary e.m.f.
(c) increase in iron losses
(d) all of the above.

ANSWERS

1. c     2. a   3. a   4. c   5. c   6. b   7. b   8. b    9. d   10. b   11. d   12. c   13. a   14. b   15. d   16. d
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34.1.34.1.34.1.34.1.34.1. Classification of A.C. MotorsClassification of A.C. MotorsClassification of A.C. MotorsClassification of A.C. MotorsClassification of A.C. Motors
With the almost universal adoption of a.c. system of distribution of electric energy for light and

power, the field of application of a.c. motors has widened considerably during recent years.  As a
result, motor manufactures have tried, over the last few decades, to perfect various types of a.c.
motors suitable for all classes of industrial drives and for both single and three-phase a.c. supply.
This has given rise to bewildering multiplicity of types whose proper classification often offers
considerable difficulty.  Different a.c. motors may, however, be classified and divided into various
groups from the following different points of view :

1.1.1.1.1. AS REGARDS AS REGARDS AS REGARDS AS REGARDS AS REGARDS THEIR PRINCIPLE OF OPERATHEIR PRINCIPLE OF OPERATHEIR PRINCIPLE OF OPERATHEIR PRINCIPLE OF OPERATHEIR PRINCIPLE OF OPERATIONTIONTIONTIONTION
(A) Synchronous motors

(i) plain and (ii)  super—
(B) Asynchronous motors

(a) Induction motors

(i) Squirrel cage  { single
double

(ii) Slip-ring (external resistance)
(b) Commutator motors

(i) Series  { single phase
universal

(ii) Compensated   { conductively
inductively

(iii) shunt  { simple
compensated

(iv) repulsion  { straight
compensated

(v) repulsion-start induction (vi) repulsion induction

2.2.2.2.2. AS REGARDS THE TYPE OF CURRENTAS REGARDS THE TYPE OF CURRENTAS REGARDS THE TYPE OF CURRENTAS REGARDS THE TYPE OF CURRENTAS REGARDS THE TYPE OF CURRENT
(i) single phase (ii) three phase

3.3.3.3.3. AS REGARDS THEIR SPEEDAS REGARDS THEIR SPEEDAS REGARDS THEIR SPEEDAS REGARDS THEIR SPEEDAS REGARDS THEIR SPEED
(i) constant speed (ii) variable speed (iii) adjustable speed

4.4.4.4.4. AS REGARDS AS REGARDS AS REGARDS AS REGARDS AS REGARDS THEIR STRTHEIR STRTHEIR STRTHEIR STRTHEIR STRUCTURAL FEAUCTURAL FEAUCTURAL FEAUCTURAL FEAUCTURAL FEATURESTURESTURESTURESTURES
(i) open (ii) enclosed (iii) semi-enclosed

(iv) ventilated (v) pipe-ventilated (vi) riverted frame eye etc.

34.2.34.2.34.2.34.2.34.2. Induction Motor : General Prin-Induction Motor : General Prin-Induction Motor : General Prin-Induction Motor : General Prin-Induction Motor : General Prin-
ciplecipleciplecipleciple
As a general rule, conversion of electrical power into
mechanical power takes place in the rotating part of
an electric motor.  In d.c. motors, the electric power is
conducted directly to the armature (i.e. rotating part)
through brushes and commutator (Art. 29.1).  Hence,
in this sense, a d.c. motor can be called a conduction
motor.  However, in a.c. motors, the rotor does not
receive electric power by conduction but by
induction in exactly the same way as the secondary
of a 2-winding transformer receives its power from

Fig. 34.1 Squirrel cage AC induction motor
opened to show the stator and rotor construction,
the shaft with bearings, and the cooling fan.

Three phase high voltage asynchronous motors
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Induction Motor 1245

the primary.  That is why such motors are known as induction motors. In fact, an induction motor can
be treated as a rotating transformer i.e. one in which primary winding is stationary but the secondary
is free to rotate (Art. 34.47).

Of all the a.c. motors, the polyphase induction motor is the one which is extensively used for various
kinds of industrial drives. It has the following main advantages and also some dis-advantages:

Advantages:
1. It has very simple and extremely rugged, almost unbreakable construction (especially squirrel-

cage type).

2. Its cost is low and it is very reliable.

3. It has sufficiently high efficiency. In normal running condition, no brushes are needed,
hence frictional losses are reduced. It has a reasonably good power factor.

4. It requires minimum of maintenance.

5. It starts up from rest and needs no extra starting motor and has not to be synchronised. Its
starting arrangement is simple especially for squirrel-cage type motor.

Disadvantages:

1. Its speed cannot be varied without sacrificing some of its efficiency.

2. Just like a d.c. shunt motor, its speed decreases with increase in load.

3. Its starting torque is somewhat inferior to that of a d.c. shunt motor.

34.3.34.3.34.3.34.3.34.3. ConstructionConstructionConstructionConstructionConstruction
An induction motor consists essentially of two main parts :

(a) a stator and  (b)  a rotor.

(a) Stator
The stator of an induction motor is, in principle, the same as that of a synchronous motor or generator.

It is made up of a number of stampings, which are slotted to receive the windings [Fig.34.2 (a)].  The stator
carries a 3-phase winding [Fig.34.2 (b)] and is fed from a 3-phase supply.  It is wound for a definite number
of poles*, the exact number of poles being determined by the requirements of speed. Greater the number of
poles, lesser the speed and vice versa.  It will be shown in Art. 34.6 that the stator windings, when supplied
with 3-phase currents, produce a magnetic flux, which is of constant magnitude but which revolves (or
rotates) at synchronous speed (given by Ns = 120 f/P).  This revolving magnetic flux induces an e.m.f. in the
rotor by mutual induction.

Fig. 34.2 (a)  Unwound stator with semi-closed slots. Fig. 34.2 (b)  Completely wound stator
 Laminations are of high-quality low-loss silicon steel. for an induction motor.

(Courtesy : Gautam Electric Motors) (Courtesy : Gautam Electric Motors)

* The number of poles P, produced in the rotating field is P = 2n where n is the number of stator slots/pole/
phase.
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(b) Rotor
(i) Squirrel-cage rotor : Motors employing this type of rotor are known as squirrel-cage induction

motors.
(ii) Phase-wound or wound rotor : Motors employing this type of rotor are variously known as

‘phase-wound’ motors or ‘wound’ motors or as ‘slip-ring’ motors.

34.4.34.4.34.4.34.4.34.4. Squirrel-cage RotorSquirrel-cage RotorSquirrel-cage RotorSquirrel-cage RotorSquirrel-cage Rotor

Almost 90 per cent of induction motors are squirrel-cage type, because this type of rotor has the
simplest and most rugged construction imaginable and is almost indestructible. The rotor consists of
a cylindrical laminated core with parallel slots for carrying the rotor conductors which, it should be

Fig. 34.3 (a)  Squirrel-cage rotor with copper Fig. 34.3 (b)  Rotor with shaft and brings
bars and alloy brazed end-rings (Courtesy : Gautam Electric Motors)

(Courtesy : Gautam Electric Motors)

noted clearly, are not wires but consist of heavy bars of copper, aluminium or alloys. One bar is placed
in each slot, rather the bars are inserted from the end when semi-closed slots are used. The rotor bars
are brazed or electrically welded or bolted to two heavy and stout short-circuiting end-rings, thus
giving us, what is so picturesquely called, a squirrel-case construction (Fig. 34.3).

It should be noted that the rotor bars are permanently short-circuited on themselves, hence it is
not possible to add any external resistance in series with the rotor circuit for starting purposes.

The rotor slots are usually not quite parallel to the shaft but are purposely given a slight skew
(Fig. 34.4). This is useful in two ways :

(i) it helps to make the motor run quietly by reducing the magnetic hum and

(ii) it helps in reducing the locking tendency of the rotor i.e. the tendency of the rotor teeth to
remain under the stator teeth
due to direct magnetic attraction
between the two.*

In small motors, another method of
construction is used. It consists of placing
the entire rotor core in a mould and casting
all the bars and end-rings in one piece.
The metal commonly used is an
aluminium alloy.

Another form of rotor consists of a
solid cylinder of steel without any
conductors or slots at all. The motor
operation depends upon the production
of eddy currents in the steel rotor. Fig. 34.4

* Other results of skew which may or may not be desirable are (i) increase in the effective ratio of transformation
between stator and rotor (ii) increased rotor resistance due to increased length of rotor bars (iii) increased
impedance of the machine at a given slip and (iv) increased slip for a given torque.

Rotor
Shaft

Skewed
Rotor Slots

End-Ring

Ball
Bearings
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Fig. 34.5 (a)

34.5.34.5.34.5.34.5.34.5. Phase-wound RotorPhase-wound RotorPhase-wound RotorPhase-wound RotorPhase-wound Rotor
This type of rotor is provided with 3-phase, double-layer, distributed winding consisting of coils

as used in alternators. The rotor is wound for as many poles as the number of stator poles and is
always wound 3-phase even when the stator is wound two-phase.

The three phases are starred internally. The
other three winding terminals are brought out and
connected to three insulated slip-rings mounted
on the shaft with brushes resting on them [Fig.
34.5 (b)]. These three brushes are further
externally connected to a 3-phase star-connected
rheostat [Fig. 34.5 (c)]. This makes possible the
introduction of additional resistance in the rotor
circuit during the starting period for increasing
the starting torque of the motor, as shown in Fig.
34.6 (a) (Ex.34.7 and 34.10) and for changing its
speed-torque/current characteristics. When running under normal conditions, the slip-rings are
automatically short-circuited by means of a metal collar, which is pushed along the shaft and connects
all the rings together. Next, the brushes are automatically lifted from the slip-rings to reduce the
frictional losses and the wear and tear. Hence, it is seen that under normal running conditions, the
wound rotor is short-circuited on itself just like the squirrel-case rotor.

Fig. 34.6 (b) shows the longitudinal section of a slip-ring motor, whose structural details are as under :

Fig. 34.5 (b)  Slip-ring motor with slip-rings Fig. 34.5 (c)
brushes and short-circuiting devices

(Courtesy : Kirloskar Electric Company)

Fig. 34.6 (a) Fig. 34.6 (b)  Longitudinal section of a Jyoti
splash-proof slip-ring motor

(Courtesy : Jyoti Colour-Emag Ltd.)

Inlet

Contact
Studs
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1. Frame.  Made of close-grained alloy cast iron.

2. Stator and Rotor Core. Built from high-quality low-loss silicon steel laminations and flash-enam-
elled on both sides.

3. Stator and Rotor Windings. Have moisture proof tropical insulation embodying mica and high
quality varnishes. Are carefully spaced for most effective air circulation and are rigidly braced to
withstand centrifugal forces and any short-circuit stresses.

4. Air-gap. The stator rabbets and bore are machined carefully to ensure uniformity of air-gap.

5. Shafts and Bearings. Ball and roller bearings are used to suit heavy duty, toruble-free running
and for enhanced service life.

6. Fans. Light aluminium fans are used for adequate circulation of cooling air and are securely keyed
onto the rotor shaft.

7. Slip-rings and Slip-ring Enclosures. Slip-rings are made of high quality phosphor-bronze and
are of moulded construction.

Fig. 34.6 (c) shows the disassembled view of an induction motor with squirrel-cage rotor.
According to the labelled notation (a) represents stator (b) rotor (c) bearing shields (d) fan (e) venti-
lation grill and (f) terminal box.

Similarly, Fig. 34.6 (d) shows the disassembled view of a slip-ring motor where (a) represents
stator (b) rotor (c) bearing shields (d) fan (e) ventilation grill (f) terminal box (g) slip-rings (h) brushes
and brush holders.

Fig. 34.6 (c) Fig. 34.6 (d)

34.6.34.6.34.6.34.6.34.6. Production of Rotating FieldProduction of Rotating FieldProduction of Rotating FieldProduction of Rotating FieldProduction of Rotating Field

It will now be shown that when stationary
coils, wound for two or three phases, are supplied
by two or three-phase supply respectively, a
uniformly-rotating (or revolving) magnetic flux of
constant value is produced.

Two-phase Supply
The principle of a 2-φ, 2-pole stator having

two identical windings, 90 space degrees apart,
is illustrated in Fig. 34.7.

Induction motor

e
e

b

d d
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b
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The flux due to the current flowing in each phase winding is assumed
sinusoidal and is represented in Fig. 34.9. The assumed positive directions
of fluxes are those shown in Fig. 34.8.

Let Φ1 and Φ2 be the instantaneous values of the fluxes set up by
the two windings.  The resultant flux Φr at any time is the vector sum of
these two fluxes (Φ1 and Φ2) at that time. We will consider conditions
at intervals of 1/8th of a time period i.e. at intervals corresponding to
angles of 0º, 45º, 90º, 135º and 180º. It will be shown that resultant
flux Φr is constant in magnitude i.e. equal to Φm-the maximum flux due
to either phase and is making one revolution/cycle.  In other words, it
means that the resultant flux rotates synchronously.

(a) When θ = 0º i.e. corresponding to point 0 in Fig. 34.9, Φ1

= 0, but Φ2 is maximum i.e. equal to Φm and negative.
Hence, resultant flux Φr = Φm and, being negative, is shown
by a vector pointing downwards [Fig. 34.10 (i)].

(b) When θ = 45º i.e. corresponding to point 1 in Fig. 34.9.  At this instant, Φ1 = Φm / 2  and is
positive; Φ2 = Φm / 2   but is still negative. Their resultant, as shown in Fig. 34.10 (ii), is Φr =

2 2[( / 2) ( / 2) ]m mφ + φ  = Φm although this resultant has shifted 45º clockwise.

(c) When θ = 90º i.e. corresponding to point 2 in Fig. 34.9. Here Φ2 = 0, but Φ1 = Φm and is
positive. Hence, Φr = Φm and has further shifted by an angle of 45º from its position in (b) or by
90º from its original position in (a).

(d) When θ = 135º i.e. corresponding to point 3 in Fig. 34.9. Here, Φ1 = Φm/ 2  and is positive, Φ2

= Φm / 2  and is also positive. The resultant Φr = Φm and has further shifted clockwise by
another 45º, as shown in Fig. 34.10 (iv).

Fig. 34.8 Fig. 34.9

(e) When θ = 180º i.e. corresponding to point 4 in Fig. 34.9. Here, Φ1 = 0, Φ2 = Φm and is positive.
Hence, Φr = Φm and has shifted clockwise by another 45º or has rotated through an angle of
180º from its position at the beginning. This is shown in Fig. 34.10(v).

Fig. 34.7

S1

F2

S2

F1

2 Phase - 3 Wire

System
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Fig. 34.10

Hence, we conclude

1. that the magnitude of the resultant flux is constant and is equal to ΦΦΦΦΦm — the maximum
flux due to either phase.

2. that the resultant flux rotates at synchronous speed given by Ns = 120 f/P rpm.
However, it should be clearly understood that in this revolving field, there is no actual revolution

of the flux. The flux due to each phase changes periodically, according to the changes in the phase
current, but the magnetic flux itself does not move around the stator. It is only the seat of the resultant
flux which keeps on shifting synchronously around the stator.

Mathematical Proof
Let Φ1 = Φm sin ωt and Φ2 = Φm sin (ωt − 90º)

∴ Φ r
2 = Φ1

2 + Φ2
2

Φr
2 = (Φm sin ωt)2 + [Φm sin (ωt − 90º)]2 = Φm

2 (sin2 ωt + cos2 ωt) = Φm
2

∴ Φ r = Φm

It shows that the flux is of constant value and does not change with time.

34.7.34.7.34.7.34.7.34.7. Three-phase SupplyThree-phase SupplyThree-phase SupplyThree-phase SupplyThree-phase Supply
It will now be shown that when three-phase windings displaced in space by 120º, are fed by three-

phase currents, displaced in time by 120º, they produce a resultant magnetic flux, which rotates in
space as if actual magnetic poles were being rotated mechanically.

The principle of a 3-phase, two-pole stator having three identical windings placed 120 space
degrees apart is shown in Fig. 34.11.  The flux (assumed sinusoidal) due to three-phase windings is
shown in Fig 34.12.

The assumed positive directions of the fluxes are shown in Fig 34.13.  Let the maximum value of
flux due to any one of the three phases be Φm.  The resultant flux Φr, at any instant, is given by the
vector sum of the individual fluxes, Φ1, Φ2 and Φ3 due to three phases.  We will consider values of Φr
at four instants 1/6th time-period apart corresponding to points marked 0, 1, 2 and 3 in Fig. 34.12.
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Fig. 34.12 Fig. 34.13

(ii) when θ = 60º i.e. corresponding to point 1 in Fig. 34.12.

Here Φ1 = 3
2

Φm ...drawn parallel to OI of Fig. 34.13 as shown in Fig. 34.14 (ii)

Φ2 = − 3
2

Φm ...drawn in opposition to OII of Fig. 34.13.

Φ3 = 0

∴ Φ r = 2 × 3
2

Φm × cos 30º = 
3
2

Φm [Fig. 34.14 (ii)]

It is found that the resultant flux is again 
3
2

Φm but has rotated clockwise through an angle of 60º.

(iii) When θ = 120º i.e. corresponding to point 2 in Fig. 34.12.

Here, Φ1 = 3 ,
2 mΦ Φ2 = 0, Φ3 = 3

2 m− Φ

It can be again proved that Φr =  
3
2

Φm.

So, the resultant is again of the same value, but has further rotated clockwise through an angle of
60° [Fig. 34.14 (iii)].

S1

S3

S2

F3
F2

F1

3- Supply�

Neutral

Fig. 34.11

(i) When θ = 0º i.e. corresponding to point
0 in Fig. 34.12.

Here Φ1 = 0, Φ2 = − 3
2

Φm,  Φ3 =

3
2

Φm. The vector for Φ2 in Fig. 34.14 (i) is

drawn in a direction opposite to the direction
assumed positive in Fig. 34.13.

∴ Φ r = 2 × 3
2

Φm cos 60º
2

 = 3 ×

3
2

Φm = 3
2

Φm
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Fig. 34.14

(iv) When θ = 180° i.e. corresponding to point 3 in Fig. 34.12.

Φ1 = 0, Φ2 = 3
2

Φm , Φ3 = − 3
2

Φm

The resultant is 
3
2

Φm and has rotated clockwise through an additional angle 60º or through an
angle of 180° from the start.

Hence, we conclude that

1. the resultant flux is of constant value =  
3
2

Φm i.e. 1.5 times the maximum value of the flux

due to any phase.

2. the resultant flux rotates around the stator at synchronous speed given by Ns = 120 f/P.

Fig. 34.15 (a) shows the graph of the rotating flux in a simple way.  As before, the positive
directions of the flux phasors have been shown separately in Fig. 34.15 (b).  Arrows on these flux
phasors are reversed when each phase passes through zero and becomes negative.

www.EngineeringBooksPdf.com



Induction Motor 1253

Fig. 34.15

As seen, positions of the resultant flux phasor have been shown at intervals of 60° only.  The resultant
flux produces a field rotating in the clockwise direction.

34.8.34.8.34.8.34.8.34.8. Mathematical ProofMathematical ProofMathematical ProofMathematical ProofMathematical Proof

Taking the direction of flux due to phase 1 as reference direction, we have
Φ1 = Φm (cos 0° + j sin 0°) sin ωt
Φ2 = Φm (cos 240° + j sin 240°) sin (ωt − 120°)
Φ3 = Φm (cos 120° + j sin 120°) sin (ωt − 240°)

Expanding and adding the above equations, we get

Φr =  
3
2

Φm (sin ωt + j cos ωt) = 
3
2

 Φm ∠ 90°− ωt

The resultant flux is of constant magnitude and does not change with time ‘t’.

34.9.34.9.34.9.34.9.34.9. Why Does the Rotor Rotate ?Why Does the Rotor Rotate ?Why Does the Rotor Rotate ?Why Does the Rotor Rotate ?Why Does the Rotor Rotate ?

The reason why the rotor of an induction motor is set into rotation is as follow:
When the 3-phase stator windings, are fed by a 3-phase

supply then, as seen from above, a magnetic flux of constant
magnitude, but rotating at synchronous speed, is set up.
The flux passes through the air-gap, sweeps past the rotor
surface and so cuts the rotor conductors which, as yet, are
stationary. Due to the relative speed between the rotating
flux and the stationary conductors, an e.m.f. is induced in
the latter, according to Faraday’s laws of electro-magnetic
induction.  The frequency of the induced e.m.f. is the same
as the supply frequency.  Its magnitude is proportional to
the relative velocity between the flux and the conductors
and its direction is given by Fleming’s Right-hand rule.  Since
the rotor bars or conductors form a closed circuit, rotor current is produced whose direction, as given
by Lenz’s law, is such as to oppose the very cause producing it.  In this case, the cause which
produces the rotor current is the relative velocity between the rotating flux of the stator and the
stationary rotor conductors.  Hence, to reduce the relative speed, the rotor starts running in the same
direction as that of the flux and tries to catch up with the rotating flux.

The setting up of the torque for rotating the rotor is explained below :

Windings of induction electric motor
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In Fig 34.16 (a) is shown the stator field which is assumed to be rotating clockwise.  The relative
motion of the rotor with respect to the stator is anticlockwise.  By applying Right-hand rule, the
direction of the induced e.m.f. in the rotor is found to be outwards. Hence, the direction of the flux due
to rotor current alone, is as shown in Fig. 34.16 (b).  Now, by applying the Left-hand rule, or by the
effect of combined field [Fig. 34.16(c)] it is clear that the rotor conductors experience a force tending
to rotate them in clockwise direction. Hence, the rotor is set into rotation in the same direction as that
of the stator flux (or field).

Fig. 34.16

34.10.34.10.34.10.34.10.34.10. SlipSlipSlipSlipSlip

In practice, the rotor never succeeds in ‘catching up’ with the stator field.  If it really did so, then
there would be no relative speed between the two, hence no rotor e.m.f., no rotor current and so no
torque to maintain rotation.  That is why the rotor runs at a speed which is always less than the speed
of the stator field.  The difference in speeds depends upon the load on the motor.*

The difference between the synchronous speed Ns and the actual speed N of the rotor is known
as slip.  Though it may be expressed in so many revolutions/second, yet it is usual to express it as a
percentage of the synchronous speed.  Actually, the term ‘slip’ is descriptive of the way in which the
rotor ‘slips back’ from synchronism.

% slip s = 100s

s

N N
N

−
×

Sometimes, Ns − N is called the slip speed.
Obviously, rotor (or motor) speed is N = Ns (1 − s).
It may be kept in mind that revolving flux is rotating synchronously, relative to the stator (i.e.

stationary space) but at slip speed relative to the rotor.

34.11.34.11.34.11.34.11.34.11. Frequency of Rotor CurrentFrequency of Rotor CurrentFrequency of Rotor CurrentFrequency of Rotor CurrentFrequency of Rotor Current

When the rotor is stationary, the frequency of rotor current is the same as the supply frequency.
But when the rotor starts revolving, then the frequency depends upon the relative speed or on slip-
speed.  Let at any slip-speed, the frequency of the rotor current be f ′. Then

Ns − N =
120 f

P
′

Also, Ns = 
120 f

P

Dividing one by the other, we get, 
s

s

N Nf
s

f N

−′ = = ∴ f ′ = sf

As seen, rotor currents have a frequency of f ′  = sf and when flowing through the individual

* It may be noted that as the load is applied, the natural effect of the load or braking torque is to slow down the
motor.  Hence, slip increases and with it increases the current and torque, till the driving torque of the motor
balances the retarding torque of the load.  This fact determines the speed at which the motor runs on load.
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phases of rotor winding, give rise to rotor magnetic fields. These individual rotor magnetic fields produce a
combined rotating magnetic field, whose speed relative to rotor is

=
120 120

S
f sf

sN
P P

′ = =

However, the rotor itself is running at speed N with respect to space. Hence,

speed of rotor field in space  =  speed of rotor magnetic field relative to rotor + speed of rotor relative
to space

= sNs + N = sNs + Ns (1− s) = Ns

It means that no matter what the value of slip, rotor currents and stator currents each produce a
sinusoidally distributed magnetic field of constant magnitude and constant space speed of Ns.  In
other words, both the rotor and stator fields rotate synchronously, which means that they are
stationary with respect to each other.  These two synchronously rotating magnetic fields, in fact,
superimpose on each other and give rise to the actually existing rotating field, which corresponds to
the magnetising current of the stator winding.

Example 34.1.  A slip-ring induction motor runs at 290 r.p.m. at full load, when connected to
50-Hz supply.  Determine the number of poles and slip.

(Utilisation of Electric Power AMIE Sec. B 1991)

Solution.  Since N is 290 rpm; Ns has to be somewhere near it, say 300 rpm.  If Ns is assumed as 300
rpm, then 300 = 120 × 50/P.  Hence, P = 20. ∴  s = (300 − 290)/300 = 3.33%

Example 34.2.  The stator of a 3-φ induction motor has 3 slots per pole per phase.  If supply
frequency is 50 Hz, calculate

(i) number of stator poles produced and total number of slots on the stator

(ii) speed of the rotating stator flux (or magnetic field).

Solution.  (i) P = 2n = 2 × 3 = 6 poles
Total No. of slots = 3 slots/pole/phase × 6 poles × 3 phases = 54
(ii) Ns = 120 f/P = 120 × 50/6 = 1000 r.p.m.

Example 34.3.  A 4-pole, 3-phase induction motor operates from a supply whose frequency is 50
Hz. Calculate :

(i) the speed at which the magnetic field of the stator is rotating.

(ii) the speed of the rotor when the slip is 0.04.

(iii) the frequency of the rotor currents when the slip is 0.03.

(iv) the frequency of the rotor currents at standstill.

(Electrical Machinery II, Banglore Univ. 1991)

Solution.  (i) Stator field revolves at synchronous speed, given by
Ns = 120 f/P = 120 × 50/4 = 1500 r.p.m.

(ii) rotor (or motor) speed, N = Ns (1 − s) = 1500(1 − 0.04) = 1440 r.p.m.
(iii) frequency of rotor current,  f ′ = sf = 0.03 × 50 = 1.5 r.p.s = 90 r.p.m
(iv) Since at standstill, s = 1, f ′   = sf = 1 × f = f = 50Hz

Example 34.4.  A 3-φ induction motor is wound for 4 poles and is supplied from 50-Hz system.
Calculate (i) the synchronous speed (ii) the rotor speed, when slip is 4% and (iii) rotor frequency
when rotor runs at 600 rpm. (Electrical Engineering-I, Pune Univ. 1991)

Solution.  (i) Ns = 120 f/P = 120 × 50/4 = 1500 rpm
(ii) rotor speed, N = Ns (1 − s) = 1500 (1 − 0.04) = 1440 rpm

www.EngineeringBooksPdf.com



1256 Electrical Technology

(iii) when rotor speed is 600 rpm, slip is

s = (Ns − N)/Ns = (1500 − 600)/1500 = 0.6
rotor current frequency, f ′ = sf = 0.6 × 50 = 30 Hz

Example 34.5.  A 12-pole, 3-phase alternator driven at a speed of 500 r.p.m. supplies power to
an 8-pole, 3-phase induction motor.  If the slip of the motor, at full-load is 3%, calculate the full-load
speed of the motor.

Solution.  Let N = actual motor speed; Supply frequency, f = 12 × 500/120 = 50 Hz.  Synchronous
speed Ns = 120 × 50/8 = 750 r.p.m.

% slip s =
750

100 ; 3 100
750

SN N N
N

− −× = × ∴  N = 727.5 r.p.m.

Note.  Since slip is 3%, actual speed N is less than Ns by 3% of Ns i.e. by 3 × 750/100 = 22.5 r.p.m.

34.12.34.12.34.12.34.12.34.12. RelaRelaRelaRelaRelation Betwtion Betwtion Betwtion Betwtion Between een een een een TTTTTorororororque and Rotor Pque and Rotor Pque and Rotor Pque and Rotor Pque and Rotor Pooooowwwwwer Fer Fer Fer Fer Factoractoractoractoractor

In Art. 29.7, it has been shown that in the case of a d.c. motor, the torque Ta is proportional to the
product of armature current and flux per pole i.e. Ta ∝  φ Ia.  Similarly, in the case of an induction motor,
the torque is also proportional to the product of flux per stator pole and the rotor current.  However,
there is one more factor that has to be taken into account i.e. the power factor of the rotor.

∴ T ∝  φ I2 cos φ2 or T =  k φ I2 cos φ2

where I2 = rotor current at standstill
φ2  = angle between rotor e.m.f. and

rotor current
k = a constant

Denoting rotor e.m.f. at standstill by E2, we have that E2 ∝ φ
∴ T ∝ E2 I2 cos φ2

or T = k1E2 I2 cos φ2

where k1 is another constant.

The effect of rotor power factor on rotor torque is illustrated
in Fig. 34.17 and Fig. 34.18 for various values of φ2.  From the
above expression for torque, it is clear that as φ2 increases (and
hence, cos φ2 decreases) the torque decreases and vice versa.

In the discussion to follow, the stator flux distribution is
assumed sinusoidal.   This revolving flux induces in each rotor
conductor or bar an e.m.f. whose value depends on the flux
density, in which the conductor is lying at the instant considered
(��e = Blv volt).  Hence, the induced e.m.f. in the rotor is also
sinusoidal.

(i) Rotor Assumed Non-inductive (or φφφφφ2 = 0)
In this case, the rotor current I2 is in phase with the e.m.f. E2 induced in the rotor (Fig. 34.17).   The

instantaneous value of the torque acting on each rotor conductor is given by the product of
instantaneous value of the flux and the rotor current (��F ∝  BI2l ).  Hence, torque curve is obtained by
plotting the products of flux φ (or flux density B) and I2.  It is seen that the torque is always positive i.e.
unidirectional.

(ii) Rotor Assumed Inductive
This case is shown in Fig. 34.18.  Here, I2 lags behind E2 by an angle φ2 = tan−1 X2/R2 where R2 =

rotor resistance/phase; X2 = rotor reactance/phase at standstill.

Fig. 34.17
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It is seen that for a portion
‘ab’ of the pole pitch, the torque
is negative i.e. reversed.  Hence,
the total torque which is the
difference of the forward and the
backward torques, is
considerably reduced.  If φ2 =
90°, then the total torque is zero
because in that case the
backward and the forward
torques become equal and
opposite.

34.13.34.13.34.13.34.13.34.13. StarStarStarStarStarting ting ting ting ting TTTTTorororororquequequequeque

The torque developed by the motor at the instant of starting is called starting torque.  In some cases, it
is greater than the normal running torque, whereas in some other cases it is somewhat less.

Let E2 = rotor e.m.f. per phase at standstill;
R2 =  rotor resistance/phase

X2 = rotor reactance/phase at standstill

∴ Z2 =  2 2
2 2( )R X+  = rotor impedance/phase at standstill ...Fig. 34.19

Then, I2 = 2 2 2 2
22 2 2 22 2

2 2 2 2

; cos
( ) ( )

E E R R
Z ZR X R X

= φ = =
+ +

Standstill or starting torque Tst = k1 E2 I2 cos φ2 ...Art. 34.12

or Tst = k1E2 . 
2

2 2 1 2 2
2 22 2 2 2
2 22 2 2 2( ) ( )

E R k E R

R XR X R X
× =

++ +
...(i)

If supply voltage V is constant, then the flux Φ and hence, E2 both are constant.

∴ Tst = k2 2 2
22 2 2

2 2 2

R R
k

R X Z
=

+
where k2 is some other constant.

Now, k1 =  

2
2 2

2 2
2 2

3 3, .
2 2st

s s

E R
T

N N R X
∴ =

π π +

Where Ns → synchronous speed in rps.

34.14.34.14.34.14.34.14.34.14. StarStarStarStarStarting ting ting ting ting TTTTTorororororque of a Squirrque of a Squirrque of a Squirrque of a Squirrque of a Squirrel-cage Motorel-cage Motorel-cage Motorel-cage Motorel-cage Motor

The resistance of a squirrel-cage motor is fixed and small as compared to its reactance which is very
large especially at the start because at standstill, the frequency of the rotor currents equals the supply
frequency.  Hence, the starting current I2 of the rotor, though very large in magnitude, lags by a very large
angle behind E2, with the result that the starting torque per ampere is very poor.  It is roughly 1.5 times the
full-load torque, although the starting current is 5 to 7 times the full-load current.  Hence, such motors are
not useful where the motor has to start against heavy loads.

34.15.34.15.34.15.34.15.34.15. StarStarStarStarStarting ting ting ting ting TTTTTorororororque of a Slip-rque of a Slip-rque of a Slip-rque of a Slip-rque of a Slip-ring Motoring Motoring Motoring Motoring Motor
The starting torque of such a motor is increased by improving its power factor by adding external

resistance in the rotor circuit from the star-connected rheostat, the rheostat resistance being progres-

Fig. 34.18 Fig. 34.19
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sively cut out as the motor gathers speed.  Addition of external resistance, however, increases the rotor
impedance and so reduces the rotor current.  At first, the effect of improved power factor predominates
the current-decreasing effect of impedance.  Hence, starting torque is increased.  But after a certain
point, the effect of increased impedance predominates the effect of improved power factor and so the
torque starts decreasing.

34.16.34.16.34.16.34.16.34.16. Condition fCondition fCondition fCondition fCondition for Maximor Maximor Maximor Maximor Maximum Starum Starum Starum Starum Starting ting ting ting ting TTTTTorororororquequequequeque
It can be proved that starting torque is maximum when rotor resistance equals rotor reactance.

Now Tst = 2 2
2 2
2 2

k R

R X+
 2 2

2 2 2 2 2 2
2 2 2 2 2

(2 )1 0
( )

stdT R R
k

dR R X R X

 
∴ = − = 

+ +  
or R2

2 + X2
2 = 2R2

2 ∴ R2 = X2.

34.17.34.17.34.17.34.17.34.17. EfEfEfEfEffect of Change in Supply fect of Change in Supply fect of Change in Supply fect of Change in Supply fect of Change in Supply VVVVVoltage on Staroltage on Staroltage on Staroltage on Staroltage on Starting ting ting ting ting TTTTTorororororquequequequeque

We have seen in Art. 34.13 that Tst =  
2

1 2 2
2 2
2 2

k E R

R X+
.  Now E2 ∝  supply voltage V

∴ Tst =
2 2

3 2 3 2
2 2 2
2 2 2

k V R k V R

R X Z
=

+
 where k3 is yet another constant.  Hence Tst ∝  V2.

Clearly, the torque is very sensitive to any changes in the supply voltage.  A change of 5 per cent in
supply voltage, for example, will produce a change of approximately 10% in the rotor torque.  This fact is of
importance in star-delta and auto transformer starters (Art. 33-11).

Example 34.6.  A 3-6 induction motor having a star-connected rotor has an induced e.m.f. of 80
volts between slip-rings at standstill on open-circuit.  The rotor has a resistance and reactance per
phase of 1 Ω and 4 Ω respectively.  Calculate current/phase and power factor when (a) slip-rings
are short-circuited (b) slip-rings are connected to a star-connected rheostat of 3 Ω per phase.

(Electrical Technology, Bombay Univ. 1987, and similar example: Rajiv Gandhi Techn. Univ.
Bhopal, Dec. 2000)

Solution.  Standstill e.m.f./rotor phase = 80 / 3  = 46.2 V

(a) Rotor impedance/phase = 2 2(1 4 )+ = 4.12 Ω

Rotor current/phase = 46.2/4.12  = 11.2 A
Power factor = cos φ = 1/4.12 = 0.243

As p.f. is low, the starting torque is also low.
(b) Rotor resistance/phase = 3 + 1 = 4 Ω

Rotor impedance/phase =
2 2(4 4 )+  = 5.66 Ω

∴ Rotor current/phase = 46.2/5.66 = 8.16 A; cos φ = 4/5.66 = 0.707.
Hence, the starting torque is increased due to the improvement in the power factor. It will also be

noted that improvement in p.f. is much more than the decrease in current due to increased impedance.

Example 34.7.  A 3-phase, 400-V, star-connected induction motor has a star-connected rotor
with a stator to rotor turn ratio of 6.5.  The rotor resistance and standstill reactance per phase are
0.05 Ω and 0.25 Ω respectively.  What should be the value of external resistance per phase to be
inserted in the rotor circuit to obtain maximum torque at starting and what will be rotor starting
current with this resistance?

Solution.  Here K = 1
6.5

 because transformation ratio K is defined as
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=
rotor turns/phase
stator turns/phase

Standstill rotor e.m.f./phase, E2 = 
400 1 35.5 volt

6.53
× =

It has been shown in Art. 34.16 that starting torque is maximum when R2 = X2 i.e. when
R2 = 0.25 Ω in the present case

∴ External resistance/phase required = 0.25 − 0.05 = 0.2 ΩΩΩΩΩ

Rotor impedance/phase = 2 2(0.25 0.25 ) 0.3535+ = Ω
Rotor current/phase, I2 = 35.5/0.3535 = 100 A (approx)

Example 34.8.  A 1100-V, 50-Hz delta-connected induction motor has a star-connected slip-ring
rotor with a phase transformation ratio of 3.8.  The rotor resistance and standstill leakage reac-
tance are 0.012 ohm and 0.25 ohm per phase respectively. Neglecting stator impedance and
magnetising current determine.

(i) the rotor current at start with slip-rings shorted

(ii) the rotor power factor at start with slip-rings shorted

(iii) the rotor current at 4% slip with slip-rings shorted

(iv) the rotor power factor at 4% slip with slip-rings shorted

(v) the external rotor resistance per phase required to obtain a starting current of 100 A in the
stator supply lines. (Elect. Machines AMIE Sec. B 1992)

Solution.   It should be noted that in a ∆/Y connection, primary phase voltage is the same as the
line voltage.  The rotor phase voltage can be found by using the phase transformation ratio of 3.8 i.e.
K = 1/3.8.

Rotor phase voltage at standstill = 1100 × 1/3.8 = 289.5V

(i) Rotor impedence/phase =  2 20.012 0.25 0.2503+ = Ω

Rotor phase current at start = 289.5/0.2503 = 1157 A
(ii) p.f. = R2/Z2 = 0.012/0.2503 = 0.048 lag

(iii) at 4% slip, Xr = sX2 = 0.04 × 0.25 = 0.01 Ω

∴ Zr = 2 20.012 0.01+ = 0.0156 ΩΩΩΩΩ

Er = sE2 = 0.04 × 289.5 = 11.58 V; I2 = 11.58/0.0156 = 742.3 A
(iv) p.f. = 0.012/0.0156 = 0.77
(v) I2 = I1/K = 100 × 3.8 = 380 A; E2 at standstill = 289.5 V

Z2 = 289.5/380 = 0.7618 Ω; R2 = 2 2 2 2
2 2 0.7618 0.25 0.7196Z X− = − = Ω

∴ External resistance reqd./phase = 0.7196 − 0.012 = 0.707 ΩΩΩΩΩ
Example 34.9.  A 150-kw, 3000-V, 50-Hz, 6-pole star-connected induction motor has a star-

connected slip-ring rotor with a transformation ratio of 3.6 (stator/rotor).  The rotor resistance is
0.1Ω/phase and its per phase leakage reactance is 3.61 mH.  The stator impedance may be neglected.
Find the starting current and starting torque on rated voltage with short-circuited slip rings.

(Elect. Machines, A.M.I.E. Sec. B, 1989)
Solution. X2 = 2π × 50 × 5.61 × 10−3 = 1.13 Ω

K = 1/3.6, R2′= R2/K
2
 = (3.6)2 × 0.1 = 1.3 Ω

X2 = 2π × 50 × 3.61 × 10−3 = 1.13 Ω ; X2′ = (3.6)2 × 1.13 = 14.7Ω
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Ist = 2 2 2 2
2 2

3000 / 3.
( ) ( ) (1.3) (14.7)

V

R X
=

′ + ′ +
117.4 A

Now, Ns = 120 × 50/6 = 1000 rpm = (50/3) rps

Tst =
2 2

2
2 2 2 2

2 2

(3000 / 3) 1.33 3.
2 2 (50 / 3)( ) ( ) (1.3 14.7 )s

V R
N R X

′ ×= × =
π π′ + ′ +

513 N-m

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No. 34.1 34.1 34.1 34.1 34.1
1. In the case of an 8-pole induction motor, the supply frequency was 50-Hz and the shaft speed was

735 r.p.m. What were the magnitudes of the following: (Nagpur Univ., Summer 2000)

(i) synchronous speed (ii) speed of slip

(iii) per unit slip (iv) percentage slip

[750 r.p.m. ; 15 r.p.m.; 0.02 ; 2%]

2. A 6-pole, 50-Hz squirrel-cage induction motor runs on load at a shaft speed of 970 r.p.m.
Calculate:-

(i) the percentage slip

(ii) the frequency of induced current in the rotor. [3% ; 1.5 Hz]

3. An 8-pole alternator runs at 750. r.p.m. and supplies power to a 6-pole induction motor which has
at full-load a slip of 3%. Find the full-load speed of the induction motor and the frequency of its
rotor e.m.f. [970 r.p.m. ; 1.5 Hz]

4. A 3-phase, 50-Hz induction motor with its rotor star-connected gives 500 V (r.m.s.) at standstill
between the slip-rings on open-circuit. Calculate the current and power factor at standstill when the
rotor winding is joined to a star-connected external circuit, each phase of which has a resistance of
10 Ω and an inductance of 0.04 H. The resistance per phase of the rotor winding is 0.2 Ω and its
inductance is 0.04 H.

Also, calculate the current and power factor when the slip-rings are short-circuited and the motor is
running with a slip of 5 per cent. Assume the flux to remain constant.

[10.67 A; 0.376; 21.95 A; 0.303]

5. Obtain an expression for the condition of maximum torque of an induction motor. Sketch the torque-
slip curves for several values of rotor circuit resistance and indicate the condition for maximum
torque to be obtained at starting.

If the motor has a rotor resistance of 0.02 Ω and a standstill reactance of 0.1 Ω, what must be the
value of the total resistance of a starter for the rotor circuit for maximum torque to be exerted at
starting ? [0.08 ΩΩΩΩΩ] (City and Guilds, London)

6. The rotor of a 6-pole, 50-Hz induction motor is rotated by some means at 1000 r.p.m. Compute
(i) rotor voltage (ii) rotor frequency (iii) rotor slip and (iv) torque developed. Can the rotor rotate at
this speed by itself ? [(i) 0 (ii) 0 (iii) 0 (iv) 0; No] (Elect. Engg. Grad I.E.T.E. June 1985)

7. The rotor resistances per phase of a 4-pole, 50-Hz, 3-phase induction motor are 0.024 ohm and 0.12
ohm respectively. Find the speed at maximum torque. Also find the value of the additional rotor
resistance per phase required to develop 80% of maximum torque at starting.

[1200 r.p.m. 0.036 ΩΩΩΩΩ] (Elect. Machines, A.M.I.E. Sec. B, 1990)

8. The resistance and reactance per phase of the rotor of a 3-phase induction motor are 0.6 ohm and
5 ohms respectively.  The induction motor has a star-connected rotor and when the stator is
connected to a supply of normal voltage, the induced e.m.f. between the slip rings at standstill is 80
V.  Calculate the current in each phase and the power factor at starting when (i) the slip-rings are
shorted, (ii) slip-rings are connected to a star-connected resistance of 4 ohm per phase.

[(i) 9.17 amp, 0.1194 lag  (ii)  6.8 amp, 0.6765 lag][Rajiv Gandhi Technical University, Bhopal, 2000]
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34.18.34.18.34.18.34.18.34.18. Rotor E.M.FRotor E.M.FRotor E.M.FRotor E.M.FRotor E.M.F..... and Reactance Under Running Conditions and Reactance Under Running Conditions and Reactance Under Running Conditions and Reactance Under Running Conditions and Reactance Under Running Conditions

Let E2 =  standstill rotor induced e.m.f./phase

X2 = standstill rotor reactance/phase,  f2 = rotor current frequency at standstill
When rotor is stationary i.e. s = 1, the frequency of rotor e.m.f. is the same as that of the stator supply

frequency.  The value of e.m.f. induced in the rotor at standstill is maximum because the relative speed
between the rotor and the revolving stator flux is maximum.  In fact, the motor is equivalent to a 3-phase
transformer with a short-circuited rotating secondary.

When rotor starts running, the relative speed between it and the rotating stator flux is decreased.
Hence, the rotor induced e.m.f. which is directly proportional to this relative speed, is also decreased
(and may disappear altogether if rotor speed were to become equal to the speed of stator flux). Hence,
for a slip s, the rotor induced e.m.f. will be s times the induced e.m.f. at standstill.

Therefore, under running conditions Er = sE2

The frequency of the induced e.m.f. will likewise become fr = sf2
Due to decrease in frequency of the rotor e.m.f., the rotor reactance will also decrease.

∴ Xr  = sX2

where Er and Xr are rotor e.m.f. and reactance under running conditions.

34.19.34.19.34.19.34.19.34.19.     TTTTTorororororque Under Running Conditionsque Under Running Conditionsque Under Running Conditionsque Under Running Conditionsque Under Running Conditions

T ∝  ErIr cos φ2 or T ∝  φ Ir cos φ2 (�  Er ∝  φ)

where Er = rotor e.m.f./phase under running conditions
Ir = rotor current/phase under running conditions

Now Er = sE2

∴ Ir = 2

2 2
2 2[ ( ) ]

r

r

E sE
Z R sX

=
+

cos φ2 = 2

2 2
2 2[ ( ) ]

R

R sX+
—Fig. 34.20

∴ T ∝ 2 2 2 2
2 2 2 2
2 2 2 2

. .

( ) ( )

s E R k s E R

R sX R sX

Φ Φ
=

+ +

AlsoT =

2
1 2 2
2 2
2 2

.

( )

k sE R

R sX+ (�E2 ∝  φ)

where k1 is another constant.  Its value can be proved to be equal to 3/2 πNs (Art. 34.38).   Hence, in that
case, expression for torque becomes

T =
2 2
2 2 2 2

2 2 2
2 2

3 3. .
2 2( )S S

sE R sE R
N NR sX Zr

=
π π+

At standstill when s = 1, obviously

Tst =

2 2
1 2 2 2 2
2 2 2 2
2 2 2 2

3or = .
2 S

k E R E R
NR X R X

 
  π+ + 

    the same as in Art. 34.13.

Example 34.10.  The star connected rotor of an induction motor has a standstill impedance of
(0.4 + j4) ohm per phase and the rheostat impedance per phase is (6 + J2) ohm.

The motor has an induced emf of 80 V between slip-rings at standstill when connected to its
normal supply voltage.  Find

Fig. 34.20

Zr

f 2

R2

SX2

A B

C
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(i) rotor current at standstill with the rheostat is in the circuit.

(ii) when the slip-rings are short-circuited and motor is running with a slip of 3%.

(Elect.Engg. I, Nagpur Univ. 1993)

Solution.  (1) Standstill Conditions

Voltage/rotor phase = 80 / 3  = 46.2. V; rotor and

starter impedance/phase = (6.4 + j6) = 8.77 ∠  43.15°

Rotor current/phase = 46.2/8.77 = 5.27 A (p.f. = cos 43.15° = 0.729)
(2) Running Conditions.  Here, starter impedance is cut out.
Rotor voltage/phase, Er = sE2 = 0.03 × 46.2 = 1.386 V

Rotor reactance/phase, Xr = 0.03 × 4 = 0.12 Ω
Rotor impedance/phase, Zr = 0.4 + j0.12 = 0.4176 ∠ 16.7°
Rotor current/phase = 1.386/0.4176 = 3.32 A (p.f. = cos 16.7° = 0.96)

Note.  It has been assumed that flux across the air -gap remains constant

34.20.34.20.34.20.34.20.34.20. Condition fCondition fCondition fCondition fCondition for Maximor Maximor Maximor Maximor Maximum um um um um TTTTTorororororque Under Running Conditionsque Under Running Conditionsque Under Running Conditionsque Under Running Conditionsque Under Running Conditions

The torque of a rotor under running conditions is

T =
2

2 2 2 2
12 2 2 2

2 2 2 2( ) ( )

k sE R sE R
k

R sX R sX

Φ
=

+ +
...(i)

The condition for maximum torque may be obtained by differentiating the above expression

with respect to slip s and then putting it equal to zero.  However, it is simpler to put Y = 
1
T

and then
differentiate it.

∴ Y = 
2 2
2 2

2 2

( )R sX
k sE R

+
Φ

=
2 2

2 2 2 2
2

2 2 2 2 22

; 0
R sX R XdY

k sE k E R ds k E Rk s E

−
+ = + =

Φ Φ ΦΦ

∴ 2
2

2

R

k s EΦ
=

2
2

2 2

X
k E RΦ

or  R2
2 = s2 X2

2 or R2 = sX2

Hence, torque under running condition is maximum at that value of the slip s which makes rotor
reactance per phase equal to rotor resistance per phase.   This slip is sometimes written as sb and the
maximum torque as Tb.

Slip corresponding to maximum torque is s = R2/X2

Putting R2 = sX2 in the above equation for the torque, we get

Tmax =
2

2 2 2 2 2 2
max2 2 2

2 22 2

or or or
2 22 2

k s E X k sE R k E k sE
T

X Rs X R

 Φ Φ Φ Φ =       
...(ii)

Substituting value of  s = R2/X2 in the other equation given in (i) above, we get

Tmax =
2 2

2 2 2 2 2
1 12 2 2

22 2 2 2

( / ) . .
2( / ) .

R X E R E
k k

XR R X X
=

+

Since, k 1 = 3/2π Ns, we have Tmax = 
2
2

2

3 .
2 2s

E
N Xπ N-m

From the above, it is found
1. that the maximum torque is independent of rotor resistance as such.
2. however, the speed or slip at which maximum torque occurs is determined by the rotor
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resistance.  As seen from above, torque becomes maximum when rotor reactance equals its
resistance.  Hence, by varying rotor resistance (possible only with slip-ring motors) maxi-
mum torque can be made to occur at any desired slip (or motor speed).

3. maximum torque varies inversely as standstill reactance.  Hence, it should be kept as small
as possible.

4. maximum torque varies directly as the square of the applied voltage.
5. for obtaining maximum torque at starting (s =1), rotor resistance must be equal to rotor

reactance.

Example 34.11.   A 3-phase, slip-ring, induction motor with star-connected rotor has an
induced e.m.f. of 120 volts between slip-rings at standstill with normal voltage applied to the stator.
The rotor winding has a resistance per phase of 0.3 ohm and standstill leakage reactance per phase
of 1.5 ohm.

Calculate (i) rotor current/phase when running short-circuited with 4 percent slip and (ii) the
slip and rotor current per phase when the rotor is developing maximum torque.

(Elect. Engg.-II, Pune Univ. 1989)

Solution.  (i) induced e.m.f./rotor phase, Er = sE2 = 0.04 × (120/ 3 ) = 2.77V
rotor reactance/phase, Xr = sX2 = 0.04 × 1.5 = 0.06 Ω

rotor impedance/phase = 2 20.3 0.06 0.306+ = Ω

rotor current/phase = 2.77/0.306 = 9A

(ii) For developing maximum torque,

R2 = sX2 or s = R2/X2 = 0.3/1.5 = 0.2

Xr = 0.2 × 1.5 = 0.3 Ω, Zr = 2 20.3 0.3 0.42+ = Ω

Er = sE2= 0.2 × (120/ 3 ) = 13.86 V

∴ Rotor current/phase = 13.86/0.42 = 33 A

34.21.34.21.34.21.34.21.34.21. Rotor Rotor Rotor Rotor Rotor TTTTTorororororque and Brque and Brque and Brque and Brque and Breakdoeakdoeakdoeakdoeakdown wn wn wn wn TTTTTorororororquequequequeque

The rotor torque at any slip s can be expressed in terms of the maximum (or breakdown) torque Tb
by the following equation

T = Tb
2

( / ) ( / )b bs s s s
 
 + 

  where sb is the breakdown or pull-out slip.

Example 34.12.  Calculate the torque exerted by an 8-pole, 50-Hz, 3-phase induction motor
operating with a 4 per cent slip which develops a maximum torque of 150 kg-m at a speed of
660 r.p.m. The resistance per phase of the rotor is 0.5 Ω. (Elect. Machines, A.M.I.E. Sec. B, 1989)

Solution. Ns = 120 × 50/8 = 750 r.p.m.

Speed at maximum torque = 660 r.p.m. Corresponding slip sb = 
750 660

750
−

 = 0.12

For maximum torque, R2 = sb X2
∴ X2 = R2/sb = 0.5/0.12 = 4.167 ΩΩΩΩΩ
As seen from Eq. (ii) of Art. 34.20,

Tmax = 2 2 2
2

0.12. . 0.12
2 2 0.5

bs
k E k E k E

R
Φ = Φ = Φ

×
...(i)

When slip is 4 per cent
As seen from Eq. (i) of Art. 34.20
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T = 2 2
2 22 2 2 2

2 2

0.020.04 0.5
0.2778( ) 0.5 (0.04 4.167)

sR k E
k E k E

R sX

Φ×Φ = Φ =
+ + ×

∴
max

T
T

= 0.02
150 0.2778 0.12
T =

×
∴ T = 90 kg-m

Alternative Solution
Tb = 150 kg.m; sb = 0.12, s = 4% = 0.04, T = ?

T = 2
( / ) ( / )b

b b

T
s s s s

 
 + 

...Art 34.21

= 2150
(0.12 / 0.04) (0.04 / 0.12)

  = + 
90 kg-m

34.22.34.22.34.22.34.22.34.22. Rela Rela Rela Rela Relation Betwtion Betwtion Betwtion Betwtion Between een een een een TTTTTorororororque and Slipque and Slipque and Slipque and Slipque and Slip

A family of torque/slip curves is shown in Fig. 34.21 for a range of s = 0 to s = 1 with R2 as the
parameter. We have seen above in Art.
34.19 that

T = 2 2
2 2
2 2( )

k sE R

R sX

Φ
+

It is clear that when s = 0, T = 0, hence
the curve starts from point O.

At normal speeds, close to synchro-
nism, the term (s X2) is small and hence
negligible w.r.t. R2.

∴ T ∝  
2

s
R

or T ∝ s if R2 is constant.

Hence, for low values of slip, the
torque/slip curve is approximately a
straight line.  As slip increases (for
 increasing load on the motor), the torque
also increases and becomes maximum
when s = R2/X2.  This torque is known as
‘pull-out’ or ‘breakdown’ torque Tb or
stalling torque. As the slip further
increases (i.e. motor speed falls) with further increase in motor load, then R2 becomes negligible as
compared to (sX2.). Therefore, for large values of slip

T ∝ 2
2( )

s
ssX

1∝

Hence, the torque/slip curve is a rectangular hyperbola.  So, we see that beyond the point of
maximum torque, any further increase in motor load results in decrease of torque developed by the
motor. The result is that the motor slows down and eventually stops.  The circuit-breakers will be
tripped open if the circuit has been so protected. In fact, the stable operation of the motor lies between
the values of s = 0 and that corresponding to maximum torque.  The operating range is shown shaded
in Fig. 34.21.

It is seen that although maximum torque does not depend on R2, yet the exact location of Tmax is
dependent on it.  Greater the R2, greater is the value of slip at which the maximum torque occurs.

Fig. 34.21
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* In fact a = s
m
 —slip corresponding to maximum torque.  In that case, the relation becomes

2

2 2
max

2f m f

m f

T s s

T s s
=

+
 — where s

f
 = full-load slip.

34.23.34.23.34.23.34.23.34.23. EfEfEfEfEffect of Change in Supply fect of Change in Supply fect of Change in Supply fect of Change in Supply fect of Change in Supply VVVVVoltage on oltage on oltage on oltage on oltage on TTTTTorororororque and Speedque and Speedque and Speedque and Speedque and Speed

As seen from Art. 34.19, T = 2 2
2 2
2 2( )

k sE R

R sX

Φ
+

As E2 ∝ φ  ∝  V where V is supply voltage ∴  T ∝ sV2

Obviously, torque at any speed is proportional to the square of the applied voltage.  If stator
voltage decreases by 10%, the torque decreases by 20%. Changes in supply voltage not only affect
the starting torque Tst but torque under running conditions also. If V decreases, then T also decreases.
Hence, for maintaining the same torque, slip increases i.e. speed falls.

Let V change to V ′, s to s ′ and T to T ′; then 
2

2
T sV
T s V

=
′ ′ ′

34.24.34.24.34.24.34.24.34.24. Ef Ef Ef Ef Effect of Changes in supply Frfect of Changes in supply Frfect of Changes in supply Frfect of Changes in supply Frfect of Changes in supply Frequencequencequencequencequency on y on y on y on y on TTTTTorororororque and Speedque and Speedque and Speedque and Speedque and Speed

Hardly any important changes in frequency take place on a large distribution system except
during a major disturbance. However, large frequency changes often take place on isolated, low-
power systems in which electric energy is generated by means of diesel engines or gas turbines.
Examples of such systems are : emergency supply in a hospital and the electrical system on a ship etc.

The major effect of change in supply frequency is on motor speed. If frequency drops by 10%,
then motor speed also drops by 10%. Machine tools and other motor-driven equipment meant for 50
Hz causes problem when connected to 60-Hz supply. Everything runs (60 − 50) × 100/50 = 20% faster
than normal and this may not be acceptable in all applications. In that case, we have to use either gears
to reduce motor speed or an expensive 50-Hz source.

A 50-Hz motor operates well on a 60-Hz line provided its terminal voltage is raised to
60/50 = 6/5 (i.e. 120%) of the name-plate rating. In that case, the new breakdown torque becomes equal
to the original breakdown torque and the starting torque is only slightly reduced. However, power
factor, efficiency and temperature rise remain satisfactory.

Similarly, a 60-Hz motor can operate satisfactorily on 50-Hz supply provided its terminal voltage
is reduced to 5/6 (i.e. 80%) of its name-plate rating.

34.25.34.25.34.25.34.25.34.25. Full-load  Full-load  Full-load  Full-load  Full-load TTTTTorororororque and Maximque and Maximque and Maximque and Maximque and Maximum um um um um TTTTTorororororquequequequeque

Let sf be the slip corresponding to full-load torque, then

Tf ∝ 2
max2 2

22 2

1and
2( )

f

f

s R
T

XR s X
∝

×+
...Art 34.20

∴
max

fT

T
=

2 2
2 2
2 2

2

( )

f

f

s R X

R s X+

Dividing both the numerator and the denominator by X2
2, we get

max

fT

T =
2 2
2 2 2 2

2 2

2 . / 2

( / )

f f

f f

s R X as

R X s a s
=

+ +
where a = R2/X2 = resistance/standstill reactance*
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In general, 
operating torque at any slip 

maximum torque
s

 = 2 2

2

f

as

a s+

34.26.34.26.34.26.34.26.34.26. Star Star Star Star Starting ting ting ting ting TTTTTorororororque and Maximque and Maximque and Maximque and Maximque and Maximum um um um um TTTTTorororororquequequequeque

Tst ∝ 2
2 2
2 2

R

R X+
...Art 34.13

Tmax ∝
2

1
2 X

...Art. 34.20

∴
max

stT
T

= 2 2 2 2
2 2 2 2
2 2 2 2

2 2 / 2
1 ( / ) 1

R X R X a

R X R X a
= =

+ + +

where a =  2

2

rotor resistance
stand still reactance

R
X

= per phase*

Example. 34.13(a).  A 3-φ induction motor is driving full-load torque which is independent of
speed.  If line voltage drops to 90% of the rated value, find the increase in motor copper losses.

Solution.  As seen from Art. 34.23, when T remains constant, s1 V1
2 = s2 V2

2

∴ 2

1

s
s

= ( )
2 2

1

2

1 1.23
0.9

V
V

  = = 
 

Again from Art. 34-19, I2 ∝  sV ∴ 2 2 2

2 1 1

I s V
I s V

′
=  = 1.2 × 0.9 = 1.107

Now, Cu losses are nearly proportional to I2
2

∴
Cu loss in the 2nd case
Cu loss in the 1st case =

( )2
2
2
2

I

I

′
 = 1.1072 = 1.23

Thus a reduction of 10% in line voltage causes about 23% increase in Cu losses.
Example. 34.13 (b).  A 230-V, 6-pole, 3-φ, 50-Hz, 15-kW induction motor drives a constant torque

load at rated frequency, rated voltage and rated kW output and has a speed of 980 rpm and an
efficiency of 93%. Calculate (i) the new operating speed if there is a 10% drop in voltage and 5%
drop in frequency and (ii) the new output power. Assume all losses to remain constant.

Solution.  (i) V2 = 0.9 × 230 = 207 V; f2 = 0.95 × 50 = 47.5 Hz; Ns1 = 120 × 50/6 = 1000 rpm; Ns2 = 120
× 47.5/6 = 950 rpm; s1 = (1000 − 980)/1000 = 0.02

Since the load torque remains constant, the product (sV2/f ) remains constant.

∴ s1V1
2/f1 = 

2
2 2

2

s V
f  or  s2 = s1 

2
1

2

V
V

 
 
 

 . f2/f1 = 0.02 (230/230 × 0.9)2 × 47.5/50 = 0.2234

∴ N2 = Ns2 (1 − s2) = 950 (1 − 0.0234) = 928 rpm

(ii) P ∝  TN . Since torque remains constant, P ∝  N
∴ P1 ∝  N1; P2 ∝  N2 ; or P2 = P1 × N2/N1 = 15 × 928/980 = 14.2 kW

* Similarly, the relation becomes 
2

max

2

1

f m

m

T s

T s
=

+
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Example 34.14 (a).  A 3-phase, 400/200-V, Y-Y connected wound-rotor induction motor has
0.06Ω rotor resistance and 0.3 Ω standstill reactance per phase.  Find the additional resistance
required in the rotor circuit to make the starting torque equal to the maximum torque of the motor.

(Electrical Technology, Bombay Univ. 1990)

Solution.
max

stT
T

= 2
2 ;

1
a

a+
Since Tst = Tmax

∴ 1 = 2
2

1
a

a+
or a = 1 Now, a = 2

2

R r
X
+

where r = external resistance per phase added to the rotor circuit

∴ 1 =
0.06

0.3
r+ ∴ r = 0.3 − 0.06 = 0.24 ΩΩΩΩΩ

Example 34.14 (b).  3-phase, 50-Hz, 8-pole, induction motor has full-load slip of 2%. The rotor-
resistance and stand still rotor-reactance per phase are 0.001 ohm and 0.005 ohm respectively.
Find the ratio of the maximum to full-load torque and the speed at which the maximum torque
occurs. (Amravati University, 1999)

Solution.   Synchronous speed,  Ns = 120 × 50/8 = 750 rpm
Slip at maximum torque, smT = r2/x2

Thus, let a =
2

2

0.001 0.2
0.005

r
x

= =

Corresponding speed = (1 − 0.2) × 750 = 600 rpm
Full load torque
Maximum torque

−
=

2

2 2

2 mT fL

mT fL

s s

s s+
∴  

2 4

2 2
max

2 0.2 0.02 1.6 10
0.04040.20 0.02

fLT

T

−× × ×= =
+

∴                                      
max

f

T

T = 252.5

= 3.96 ××××× 10−−−−−3

Example 34.14 (c).  A 12-pole, 3-phase, 600-V, 50-Hz, star-connected, induction motor has
rotor-resistance and stand-still reactance of 0.03 and 0.5 ohm per phase respectively. Calculate:

(a) Speed of maximum torque. (b) ratio of full-load torque to maximum torque, if the full-load
speed is 495 rpm. (Nagpur University, April 1999)

Solution.  For a 12-pole, 50 Hz motor,
Synchronous speed = 120 × 50 / 12 = 500 rpm
For r = 0.03 and x = 0.5 ohm, the slip for maximum torque is related as :

SmT = a = r/x = 0.03/0.5 = 0.06
(a) Corresponding speed = 500 (1 − smT) = 470 rpm
(b) Full-load speed = 495 rpm, slip s = 0.01, at full load.

Full-load torque
Maximum torque

=
2 2 2 2

2 2 0.06 0.01

0.06 0.01

as

a s

× ×= =
+ +

 0.324

Example 34.15.  A 746-kW, 3-phase, 50-Hz, 16-pole induction motor has a rotor impedance of
(0.02 + j 0.15) W at standstill. Full-load torque is obtained at 360 rpm. Calculate (i) the ratio of
maximum to full-load torque (ii) the speed of maximum torque and (iii) the rotor resistance to be
added to get maximum starting torque. (Elect. Machines, Nagpur Univ. 1993)

Solution.  Let us first find out the value of full-load slip sf
Ns = 120 × 50/16 = 375 rpm.; F.L. Speed = 360 rpm.
sf = (375 − 360)/375 = 0.04; a = R2/X2 = 0.02/0.15 = 2/15
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(i)
max

fT

T
= 2 2 2 2

2 2 (2 /15) 0.04

(2 /15) (0.04)

f

f

as

a s

× ×=
+ +

 = 0.55 or max 1
0.55f

T

T
= = 1.818

(ii) At maximum torque, a = sm = R2/X2 = 0.02/0.15 = 2/15

N = Ns (1 − s) = 375 (1 − 2/15) = 325 r.p.m.
(iii) For maximum starting torque, R2 = X2. Hence, total rotor resistance per phase = 0.15ΩΩΩΩΩ
∴ external resistance required/phase = 0.15 − 0.02 = 0.13 ΩΩΩΩΩ
Example 34.16.  The rotor resistance and reactance per phase of a 4-pole, 50-Hz, 3-phase

 induction motor are 0.025 ohm and 0.12 ohm respectively. Make simplifying assumptions, state
them  and :

(i) find speed at maximum torque

(ii) find value of additional rotor resistance per phase required to give three-fourth of maximum
torque at starting.  Draw the equivalent circuit of a single-phase induction motor.

 (Elect. Machines, Nagpur Univ. 1993)

Solution.  (i) At maximum torque, s = R2/X2 = 0.025/0.12 = 0.208.
Ns = 120 × 50/4=1500 rpm          ∴  N = 1500 (1 − 0.208) = 1188 rpm

(ii) It is given that Tst = 0.75 Tmax Now, 
max

stT
T

 = 
2

2 3
41

a

a
=

+

∴ 3a2 − 8a + 3 = 0 ; a =
8 64 36

0.45
6

± −
= Ω*

Let, r = additional rotor resistance reqd., then

a = 2

2

0.025
or 0.45

0.12
R r r

R
+ += ∴  r = 0.029ΩΩΩΩΩ

Example. 34.17.  A 50-Hz, 8-pole induction motor has F.L. slip of 4%. The rotor resistance/phase
= 0.01 ohm and standstill reactance/phase = 0.1 ohm. Find the ratio of maximum to full-load torque
and the speed at which the maximum torque occurs.

Solution.
max

fT

T
= 2 2

2 f

f

as

a s+
Now, a = R2/X2= 0.01/0.1= 0.1, sf = 0.04

∴
max

fT

T
= 2 2

2 0.1 0.04 0.008 0.69
0.01160.1 0.04

× × = =
+

∴ max 1
0.69f

T

T
= =1.45

Ns = 120 × 50/8 = 750 rpm, sm = 0.1
N = (1 − 0.1) × 750 = 675 rpm

Example 34.18.  For a 3-phase slip-ring induction motor, the maximum torque is 2.5 times the
full-load torque and the starting torque is 1.5 times the full-load torque. Determine the percentage
reduction in rotor circuit resistance to get a full-load slip of 3%. Neglect stator impedance.

(Elect. Machines, A.M.I.E. Sec. B, 1992)

Solution.  Given, Tmax = 2.5 Tf; Tst = 1.5 Tf ; Tst/Tmax = 1.5/2.5 = 3/5.

* The larger value of 2.214 Ω has been rejected.
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Now, 2
3 2
5 1

st

f

T a
T a

= =
+

or 3a2 − 10a + 3 = 0 or a = 1/3

Now, a = R2/X2 or R2 = X2/ 3
When F.L. slip is 0.03

f

st

T

T
= 2 2 2 2

2 0.032 2or
2.5 0.03

aas

a s a

×=
+ +

a2 − 0.15 a + 0.009 = 0 or  a = 0.1437
If R ′2 is the new rotor circuit resistance, then 0.1437 = R ′2/X2 or R′2 = 0.1437 X2

% reduction in rotor resistance is

= 2 2

2

( / 3) 0.1437
100

( / 3)
X X

X
− ×

×  = 56.8%

Example 34.19.  An 8-pole, 50-Hz, 3-phase slip-ring induction motor has effective rotor resistance
of 0.08 Ω/phase. Stalling speed is 650 r.p.m.  How much resistance must be inserted in the rotor
phase to obtain the maximum torque at starting?  Ignore the magnetising current and stator leakage
impedance. (Elect. Machines-I, Punjab Univ. 1991)

Solution.  It should be noted that stalling speed corresponds to maximum torque (also called
stalling torque) and to maximum slip under running conditions.

Ns = 120 × 50/8 = 750 r.p.m.; stalling speed is = 650 r.p.m.

sb = (750 − 650)/750 = 2/15 = 0.1333 or 13.33%
Now, sb = R2/X2 ∴ X2 = 0.08 × 15/2 = 0.6 Ω

max

stT
T

= 2
2

1
a

a+
 .  Since Tst = Tmax ∴ 1 = 2

2
1

a

a+
 or a = 1

Let r be the external resistance per phase added to the rotor circuit. Then

a = 2

2

R r
X
+

 or 1 = 
0.08

0.6
r+ ∴ r = 0.52 Ω Ω Ω Ω Ω per phase.

Example 34.20.  A 4-pole, 50-Hz, 3-φ induction motor develops a maximum torque of
162.8 N-m at 1365 r.p.m.  The resistance of the star-connected rotor is 0.2 Ω/phase.  Calculate the
value of the resistance that must be inserted in series with each rotor phase to produce a starting
torque equal to half the maximum torque.

Solution. Ns = 120 × 50/4 = 1500 r.p.m. N = 1365 r.p.m.
∴ Slip corresponding to maximum torque is

sb = (1500 − 1365)/1500 = 0.09     But   sb = R2/X2      ∴  X2 = 0.2/0.09 = 2.22 Ω

Now, Tmax = 2

2 22 2
k E K

X X
Φ

= (where K = kΦE2) ...Art 34.20

=
2 2.22

K
×

 = 0.225 K

Let ‘r’ be the external resistance introduced per phase in the rotor circuit, then

Starting torque Tst = 2 2
2 2 2 2

2 2

( ) (0.2 )

( ) ( ) (0.2 ) (0.2 / 0.09)

k E R r K r

R r X r

Φ + +=
+ + + +

� Tst =
max 2 2

(0.2 ) 0.2251 .
2 2(0.2 ) (2.22)

K r K
T

r

+∴ =
+ +

Solving the quadratic equation for ‘r’, we get r = 0.4 ΩΩΩΩΩ
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Example 34.21.  A 4-pole, 50-Hz, 7.46.kW motor has, at rated voltage and frequency, a starting
torque of 160 per cent and a maximum torque of 200 per cent of full-load torque. Determine (i) full-
load speed (ii) speed at maximum torque. (Electrical Technology-I, Osmania Univ. 1990)

Solution. st

f

T

T
=

max1.6 and 2
f

T

T
=

max

1.6 0.8
2

stT
T

∴ = =

Now,
max

stT
T

= 2
2

1
a

a+
2

2 0.8
1

a

a
∴ =

+
or 0.8a2 − 2a + 0.8 = 0 a = 0.04 ∴ a = R2/X2 = 0.04 or R2 = 0.04X2

Also,
max

fT

T
= 2 2 2

2 2 0.041 1or
2 20.0016

f f

f f

as s

a s s

×
= =

+ +
or sf = 0.01

(i) full-load speed occurs at a slip of 0.01 or 1 per cent. Now,
Ns = 120 × 50/4 = 1500 r.p.m.; N = 1500 − 15 = 1485 r.p.m.

(ii) Maximum torque occurs at a slip given by sb = R2/X2.  As seen from above slip corresponding
to maximum torque is 0.04.

∴ N = 1500 − 1500 × 0.04 = 1440 r.p.m.

Example 34.22.   A 3-phase induction motor having a 6-pole, star-connected stator winding
runs on 240-V, 50-Hz supply.  The rotor resistance and standstill reactance are 0.12 ohm and
0.85 ohm per phase.  The ratio of stator to rotor turns is 1.8.  Full load slip is 4%.

Calculate the developed torque at full load, maximum torque and speed at maximum torque.

(Elect. Machines, Nagpur Univ. 1993)

Solution.  Here, K =
rotor turns/phase 1
stator turns/phase 1.8

=

E2 = KE1= 1 240 77 V; 0.04;
1.8 3

s× = =

Ns = 120 × 50/6 = 1000 rpm = 50/3 rps

Tf =
2
2 2

2 2
2 2

3 .
2 ( )s

sE R
N R sXπ +

...Art. 34.19

=
2

2 2

0.04 77 0.123 . 52.4 N-m
2 (50 / 3) 0.12 (0.14 0.85)

× × =
π + ×

For maximum torque, s = R2/X2 = 0.12/0.85 = 0.14

∴ Tmax =
2

2 2

0.14 77 0.123 . 99.9 N-m
2 (50 / 3) 0.12 (0.14 0.85)

× × =
π + ×

Alternatively, as seen from Art 34.20.

Tmax =
2
2

2

3 .
2 2s

E
N Xπ

∴ Tmax =
23 77. 99.9 N-m

2 (50 / 3) 2 0.85
=

π ×
Speed corresponding to maximum torque, N = 1000(1 − 0.14) = 860 rpm

Example 34.23.  The rotor resistance and standstill reactance of a 3-phase induction motor are
respectively 0.015 Ω and 0.09 Ω per phase.  At normal voltage, the full-load slip is 3%.  Estimate the
percentage reduction in stator voltage to develop full-load torque at half full-load speed.  Also,
calculate the power factor. (Adv. Elect. Machines, A.M.I.E. 1989)

Solution. Let Ns = 100 r.p.m. F.L. speed = (1 − 0.03)100 = 97 r.p.m.
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Let the normal voltage be V1 volts.

Speed in second case = 97/2 = 48.5 r.p.m.
∴ slip = (100 − 48.5)/100 = 0.515 or 51.5%

Now, T =
2

2 2 2
2 2 2 2
2 2 2 2( ) ( )

k sE R ksV R

R sX R sX

Φ
=

+ +
(� �E2 ∝  Φ ∝  V)

Since torque is the same in both cases,
2

1 1 2
2 2
2 1 2( )

kV s R

R s X+
=

2
2 2 2

2 2
2 2 2( )

kV s R

R s X+
where V2 = stator voltage in second case

∴
2

1

2

V
V

 
 
 

=
2 2

2 2 1 2
2 2

1 2 2 2

( )
.

( )

s R s X
s R s X

+
+

=
2 2

2 2

0.015 (0.03 0.09)51.3 .
3 0.015 (0.515 0.09)

+ ×
+ ×

 = 1.68

∴ 1

2

V
V

= 1 2

1

0.2961.68 1.296 or
1.296

V V
V
−

= =

Hence, percentage, reduction in stator (or supply voltage) is

= 1 2

1

0.296 100
100

1.296
V V

V
− ×× =  = 22.84%

In the second case, tan φ = s2 X2/R2 = 0.515 × 0.09/0.015 = 3.09

∴ φ = tan−1 (3.09) = 72°4′ and p.f. = cos φ = cos 72°4′ = 0.31

34.27.34.27.34.27.34.27.34.27.     TTTTTorororororque/Speed Curque/Speed Curque/Speed Curque/Speed Curque/Speed Curvvvvveeeee

The torque developed by a conventional 3-phase motor depends on its speed but the relation between
the two cannot be represented by a simple equation.  It is easier to show the relationship in the form of a
curve (Fig. 34.22).  In this diagram, T represents the nominal full-load torque of the motor. As seen, the
starting torque (at N = 0) is 1.5 T and the maximum torque (also called breakdown torque) is 2.5 T.

NS

2.5T

1.5T

0
0

T

20 40 60 80 100

N

Rotational Speed, %

T
o

rq
u

e

Locked-Rotor
Torque

Pull-up
Torque

Breakdown
Torque

Full
Load

Fig. 34.22

At full-load, the motor runs at a speed of N.  When mechanical load increases, motor speed
decreases till the motor torque again becomes equal to the load torque.  As long as the two torques are
in balance, the motor will run at constant (but lower) speed.  However, if the load torque exceeds 2.5 T,
the motor will suddenly stop.
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34.28.34.28.34.28.34.28.34.28. Sha Sha Sha Sha Shape of pe of pe of pe of pe of TTTTTorororororque/Speed Curque/Speed Curque/Speed Curque/Speed Curque/Speed Curvvvvveeeee
For a squirrel-cage induction motor (SCIM), shape of its torque/speed curve depends on the voltage

and frequency applied to its stator.  If f is fixed, T ∝  V2 (Art 34.22).  Also, synchronous speed
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Fig. 34.23

depends on the supply frequency.  Now, let us see what happens when both stator voltage and
frequency are changed.   In practice, supply voltage and frequency are varied in the same proportion
in order to maintain a constant flux in the air-gap.  For example, if voltage is doubled, then frequency
is also doubled.  Under these conditions, shape of the torque/speed curve remains the same but its
position along the X-axis (i.e.speed axis) shifts with frequency.

Fig. 34.23 (a) shows the torque/speed curve of an 11.kW, 440-V, 60-Hz 3-φ SCIM.  As seen, full-
load speed is 1728 rpm and full-load torque is 45 N-m (point-A) whereas breakdown torque is
150 N-m and locked-rotor torque is 75 N–m.

Suppose, we now reduce both the voltage and fequency to one-fourth their original values i.e. to
110 V and 15 Hz respectively.  As seen in Fig. 34.23 (b), the torque/speed curve shifts to the left.  Now,
the curve crosses the X-axis at the synchronous speed of 120 × 15/4 = 450 rpm (i.e. 1800/4 = 450 rpm).
Similarly, if the voltage and frequency are increased by 50% (660 V 90 Hz), the curve shifts to the right
and cuts the X-axis at the synchronous speed of 2700 rpm.

Since the shape of the torque/speed curve remains the same at all frequencies, it follows that
torque developed by a SCIM is the same whenever slip-speed is the same.

Exampel 34.26. A 440-V, 50-Hz, 4-pole, 3-phase SCIM develops a torque of 100 N-m at a speed
of 1200 rpm. If the stator supply frequency is reduced by half, calculate

(a) the stator supply voltage required for maintaining the same flux in the machine.
(b) the new speed at a torque of 100 N-m.

Solution.  (a) The stator voltage must be reduced in proportion to the frequency. Hence, it should
also be reduced by half to 440/2 = 220 V.

(b) Synchronous speed at 50 Hz frequency = 120 × 50/4 = 1500 rpm. Hence, slip speed for a
torque of 100 N-m = 1500 − 1200 = 300 rpm.

Now, synchronous speed at 25 Hz = 1500/2 = 750 rpm.
Since slip-speed has to be the same for the same torque irrespective of the frequency, the new

speed at 100 N-m is = 750 + 300 = 1050 rpm.

34.29.34.29.34.29.34.29.34.29. Current/Speed Curve of an Induction MotorCurrent/Speed Curve of an Induction MotorCurrent/Speed Curve of an Induction MotorCurrent/Speed Curve of an Induction MotorCurrent/Speed Curve of an Induction Motor

It is a V-shaped curve having a minimum value at synchronous speed.  This minimum is equal to
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the magnetising current which is needed to create flux in the machine.  Since flux is purposely kept constant,
it means that magnetising current is the same at all synchronous speeds.
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Fig. 34.24

Fig. 34.24. shows the current/speed curve
of the SCIM discussed in Art. 34.28 above.
Refer Fig. 34.23(b) and Fig. 34.24, As seen,
locked rotor current is 100 A and the
corresponding torque is 75 N-m. If stator
voltage and frequency are varied in the same
proportion, current/speed curve has the same
shape, but shifts along the speed axis. Suppose
that voltage and frequency are reduced to one-
fourth of their previous values i.e. to 110 V, 15
Hz respectively. Then, locked rotor current
decreases to 75 A but corresponding torque
increases to 150 N-m which is equal to full
breakdown torque (Fig. 34.25). It means that by reducing frequency, we can obtain a larger torque
with a reduced current. This is one of the big advantages of frequency control method. By
progressively increasing the voltage and current during the start-up period, a SCIM can be made to
develop close to its breakdown torque all the way from zero to rated speed.

Another advantage of frequency control is that
it permits regenerative braking of the motor. In
fact, the main reason for the popularity of
frequency-controlled induction motor drives is
their ability to develop high torque from zero to
full speed together with the economy of
regenerative braking.

34.30.34.30.34.30.34.30.34.30. TTTTTorororororque/Speed Characterque/Speed Characterque/Speed Characterque/Speed Characterque/Speed Character-----
istic Under Loadistic Under Loadistic Under Loadistic Under Loadistic Under Load

As stated earlier, stable operation of an induction
motor lies over the linear portion of its torque/
speed curve. The slope of this straight line depends
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mainly on the rotor resistance. Higher the resistance, sharper the slope. This linear relationship between
torque and speed (Fig. 34.26) enables us to establish a very simple equation between different
parameters of an induction motor. The parameters under two different load conditions are related by
the equation

s2 = 
2

2 2 1
1

1 1 2

. .
T R V

s
T R V

 
 
 

                                      ...(i)

The only restriction in applying the above equation is that the new torque T2 must not be greater than T1
(V2/V1)2.  In that case, the above equation yields an accuracy of better than 5% which is sufficient for all
practical purposes.

Example 34.24.  A 400-V, 60-Hz, 8-pole, 3-φ induction motor runs at a speed of 1140 rpm when
connected to a 440-V line. Calculate the speed if voltage increases to 550V.

Solution.  Here, s1 = (1200 − 1140)/1200 = 0.05.  Since everything else remains the same in Eq. (i)
of Art. 34.30 except the slip and voltage, hence

S2 = s1(V1/V2)
2 = 0.05 × (440/550)2 = 0.032 ...Art. 34.23

∴ N2 = 1200(1 − 0.032) = 1161.6 rpm.

Example 34.25.  A 450.V, 60.Hz, 8-Pole, 3-phase induction motor runs at 873 rpm when driving
a fan.  The initial rotor temperature is 23°C. The speed drops to 864 rpm when the motor reaches its
final temperature.  Calculate (i) increase in rotor resistance and (ii) approximate temperature of the
hot rotor if temperature coefficient of resistance is 1/234 per °C.

Solution.  s1 = (900 − 873)/900 = 0.03 and s2 = (900 − 864)/900 = 0.04
Since voltage and frequency etc. are fixed, the change in speed is entirely due to change in rotor

resistance.
(i) s2 = s1(R2/R1) or 0.04 = 0.03 (R2/R1); R2 = 1.33 R1

Obviously, the rotor resistance has increased by 33 percent.
(ii) Let t2 be temperature of the rotor. Then, as seen from Art.1-11,

R2 = R1 [1 + α (t2 − 23)] or 1.33 R1 = R1 2
11 ( 23)

234
t + −   ∴  t2 = 100.2°C

34.31. Plugging of an Induction Motor34.31. Plugging of an Induction Motor34.31. Plugging of an Induction Motor34.31. Plugging of an Induction Motor34.31. Plugging of an Induction Motor

An induction motor can be quickly stopped by
simply inter-changing any of its two stator leads.  It
reverses the direction of the revolving flux which
produces a torque in the reverse direction, thus

applying brake on the motor.  Obviously, during
this so-called plugging period, the motor acts as
a brake.  It absorbs kinetic energy from the still

Fig. 34.27

P2

Pcs
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P1 Pm

Pw

Pcr

Stator

Rotor Induction asynchronous motor
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revolving load causing its speed to fall.  The associated Power Pm is dissipated as heat in the rotor.  At the
same time, the rotor also continues to receive power P2 from the stator (Fig. 34.27) which is also dissipated
as heat.  Consequently, plugging produces rotor I2R losses which even exceed those when the rotor is
locked.

34.32.  Induction Motor Operating as a Generator34.32.  Induction Motor Operating as a Generator34.32.  Induction Motor Operating as a Generator34.32.  Induction Motor Operating as a Generator34.32.  Induction Motor Operating as a Generator
When run faster than its synchronous speed, an induction motor runs as a generator called a Induction

generator.  It converts the mechanical energy it receives into electrical energy and this energy is released by
the stator (Fig. 34.29).  Fig. 34.28 shows an ordinary squirrel-cage motor which is driven by a petrol engine
and is connected to a 3-phase line.  As soon as motor speed exceeds its synchronous speed, it starts
delivering active power P to the 3-phase line.  However, for creating its own magnetic field, it absorbs
reactive power Q from the line to which it is connected. As seen, Q flows in the opposite direction to P.

Fig. 34.28 Fig. 34.29

The active power is directly proportional to the slip above the synchronous speed.  The reactive
power required by the machine can also be supplied by a group of capacitors connected across its
terminals (Fig. 34.30).  This arrangement can be used to supply a 3-phase load without using an
external source.  The frequency generated is slightly less than that corresponding to the speed of
rotation.

Fig. 34.30

The terminal voltage increases with capacitance. If capacitance is insufficient, the generator
voltage will not build up.  Hence, capacitor bank must be large enough to supply the reactive power
normally drawn by the motor.

Example 34.26. A 440-V, 4-pole, 1470 rpm. 30-kW, 3-phase induction motor is to be used as an
asynchronous generator.  The rated current of the motor is 40 A and full-load power factor is 85%.
Calculate

(a) capacitance required per phase if capacitors are connected in delta.

(b) speed of the driving engine for generating a frequency of 50 Hz.

Solution.  (i) S = 3 .VI  = 1.73 × 440 × 40 = 30.4 kVA

www.EngineeringBooksPdf.com



1276 Electrical Technology

P = S cos φ = 30.4 × 0.85 = 25.8 kW

Q = 2 2 2 230.4 25.8S P− = −  = 16 kVAR

Hence, the ∆-connected capacitor bank (Fig. 32.31) must provide 16/3 = 5.333 kVAR per phase.
Capacitor current per phase is = 5,333/440
= 12 A.  Hence Xc = 440/12 = 36.6 Ω.  Now,

1

2 f C

C
X

=
π  = 1/2π × 50 × 36.6 = 87µF

(ii) The driving engine must run at slightly
more than synchronous speed.  The slip speed
is usually the same as that when the machine
runs as a motor i.e. 30 rpm.

Hence, engine speed is = 1500 + 30 =
1530 rpm.

34.33.34.33.34.33.34.33.34.33. Complete Complete Complete Complete Complete TTTTTorororororque/Speed Curque/Speed Curque/Speed Curque/Speed Curque/Speed Curvvvvve of a e of a e of a e of a e of a ThrThrThrThrThree-Phase Machineee-Phase Machineee-Phase Machineee-Phase Machineee-Phase Machine
We have already seen that a 3-phase machine can be run as a motor, when it takes electric power and

supplies mechanical power.  The directions of torque and rotor rotation are in the same direction.  The same
machine can be used as an asynchronous generator when driven at a speed greater than the synchronous
speed.  In this case, it receives mechanical energy in the rotor and supplies electrical energy from the stator.
The torque and speed are oppositely-directed.

The same machine can also be used as a brake during the plugging period (Art. 34.31). The three
modes of operation are depicted in the torque/speed curve shown in Fig. 34.32.
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TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No. 34.2 34.2 34.2 34.2 34.2
1. In a 3-phase, slip-ring induction motor, the open-circuit voltage across slip-rings is measured to be

110 V with normal voltage applied to the stator. The rotor is star-connected and has a resistance of
1 Ω and reactance of 4 Ω at standstill condition. Find the rotor current when the machine is (a) at
standstill with slip-rings joined to a star-connected starter with a resistance of 2Ω per phase and
negligible reactance (b) running normally with 5% slip. State any assumptions made.

[12.7 A ; 3.11 A] (Electrical Technology-I, Bombay Univ. 1978)

Fig. 34.31
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2. The star-connected rotor of an induction motor has a standstill impedance of (0.4 + j4) ohm per phase
and the rheostat impedance per phase is (6+j2) ohm. The motor has an induced e.m.f. of 80 V
between slip-rings at standstill when connected to its normal supply voltage.  Find (a) rotor current at
standstill with the rheostat in the circuit (b) when the slip-rings are short-circuited and the motor is
running with a slip of 3%. [5.27 A ; 3.3 A]

3. A 4-pole, 50-Hz induction motor has a full-load slip of 5%.  Each rotor phase has a resistance of 0.3 Ω
and a standstill reactance of 1.2 Ω.  Find the ratio of maximum torque to full-load torque and the speed
at which maximum torque occurs. [2.6 ; 1125 r.p.m.]

4. A 3-phase, 4-pole, 50-Hz induction motor has a star-connected rotor.  The voltage of each rotor phase
at standstill and on open-circuit is 121 V.  The rotor resistance per phase is 0.3 Ω and the reactance at
standstill is 0.8 Ω.  If the rotor current is 15 A, calculate the speed at which the motor is running.
Also, calculate the speed at which the torque is a maximum and the corresponding value of the input
power to the motor, assuming the flux to remain constant. [1444 r.p.m.; 937.5 r.p.m.]

5. A 4-pole, 3-phase, 50 Hz induction motor has a voltage between slip-rings on open-circuit of 520 V.
The star-connected rotor has a standstill reactance and resistance of 2.0 and 0.4 Ω per phase
respectively. Determine :
(a) the full-load torque if full-load speed is 1,425 r.p.m.
(b) the ratio of starting torque to full-load torque
(c) the additional rotor resistance required to give maximum torque at standstill

[(a) 200 N-m (b) 0.82 (c) 1.6 ΩΩΩΩΩ] (Elect. Machines-II, Vikram Univ. Ujjain 1977)
6. A 50-Hz, 8-pole induction motor has a full-load slip of 4 per cent.  The rotor resistance is 0.001 Ω

per phase and standstill reactance is 0.005 Ω per phase.  Find the ratio of the maximum to the full-
load torque and the speed at which the maximum torque occurs.

 [2.6; 600 r.p.m.] (City & Guilds, London)
7. A 3-φ, 50-Hz induction motor with its rotor star-connected gives 500 V (r.m.s.) at standstill between

slip-rings on open circuit.  Calculate the current and power factor in each phase of the rotor windings
at standstill when joined to a star-connected circuit, each limb of which has a resistance of 10 Ω and
an inductance of 0.03 H.  The resistance per phase of the rotor windings is 0.2 Ω and inductance
0.03 H.  Calculate also the current and power factor in each rotor phase when the rings are short-
circuited and the motor is running with a slip of 4 per cent.

[13.6 A, 0.48; 27.0 A, 0.47] (London University)
8. A 4-pole, 50-Hz, 3-phase induction motor has a slip-ring rotor with a resistance and standstill reactance

of 0.04 Ω and 0.2 Ω per phase respectively.  Find the amount of resistance to be inserted in each rotor
phase to obtain full-load torque at starting. What will be the approximate power factor in the rotor at
this instant ?  The slip at full-load is 3 per cent. [0.084 ΩΩΩΩΩ, 0.516 p.f.] (London University)

9. A 3-φ induction motor has a synchronous speed of 250 r.p.m. and 4 per cent slip at full-load.  The
rotor has a resistance of 0.02 Ω/phase and a standstill leakage reactance of 0.15 Ω/phase.  Calculate
(a) the ratio of maximum and full-load torque (b) the speed at which the maximum torque is devel-
oped.  Neglect resistance and leakage of the stator winding.

[(a) 1.82 (b) 217 r.p.m.] (London University)
10. The rotor of an 8-pole, 50-Hz, 3-phase induction motor has a resistance of 0.2 Ω/phase and runs at

720 r.p.m.  If the load torque remains unchanged.  Calculate the additional rotor resistance that will
reduce this speed by 10% [0.8 ΩΩΩΩΩ] (City & Guilds, London)

11. A 3-phase induction motor has a rotor for which the resistance per phase is 0.1 Ω and the reactance
per phase when stationary is 0.4 Ω.  The rotor induced e.m.f. per phase is 100 V when stationary.
Calculate the rotor current and rotor power factor (a) when stationary (b) when running with a slip
of 5 per cent. [(a) 242.5 A; 0.243 (b) 49 A; 0.98]

12. An induction motor with 3-phase star-connected rotor has a rotor resistance and standstill reactance
of 0.1 Ω and 0.5 Ω respectively.  The slip-rings are connected to a star-connected resistance of 0.2
Ω per phase.  If the standstill voltage between slip-rings is 200 volts, calculate the rotor current per
phase when the slip is 5%, the resistance being still in circuit. [19.1 A]

13. A 3-phase, 50-Hz induction motor has its rotor windings connected in star.  At the moment of starting
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mV mV
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R

Fig. 34.33 Fig. 34.34

the rotor, induced e.m.f. between each pair of slip-rings is 350 V.  The rotor resistance per phase is
0.2 Ω and the standstill reactance per phase is 1 Ω.  Calculate the rotor starting current if the external
starting resistance per phase is 8 Ω and also the rotor current when running with slip-rings short-
circuited, the slip being 3 per cent. [24.5 A ; 30.0 A]

14. In a certain 8-pole, 50-Hz machine, the rotor resistance per phase is 0.04 Ω and the maximum torque
occurs at a speed of 645 r.p.m. Assuming that the air-gap flux is constant at all loads, determine the
percentage of maximum torque (a) at starting (b) when the slip is 3%.

[(a) 0.273 (b) 0.41] (London University)
15. A 6-pole, 3-phase, 50-Hz induction motor has rotor resistance and reactance of 0.02 Ω and 0.1 Ω

respectively per phase. At what speed would it develop maximum torque ?  Find out the value of
resistance necessary to give half of maximum torque at starting.

[800 rpm; 0.007 ΩΩΩΩΩ] (Elect.Engg. Grad I.E.T.E. June 1988)

34.34. Measurement of Slip34.34. Measurement of Slip34.34. Measurement of Slip34.34. Measurement of Slip34.34. Measurement of Slip

Following are some of the methods used for find-
ing the slip of an induction motor whether squirrel-
cage or slip-ring type.

(i) By actual measurement of motor speed
This method requires measurement of actual mo-

tor speed N and calculation of synchronous speed
Ns.  N is measured with the help of a speedometer
and Ns calculated from the knowledge of supply fre-
quency and the number of poles of the motor.*  Then
slip can be calculated by using the equation.

s = (Ns − N) × 100/Ns

(ii) By comparing rotor and stator supply fre-
quencies

This method is based on the fact that s = fr/f
Since f is generally known, s can be found if frequency of rotor current can be measured by some

method.  In the usual case, where f is 50 Hz, fr is so low that individual cycles can be easily counted.  For this
purpose, a d.c. moving-coil millivoltmeter, preferably of centre-zero, is employed as described below :

(a) In the case of a slip-ring motor, the leads of the millivoltmeter are lightly pressed against the
adjacent slip-rings as they revolve (Fig. 34.33).  Usually, there is sufficient voltage drop in the brushes
and their short-circuiting strap to provide an indication on the millivoltmeter.  The current in the
millivoltmeter follows the variations of the rotor current and hence the pointer oscillates about its
mean zero position.  The number of
complete cycles made by the pointer
per second can be easily counted (it is
worth remembering that one cycle
consists of a movement from zero to a
maximum to the right, back to zero and
on to a maximum to the left and then
back to zero).

As an example, consider the case
of a 4-pole motor fed from a 50-Hz sup-
ply and running at 1,425 r.p.m.  Since

The speed curve of an induction motor. The slip is
the difference in rotor speed relative to that of the
synchronous speed. CD = AD - BD = AB.

To
rq

u
e

Speed

D ABC
Rator
Slip

Rator
Speed

Syn-
chro-
nous
Speed

* Since an induction motor does not have salient poles, the number of poles is usually inferred from the
no-load speed or from the rated speed of the motor.
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Ns = 1,500 r.p.m., its slip is 5% or 0.05.  The frequency of the rotor current would be fr = sf = 0.05 × 50 =
2.5 Hz which (being slow enough) can be easily counted.

(b) For squirrel-cage motors (which do not have slip-rings) it is not possible to employ the millivoltmeter
so directly, although it is sometimes possible to pick up some voltage by connecting the millivoltmeter
across the ends of the motor shaft (Fig. 34.34)

Another method, sometime employed, is as follows :

A large flat search coil of many turns is placed centrally against the end plate on the non-driving end of
the motor.   Quite often, it is possible to pick up sufficient voltage by induction from the leakage fluxes to
obtain a reading on the millivoltmeter.  Obviously, a large 50-Hz voltage will also be induced in the search
coil although it is too rapid to affect the millivoltmeter.  Commercial slip-indicators use such a search coil
and, in addition, contain a low-pass filter amplifier for eliminating fundamental frequency and a bridge circuit
for comparing stator and rotor current frequencies.

(iii) Stroboscopic Method
In this method, a circular metallic disc is taken and painted with alternately black and white segments.

The number of segments (both black and white) is equal to the number of poles of the motor.  For a 6-pole
motor, there will be six segments, three black and three white, as shown in
Fig. 34.35(a).  The painted disc is mounted
on the end of the shaft and illuminated by
means of a neon-filled stroboscopic lamp,
which may be supplied preferably with a
combined d.c. and a.c. supply although only
a.c. supply will do*.   The connections for
combined supply are shown in Fig. 34.36
whereas Fig. 34.35 (b) shows the
connection for a.c. supply only.   It must be
noted that with combined d.c. and a.c.
supply, the lamp will flash once per
cycle**.   But with a.c. supply, it will flash twice per cycle.

Consider the case when the revolving disc is seen in the flash light of the bulb which is fed by the
combined d.c. and a.c. supply.

If the disc were to rotate at synchronous speed, it would appear to be stationary.   Since, in actual
practice, its speed is slightly less than the synchronous speed, it appears to rotate slowly backwards.
The reason for this apparent backward movement is as follows :

* When combined d.c. and a.c. supply is used, the lamp should be tried both ways in its socket to see which
way it gives better light.

** It will flash only when the two voltages add and remain extinguished when they oppose.

Fig. 34.35

Motor

( )a (b)

Fig. 34.36
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Let Fig. 34.37(a) represent the position of
the white lines when they are illuminated by the
first flash.  When the next flash comes, they have
nearly reached positions 120° ahead (but not
quite), as shown in Fig. 34.37(b).  Hence, line
No. 1 has almost reached the position previ-
ously occupied by line No. 2 and one flash still
later [Fig. 34.37 (c)] it has nearly reached the
position previously occupied by line No. 3 in
Fig. 34.37(a).

By counting the number of lines passing a fixed point in, say, a minute and dividing by the number of
lines seen (i.e. three in the case of a 6-pole motor and so on) the apparent backward speed in r.p.m. can be
found.  This gives slip-speed in r.p.m. i.e. Ns − N.  The slip may be found from the

relation s = 100S

S

N N
N

−
×

Note.  If the lamp is fed with a.c. supply alone, then it will flash twice per cycle and twice as many lines will
be seen rotating as before.

34.35. Power Stages in an Induction Motor34.35. Power Stages in an Induction Motor34.35. Power Stages in an Induction Motor34.35. Power Stages in an Induction Motor34.35. Power Stages in an Induction Motor

Stator iron loss (consisting of eddy and hysteresis losses) depends on the supply frequency and
the flux density in the iron core.  It is practically constant.  The iron loss of the rotor is, however,
negligible because frequency of rotor currents under normal running conditions is always small. Total
rotor Cu loss = 3  I2

2 R2.

Different stages of power development in an induction motor are as under :

Motor
Input in
Stator
P1

Rotor
Input
P2

Stator
Cu &
Iron
Losses

Rotor
Cu
Loss

Mech. Power
Developed
in Rotor

or Gross
Torque

P

T

m

g

Windage
and
Friction
Losses

Rotor

Output

or

BHP

Pout

A better visual for power flow, within an induction motor, is given in Fig. 34.38.

34.36.34.36.34.36.34.36.34.36.     TTTTTorororororque Deque Deque Deque Deque Devvvvveloped beloped beloped beloped beloped by an Induction Motory an Induction Motory an Induction Motory an Induction Motory an Induction Motor

An induction motor develops gross torque Tg due to gross rotor output Pm  (Fig 34.38).  Its value can
be expressed either in terms of rotor input P2 or rotor gross output Pm as given below.

Tg = 2 2

2s s

P P
N

=
ω π ...in terms of rotor input

Fig. 34.37
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w

Fig. 34.38

Tg =
2

m mP P
N

=
ω π

... in terms of rotor output

The shaft torque Tsh is due to output power Pout which is less than Pm because of rotor friction and
windage losses.

∴ Tsh = Pout/ω = Pout/2πN

The difference between Tg and Tsh equals the torque lost due to friction and windage loss in the
motor.

In the above expressions, N and Ns are in r.p.s.  However, if they are in r.p.m., the above expressions
for motor torque become

Tg = 2 2 260 . 9.55 N-m
2 / 60 2s s s

P P P
N N N

= =
π π

= 60 . 9.55 N-m
2 / 60 2

m m mP P P
N N N

= =
π π

Tsh = 60 . 9.55 N-m
2 / 60 2

out out outP P P
N N N

= =
π π

34.37.34.37.34.37.34.37.34.37.     TTTTTorororororque,que,que,que,que, Mechanical P Mechanical P Mechanical P Mechanical P Mechanical Pooooowwwwwer and Rotor Outputer and Rotor Outputer and Rotor Outputer and Rotor Outputer and Rotor Output

Stator input P1 = stator output + stator losses
The stator output is transferred entirely inductively to the rotor circuit.
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The type DF200 diesel electric locomotive is the first
motor-driven train equipped with diesel generators since
1958. It adopted induction motors to realize high accel-
eration, high speed, and large torque, which resulted in
a quick-response generator brake system.

Obviously, rotor input P2 = stator output

Rotor gross output, Pm = rotor input P2 — rotor Cu losses
This rotor output is converted into mechanical en-
ergy and gives rise to gross torque Tg.  Out of this
gross torque developed, some is lost due to wind-
age and friction losses in the rotor and the rest ap-
pears as the useful or shaft torque Tsh.
Let N r.p.s. be the actual speed of the rotor and if
Tg is in N-m, then

Tg × 2 πN  =  rotor gross output in watts, Pm

∴  Tg = 
rotor gross output in watts,

2
mP

Nπ
N-m*

...(1)
If there were no Cu losses in the rotor, then rotor
output will equal rotor input and the rotor will run
at synchronous speed.

∴ Tg = 2rotor input
2 S

P
Nπ

...(2)

From (1) and (2), we get,
Rotor gross output Pm = Tg ω = Tg × 2 πN

Rotor input P2 = Tg ωs = Tg × 2 πNs ...(3)
The difference of two equals rotor Cu loss.
∴ rotor Cu loss = P2 − Pm = Tg × 2 π (Ns − N) ...(4)

From (3) and (4),  
rotor Cu loss
rotor input

s

s

N N
s

N

−
= =

∴ rotor Cu loss = s × rotor input = s × power across air-gap = s P2  ...(5)
Also, rotor input = rotor Cu loss/s

Rotor gross output, Pm = input P2 −  rotor Cu loss = input − s × rotor input
= (1 − s) input P2 ...(6)

∴ rotor gross output Pm = (1 − s) rotor input P2

or
2

rotor gross output,
rotor input,

mP
P

= 1 − s = 
s

N
N

;
2

m

s

P N
P N

=

∴ rotor efficiency =
s

N
N

Also, rotor Cu loss
rotor gross output 1

s
s

=
−

Important Conclusion
If some power P2 is delivered to a rotor, then a part sP2 is lost in the rotor itself as copper loss (and

appears as heat) and the remaining (1 − s)P2 appears as gross mechanical power Pm (including friction
and windage losses).

∴      P2 : Pm : I2R : : 1 : (1 − s) : s    or   P2 : Pm : Pcr : : 1 : (1 − s) : s

* The value of gross torque in kg-m is given by

Tg =
rotor gross output in watts

kg-m. = kg-m
9.81× 2 9.81 2

mP

N Nπ × π
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The rotor input power will always divide itself in this ratio, hence it is advantageous to run the motor
with as small a slip as possible.

Example 34.27.  The power input to the rotor of 440 V, 50 Hz, 6-pole, 3-phase, induction motor is 80
kW. The rotor electromotive force is observed to make 100 complete alterations per minute.  Calculate
(i) the slip, (ii) the rotor speed, (iii) rotor copper losses per phase.  [Madras University, 1997]

Solution.  100 alterations/minute = 100
60

 cycles/sec

1.6667 Hz = sf

Hence, the slip, s =
1.6667

50
= 0.3333 P.u. or 3.333%

(ii) rotor speed, N = (1 − s) NS = (1 − 0.03333) × 1000

Since Ns =
120 50

1000 rpm, =
6

N
× = 966.67 rpm

(iii) rotor copper losses/phase = 
1 ( rotor input)
3

s× ×

total rotor power input = 80 kW
rotor power input per phase = 80/3 kW

rotor copper losses per phase

=
0.0333 80

kW =
3

×
0.8888 kW

Example 34.28.  A 440-V, 3-φ, 50-Hz, 4-pole, Y-connected induction motor has a full-load speed of
1425 rpm.  The rotor has an impedance of (0.4 + J 4) ohm and rotor/stator turn ratio of 0.8.  Calcu-
late (i) full-load torque (ii) rotor current and full-load rotor Cu loss (iii ) power output if windage
and friction losses amount to 500 W (iv) maximum torque and the speed at which it occurs
(v) starting current and (vi) starting torque.

Solution. Ns = 120 × 50/4 = 1500 rpm = 25 rps, s = 75/1500 = 0.05
E1 = 440/1.73 = 254 V/phase

(i) Full-load Tf =
2

2 2

0.05 (0.8 254) 0.43
2 25 (0.4) (0.05 4)

× ××
π × + ×

= 78.87 N-m

(ii) Ir = 2 1

2 2 2 2 2 2
2 2 2 2

0.05 (0.8 254)

( ) ( ) (0.4) (0.05 4)

sE sKE

R sX R sX

× ×= =
+ + + ×

= 22.73 A
Total Cu loss = 3Ir

2 R = 3 × 22.732 × 0.4 = 620 W
(iii) Now, Pm = 2πNT = 2 π × (1425/60) × 78.87 = 11,745 Ω
∴ Pout = Pm − windage and friction loss =11,745 − 500 = 11,245 W

(iv) For maximum torque, s = R2/X2 = 0.4/4 = 0.1

∴ Tmax =
2

2 2

0.1 (0.8 254) 0.43
2 25 (0.4) (0.1 4)

× × ××
π × + ×

 = 98.5 N-m

Since s = 0.1, slip speed = s Ns = 0.1 × 1500 = 150 rpm.
∴ Speed for maximum torque = 1500 − 150 = 1350 rpm.
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(v) starting current = 2 1

2 2 2 2 2 2
2 2 2 2

0.8 254

0.4 4

E KE

R X R X

×= = =
+ + +

50.5 A

(vi) At start, s = 1, hence

Tst =
2

2 2

(0.8 254) 0.43
2 25 (0.4) 4

× ××
π × +

 = 19.5 N-m

It is seen that as compared to full-load torque, the starting torque is much less-almost 25 per cent.

34.38.34.38.34.38.34.38.34.38. Induction Motor Induction Motor Induction Motor Induction Motor Induction Motor TTTTTorororororque Equaque Equaque Equaque Equaque Equationtiontiontiontion

The gross torque Tg developed by an induction motor is given by
Tg = P2 / 2 πNs —Ns in r.p.s.

= 60 P2 / 2πNs = 9.55 P2 /Ns —Ns in r.p.m.

Now, P2 = rotor Cu loss/s = 3I2
2 R2 /s

As seen from Art. 34.19, I2 = 2 1
2 2 2 2
2 2 2 2( ) ( )

sE sKE

R s X R s X
=

+ +
where K is rotor/stator turn ratio per phase.

∴ P2 =
2 2 2

2 2 2 2
2 2 2 2
2 2 2 2

313
( ) ( )

s E R s E R
sR s X R s X

× × =
+ +

Also, P2 =
2 2 2 2 2

1 2 1 2
2 2 2 2
2 2 2 2

313
( ) ( )

s K E R s K E R
sR s X R s X

× × =
+ +

∴ Tg =
2

2 2 2
2 2
2 2

3
2 2 ( )s S

P s E R
N N R s X

= ×
π π +

— in terms of E2

or =
2 2

1 2
2 2
2 2

3
2 ( )S

s K E R
N R sX

×
π +

— in terms of E1

Here, E1, E2, R2 and X2 represent phase values.

In fact, 3 K2/2 π Ns = k is called the constant of the given machine. Hence, the above torque equation
may be simplified to

Tg = k
2
1 2

2 2
2 2( )

s E R

R sX+
— in terms of E1

34.39.34.39.34.39.34.39.34.39. Synchr Synchr Synchr Synchr Synchronous onous onous onous onous WWWWWaaaaatttttttttt

It is clear from the above relations that torque is proportional to rotor input.  By defining a new
unit of torque (instead of the force-at-radius unit), we can say that the rotor torque equals rotor input.
The new unit is synchronous watt.  When we say that a motor is developing a torque of 1,000
synchronous watts, we mean that the rotor input is 1,000 watts and that the torque is such that power
developed would be 1,000 watts provided the rotor were running synchronously and developing the
same torque.

 Or
Synchronous watt is that torque which, at the synchronous speed of the machine under consideration,

would develop a power of 1 watt.

rotor input = Tsw × 2 π NS ∴ Tsw = 2rotor input, 
2 synch. speed

P
 π×
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= 1 1. . . .S S
g m

s s

N N
P P

N N
=

ω ω
Synchronous wattage of an induction motor equals the power transferred across the air-gap

to the rotor.
∴ torque in synchronous watt

= rotor input = 
gross output power, rotor Cu loss

(1 )
mP

s s
=

−
Obviously, at s = 1, torque in synchronous watt equals the total rotor Cu loss because at standstill,

entire rotor input is lost as Cu loss.

Suppose a 23-kW, 4-pole induction motor has an efficiency of 92% and a speed of 1440 r.p.m. at
rated load.  If mechanical losses are assumed to be about 25 per cent of the total losses, then

motor input = 23/0.92 = 25 kW, total loss = 25 − 23 = 2 kW.
Friction and windage loss = 2/4 = 0.5 kW

∴ Pm = 23 + 0.5 = 23.5 kW
Power in synchronous wattsPsw = P2 = 23.5 × 1500/1440 = 24.5 kW

synchronous speed wS = 2 π (1500/60) = 157 rad / s

∴ synchronous torque, Tsw = 24.5 × 103/157 = 156 N-m

or Tsw = 1.S
m

S

N
P

N ω
 = 23.5 × 1500 1

1440 2 (1500 / 60)
×

π
= 156 N−m —Art 34.39

34.40.34.40.34.40.34.40.34.40.     VVVVVararararariaiaiaiaiations in Rotor Currtions in Rotor Currtions in Rotor Currtions in Rotor Currtions in Rotor Currententententent

The magnitude of the rotor current varies with load carried by the motor.

As seen from Art. 34.37
rotor output
rotor input

=
S

N
N

 or rotor output = rotor input × 
S

N
N

∴ rotor input = rotor output × Ns / N
Also, rotor output ∝  2 π N T = k N T

∴ rotor input = k N T × Ns / N = k Ns T

Now,
rotor Cu loss
rotor input

= s  or 
2
2 23 I R
s

 = rotor input

∴ 3 I2
2 R2/s = k NsT or T ∝  I2

2R2/s

Tst ∝   I2
2
stR2 — since s = 1

Tf ∝  I2
2
f R2 / sf — sf = full-load slip

∴ st

f

T

T
=

2
2

2

st
f

I
s

I f
 
 
 

where I2st and I2f are the rotor currents for starting and full-load running conditions.

34.41.34.41.34.41.34.41.34.41. Analogy with a Mechanical ClutchAnalogy with a Mechanical ClutchAnalogy with a Mechanical ClutchAnalogy with a Mechanical ClutchAnalogy with a Mechanical Clutch

We have seen above that, rotor Cu loss = slip × rotor input

This fact can be further clarified by considering the working of a mechanical clutch (though it is
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 not meant to be a proof for the above) similar to
the one used in automobiles.  A plate clutch is shown
in Fig. 34.39.  It is obvious that the torque on the
driving shaft must exactly equal the torque on the
driven shaft. In fact, these two torques are actually
one and the same torque, because the torque is
caused by friction between the discs and it is true
whether the clutch is slipping or not. Let ω1 and ω2
be the angular velocities of the shaft when the clutch
is slipping.

Then, input = T ω1 and output = T
ω2 = T ω1(1 − s) : [ � ω2 = ω1(1 − s)]

loss = T ω1 − T ω2 = T ω1 − T ω1(1 − s) = sT ω1 = slip × input

34.42. Analogy with a D.C. Motor34.42. Analogy with a D.C. Motor34.42. Analogy with a D.C. Motor34.42. Analogy with a D.C. Motor34.42. Analogy with a D.C. Motor

The above relations could also be derived by comparing an induction motor with a d.c. motor.  As
shown in Art 29.3, in a d.c. shunt motor, the applied voltage is always opposed by a back e.m.f. Eb.   The
power developed in the motor armature is Eb Ia where Ia is armature current. This power, as we know, is
converted into mechanical power in the armature of the motor.

Now, in an induction motor, it is seen that the induced e.m.f in the rotor decreases from its standstill
value of E2 to sE2 when in rotation.  Obviously, the difference (1 − s) E2 is the e.m.f.  called forth by the
rotation of the rotor similar to the back e.m.f. in a d.c. motor.  Hence, gross power Pm developed in the
rotor is given by the product of the back e.m.f., armature current and rotor power factor.

Pm = (1 − s)E2 × I2 cos φ2 ; Now I2 = 2

2 2
2 2[ ( ) ]

sE

R sX+
and cos φ2 = 2

2 2
2 2[ ( ) ]

R

R sX+

∴ Pm = (1 − s)E2 × 
2

2
2 2 2 2

22 2 2 2
2 22 2 2 2

(1 )

( )[ ( ) ] [ ( ) ]

sE R s s E R

R sXR sX R sX

−× =
++ +

Multiplying the numerator and the denominator by s, we get

Pm = ( ) ( )2 2
22

2 2 22 2
2 2

1 1
[ ( ) ]

s Es sR I R
s sR sX
− −× =

+
2

2 2 2
2 2

=
[ + ( ) ]

sE
I

R sX

 
 
 
 
�

Now, I2
2R2 = rotor Cu loss/phase ∴  Cu loss

rotor output 1
s

s
=

−
This is the same relationship as derived in Art. 34-37.

Example 34.30. The power input to a 3-phase induction motor is 60 kW.  The stator losses total
1 kW.  Find the mechanical power developed and the rotor copper loss per phase if the motor is
running with a slip of 3%.

(Elect. Machines AMIE Sec. E Summer 1991)

Solution. Rotor input, P2 = stator input − stator losses = 60 − 1 = 59 kW

Pm = (1 − s)P2 = (1 − 0.03) × 59 = 57.23 kW

Total rotor Cu loss = sP2 = 0.03 × 59 = 1.77 kW = 1770 W

Rotor Cu loss/phase = 1770/3 = 590 W

Fig. 34.39
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Example 34.31. The power input to the rotor of a 400 V, 50.Hz, 6-pole, 3-phase induction motor
is 20 kW. The slip is 3%. Calculate (i) the frequency of rotor currents (ii) rotor speed (iii) rotor
copper losses and (iv) rotor resistance per phase if rotor current is 60 A.

(Elect. Engg. Punjab Univ. 1991)

Solution.  (i)  Frequency of rotor current = sf = 0.03 × 50 = 1.5 Hz
(ii) Ns = 120 × 50/6 = 1000 rpm; N = 1000(1 − 0.03) = 700 rpm
(iii) rotor Cu loss = s × rotor input = 0.03 × 20 = 0.6 kW = 600 W

(iv) rotor Cu loss/phase = 200 W;  ∴  602R2 = 200; R2 = 0.055 Ω

Example 34.32.  A 3-phase, 6-pole, 50-Hz induction motor develops 3.73 kW at 960 rpm. What
will be the stator input if the stator loss is 280 W? (Madurai Kamraj Univ. 1999)

Solution.  As seen from Art. 34.37, 
power developed in rotor

rotor input s

N
N

=

Now, mechanical power developed in rotor = 3.73 kW., Ns = 120 × 50/6 = 1000 r.p.m.

∴ 3,730/rotor input = 960/1000 ∴  rotor input = 3,885 W

Stator input = rotor input + stator losses = 3885 + 280 = 4,156 W

Example 34.33.  The power input to the rotor of a 400 V, 50-Hz, 6-pole, 3-φ induction motor is 75
kW. The rotor electromotive force is observed to make 100 complete alteration per minute. Calculate:

(i) slip (ii) rotor speed (iii) rotor copper losses per phase (iv) mechanical power developed.

(Elect. Engg. I, Nagpur Univ. 1993)

Solution.  Frequency of rotor emf, f ′   = 100/60 = 5/3 Hz

(i) Now, f ′  = sf or 5/3 = s × 50; s = 1/30 = 0.033  or  3.33%

(ii) Ns = 120 × 50/6 = 1000 rpm ; N = Ns (1 − s) = 1000 (1 − 1/30) = 966.7 rpm

(iii) P2 = 75 kW ; total rotor Cu loss = sP2 = (1/30) × 75 = 2.5 kW

rotor Cu loss/phase = 2.5/3 = 0.833 kW

(iv) Pm = (1 − s)P2 = (1 − 1/30) × 75 = 72.5 kW

Example 34.34.  The power input to a 500 V, 50-Hz, 6-pole, 3-phase induction motor running at
975 rpm is 40 kW. The stator losses are 1 kW and the friction and windage losses total 2 kW.
Calculate : (i) the slip (ii) the rotor copper loss (iii) shaft power and (iv) the efficiency.

(Elect. Engg. - II, Pune Univ. 1989)

Solution. (i) Ns = 120 × 50/6 = 1000 rpm ; s = (100 − 975)/1000 = 0.025 or 2.5%

(ii) Motor input P1=40 kW ; stator loss = 1 kW; rotor input P2 = 40 − 1 = 39 kW

∴ rotor Cu loss = s × rotor input = 0.025 × 39 = 0.975 kW

(iii) Pm = P2 − rotor Cu loss = 39 − 0.975 = 38.025 kW

Pout = Pm − friction and windage loss = 38.025 − 2 = 36.025 kW

(iv) η = Pout/P1 = 36.025/40 = 0.9 or 90%

Example 34.35.  A 100-kW (output), 3300-V, 50-Hz, 3-phase, star-connected induction motor
has a synchronous speed of 500 r.p.m.  The full-load slip is 1.8% and F.L. power factor 0.85.  Stator
copper loss = 2440 W. Iron loss = 3500 W. Rotational losses = 1200 W. Calculate (i) the rotor copper
loss (ii) the line current (iii) the full-load efficiency. (Elect. Machines, Nagpur Univ. 1993)
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Solution.  Pm = output + rotational loss = 100 + 1.2 = 101.2 kW

(i) rotor Cu loss =
1

s
s− × Pm = 0.018

1 0.018−  × 101.2 = 1.855 kW

(ii) rotor input, P2 = Pm + rotor Cu loss = 101.2 + 1.855 = 103.055 kW
Stator input = P2 + stator Cu and iron losses

= 103.055 + 2.44 + 3.5 = 108.995 kW

∴ 108,995 = 3  × 3300 × IL × 0.85; IL= 22.4 A

The entire power flow in the motor is given below.

Stator Rotor Mechanical Motor output
input input power 100,000 W

108,995 W 103, 055 W developed or
in rotor 100 kW

101,200 W
Stator Rotor Rotational

Cu & Iron Cu loss losses
losses 1855 W 1200 W
5940 W

(iii) F.L. efficiency = 100,000/108,995 = 0.917 or 91.7%

Example 34.36.  The power input to the rotor of a 440 V, 50-Hz, 6-pole, 3-phase induction motor
is 100 kW. The rotor electromotive force is observed to make 120 cycles per minute, Calculate (i) the
slip (ii) the rotor speed (iii) mechanical power developed (iv) the rotor copper loss per phase and
(v) speed of stator field with respect to rotor. (Elect. Engg. AMIETE Sec. A June 1991)

Solution.  (i) f ′ = sf or (120/60) = s × 50; s = 0.01
(ii) Ns= 120 × 50/6 = 1000 rpm; N = 1000(1 − 0.01) = 990 rpm
(iii) Pm ( 1− s)P2 = (1− 0.01) × 100 = 99 kW
(iv) total rotor Cu loss = sP2 = 0.01 × 100 = 1 kW ; Cu loss/phase = 1/3 kW
(v) Ns= 1000 rpm; N = 990 rpm.  Hence, speed of stator field with respect to rotor is

= 1000 − 990 = 10 rpm.

Example 34.37.  An induction motor has an efficiency of 0.9 when delivering an output of
37 kW. At this load, the stator Cu loss and rotor Cu loss each equals the stator iron loss. The
mechanical losses are one-third of the no-load loss. Calculate the slip.

(Adv. Elect. Machines, A.M.I.E. Sec. B Winter 1993)

Solution.  Motor input = 37,000/0.9 = 41,111 W

∴ total loss = 41,111 − 37,000 = 4,111 W
This includes (i) stator Cu and iron losses (ii) rotor Cu loss (its iron loss being negligibly small)

and (iii) rotor mechanical losses.
Now, no-load loss of an induction motor consists of (i) stator iron loss and (ii) mechanical losses

provided we neglect the small amount of stator Cu loss under no-load condition. Moreover, these two
losses are independent of the load on the motor.

no-load loss = Wi + Wm = 3Wm
∴ Wm = Wi / 2

where Wi is the stator iron loss and Wm is the rotor mechanical losses.
Let, stator iron loss = x; then stator Cu loss = x; rotor Cu loss = x; mechanical loss = x/2
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∴ 3x + x/2 = 4,111 or x = 1175 W

Now, rotor input = gross output + mechanical losses + rotor Cu loss
= 37,000 + (1175/2) + 1175 = 38,752 W

s = rotor Cu loss
rotor input

= 1175
38,752

 = 0.03 or 3%.

Example 34.38.  A 400 V, 50-Hz, 6-pole, ∆-connected, 3-φ induction motor consumes 45 kW
with a line current of 75 A and runs at a slip of 3%. If stator iron loss is 1200 kW, windage and
fricition loss is 900 W and resistance between two stator terminals is 0.12 Ω, calculate (i) power
supplied to the rotor P2 (ii) rotor Cu loss Pcr (iii) power supplied to load Pout (iv) efficiency and (v)
shaft torque developed.

Solution.  Cos φ = 
45 1000

3 400 75

×
× ×

 = 0.866 lag

A line current of 75 amp means a phase-current of 75 3  i.e. 43.3 amp

Next, winding resistance has to be worked out
Refer to Fig. 34.40.
r and 2r in parallel have an equivalent resistance measured at a

and b in delta connected motor as r × 2r/3r =  2r/3 ohms

From the data given 2
3
r = 0.12,  r = 0.18

Total stator copper loss = 3 × 43.32 × 0.18 = 1012
Watts

Total input to stator = 45,000 Watts

Stator copper loss = 1012 Watts, stator core loss = 1200 Watts
Stator output = Rotor input = 42,788 Watts

Rotor copper loss = Slip × Rotor input = 0.03 × 42,788 = 1284 Watts

Rotor mech. output power= 42,788 − 1284 = 41,504 Watts
Shaft output = Mech. output of rotor − Mech losses

= 41504 − 900 = 40604 Watts

Efficiency = 40604 100% 92.23%
45000

× =

Shaft output torque, T = 40604 60
2 970

× =
π ×

 400 Nw-m

Example 34.39(a).  A 3-phase induction motor has a 4-pole, star-connected stator winding and
runs on a 220-V, 50-Hz supply. The rotor resistance per phase is 0.1 Ω and reactance 0.9 Ω . The
ratio of stator to rotor turns is 1.75. The full-load slip is 5%. Calculate for this load:

(a) the load torque in kg-m
(b) speed at maximum torque

(c) rotor e.m.f. at maximum torque. (Electrical Machines-I, South Gujarat Univ. 1985)

Solution.  (a) K = rotor turns/stator turns = 1/1.75

stator voltage/phase, E1 = 220 3  V

∴ standstill rotor e.m.f./phase, E2 = K E1= 220 1
1.753

× = 72.6 V

Zr = 
2 2
2 2( )R sX+ =

2 20.1 (0.05 0.9)+ ×  = 0.11 Ω

Fig. 34.40
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I2 = sE2 /Zr = 0.05 × 72.6/0.11 = 33 A

Rotor Cu loss Pcr = 3I2
2R2 = 3 × 332 × 0.1 = 327 W

rotor Cu loss
mech. power developed

=  327 0.05; ;
1 1 0.05m

s
s P

=
− −

     Pm = 6213 W

Tg = 9.55 Pm / N ; N = Ns (1 − s) = 1500 (1 − 0.05) = 1425 rpm
∴ Tg = 9.55 × 6213/1425 = 41.6 N-m = 41.6/9.81 = 4.24 kg.m
(b) For maximum torque, sm = R2 /X2 = 0.1/0.81 = 1/9
∴ N = Ns (1 − s) = 1500(1 − 1/9) = 1333 r.p.m.
(c) rotor e.m.f./phase at maximum torque = (1/9) × 72.6 = 8.07 V

Example 34.39 (b).  A 400 V, 3-phase, 50 Hz, 4-pole, star-connected induction-motor takes a
line current of 10 A with 0.86 p. f. lagging. Its total stator losses are 5 % of the input. Rotor copper
losses are 4 % of the input to the rotor, and mechanical losses are 3 % of the input of the rotor.
Calculate (i) slip and rotor speed, (ii) torque developed in the rotor, and (iii) shaft-torque.

[Nagpur University, April 1998]

Solution. Input to motor = 3 × 400 × 10 × 0.86 = 5958 Watts

Total stator losses = 5% of 5958 = 298 Watts

Rotor input = Stator Output = 5958 − 298 = 5660 Watts
Rotor Copper-loss = 4 % of 5660 = 226.4 Watts
Mechanical losses = 3% of 5660 = 169.8 Watts

Shaft output = 5660 − 226.4 − 169.8 = 5264 Watts
(i) slip, s = Rotor-copper-loss / rotor-input = 4 %, as given

Synchronous speed, Ns = 120 × f/P =1500 rpm
Rotor speed, N = Ns (1 − s) = 1500  (1 − 0.04) = 1440 rpm

(ii) Let the torque developed in the rotor = Tr

ωr’ Angular speed of rotor = 2π N/60 = 150.72 radians/sec
Rotor output = Rotor input − Rotor-copper-loss

= 5660 − 226.4 = 5433.6 watts
Trωr = 5433.6, giving Tr = 5433.6 / 150.72 = 36.05 Nw-m

(Alternatively, synchronous angular speed = ωs = 2π × 1500 / 60 = 157 rad / sec

Trωs = rotor input in Watts = 5660
Tr = 5660 / 157 = 36.05 Nw − m

(iii) Shaft-torque = Tm = Shaft output in Watts /ωr

= 5264 / 150.72 = 34.93 Nw − m.
Example 34.40. A 3-phase, 440-V, 50-Hz, 40-pole, Y-connected induction motor has rotor

resistance of 0.1 Ω and reactance 0.9 Ω per phase.  The ratio of stator to rotor turns is 3.5.
Calculate:

(a) gross output at a slip of 5%

(b) the maximum torque in synchronous watts and the corresponding slip.

Solution. (a) Phase voltage = 440 V
3

 ; K = rotor turns 1
stator turns 3.5

=

Standstill e.m.f. per rotor phase is E2 = KE1 = 440 1
3.53

× = 72.6 V
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Er = s.E2 = 0.05 × 72.6 = 3.63 V ; Zr = 2 20.1 (0.05 0.9)+ × = 0.1096 Ω

I2 = r

r

E
Z

 = 
3.63

0.1096 = 33.1 A ; Total Cu loss=3 I2
2 R = 3 × (33.1)2 × 0.1 = 330W

rotor Cu loss
rotor gross output 1

s
s

=
−

∴  rotor gross output = 
330 0.95

0.05
×

 = 7,250 W

(b) For Maximum Torque
R2 = sm . X2 ∴  sm = R2 /X2 = 0.1/0.9 = 1/9;  Er = (1/9) × 72.6 = 8.07 V

Zr = 2 20.1 (0.9 / 9)+ = 0.1414 Ω ; I2 = 8.07/0.1414 = 57.1 A

Total rotor Cu loss = 3 × 57.12 × 0.1 = 978 W

rotor input = rotor Cu loss
S

 = 978
1/9

 = 8,802 W

∴ Maximum torque in synchronous watts = rotor input = 8,802 W

Example 34.41.  An 18.65-kW, 4-pole, 50-Hz, 3-phase induction motor has friction and windage
losses of 2.5 per cent of the output. The full-load slip is 4%. Compute for full load (a) the rotor Cu
loss (b) the rotor input (c) the shaft torque (d) the gross electromagnetic torque.

(Elect. Machines-II, Indore Univ. 1987)

Solution.  Motor output Pout = 18,650 W

Friction and windage loss Pw = 2.5% of 18,650 = 466 W
Rotor gross output Pm = 18,650 + 466 = 19,116 W

(a) rotor Cu loss
rotor gross output

=
1

s
s−

, rotor Cu loss = 0.04
(1 0.04)−

 × 19,116 = 796.6 W

(b) Rotor input P2 =
rotor Cu loss

s
 = 796.5

0.04
= 19,912.5 W

(or rotor input = 19,116 + 796.6 = 19,913 W)
(c) Tsh = 9.55 Pout / N : Ns = 120 × 50/4 = 1500 r.p.m.

N = (1 − 0.04) × 1500 = 1440 r.p.m
∴ Tsh = 9.55 × 18,650/1440 = 123.7 N-m
(d) Gross torque Tg = 9.55 Pm /N = 9.55 × 19,116/1440 = 126.8 N-m

(or Tg = P2 /2 πNs = 19,913/2 π × 25 = 127 N-m)

Example 34.42.  An 8-pole, 3-phase, 50 Hz, induction motor is running at a speed of 710 rpm
with an input power of 35 kW. The stator losses at this operating condition are known to be 1200 W
while the rotational losses are 600 W. Find (i) the rotor copper loss, (ii) the gross torque developed,
(iii) the gross mechanical power developed, (iv) the net torque and (v) the mechanical power output.
                        (Elect. Engg. AMIETE Sec. A 1991 & Rajiv Gandhi Techn. Univ., Bhopal, 2000)

Solution. (i) P2 = 35 − 1.2 = 33.8 kW ; Ns = 120 × 50/8 = 750 rpm ; N = 710 rpm; s = (750 − 710)/
750 = 0.0533

∴ Rotor Cu loss = sP2 = 1.8 kW

(ii) Pm = P2 − rotor Cu loss = 33.8 - 1.8 = 32 kW

(iii) Tg = 9.55 Pm /N = 9.55 × 32000/710 = 430.42 N-m

(iv) Pout = Pm − rotational losses = 32000 − 600 = 31400 W
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(v) Tsh = 9.55 Pout /N = 9.55 × 31400/710 = 422.35 N-m

Example 34.43. A 6-pole, 50-Hz, 3-phase, induction motor running on full-load with 4% slip
develops a torque of 149.3 N-m at its pulley rim. The friction and windage losses are 200 W and the
stator Cu and iron losses equal 1,620 W.  Calculate (a) output power (b) the rotor Cu loss and (c) the
efficiency at full-load. (Elect. Technology, Mysore Univ. 1989)

Solution. Ns = 120 × 50/6 = 1,000 r.p.m; N = (1 − 0.04) × 1,000 = 960 r.p.m.

Out put power = Tsh × 2 πN = 2 π × (960/60) × 149.3 = 15 kW
Now, output = 15,000 W
Friction and windage losses = 200 W ; Rotor gross output = 15,200 W

2

mP
P

=
S

N
N

 ∴   rotor input P2 = 15,200 × 1,000/960=15,833 W

(b) ∴  rotor Cu loss = 15,833 − 15,200 = 633 W

rotor Cu lossrotor Cu loss is given by : 
rotor output 1

s
s

 = − 
(c) stator output = rotor input = 15,833 W

Stator Cu and iron losses = 1,620 W
∴  Stator input P1 = 15,833 + 1,620 = 17,453 W
overall efficiency, η = 15,000 × 100/17,453 = 86%

Example 34.44.  An 18.65-kW, 6-pole, 50-Hz, 3-φ slip-ring induction motor runs at 960 r.p.m.
on full-load with a rotor current per phase of 35 A.  Allowing 1 kW for mechanical losses, find the
resistance per phase of 3-phase rotor winding. (Elect. Engg-I, Nagpur Univ. 1992)

Solution.   Motor output = 18.65 kW; Mechanical losses = 1 kW
∴  Mechanical power developed by rotor, Pm = 18.65 + 1 = 19.65 kW

Now,  Ns = 120 × 50/6 = 1000 r.p.m. ; s = (1000 − 960)/1000 = 0.04

rotor Cu loss = 1 m
s P

s
×

−  = 0.04
(1 0.04)−

 × 19.65 = 0.819 kW = 819 W

∴ 3I2
2R2 = 819  or  3 × 352 × R2 = 819  R2 = 0.023 ΩΩΩΩΩ/phase

Example 34.45.  A 400 V, 4-pole, 3-phase, 50-Hz induction motor has a rotor resistance and
reactance per phase of 0.01 Ω and 0.1 Ω respectively.  Determine (a) maximum torque in N-m and
the corresponding slip (b) the full-load slip and power output in watts, if maximum torque is twice
the full-load torque. The ratio of stator to rotor turns is 4.

Solution.  Applied voltage/phase E1 = 400 3  = 231 V

Standstill e.m.f. induced in rotor, E2 = KE1 = 231/4 = 57.75 V
(a) Slip for maximum torque, sm = R2 /X2 = 0.01/0.1 = 0.1 or 10%

Tmax =
2
2

2

3
2 2S

E
N X

×
π

... Art. 34.20

Ns = 120 × 50/4=1500 r.p.m. = 25 r.p.s.

∴ Tmax =
23 57.75

2 25 2 0.1
×

π × ×
 = 320 N-m

(b) fT

T
=

2 2

2

2
fas

a s

1=
+

;  Now, a = R2 /X2 = 0.01/0.1 = 0.1
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∴ 2 × 0.1 × sf /(0.12 + sf
2) = 1/2 ∴  sf = 0.027 or 0.373

Since sf = 0.373 is not in the operating region of the motor, we select sf = 0.027.
Hence, sf = 0.027.      N = 1500 (1 − 0.027) = 1459.5 r.p.m.
Full-load torque Tf = 320/2 = 160 N-m

F.L. Motor output = 2 π N Tf /60 = 2 π × 1459.5 × 160/60 = 24,454 W

Example 34.46.  A 3-phase induction motor has a 4-pole, Y-connected stator winding. The
motor runs on 50-Hz supply with 200V between lines. The motor resistance and standstill reactance
per phase are 0.1 Ω and 0.9 Ω respectively. Calculate

(a) the total torque at 4% slip(b)  the maximum torque

(c) the speed at maximum torque if the ratio of the rotor to stator turns is 0.67. Nelgect stator
impedance. (Elect. Machinery, Mysore Univ. 1987)

Solution.  (a) Voltage/phase = 200
3

 V; K = rotor turns
stator turns

 = 0.67

Standstill rotor e.m.f. per phase is E2 = 200
3

 × 0.67 = 77.4 V and s = 0.04

Zr = ( )2 2 2 2
2 2 0.1 (0.04 0.9)R sX+ = + ×  = 0.106 Ω

I2 = 2 77.4 0.04
0.106r

sE
Z

×=  = 29.1 A

Total Cu loss in rotor = 3 I2
2 R2 = 3 × 29.12 × 0.1 = 255 W

Now, rotor Cu loss
rotor gross output

=
1

s
s−

∴ Pm = 255 × 0.96/0.04 = 6,120 W

Ns = 120 × 50/4 = 1,500 r.p.m; N = (1 − 0.04) × 1,500 = 1440 r.p.m.

Gross torque developed, Tg = 9.55 Pm/N = 9.55 × 6120/1440 = 40.6 N-m

(b) For maximum torque, sm = R2 / X2 = 0.1/0.9 = 1/9 and Er = sE2 = 77.4 × 1/9 = 8.6 V

Zr = 2 20.1 (0.9 1/ 9)+ × = 0.1414 Ω ; I2=8.6/0.1414 = 60.8 A

Total rotor Cu loss = 3 × 60.82 × 0.1 = 1,110 W

Rotor gross output = 1,100 (1 1/ 9)
1/ 9
× −  = 8,800 W

N = (1 − 1/9) × 1,500 = 1,333 rpm
∴ Tmax = 9.55 × 8,800/1333 = 63 N-m
(c) Speed at maximum torque, as found above, is 1333.3 r.p.m.

Example 34.47.  The rotor resistance and standstill reactance of a 3-phase induction motor are
respectively 0.015 Ω and 0.09 Ω  per phase.

(i) What is the p.f. of the motor at start?

(ii) What is the p.f. at a slip of 4 percent ?

(iii) If the number of poles is 4, the supply frequency is 50-Hz and the standstill e.m.f. per rotor
phase is 110 V, find out the full-load torque. Take full-load slip as 4 per cent.

(Electrical Technology-I, Osmania Univ. 1990)

Solution.  (i) rotor impedance/phase = 2 20.015 0.09+  = 0.0912 Ω

p.f. = 0.015/0.0912 = 0.164
(ii) reactance/phase = sX2 = 0.04 × 0.09 = 0.0036 Ω

www.EngineeringBooksPdf.com



1294 Electrical Technology

rotor impedance/phase = 2 20.015 0.0036+  = 0.0154 Ω
p.f. = 0.015/0.0154 = 0.974

(iii) Ns = 120 × 50/4 = 1,500 r.p.m.; N = 1,500 − (0.04 × 1,500) = 1,440 r.p.m.
Er = sE2 = 0.04 × 110 = 4.4 V ; Zr = 0.0154 Ω ...found above
I2 = 4.4/0.0154 = 286 A

Total rotor Cu loss = 3I2
2 R2 = 3 × 2862 × 0.015 = 3,650 W

Now, rotor Cu loss
rotor gross output

=
1

s
s−

∴ Rotor gross output Pm = 3,650 × 0.96/0.04 = 87,600 W
If Tg is the gross torque developed by the rotor, then

Tg = 9.55 Pm /N = 9.55 × 87,600/1440 = 581 N-m

Example 34.48.  The useful full load torque of 3-phase, 6-pole, 50-Hz induction motor is 162.84
N-m. The rotor e.m. f. is observed to make 90 cycles per minute. Calculate (a) motor output
(b) Cu loss in rotor (c) motor input and (d) efficiency if mechanical torque lost in windage and
friction is 20.36 N-m and stator losses are 830 W. (Elect. Machines-II, Indore Univ. 1988)

Solution.  Ns = 120 × 50/6 = 1,000 r.p.m.
Frequency of rotor e.m.f. = 90/60 = 1.5 Hz; s = fr /f = 1.5/50 = 0.03
Rotor speed = 1,000(1 − 0.03) = 970 r.p.m. ; Useful F.L. torque = 162.84 N-m

(a) motor output = Tsh 

2 970 162.842
60 60

N π × ×π =  = 16,540 W

(b) gross torque Tg = 162.84 + 20.36 = 183.2 N-m

Now, Tg = 9.55 
2

s

P
N ∴ 183.2 = 9.55 × 2

1000
P

∴ rotor input, P2 = 183.2 × 1000/9.55 = 19,170 W
∴ rotor Cu loss = s × rotor input = 0.03 × 19,170 = 575.1 W
(c) Motor input, P1 = 19,170 + 830 = 20,000 W
(d) η = (16,540/20,000) × 100 = 82.27%

Example 34.49.  Estimate in kg-m the starting torque exerted by an 18.65-kW, 420-V, 6-pole, 50-
Hz, 3-phase induction motor when an external resistance of 1 Ω is inserted in each rotor phase.

stator impedance : (0.25 + j 0.75) Ω rotor impedance : (0.173 + J 0.52) Ω
stato/rotor voltage ratio: 420/350 connection: Star-Star

Solution. K = E2 /E1 = 350/420 = 5/6

Equivalent resistance of the motor as referred to rotor is
R02 = R2 + K2

 R1 = 0.173 + (5/6)2 × 0.25 = 0.346 Ω / phase
Similarly, X02 = 0.52 + (5/6)2 × 0.75 = 1.04 Ω / phase

When an external resistance of 1 ohm/phase is added to the rotor circuit, the equivalent motor
impedance as referred to rotor circuit is

Z02 = 2 2(1 0.346) 1.04+ +  = 1.7 Ω

Short-circuit rotor current is I2 =
350 / 3

1.7
 = 119 A

Rotor Cu loss per phase on short-circuit = 1192 × 1.173 = 16,610 W
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Now, rotor power input =
rotor Cu loss

s  ; On short-circuit, s = 1

∴ rotor power input = rotor Cu loss on short-circuit
= 16,610 W/phase = 49,830 W for 3 phases

Ns = 120 × 50/6 = 1000 r.p.m.

If Tst is the starting torque in newton-metres, then
Tst = 9.55 P2 /Ns = 9.55 × 49,830/1000 = 476 N-m = 476/9.81 = 46.7 kg-m.

Example 34.50.  An 8-pole, 37.3-kW, 3-phase induction motor has both stator and rotor windings
connected in star. The supply voltage is 280 V per phase at a frequency of 50 Hz. The short-circuit
current is 200 A per phase at a short-circuit power factor of 0.25. The stator resistance per phase is
0.15 Ω. If transformation ratio between the stator and rotor windings is 3, find

(i) the resistance per phase of the rotor winding
(ii) the starting torque of the motor.

Solution.  Under short circuit, all the power supplied to the motor is dissipated in the stator and
rotor winding resistances. Short-circuit power supplied to the motor is

Wsc = 3V1 Isc cos φsc = 3(280 × 200 × 0.25) W

Power supplied/phase = 280 × 200 × 0.25 = 14,000 W

Let r2′ be the rotor resistance per phase as referred to stator. If r1 is the stator resistance per
phase, then

Isc
2 (r1 + r2′) = 14,000 ∴ r1 + r2′ = 14,000 / 2002 = 0.35 Ω

∴ r2′ = 0.35 − 0.15 = 0.2 Ω ; Now, r2′  = r2 /K2 where K = 1/3

(i) ∴  r2 = K2r2′ = 0.2/9 = 0.022 ΩΩΩΩΩ per phase

(ii) Power supplied to the rotor circuit is

= 3Isc
2 r2′ =3 × 2002 × 0.2 = 24,000 W

Ns = 120 f/P = 120 × 50/8 = 750 r.p.m. = 12.5 r.p.s.

∴ Starting torque = 9.55 P2 /Ns = 9.55 × 24,000/750 = 305.6 N-m

Example 34.51.  A 3-phase induction motor, at rated voltage and frequency has a starting
torque of 160 per cent and a maximum torque of 200 per cent of full-load torque. Neglecting stator
resistance and rotational losses and assuming constant rotor resistance, determine

(a) the slip at full-load

(b) the slip at maximum torque

(c) the rotor current at starting in terms of F.L. rotor current.

(Electrical Machine - II, Bombay Univ. 1987)

Solution.  As seen from Example 34.22 above,
(a) sf = 0.01 or 1 %
(b) From the same example it is seen that at maximum torque, a = sb = 0.04 or 4 %

(c) As seen from Art. 34.40.

2

2

st

f

I

I
= 1.6

. 0.01
st

f f

T
s T

=  = 12.65

∴ Starting rotor current = 12.65 × F.L. rotor current
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34.43.34.43.34.43.34.43.34.43. Sector Induction MotorSector Induction MotorSector Induction MotorSector Induction MotorSector Induction Motor

Consider a standard 3-phase, 4-pole, 50-Hz, Y-
connected induction motor. Obviously, its Ns = 1500 rpm.
Suppose we cut the stator in half i.e. we remove half the stator
winding with the result that only two complete N and S poles
are left behind. Next, let us star the three phases without making
any other changes in the existing connections. Finally, let us
mount the original rotor above this sector stator leaving a
small air-gap between the two. When this stator is energised
from a 3-phase 50-Hz source, the rotor is found to run at
almost 1500 rpm. In order to prevent saturation, the stator
voltage should be reduced to half its original value because
the sector stator winding has only half the original number of
turns. It is found that under these conditions, this half-truncated sector motor still develops about 30% of its
original rated power.

The stator flux of the sector motor revolves at the same peripheral speed as the flux in the original
motor. But instead of making a complete round, the flux in the sector motor simply travels continuously
from one end of the stator to the other.

34.44. Linear Induction Motor34.44. Linear Induction Motor34.44. Linear Induction Motor34.44. Linear Induction Motor34.44. Linear Induction Motor

If, in a sector motor, the sector is laid out flat and a flat squirrel-cage winding is brought near to it,
we get a linear induction motor (Fig. 34.42). In practice, instead of a flat squirrel-cage winding, an
aluminium or copper or iron plate is used as a ‘rotor’. The flat stator produces a flux that moves in a
straight line from its one end to the other at a linear synchronous
speed given by

υs = 2 w. f.
where υs = linear synchronous speed (m/s)

w = width of one pole-pitch (m)
f = supply frequency (Hz)

It is worth noting that speed does not depend on the
number of poles, but only on the pole-pitch and stator supply
frequency.  As the flux moves linearly, it drags the rotor plate
along with it in the same direction. However, in many practical
applications, the ‘rotor’ is stationary, while the stator moves.  For example, in high-speed trains, which
utilize magnetic levitation (Art. 34.46), the rotor is composed of thick aluminium plate that is fixed to
the ground and extends over the full length of the track. The linear stator is bolted to the undercarriage
of the train.

34.45. Properties of a Linear Induction Motor34.45. Properties of a Linear Induction Motor34.45. Properties of a Linear Induction Motor34.45. Properties of a Linear Induction Motor34.45. Properties of a Linear Induction Motor

These properties are almost identical to those of a standard rotating machine.
1. Synchronous speed. It is given by υs = 2wf
2. Slip. It is given by s = (vs − v ) / vs

where v is the actual speed.
3. Thrust or Force.  It is given by F = P2/vs

where P2 is the active power supplied to the rotor.
4. Active Power Flow. It is similar to that in a rotating motor.

(i) Pcr = sP2 and (ii) Pm = (1 − s) P2

Fig. 34.41

L1

L3

L2

Fig. 34.42

L1
L2

L3

Linear Rotor

Linear
Stator
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Example 34.52.  An electric train, driven by a linear motor, moves with 200 km/h, when stator
frequency is 100 Hz. Assuming negligible slip, calculate the pole-pitch of the linear motor.

Solution. υs = 2 ω f ω = 
( )200 5 /18

2 100
×
×

 = 277.8 mm

Example 34.53.  An overhead crane in a factory is driven horizontally by means of two similar
linear induction motors, whose ‘rotors’ are the two steel I-beams, on which the crane rolls.  The 3-
phase, 4-pole linear stators, which are mounted on opposite sides of the crane, have a pole-pitch of
6 mm and are energised by a variable-frequency electronic source.  When one of the motors was
tested, it yielded the following results:

Stator frequency = 25 Hz; Power to stator = 6 kW
Stator Cu and iron loss = 1.2 kW; crane speed = 2.4 m/s

Calculate  (i)   synchronous speed and slip (ii) power input to rotor (iii) Cu losses in the rotor
(iv)  gross mechanical power developed and (v) thrust.

Solution. (i) vs = 2 ωf = 2 × 0.06 × 25 = 3 m/s
s = (υs − υ)/υs = (3 − 2.4)/3 = 0.2 or 20%

 (ii) P2 = 6 − 1.2 = 4.8 kW
(iii) Pcr = sP2 = 0.2 × 4.8 = 0.96 kW
 (iv) Pm = P2 − Pcr = 4.8 − 0.96 = 3.84 kW
  (v) F = P2 / υs = 4.8 × 103/3 = 1600 N = 1.60 kN

34.46. Magnetic Levitation34.46. Magnetic Levitation34.46. Magnetic Levitation34.46. Magnetic Levitation34.46. Magnetic Levitation

As shown in Fig. 34.43 (a), when a moving permanent magnet
sweeps across a conducting ladder, it tends to drag the ladder
along with, because it applies a horizontal tractive force F = BIl. It
will now be shown that this horizontal force is also accompanied
by a vertical force (particularly, at high magnet speeds), which
tends to push the magnet away from the ladder in the upward
direction.

Fig. 34.43

A portion of the conducting ladder of Fig. 34.43 (a) has been shown in Fig. 34.43 (b). The voltage
induced in conductor (or bar) A is maximum because flux is greatest at the centre of the
N pole. If the magnet speed is very low, the induced current reaches its maximum value in A at virtually
the same time (because delay due to conductor inductance is negligible).  As this current flows via
conductors B and C, it produces induced SSS and NNN poles, as shown.  Consequently, the front half of

Magnetic levitation

I/2
S

N
N I/2

I F

Speed, �

B A C

( )a

S S S N N N

I/2 I/2I

B A C

( ) Gatewayb

N

Low Speed
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the magnet is pushed upwards while the rear half is pulled downwards. Since distribution of SSS and
NNN pole is symmetrical with respect to the centre of the magnet, the vertical forces of attraction and
repulsion, being equal and opposite, cancel each other out, leaving behind only horizontal tractive
force.

Now, consider the case when the magnet sweeps over
the conductor A with a very high speed, as shown in Fig.
34.44.  Due to conductor inductance, current in A reaches
its maximum value a fraction of a second (∆t) after voltage
reaches its maximum value.  Hence, by the time I in con-
ductor A reaches its maximum value, the centre of the mag-
net is already ahead of A by a distance  =  υ. ∆t where υ is
the magnet velocity.  The induced poles SSS and NNN are
produced, as before, by the currents returning via conduc-
tors B and C respectively.  But, by now, the N pole of the
permanent magnet lies over the induced NNN pole, which
pushes it upwards with a strong vertical force. * This forms
the basis of magnetic levitation which literally means ‘floating in air’.

Magnetic levitation is being used in ultrahigh speed trains (upto 300 km/h) which float in the air about
100 mm to 300 mm above the metallic track.  They do not have any wheels and do not require the tradi-
tional steel rail.  A powerful electromagnet (whose coils are cooled to about 4 °K by liquid helium) fixed
underneath the train moves across the conducting rail, thereby inducing current in the rail.  This gives rise to
vertical force (called force of levitation) which keeps the train pushed up in the air above the track.  Linear
motors are used to propel the train.

A similar magnetic levitation system of transit is being considered for connecting Vivek Vihar in East
Delhi to Vikaspuri in West Delhi.  The system popularly known as Magneto-Bahn (M-Bahn) completely
eliminates the centuries-old ‘steel-wheel-over steel rail’  traction.  The M-Bahn train floats in the air
through the principle of magnetic levitation and propulsion is by linear induction motors.  There is 50%
decrease in the train weight and 60% reduction in energy consumption for propulsion purposes.   The
system is extraordinarily safe (even during an earthquake) and the operation is fully automatic and computer-
based.

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No. 34.3 34.3 34.3 34.3 34.3

1. A 500-V, 50-Hz, 3-phase induction motor develops 14.92 kW inclusive of mechanical losses when
running at 995 r.p.m., the power factor being 0.87. Calculate (a) the slip (b) the rotor Cu losses
(c) total input if the stator losses are 1,500 W (d) line current (e) number of cycles per minute of the
rotor e.m.f. [(a) 0.005 (b) 75 W (c) 16.5 kW (d) 22 A (e) 15] (City & Guilds, London)

2. The power input to a 3-phase induction motor is 40 kW.  The stator losses total 1 kW and the friction
and winding losses total 2 kW.   If the slip of the motor is 4%, find (a) the mechanical power output
(b) the rotor Cu loss per phase and (c) the efficiency. [(a) 37.74 kW (b) 0.42 kW (c) 89.4%]

3. The rotor e.m.f. of a 3-phase, 440-V, 4-pole, 50-Hz induction motor makes 84 complete cycles per
minute when the shaft torque is 203.5 newton-metres.  Calculate the h.p. of the motor.

[41.6 h.p. (31.03 kW)] (City & Guilds, London)
4. The input to a 3-phase induction motor, is 65 kW and the stator loss is 1 kW.  Find the total

mechanical power developed and the rotor copper loss per phase if the slip is 3%.  Calculate also in

S S S S N N N N

I/2 I/2I

B A C

N

High Speed

Fig. 34.44

* The induced current is always delayed (even at low magnet speeds) by an interval of time ∆t which
depends on the L/R time-constant of the conductor circuit.  This delay is so brief at slow speed that voltage
and the current reach their maximum value virtually at the same time and place. But at high speed, the same
delay ∆t is sufficient to produce large shift in space between the points where the voltage and current achieve
their maximum values.
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terms of the mechanical power developed the input to the rotor when the motor yields full-load torque
at half speed. [83.2 h.p. (62.067 kW) : 640 W, Double the output] (City & Guilds. London)

5. A 6-pole, 50-Hz, 8-phase induction motor, running on full-load, develops a useful torque of 162 N-m
and it is observed that the rotor electromotive force makes 90 complete cycles per min. Calculate the
shaft output. If the mechanical torque lost in friction be 13.5 Nm, find the copper loss in the rotor
windings, the input to the motor and the efficiency. Stator losses total 750 W.

[16.49 kW; 550 W; 19.2 kW; 86%]
6. The power input to a 500-V, 50-Hz, 6-pole, 3-phase induction motor running at 975 rpm is 40 kW.

The stator losses are 1 kW and the friction and windage losses total 2 kW. Calculate (a) the slip (b)
the rotor copper loss (c) shaft output (d) the efficiency.[(a) 0.025 (b) 975 W (c) 36.1 kW (d) 90%]

7. A 6-pole, 3-phase induction motor develops a power of 22.38kW, including mechanical losses which
total 1.492 kW at a speed of 950 rpm on 550-V, 50-Hz mains.  The power factor is 0.88.  Calculate
for this load (a) the slip (b) the rotor copper loss (c) the total input if the stator losses are 2000 W
(d) the efficiency (e) the line current (f) the number of complete cycles of the rotor electromotive
force per minute. [(a) 0.05 (b) 1175 (c) 25.6 kW (d) 82% (e) 30.4 A (f) 150 ]

8. A 3-phase induction motor has a 4-pole, star-connected stator winding.  The motor runs on a 50-Hz
supply with 200 V between lines.  The rotor resistance and standstill reactance per phase are 0.1 Ω
and 0.9 Ω respectively.  The ratio of rotor to stator turns is 0.67. Calculate (a) total torque at 4% slip
(b) total mechanical power at 4% slip (c) maximum torque (d) speed at maximum torque (e) maximum
mechanical power.  Prove the formulae employed, neglecting stator impedance.

[ (a) 40 Nm (b) 6 kW (c) 63.7 Nm (d) 1335 rpm (e) 8.952 kW.]
9. A 3-phase induction motor has a 4-pole, star-connected, stator winding and runs on a 220-V, 50-Hz

supply.  The rotor resistance is 0.1 Ω and reactance 0.9.  The ratio of stator to rotor turns is 1.75.
The full load slip is 5%.  Calculate for this load (a) the total torque (b) the shaft output.  Find also (c)
the maximum torque (d) the speed at maximum torque.

[ (a) 42 Nm (b) 6.266 kW (c) 56 Nm (d) 1330 rpm ]
10. A 3000-V, 24-pole, 50-Hz 3-phase, star-connected induction motor has a slip-ring rotor of resistance

0.016 Ω and standstill reactance 0.265 Ω per phase.  Full-load torque is obtained at a speed of
247 rpm.
Calculate (a) the ratio of maximum to full-load torque (b) the speed at maximum torque. Neglect
stator impedance. [(a) 2.61 (b) 235 rpm ]

11. The rotor resistance and standstill reactance of a 3-phase induction motor are respectively 0.015 Ω
and 0.09 Ω per phase.  At normal voltage, the full-load slip is 3%.  Estimate the percentage reduction
in stator voltage to develop full-load torque at one-half of full-load speed.  What is then the power
factor ? [22.5%; 0.31 ]

12. The power input to a 3-phase, 50-Hz induction motor is 60 kW.  The total stator loss is 1000 W.   Find
the total mechanical power developed and rotor copper loss if it is observed that the rotor e.m.f.
makes 120 complete cycles per minute.

[56.64 kW; 2.36 kW] (AMIE Sec. B Elect. Machine (E-3) Summer 1990)
13. A balanced three phase induction motor has an efficiency of 0.85 when its output is 44.76 kW.  At this

load both the stator copper loss and the rotor copper loss are equal to the core losses.  The mechanical
losses are one-fourth of the no-load loss.  Calculate the slip.

[4.94%] (AMIE Sec. B Elect. Machines (E-3) Winter 1991)
14. An induction motor is running at 20% slip, the output is 36.775 kW and the total mechanical losses are

1500 W.  Estimate Cu losses in the rotor circuit.  If the stator losses are 3 kW, estimate efficiency of
the motor. [9,569 W, 72.35%] (Electrical Engineering-II, Bombay Univ. 1978)

15. A 3- φ, 50-Hz, 500-V, 6-pole induction motor gives an output of 37.3 kW at 955 r.p.m.  The power
factor is 0.86, frictional and windage losses total 1.492 kW; stator losses amount to 1.5 kW.  Deter-
mine (i) line current (ii) the rotor Cu loss for this load.

[(i) 56.54 A (ii) 88.6% (iii) 1.828 kW] (Electrical Technology, Kerala Univ. 1977)
16. Determine the efficiency and the output horse-power of a 3-phase, 400-V induction motor running
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on load with a slip of 4 per cent and taking a current of 50 A at a power factor of 0.86.  When running
light at 400 V, the motor has an input current of 15 A and the power taken is 2,000 W, of which
650 W represent the friction, windage and rotor core loss.  The resistance per phase of the stator
winding (delta-connected) is 0.5 Ω.

[85.8 per cent; 34.2 h.p. (25.51 kW)] (Electrical Engineering-II, M.S. Univ. Baroda 1977)
17. The power input to the rotor of a 440-V, 50-Hz, 3-phase, 6-pole induction motor is 60 kW. It is

observed that the rotor e.m.f. makes 90 complete cycles per minute.  Calculate (a) the slip (b) rotor
speed (c) rotor Cu loss per phase (c) the mechanical power developed and (e) the rotor resistance per
phase if rotor current is 60 A. [ (a) 0.03 (b) 970 r.p.m. (c) 600 W (d) 58.2 kW (e) 0.167 ΩΩΩΩΩ ]

18. An induction motor is running at 50% of the synchronous speed with a useful output of 41.03 kW
and the mechanical losses total 1.492 kW. Estimate the Cu loss in the rotor circuit of the motor. If the
stator losses total 3.5 kW, at what efficiency is the motor working ?

[42.52 kW; 46.34%] (Electrical Engineering-II, Bombay Univ. 1975)
19. Plot the torque/speed curve of a 6-pole, 50-Hz, 3-phase induction motor.  The rotor resistance and

reactance per phase are 0.02 Ω and 0.1 Ω respectively.  At what speed is the torque a maximum?
What must be the value of the external rotor resistance per phase to give two-third of maximum
torque at starting ? [(a) 800 rpm (b) 0.242 ΩΩΩΩΩ or 0.018 ΩΩΩΩΩ ]

34.47.34.47.34.47.34.47.34.47.  Induction Motor as a Generalized   Induction Motor as a Generalized   Induction Motor as a Generalized   Induction Motor as a Generalized   Induction Motor as a Generalized TTTTTransfransfransfransfransfororororormermermermermer

The transfer of energy from stator to the rotor of an induction motor takes place entirely inductively,
with the help of a flux mutually linking the two.  Hence, an induction motor is essentially a transformer
with stator forming the primary and rotor
forming (the short-circuited) rotating
secondary (Fig. 34.45).  The vector
diagram is similar to that of a transformer
(Art. 32.15).

In the vector diagram of Fig. 34.46,
V1 is the applied voltage per stator phase,
R1 and X1 are stator resistance and
leakage reactance per phase respectively,
shown external to the stator winding in Fig.
34.45.  The applied voltage V1 produces
a magnetic flux which links both primary and secondary thereby
producing a counter e.m.f of self-induction E1 in primary (i.e. stator)
and a mutually-induced e.m.f.  Er (= sE2) in secondary (i.e. rotor).
There is no secondary terminal voltage V2 in secondary because
whole of the induced e.m.f.  Er is used up in circulating the rotor
current as the rotor is closed upon itself (which is equivalent to its
being short-circuited).

Obviously V1 = E1 + I1R1 + j I1X1

The magnitude of Er depends on voltage transformation ratio
K between stator and rotor and the slip.  As it is wholly absorbed in
the rotor impedance.

∴  Er = I2Z2 = I2 (R2 +  jsX2)

In the vector diagram, I0 is the no-load primary current.  It has
two components (i) the working or iron loss components Iw which
supplies the no-load motor losses and (ii) the magnetising compo-
nent Iµ which sets up magnetic flux in the core and the air-gap.

Fig. 34.45

Fig. 34.46
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Obviously I0 = ( )2 2µ
I I
ω

+ In Fig. 34.45, Iω and Iµ are taken care of by an exciting circuit containing

R0 = E1/Iω and X0 = E1/Iµ respectively.
It should be noted here, in passing that in the usual two-winding transformer, I0 is quite small (about 1

% of the full-load current).  The reason is that the magnetic flux path lies almost completely in the steel core
of low reluctance, hence Iµ is small, with the result that I0 is small But in an induction motor, the presence of
an air-gap (of high reluctance) necessitates a large Iµ hence I0 is very large (approximately 40 to 50% of the
full-load current).

In the vector diagram, I2′ is the equivalent load current in primary and is equal to KI2.  Total primary
current is the vector sum of I0 and I2′.

At this place, a few words may be said to justify the representation of the stator and rotor quantities on
the same vector diagram, even though the frequency of rotor current and e.m.f. is only a fraction of that of
the stator.  We will now show that even though the frequencies of stator and rotor currents are different, yet
magnetic fields due to them are synchronous with each other, when seen by an observer stationed in space—
both fields rotate at synchronous speed Ns (Art. 34.11).

The current flowing in the short-circuited rotor produces a magnetic field, which revolves round the
rotor in the same direction as the stator field. The speed of rotation of the rotor field is

=
120 120 Sr

s s
s

N Nf sf
sN N

P P N

−
= = = ×  = (NS − N)

Rotor speed N = (1 − s) Ns

Hence, speed of the rotating field of the rotor with respect to the stationary stator or space is
= sNS + N = (NS − N) + N = Ns

34.48. Rotor Output34.48. Rotor Output34.48. Rotor Output34.48. Rotor Output34.48. Rotor Output

Primary current I1 consists of two parts, I0 and I2′.   It is the latter which is transferred to the rotor,
because I0 is used in meeting the Cu and iron losses in the stator itself.  Out of the applied primary
voltage V1, some is absorbed in the primary itself (= I1Z1) and the remaining E1 is transferred to the
rotor. If the angle between E1 and I2′ is φ, then

Rotor input / phase = E1I2′  cos φ ; Total rotor input  =  3E1I2′ cos φ
The electrical input to the rotor which is wasted in the form of heat is

= 3I2 Er cos φ (or = 3 I2
2 R2)

Now I2′ = KI2 or I2 = I2′ / K
Er = s E2 or E2 = KE1

∴ Er = sKE1
∴ electrical input wasted as heat

= 3 × (I2′ / K) × sK E1 × cos φ = 3E1I′2 cos φ × s = rotor input × s
Now, rotor output = rotor input − losses = 3E1 I2′ cos φ – 3E1I2′ cos φ × s

= (1 − s) 3E1I2′ cos φ = (1 – s) × rotor input

∴ rotor output
rotor input

= 1 – s ∴ rotor Cu loss  = s ×  rotor input

rotor efficiency = 1 − s = 
actual speed

synchronous speedS

N
N

=

In the same way, other relation similar to those derived in Art. 34.37 can be found.

34.49. Equivalent Circuit of the Rotor34.49. Equivalent Circuit of the Rotor34.49. Equivalent Circuit of the Rotor34.49. Equivalent Circuit of the Rotor34.49. Equivalent Circuit of the Rotor

When motor is loaded, the rotor current I2 is given by
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I2 = 
( ) ( )
2 2

2 22 2
2 2 2 2/

E E
s

R sX R s X
=

   + +   
From the above relation it appears that the rotor circuit which actually consists of a fixed resistance R2

and a variable reactance sX2 (proportional to slip) connected across Er = sE2 [Fig. 34.47 (a)] can be
looked upon as equivalent to a rotor circuit having a fixed reactance X2 connected in series with a variable
resistance R2/s (inversely proportional to slip) and supplied with constant voltage
E2, as shown in Fig. 34.47 (b).

s

Fig. 34.47 Fig. 34.48

Now, the resistance ( )2
2 2

1 1
R

R R
s s

= + − .   It consists of two parts :

(i) the first part R2 is the rotor resistance itself and represents the rotor Cu loss.

(ii) the second part is R2 ( )1 1
s

−

This is known as the load resistance RL and is the electrical equivalent of the mechanical load on
the motor. In other words, the mechanical load on an induction motor can be represented by a non-

inductive resistance of the value R2 ( )1 1
s

−  .  The equivalent rotor circuit along with the load resistance

RL may be drawn as in Fig. 34.48.

34.50. Equivalent Circuit of an Induction Motor34.50. Equivalent Circuit of an Induction Motor34.50. Equivalent Circuit of an Induction Motor34.50. Equivalent Circuit of an Induction Motor34.50. Equivalent Circuit of an Induction Motor

As in the case of a transformer (Fig. 32.14), in this case also, the secondary values may be
transferred to the primary and vice versa.  As before, it should be remembered that when shifting
impedance or resistance from secondary to primary, it should be divided by K2 whereas current
should be multiplied by K.  The equivalent circuit of an induction motor where all values have been
referred to primary i.e. stator is shown in Fig. 34.49.

Fig. 34.49

As shown in Fig. 34.50, the exciting circuit may be transferred to the left, because inaccuracy
involved is negligible but the circuit and hence the calculations are very much simplified.  This is
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known as the approximate equivalent circuit of the induction motor.

If transformation ratio is assumed unity i.e. E2/E1 = 1, then the equivalent circuit is as shown
in Fig. 34.51 instead of that in Fig. 34.49.

( (

((

Fig. 34.50 Fig. 34.51

34.51. Power Balance Equations34.51. Power Balance Equations34.51. Power Balance Equations34.51. Power Balance Equations34.51. Power Balance Equations

With reference to Fig. 34.49 (a), following power relations in an induction motor can be
deduced:

Input power = 3V1 I1 cos φ1; stator core loss = Iω
2 R0; stator Cu loss = 3 I1

2 R1

Power transferred to rotor = 3 I2′
2R2′/s; Rotor Cu loss = 3 I2′

2 R2′
Mechanical power developed by rotor (Pm) or gross power developed by rotor (Pg)

= rotor input – rotor Cu losses

= 3 I2′
2 R2′ / s − 3I2′

2 R2′ = 3 I2′
2 R2′ 

1 s
s
−   

 Watt

If Tg is the gross torque* developed by the rotor, then

Tg × ω = Tg × 2 π 60
N

 =3 I2′
2 R2′  

1 s
s
−   

∴ Tg =

2
2 2

13

2 / 60

sI R
s

N

− ′ ′   
π

 N-m

Now, N = NS (1 − s).  Hence gross torque becomes

Tg =
2 2

2 2 2 23 / 3 /
N-m 9.55 N-m

2 / 60s s

I R s I R s
N N
′ ′ ′ ′

= ×
π

Since gross torque in synchronous watts is equal to the power transferred to the rotor across the
air-gap.

∴ Tg = 3I2′
2R2′/s synch. watt.

It is seen from the approximate circuit of Fig. 34.50 that

I2′ = 1

1 2 1 2( / ) ( )
V

R R s j X X+ ′ + + ′

Tg =
2
1 2

2 2
1 2 1 2

3 N m
2 / 60 ( / ) ( )s

V R
N sR R s X X

′
× × −

π + ′ + + ′

* It is different from shaft torque, which is less than Tg by the torque required to meet windage and frictional
losses.
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34.52. Maximum Power Output34.52. Maximum Power Output34.52. Maximum Power Output34.52. Maximum Power Output34.52. Maximum Power Output

Fig. 34.52 shows the approximate equivalent circuit of an induction motor with the
simplification that :

(i) exciting circuit is omitted i.e. I0 is neglected and
(ii) K is assumed unity.
As seen, gross power output for 3-phase induction motor is

Pg = 3 I 1
2 RL

Now, I1 =
( )

1

2 2
01 01L

V

R R X + + 

∴ Pg = 
( )

2
1

2 2
01 01

3 L

L

V R

R R X+ +

The condition for maximum power output can be found by differentiating the above equation and by
equating the first derivative to zero. If it is done, it will
be found that

RL
2 = R01

2 +  X01
2 = Z01

2

where Z01 = leakage impedance of
the motor as referred to primary

∴ RL = Z01

Hence, the power output is maximum when the
equivalent load resistance is equal to the stand-
still leakage impedance of the motor.

34.53.34.53.34.53.34.53.34.53. Corresponding SlipCorresponding SlipCorresponding SlipCorresponding SlipCorresponding Slip

Now RL = R2[(1/s) – 1] ∴ Z01 = RL = R2 [(1/s) – 1] or s = 2

2 01

R
R Z+

This is the slip corresponding to maximum gross power output.  The vlaue of Pgmax is obtained by
substituting RL by Z01 in the above equation.

∴ Pgmax = ( )
2 2 2

1 01 1 01 1
2 2 2 22

01 0101 01 01 01 0101 01 01

3 3 3
2 ( )2

V Z V Z V
R ZR Z R Z XR Z X

= =
++ + ++ +

It should be noted that V1 is voltage/phase of the motor and K has been taken as unity.

Example 34.54.  The maximum torque of a 3-phase induction motor occurs at a slip of 12%. The
motor has an equivalent secondary resistance of 0.08 Ω/phase.  Calculate the equivalent load resis-
tance RL, the equivalent load voltage VL and the current at this slip if the gross power output is 9,000
watts.

Solution.   RL = R2[ (1/s) − 1] = 0.08 [ (1/0.12) − 1]  = 0.587 ΩΩΩΩΩ /phase.
As shown in the equivalent circuit of the rotor in Fig. 34.53, V is a fictitious voltage drop equivalent to

that consumed in the load connected to the secondary i.e. rotor.  The
value of V = I2RL

Now, gross power Pg = 3I2
2  RL  =  3V2/RL

V = ( / 3)g LP R×

= (0.587 9000 / 3)×  = 42 V

Equivalent load current = V/RL = 42/0.587 = 71.6A

( (

Fig. 34.52

Fig. 34.53

R2 = 0.08 �

RL = R2

I2

X2

E2 V1
s

_1( )
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Example 34.55.  A 3-phase, star-connected 400 V, 50-Hz, 4-pole induction motor has the following
per phase parameters in ohms, referred to the stators.

R1 = 0.15, X1 = 0.45, R2′  = 0.12, X2′ = 0.45, Xm = 28.5

Compute the stator current and power factor when the motor is operated at rated voltage and
frequency with s = 0.04. (Elect. Machines, A.M.I.E. Sec. B, 1990)

Solution.  The equivalent circuit with all values referred to stator is shown in Fig. 34.54.

RL′ = R2′  ( )1 1
s

−

= ( )10.12 1
0.04

−   = 2.88 Ω

I2′ =
01 01( )L

V
R R j X+ ′ +

=
400 / 3

(0.15 0.12 2.88) (0.45 0.45)j+ + + +
= 67.78 − j 19.36

I0 = 400 / 3 400
3 28.5mX j

=
×

 =  – j 8.1

Stator current, I1 = I0 + I2′ = 67.78 − j 19.36 − j 8.1 = 73.13 ∠∠∠∠∠ – 22°
p.f. = cos φ = cos 22° = 0.927 (lag)

Example 34.56.  A 220-V, 3-φ, 4-pole, 50-Hz, Y-connected induction motor is rated 3.73 kW.
The equivalent circuit parameters are:

R1 = 0.45 Ω, X1 = 0.8 Ω; R2′ = 0.4 Ω, X2′  = 0.8 Ω, B0 = – 1/30 mho

The stator core loss is 50 W and rotational loss is 150 W. For a slip of 0.04, find (i) input current
(ii) p.f. (iii) air-gap power (iv) mechanical power (v) electro-magnetic torque (vi) output power and
(vii) efficiency.

Solution.  The exact equivalent circuit is shown in Fig. 34.55.  Since R0 (or G0) is negligible in
determining I1, we will consider B0 (or X0) only

ZAB = 2 2

2 2

[( / ) ] 30 (10 0.8)
( / ) ( ) 10 30.8

m

m

j X R s j X j j
R s j X X j

′ + ′ +=
′ + ′ + + = 8.58 + j 3.56 = 9.29 ∠  22.5°

Z01 = Z1 + ZAB = (0.45 + j 0.8) + (8.58 + j 3.56) = 9.03 + j 4.36 = 10 ∠  25.8°

Vph = 220
3

 ∠  0° = 127 ∠ 0°

(i) ∴ I1 = V1 / Z01 = 127 ∠ 0°/10 ∠ 25.8°
= 12.7  ∠ − ∠ − ∠ − ∠ − ∠ − 25.8° A

(ii) p.f. = cos 25.8° = 0.9
(iii) air-gap power, P2 = 3 I2′

2 (R2′/s) = 3I1
2RAB

= 3 × 12.72 × 8.58 = 4152 W
(iv) Pm = (1 – s) P2 = 0.96 × 4152 = 3,986 W
(v) Electromagnetic torque (i.e. gross torque)

Tg = 9.55
2 / 60

m mP P
N N

=
π

 N– m

Now, Ns = 1500 r.p.m., N = 1500 (1 – 0.04) = 1440 r.p.m.

Fig. 34.55

I1

R�2

X�2I�2R1 X1

I1
I2

Ro
Xo

Io

A

V1 s

B

Fig. 34.54
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 Tg = 9.55 × 3986/1440 = 26.4 N-m

(or Tg = 2 41529.55 9.55
1500s

P
N

= ×  = 26.4 N-m

(vi) output power = 3986 − 150 = 3836 W
(vii) stator core loss = 50 W; stator Cu loss = 3 I1

2R1 = 3 × 12.72 × 0.45 = 218 W
Rotor Cu loss = 3 I2′

2 R2′ = sP2 = 0.04 × 4152 = 166 W;  Rotational losses = 150 W
Total loss = 50 + 218 + 166 + 150 = 584 W; η = 3836/(3836 + 584) = 0.868 or 86.8%

Example 34.57.  A 440-V, 3-φ 50-Hz, 37.3 kW, Y-connected induction motor has the following
parameters:

R1 = 0.1 Ω, X1 = 0.4 Ω, R2′ = 0.15 Ω, X2′ = 0.44 Ω
Motor has stator core loss of 1250 W and rotational loss of 1000 W. It draws a no-load line

current of 20 A at a p.f. of 0.09 (lag). When motor operates at a slip of 3%, calculate (i) input line
current and p.f. (ii) electromagnetic torque developed in N-m (iii) output and (iv) efficiency of the
motor. (Elect. Machines -II, Nagpur Univ. 1992)

Solution.  The equivalent circuit of the motor is shown in Fig. 34.49 (a). Applied voltage per phase =

440 3  = 254 V.

I2′ = 1

1 2 1 2

254 0
( / ) ( ) (0.1 0.15 / 0.03) (0.4 0.44)

V
R R s j X X j

∠ °=
+ ′ + + ′ + + +

= 254 0 254 0
5.1 0.84 5.17 9.3j

∠ ° ∠ °=
+ ∠ °

 = 49.1 ∠ −  9.3° = 48.4 − j 7.9

For all practical purposes, no-load motor current may be taken as equal to magnetising current I0.
Hence, I0 = 20 ∠ − 84.9° = 1.78 – j 19.9.

(i) I1 = I0 + I2′′′′′ = (48.4 − j 7.9) + ( 1.78 − j 19.9) = 50.2 − j 27.8 = 57.4 ∠ − ∠ − ∠ − ∠ − ∠ −  29°
∴ p.f. = cos 29° = 0.875 (lag).

(ii) P2 = 3 I2′
2 (R2′ / s) = 3 × 49.12 × (0.15 / 0.03) = 36,160 W

Ns = 1500 r.p.m.
∴ Tg = 9.55 × 36,160/1500 = 230 N-m

(iii) Pm = (1 − s) P2 = 0.97 × 36,160 = 35,075 W
Output power = 35,075 − 1000 = 34,075 W

Obviously, motor is delivering less than its rated output at this slip.

(iv) Let us total up the losses.
Core loss = 1250 W, stator Cu loss = 3 I 1

2 R1 = 3 × 57.42 × 0.1 = 988 W
Rotor Cu loss = 3 I2′

2 R2′ = sP2 = 0.03 × 36,160 = 1085 W

rotational i.e. friction and windage losses  = 1000 W
Total losses = 1250 + 988 + 1085 + 1000  = 4323 W

η = 34,075/(34,075 + 4323)  = 0.887 or 88.7%

or input = 3  × 440 × 57.4 × 0.875  = 38,275 W

∴ η = 1 − (4323/38,275) = 0.887  or   88.7%

Example 34.58. A 400 V, 3-φ, star-connected induction motor has a stator exciting impedance of
(0.06 + j 0.2) Ω and an equivalent rotor impedance of (0.06 + j 0.22) Ω. Neglecting exciting current,
find the maximum gross power and the slip at which it occurs. (Elect. Engg.-II, Bombay Univ. 1987)
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Solution.  The equivalent circuit is shown in Fig. 34.56.

R01 = R1 + R2′ = 0.06 + 0.06  =  0.12 Ω
X01 = X1 + X2′ = 0.2 + 0.22 = 0.42 Ω

∴ Z01 = 3 2(0.12 0.42 )+  = 0.44 Ω

As shown in Art. 34.53, slip corresponding to maxi-
mum gross power output is given by

s = 2

2 01

0.06
0.06 0.44

R
R Z

=
+ +

= 0.12 or 12%

Voltage/phase, V1 = 400 / 3V

Pg max=
2 2
1

01 01

3 3 (400 / 3)
2 ( ) 2 (0.12 0.44)

V
R Z

=
+ +  = 142,900 W.

Example 34.59.  A 115V, 60-Hz, 3-phase, Y-Connected, 6-pole induction motor has an
equivalent T-circuit consisting of stator impedance of (0.07 + j 0.3) Ω  and an equivalent rotor
impedance at standstill of (0.08 + j 0.3) Ω.  Magnetising branch has Go = 0.022 mho, Bo = 0.158
mho. Find  (a) secondary current (b) primary current (c) primary p.f. (d) gross power output (e) gross
torque (f) input (g) gross efficiency by using approximate equivalent circuit. Assume a slip of 2% .

Solution.  The equivalent circuit is shown in Fig. 34.57 RL′ = R2′ [ (1/s) − 1]

= 0.88 ( )1 1
0.02

−  = 3.92 Ω / phase

The impedance to the right of terminals c and d is
Zcd = R01 + RL′  + j X01

= (0.07 + 0.08) + 3.92 + j 0.6

= 4.07 + j 0.6
= 4.11 ∠  8.4° Ω / phase

V = 115/ 3  = 66.5 V
(a) Secondary current I2′′′′′ = I2

= 66.5
4.11 8.4∠ °  = 16.17 ∠ −  j 8.4°

= 16 − j 2.36 A

The exciting current I0 = V (G0 – j B0) = 66.5 (0.022 – j 0.158) = 1.46 – j 10.5 A
(b) I1 = I0 + I2′′′′′  = I0 + I2 = (1.46 – j 10.5) + (16 – j 2.36)

= 17.46 − j 12.86 = 21.7 ∠ −  36.5°

(c) Primary p.f. = cos 36.5° = 0.804
(d) Pg = 3 I2

2 RL′ = 3 × 16.172 × 3.92 = 3,075 W
(e) Synchronous speed Ns = 120 × 60/6 = 1,200 r.p.m.

Actual rotor speed  N = (1 − s) Ns = (1 − 0.02) × 1200 = 1,176 r.p.m.

∴ Tg =
30759.55. 9.55
1176

mP
N

= ×  = 24.97 N – m

(f) Primary power input = 1 13 cos 3V I φ =  × 115 × 21.7 × 0.804  = 3,450 W

(g) Gross efficiency = 3,075 × 100/3,450 = 89.5 %

Fig. 34.56

( (

Fig. 34.57
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Alternative Solution
Instead of using the equivalent circuit of Fig. 34.57, we could use that shown in Fig. 34.49 which is

reproduced in Fig. 34.58.

(a) I2′ = 1

1 2 1 2( / ) ( )
V

R R s j X X+ ′ + + ′

=
66.5 0

(0.07 0.08 / 0.02) (0.3 0.3)j
∠ °

+ + +

=
66.5

4.07 0.6j+
= 16 − j 2.36 = 16.17 ∠ −  8.4°

(b) I1 = Io + I2 = 21.7 ∠ −  36.5° ...as before
(c) primary p.f. = 0.804 ...as before

(d) gross power developed, Pg =  3 I2′
2 R2′ 

1 s
s
− 

  

=  3 × 16.172 × 0.08 
1 0.02

0.02
− 

  
 = 3075 W

The rest of the solution is the same as above.

Example 34.60.  The equivalent circuit of a 400 V, 3-phase induction motor with a star-
connected winding has the following impedances per phase referred to the stator at standstill:

Stator : (0.4 + j 1) ohm; Rotor : (0.6 + j 1) ohm; Magnetising branch : (10 + j 50 ) ohm.

Find (i) maximum torque developed (ii) slip at maximum torque and (iii) p.f. at a slip of 5%. Use
approximate equivalent circuit. (Elect. Machinery-III, Bangalore Univ. 1987)

Solution.  (ii)  Gap power transferred and hence the mechanical torque developed by rotor would be
maximum when there is maximum transfer of power to the resistor R2′/s shown in the approximate equiva-
lent circuit of the motor in Fig. 34.59.  It will happen when R2′/s equals the impedance looking back into the
supply source. Hence,

Fig. 34.59

2

m

R
s

′
= 2 2

1 1 2( )R X X+ + ′

or sm = 2

2 2 2 2
1 1 2

0.6

( ) 0.4 2

R

R X X

′ =
+ + ′ +

 =  0.29 or 29%

(i) Maximum value of gross torque developed by rotor

Tg max =
2

max 2 23 /
2 / 60 2 / 60

g m

s s

P I R s
N N

′ ′
=

π π
 N – m

Fig. 34.58
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1. Regarding skewing of motor bars in a squirrel-
cage induction motor, (SCIM) which statement
is false ?

(a) it prevents cogging

(b) it increases starting torque

(c) it produces more uniform torque

(d) it reduces motor ‘hum’ during its operation.

2. The principle of operation of a 3-phase. Induc-
tion motor is most similar to that of a

(a) synchronous motor

(b) repulsion-start induction motor

(c) transformer with a shorted secondary

(d) capacitor-start, induction-run motor.

3. The magnetising current drawn by transformers
and induction motors is the cause of their
.........power factor.

(a) zero (b) unity

(c) lagging (d) leading.

4. The effect of increasing the length of air-gap in
an induction motor will be to increase the

(a) power factor

(b) speed

(c) magnetising current

(d) air-gap flux.

(Power App-II, Delhi Univ. Jan. 1987)
5. In a 3-phase induction motor, the relative speed

of stator flux with respect to ..........is zero.

(a) stator winding (b) rotor

(c) rotor flux (d) space.

6. An eight-pole wound rotor induction motor op-
erating on 60 Hz supply is driven at 1800 r.p.m.
by a prime mover in the opposite direction of
revolving magnetic field.  The frequency of rotor
current is

(a) 60 Hz (b) 120 Hz

(c) 180 Hz (d) none of the above.

Now, I2′ = 1

2 2 2 2
1 2 1 2

400 / 3

( ) ( ) (0.4 0.6) (1 1)

V

R R X X
=

+ ′ + + ′ + + +
 = 103.3 A

∴ Tg-max =
23 103.3 1/ 0.29

2 1500 / 60
× ×

π ×
 = 351 N – m ... assuming NS = 1500 r.pm.

(iii) The equivalent circuit for one phase for a slip of  0.05 is shown in Fig. 32.59 (b).

I2′′′′′ = 231/ [(20 + 0.4 ) + j 2] = 11.2 − j 1.1
I0 = 231/ (10 + j 50) = 0.89 − j 4.4
I1 = I0 + I2′′′′′ = 12.09 – j 5.5 =13.28 ∠ −  24.4°; p.f. = cos 24.4° = 0.91 (lag)

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No. 34.4. 34.4. 34.4. 34.4. 34.4.

1. A 3-phase, 115-volt induction motor has the following constants : R2 =  0.07 Ω ; R2′ = 0.08 Ω, X1 =
0.4 Ω and X2′  =  0.2 Ω.  All the values are for one phase only.  At which slip the gross power output
will be maximum and the value of the gross power output ? [11.4% ; 8.6 kW]

2. A 3-phase, 400-V, Y-connected induction motor has an equivalent T-circuit consisting of
R1 = 1 Ω, X1 = 2 Ω, equivalent rotor values are R2′  = 1.2 Ω, X2′ = 1.5 Ω. The exciting branch has an
impedance of (4 + j 40) Ω.   If slip is 5% find (i) current (ii) efficiency (iii) power factor (iv) output.
Assume friction loss to be 250 W. [ (i) 10.8 A (ii) 81% (iii) 0.82 (iv) 5 kW]

3. A 50 HP, 440 Volt, 3-phase, 50 Hz Induction motor with star-connected stator winding gave the
following test results:

(i)No load test: Applied line voltage 440 V, line current 24 A, wattmeter reading 5150 and  3350 watts.

(ii)Blocked rotor test: applied line voltage 33.6 volt, line current 65 A, wattmeter reading 2150 and 766
watts.

Calculate the parameters of the equivalent circuit.

[Rajiv Gandhi Technical University, Bhopal, 2000]
[ (i) Shunt branch : Ro = 107.6 ohms, Xm = 10.60 ohms (ii) Series branch : r = 0.23 ohm, x = 0.19
ohm ]

OBJECTIVE TESTS – 34
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(Elect. Machines, A.M.I.E. Sec. B, 1993)
7. A 3-phase, 4-pole, 50-Hz induction motor runs

at a speed of 1440 r.p.m. The rotating field
produced by the rotor rotates at a speed of
.......r.p.m. with respect to the rotor.

(a) 1500 (b) 1440

(c) 60 (d) 0.

8. In a 3-φ induction motor, the rotor field rotates at
synchronous speed with respect to

(a) stator (b) rotor

(c) stator flux (d) none of the above.

9. Irrespective of the supply frequency, the torque
developed by a SCIM is the same whenever
........ is the same.

(a) supply voltage (b) external load

(c) rotor resistance (d) slip speed.

10. In the case of a 3-φ induction motor having
Ns = 1500 rpm and running with s = 0.04

(a) revolving speed of the stator flux is space is
.....rpm

(b) rotor speed is ........rpm

(c) speed of rotor flux relative to the rotor is
.......rpm

(d) speed of the rotor flux with respect to the
stator is ........rpm.

11. The number of stator poles produced in the
rotating magnetic field of a 3-φ induction motor
having 3 slots per pole per phase is

(a) 3 (b) 6

(c) 2 (d) 12

12. The power factor of a squirrel-cage induction
motor is

(a) low at light loads only

(b) low at heavy loads only

(c) low at light and heavy loads both

(d) low at rated load only.

(Elect. Machines, A.M.I.E. Sec.B, 1993)

13. Which of the following rotor quantity in a SCIM
does NOT depend on its slip ?

(a) reactance (b) speed

(c) induced emf (d) frequency.

14. A 6-pole, 50-Hz, 3-φ induction motor is
running at 950 rpm and has rotor Cu loss of
5 kW.  Its rotor input is ......kW.

(a) 100 (b) 10

(c) 95 (d) 5.3.

15. The efficiency of a 3-phase induction motor is
approximately proportional to

(a) (1− s) (b) s

(c) N (d) Ns.

16. A 6-pole, 50-Hz, 3-φ induction motor has a full-
load speed of 950 rpm. At half-load, its speed
would be ......rpm.

(a) 475 (b) 500

(c) 975 (d) 1000

17. If rotor input of a SCIM running with a slip of
10% is 100 kW, gross power developed by its
rotor is ...... kW.

(a) 10 (b) 90

(c) 99 (d) 80

18. Pull-out torque of a SCIM  occurs at that value
of slip where rotor power factor equals

(a) unity (b) 0.707

(c) 0.866 (d) 0.5

19. Fill in the blanks.

When load is placed on a 3-phase induction
motor, its

(i) speed .......

(ii) slip ......

(iii) rotor induced emf ......

(iv) rotor current ......

(v) rotor torque ......

(vi) rotor continues to rotate at that value of slip
at which developed torque equals ...... torque.

20. When applied rated voltage per phase is reduced
by one-half, the starting torque of a SCIM
becomes ...... of the starting torque with full
voltage.

(a) 1/2 (b) 1/4

(c) 1/ 2 (d) 3/2
21. If maximum torque of an induction motor is 200

kg-m at a slip of 12%, the torque at 6% slip
would be ...... kg-m.
(a) 100 (b) 160
(c) 50 (d) 40

22. The fractional slip of an induction motor is the
ratio
(a) rotor Cu loss/rotor input
(b) stator Cu loss/stator input
(c) rotor Cu loss/rotor output
(d) rotor Cu loss/stator Cu loss

23. The torque developed by a 3-phase induction
motor depends on the following three factors:
(a) speed, frequency, number of poles
(b) voltage, current and stator impedance
(c) synchronous speed, rotor speed and

frequency
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(d) rotor emf, rotor current and rotor p.f.

24. If the stator voltage and frequency of an induc-
tion motor are reduced proportionately, its

(a) locked rotor current is reduced

(b) torque developed is increased

(c) magnetising current is decreased

(d) both (a) and (b)

25. The efficiency and p.f. of a SCIM increases in
proportion to its

(a) speed (b) mechanical load

(c) voltage (d) rotor torque

26. A SCIM runs at constant speed only so long as

(a) torque developed by it remains constant

(b) its supply voltage remains constant

ANSWERS

1. b  2. c  3. c  4. c  5. c  6. c  7. c  8. a  9. d  10. (i) 1500 (ii) 1440 (iii) 60 (iv) 1500 11. b  12. a
13. b  14. a  15. a  16. c  17. b  18. b  19. (i) decreases (ii) increases (iii)  increases (iv) increases
(v) increases (vi) applied  20. b  21. b  22. a  23. d  24. d 25. b  26. c  27. b  28. d

(c) its torque exactly equals the mechanical  load

(d) stator flux remains constant

27. The synchronous speed of a linear induction
motor does NOT depend on

(a) width of pole pitch

(b) number of poles

(c) supply frequency

(d) any of the above

28. Thrust developed by a linear induction motor
depends on

(a) synchronous speed

(b) rotor input

(c) number of poles

(d) both (a) and (b)
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35.1.  General
In this chapter, it will be shown that the performance characteristics of an induction motor are

derivable from a circular locus.  The data necessary to draw the circle diagram may be found from no-
load and blocked-rotor tests, corresponding to the open-circuit and short-circuit tests of a transformer.
The stator and rotor Cu losses can be separated by drawing a torque line.  The parameters of the
motor, in the equivalent circuit, can be found from the above tests, as shown below.

35.2.  Circle Diagram for a Series Circuit

It will be shown that the end of the current vector for a series circuit with constant reactance and
voltage, but with a variable resistance is a circle.  With reference to Fig. 35.1, it is clear that

I =
2 2( )

=
+

V V
Z R X

=
2 2

sin
( )

× = φ
+

V X V
X XR X

∵ sin φ =
2 2( )+
X

R X
– Fig. 35.2

∴ I = (V /X) sin φ
It is the equation of a circle in polar co-

ordinates, with diameter equal to V /X .  Such a circle is drawn in Fig. 35.3, using the magnitude of the
current and power factor angle φ as polar co-ordinates of the point A .  In other words, as resistance R

is varied (which means, in fact, φ is changed), the
end of the current vector lies on a circle with
diameter equal to V /X .  For a lagging current, it is
usual to orientate the circle of Fig. 35.3 (a) such
that its diameter is horizontal and the voltage vector
takes a vertical position, as shown in Fig. 35.3 (b).
There is no difference between the two so far as
the magnitude and phase relationships are
concerned.

35.3.  Circle Diagram for the Approxi-
mate Equivalent Circuit

The approximate equivalent diagram is redrawn in Fig. 35.4.  It is clear that the circuit to the right
of points ab is similar to a series circuit, having a constant voltage V 1 and reactance X 01 but variable
resistance (corresponding to different values of slip s).

Hence, the end of current vector for I2′  will lie on a circle with a diameter of V /X 01.  In Fig. 35.5,
I2′ is the rotor current referred to stator, I0
is no-load current (or exciting current) and
I1 is the total stator current and is the
vector sum of the first two. When I2′  is
lagging and φ2 = 90º, then the position of
vector for I2′  will be along OC i.e. at right
angles to the voltage vector OE.  For any
other value of φ2, point A  will move along
the circle shown dotted. The exciting
current I0 is drawn lagging V  by an angle
φ0.  If conductance G0 and susceptance

Fig. 35.3

f

f

V

X
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X

Y

Y
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B0 of the exciting circuit are assumed constant, then I0 and φ0 are also constant.  The end of current
vector for I1 is also seen to lie on another circle which is displaced from the dotted circle by an
amount I0.  Its diameter is still V /X 01 and is parallel to the horizontal axis OC.  Hence, we find that if
an induction motor is tested at various loads, the locus of the end of the vector for the current (drawn
by it) is a circle.

35.4. Determination of G0 and B0

If the total leakage reactance X 01 of the
motor, exciting conductance G0 and exciting
susceptance B0 are found, then the position
of the circle O′BC′  is determined uniquely.
One method of finding G0 and B0 consists in
running the motor synchronously so that slip
s = 0.  In practice, it is impossible for an
induction motor to run at synchronous speed,
due to the inevitable presence of friction and
windage losses.  However, the induction
motor may be run at synchronous speed by

another machine which supplies the friction and windage
losses.  In that case, the circuit to the right of points ab
behaves like an open circuit, because with s = 0, RL = ∞
(Fig. 35.6).  Hence, the current drawn by the motor is I0
only.  Let

V   =  applied voltage/phase; I0 = motor current /
phase

W  = wattmeter reading i.e. input in watt ; Y 0 =
exciting admittance of the motor.  Then, for a 3-phase
induction motor

           W = 3G0V
2 or G0 =

23
W

V
Also,  I0 = V Y0 or Y 0 = I0/V

B0 = 2 2 2 2
0 0 0 0( ) [( / ) ]− = −Y G I V G

Hence, G0 and B0 can be found.

35.5.  No-load Test
In practice, it is neither necessary nor feasible to run the induction motor synchronously for

getting G0 and B0.  Instead, the motor is run without any external mechanical load on it.  The speed of
the rotor would not be synchronous, but very much near to it ; so that, for all practical purposes, the
speed may be assumed synchronous.  The no load test is carried out with different values of applied
voltage, below and above the value of normal voltage.  The power input is measured by two wattmeters,

Fig. 35.7 Fig. 35.8
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I0 by an ammeter and V  by a voltmeter, which are included in the circuit of Fig. 35.7.  As motor is
running on light load, the p.f. would be low i.e. less than 0.5, hence total power input will be the
difference of the two wattmeter readings W1 and W 2.  The readings of the total power input W 0 , I0 and
voltage V  are plotted as in Fig. 35.8.  If we extend the curve for W0, it cuts the vertical axis at point A .
OA represents losses due to friction and windage.  If we subtract loss corresponding to OA from W0,
then we get the no-load electrical and magnetic losses in the machine, because the no-load input W 0 to
the motor consists of

(i) small stator Cu loss 3 I0
2 R1 (ii) stator core loss WCL = 3G0 V 2

(iii) loss due to friction and windage.
The losses (ii) and (iii) are collectively known as fixed losses, because they are independent of

load. OB represents normal voltage.  Hence, losses at normal voltage can be found by drawing a
vertical line from B.

BD =  loss due to friction and windage     DE = stator Cu loss      EF = core loss
Hence, knowing the core loss WCL, G0 and B0 can be found, as discussed in Art. 35.4.

Additionally, φ0 can also be found from the relation W 0 =  3 V L I0 cos φ0

∴ cos φ0 = 0

03 L

W

V I
where V L = line voltage and W0 is no-load stator input.

Example 35.1.  In a no-load test, an induction motor took 10 A and 450 watts with a line voltage
of 110 V. If stator resistance/phase is 0.05 Ω and friction and windage losses amount to 135 watts,
calculate the exciting conductance and susceptance/phase.

Solution. stator  Cu loss = 3 I0
2 R1 = 3 × 102 × 0.05 = 15 W

∴ stator core loss = 450 − 135 − 15 = 300 W

Voltage/phase V = 110/ 3  V ; Core loss = 3 G0 V 2

300 = 3 G0 × (110/ 3 )2  ;  G0 = 
2

300
3 (110 / 3)×

= 0.025 siemens/phase

Y0 = I0 / V  = (10 × 3 )/110 = 0.158 siemens/
phase

B0 = 2 2 2 2
0 0( ) (0.158 0.025 )− = −Y G

= 0.156 siemens/phase.

35.6.  Blocked Rotor Test
It is also known as locked-rotor or short-circuit test. This test

is used to find–
1. short-circuit current with normal voltage applied to sta-

tor
2. power factor on short-circuit

Both the values are used in the construction of circle dia-
gram

3. total leakage reactance X 01 of the motor as referred to pri-
mary (i.e. stator)

4. total resistance of the motor R01 as referred to primary.

In this test, the rotor is locked (or allowed very slow rotation)

This vertical test stand is capable of
absorbing up to 10,000 N-m of
torque at continuous load rating

(max 150.0 hp at 1800 rpm). It helps
to develop speed torque curves and

performs locked rotor testing
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and the rotor windings are short-circuited at slip-rings, if the motor has a wound rotor. Just as in the
case of a short-circuit test on a transformer, a reduced voltage (up to 15 or 20 per cent of normal
value) is applied to the stator terminals and is so adjusted that full-load current flows in the stator.  As
in this case  s = 1, the equivalent circuit of the motor is exactly like a transformer, having a short-
circuited secondary.  The values of current, voltage and power input on short-circuit are measured by
the ammeter, voltmeter and wattmeter connected in the circuits as before.  Curves connecting the
above quantities may also be drawn by taking two or three additional sets of readings at progressively
reduced voltages of the stator.

(a) It is found that relation between the short-circuit current and voltage is approximately a
straight line.  Hence, if V  is normal stator voltage, V s the short-circuit voltage (a fraction of V ), then
short-circuit or standstill rotor current, if normal voltage were applied to stator, is found from the
relation

ISN = Is × V /V s

where ISN = short-circuit current obtainable with normal voltage

Is = short-circuit current with voltage V S

(b) Power factor on short-circuit is found from

WS = 3 V SL ISL cos φS ; ∴ cos φS = WS / ( 3 V SL ISL )
where WS = total power input on short-circuit

VSL = line voltage on short-circuit
ISL = line current on short-circuit.

(c) Now, the motor input on short-circuit consists of

(i) mainly stator and rotor Cu losses
(ii) core-loss, which is small due to the fact that applied voltage is only a small percentage of the

normal voltage. This core-loss (if found appreciable) can be calculated from the curves of
Fig. 35.8.

∴ Total Cu loss = WS − WCL

3 Is
2 R01 = Ws − W CL : R01 = (Ws − W CL) / 3 Is

2

(d) With reference to the approximate equivalent circuit of an induction motor (Fig. 35.4), motor
leakage reactance per phase X 01 as referred to the stator may be calculated as follows :

Z01 = V S / IS X01 = 2 2
01 01( )−Z R

Usually, X 1 is assumed equal to X 2′ where X 1 and X 2 are stator and rotor reactances per phase
respectively as referred to stator. X 1 = X 2′ = X 01 / 2

If the motor has a wound rotor, then stator and rotor resistances are separated by dividing R01 in
the ratio of the d.c. resistances of stator and rotor windings.

In the case of squirrel-cage rotor, R1 is determined as usual and after allowing for ‘skin effect’ is
subtracted from R01 to give R2′  − the effective rotor resistance as referred to stator.

∴ R2′ = R01 − R1

Example 35.2.  A 110-V, 3-φ, star-connected induction motor takes 25 A at a line voltage of 30
V with rotor locked. With this line voltage, power input to motor is 440 W and core loss is 40 W. The
d.c. resistance between a pair of stator terminals is 0.1 Ω.  If the ratio of a.c. to d.c. resistance is 1.6,
find the equivalent leakage reactance/phase of the motor and the stator and rotor resistance per
phase. (Electrical Technology, Madras Univ. 1987)

Solution.  S.C. voltage/phase, Vs =  30 / 3  = 17.3 V : Is = 25 A per phase

Z01 = 17.3/25 = 0.7 Ω (approx.) per phase
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Stator and rotor Cu losses = input − core loss  = 440 − 40 = 400 W

∴ 3 × 252 × R01 = 400 ∴  R01 = 400/3 × 625 = 0.21 ΩΩΩΩΩ
where R01 is equivalent resistance/phase of motor as referred to stator.

Leakage reactance/phase X01 = 2 2(0.7 0.21 )−  = 0.668 Ω

d.c. resistance/phase of stator = 0.1/2 = 0.05 Ω
a.c. resistance/phase R1 = 0.05 × 1.6 = 0.08 Ω

Hence, effective resistance/phase of rotor as referred to stator

R2′ = 0.21 − 0.08 = 0.13 ΩΩΩΩΩ

35.7. Construction of the Circle Diagram

Circle diagram of an induction motor can be drawn by
using the data obtained from (1) no-load (2) short-circuit
test and (3) stator resistance test, as shown below.

Step No. 1
From no-load test, I0 and φ0 can be calculated.  Hence,

as shown in Fig. 35.9, vector for I0 can be laid off lagging
φ0 behind the applied voltage V .

Step No. 2
Next, from blocked rotor test or short-circuit test, short-

circuit current ISN  corresponding to normal voltage and
φS are found. The vector OA represents ISN = (ISV /V S ) in
magnitude and phase. Vector O′A  represents rotor current I2′  as referred to stator.

Clearly, the two points O′ and A  lie on the required circle.  For finding the centre C of this circle,
chord O′A  is bisected at right angles–its bisector giving point C. The diameter O′D is drawn perpen-

dicular to the voltage vector.
As a matter of practical contingency,
it is recommended that the scale of
current vectors should be so chosen
that the diameter is more than 25 cm,
in order that the performance data of
the motor may be read with reason-
able accuracy from the circle diagram.
With centre C and radius = CO′, the
circle can be drawn.  The line O′A  is
known as out-put line.

It should be noted that as the voltage
vector is drawn vertically, all vertical
distances represent the active or power
or energy components of the currents.

For example, the vertical component O′P of no-load current OO′ represents the no-load input, which
supplies core loss, friction and windage loss and a negligibly small amount of stator I2R loss. Similarly,
the vertical component AG of short-circuit current OA is proportional to the motor input on short-
circuit or if measured to a proper scale, may be said to equal power input.

Step No. 3
Torque line.  This is the line which separates the stator and the rotor copper losses.  When the

Windings inside a motor

Fig. 35.9
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rotor is locked, then all the power supplied to the motor goes to meet core losses and Cu losses in the
stator and rotor windings. The power input is proportional to AG.  Out of this, FG (= O′P) represents
fixed losses i.e. stator core loss and friction and windage losses.  AF is proportional to the sum of the
stator and rotor Cu losses.  The point E is such that

AE
EF

= rotor Cu loss
stator Cu loss

As said earlier, line O′E is known as torque line.
How to locate point E ?
(i) Squirrel-cage Rotor.  Stator resistance/phase i.e. R1 is found from stator-resistance test.

Now, the short-circuit motor input Ws is approximately equal to motor Cu losses (neglecting iron
losses).

Stator Cu loss = 3IS
2 R1 ∴ rotor Cu loss = W S − 3 IS

2 R1 ∴ AE
EF

 = 
2

1
2

1

3

3

−S S

S

W I R

I R

(ii) Wound Rotor.  In this case, rotor and stator resistances per phase r2 and r1 can be easily
computed.  For any values of stator and rotor currents I1 and I2 respectively, we can write

AE
EF

=  
22

2 2 2 2
2

1 11 1

 =  
 

I r r I

r II r
; Now, 1

2

I
I

 = K = transformation ratio

AE
EF

=  
2

2 2 2
2

1 1 1

/ equivalent rotor resistance per phase1
stator resistance per phase

′
× = = =

r r K r
r r rK

Value of K may be found from short-circuit test itself by using two ammeters, both in stator and
rotor circuits.

Let us assume that the motor is running and taking a current OL (Fig. 35.9). Then, the perpendicular
JK represents fixed losses, JN is stator Cu loss, NL is the rotor input, NM is rotor Cu loss, ML is rotor
output and LK is the total motor input.

From our knowledge of the relations between the above-given various quantities, we can write :
 3 . VL . LK = motor input 3 . V L . JK = fixed losses

3 . V L . JN = stator copper loss 3 . VL . MN = rotor copper loss

3 . VL . MK = total loss 3  . V L . ML = mechanical output

3 . VL. NL = rotor input ∝  torque
1. ML / LK = output/input  = efficiency
2. MN / NL = (rotor Cu loss)/(rotor input) = slip, s.

3. ML
NL

= rotor output
rotor input

 = 1 − s = 
S

N
N

 = 
actual speed

synchronous speed

4. LK
OL

= power factor

Hence, it is seen that, at least, theoretically, it is possible to obtain all the characteristics of an
induction motor from its circle diagram.  As said earlier, for drawing the circle diagram, we need (a)
stator-resistance test for separating stator and rotor Cu losses and (b) the data obtained from (i) no-
load test and (ii) short-circuit test.

35.8.  Maximum Quantities
It will now be shown from the circle diagram (Fig. 35.10) that the maximum values occur at the

positions stated below :
(i) Maximum Output
It occurs at point M where the tangent is parallel to output line O′A .  Point M may be located by
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drawing a line CM from point C such that it
is perpendicular to the output line O′A .  Maxi-
mum output is represented by the vertical MP.

(ii) Maximum Torque or
Rotor Input

It occurs at point N where the tangent is
parallel to torque line O′E.  Again, point N
may be found by drawing CN perpendicular
to the torque line. Its value is represented by
NQ . Maximum torque is also known as
stalling or pull-out torque.

(iii) Maximum Input Power
It occurs at the highest point of the circle

i.e. at point R where the tangent to the circle is horizontal. It is proportional to RS. As the point R is
beyond the point of maximum torque, the induction motor will be unstable here. However, the maximum
input is a measure of the size of the circle and is an indication of the ability of the motor to carry short-
time over-loads. Generally, RS is twice or thrice the motor input at rated load.

Example 35.3. A 3-ph, 400-V induction motor gave the following test readings;
No-load : 400 V, 1250 W, 9 A, Short-circuit : 150 V, 4 kW, 38 A
Draw the circle diagram.
If the normal rating is 14.9 kW, find from the circle diagram, the full-load value of current, p.f.

and slip. (Electrical Machines-I, Gujarat Univ. 1985)

Solution. cos φ0 = 1250
3 400 9× ×

 = 0.2004 ; φ0 = 78.5º

Fig. 35.11

cos φS = 4000
3 150 38× ×

 = 0.405 ; φS = 66.1º

Short-circuit current with normal voltage is ISN = 38 (400/150) = 101.3 A. Power taken would be
= 4000 (400/150)2 = 28,440 W. In Fig. 33.11, OO′ represents I0 of 9 A. If current scale is 1 cm = 5 A,

Fig. 35.10
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then vector OO′  = 9/5 = 1.8 cm* and is drawn at an angle of φ0 = 78.5º with the vertical OV (which
represents voltage).  Similarly, OA represents ISN  (S.C. current with normal voltage applied) equal to
101.3 A. It measures 101.3/5 = 20.26* cm and is drawn at an angle of 66.1º, with the vertical OV.

Line O′D is drawn parallel to OX.  NC is the right-angle bisector of O′A .  The semi-circle Ο ′AD
is drawn with C as the centre.  This semi-circle is the locus of the current vector for all load conditions
from no-load to short-circuit.  Now, AF represents 28,440 W and measures 8.1 cm.  Hence, power
scale becomes : 1 cm = 28,440/8.1 = 3,510 W.  Now, full-load motor output = 14.9 × 103 = 14,900 W.
According to the above calculated power scale, the intercept between the semi-circle and output line
O′A  should measure = 14,900/3510 = 4.25 cm. For locating full-load point P, B A is extended.  A S is
made equal to 4.25 cm and SP is drawn parallel to output line O′A .  PL is perpendicular to OX.

Line current = OP = 6 cm = 6 × 5 = 30 A; φ = 30º (by measurement)
p.f. = cos 30º = 0.886 (or cos φ = PL/OP = 5.2/6 = 0.865)

Now, slip = rotor Cu loss
rotor input

In Fig. 35.11, EK represents rotor Cu loss and PK represents rotor input.

∴ slip = 0.3
4.5

=EK
PK

 = 0.067 or 6.7%

Example 35.4.  Draw the circle diagram for a 3.73 kW, 200-V, 50-Hz, 4-pole, 3-φ star-connected
induction motor from the following test data :

No-load : Line voltage 200 V, line current 5 A; total input 350 W

Blocked rotor : Line voltage 100 V, line current 26 A; total input 1700 W

Estimate from the diagram for full-load condition, the line current, power factor and also the
maximum torque in terms of the full-load torque.  The rotor Cu loss at standstill is half the total Cu
loss. (Electrical Engineering, Bombay Univ. 1987)
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Fig. 35.12

Solution.  No-load test

I0 = 5 A, cos φ0 = 350
3 200 5× ×

 = 0.202 ; φ0 = 78º15′

* The actual lengths are different from these values, due to reduction in block making.
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Blocked-rotor test :

cos φs = 1700
3 100 26× ×

 = 0.378 ; φs= 67º42′

Short-circuit current with normal voltage, ISN = 26 × 200/100 = 52 A

Short-circuit/blocked rotor input with normal voltage = 1700(52/26)2 = 6,800 W

In the circle diagram of Fig. 35.12, voltage is represented along OV which is drawn perpendicular
to OX. Current scale is 1 cm = 2 A

Line OA is drawn at an angle of φ0 = 78º15′  with OV and 2.5 cm in length.  Line A X′ is drawn
parallel to OX. Line OB represents short-circuit current with normal voltage i.e. 52 A and measures
52/2 = 26 cm.  A B represents output line.  Perpendicular bisector of A B is drawn to locate the centre
C of the circle.  With C as centre and radius = CA, a circle is drawn which passes through points A and
B.  From point B, a perpendicular is drawn to the base. BD represents total input of 6,800 W for
blocked rotor test. Out of this, ED represents no-load loss of 350 W and BE represents 6,800 − 350 =
6,450 W.  Now BD = 9.8 cm and represents 6,800 W

∴ power scale = 6,800/9.8 = 700 watt/cm or  1 cm = 700 W

BE which represents total copper loss in rotor and stator, is bisected at point T to separate the two
losses. AT represents torque line.

Now, motor output = 3,730 watt. It will be represented by a line = 3,730/700 = 5.33 cm

The output point P on the circle is located thus :

DB is extended and BR is cut = 5.33 cm.  Line RP is drawn parallel to output line AB and cuts the
circle at point P.  Perpendicular PS is drawn and P is joined to origin O.

Point M corresponding to maximum torque is obtained thus :

From centre C, a line CM is drawn such that it is perpendicular to torque line AT.  It cuts the circle
at M which is the required point.  Point M could also have been located by drawing a line parallel to
the torque line.  MK is drawn vertical and it represents maximum torque.

Now, in the circle diagram, OP = line current on full-load = 7.6 cm.  Hence, OP represents 7.6 ×
2 = 15.2 A

Power factor on full-load = 6.45
7.6

=SP
OP

 = 0.86

Max. torque
F.L. torque

= 10
5.6

=MK
PG

 = 1.8

∴ Max. torque = 180% of full-load torque.

Example. 35.5.  Draw the circle diagram from no-load and short-circuit test of a 3-phase. 14.92
k W, 400-V, 6-pole induction motor from the following test results (line values).

No-load : 400-V, 11 A, p.f. = 0.2

Short-circuit : 100-V, 25 A, p.f. = 0.4

Rotor Cu loss at standstill is half the total Cu loss.

From the diagram, find (a) line current, slip, efficiency and p.f. at full-load (b) the maximum
torque. (Electrical Machines-I, Gujarat Univ. 1985)

Solution. No-load p.f. = 0.2; φ0 = cos− 1 (0.2) = 78.5º

Short-circuit p.f. = 0.4: φs = cos− 1 (0.4) = 66.4º

S.C. current ISN if normal voltage were applied = 25 (400/100) = 100 A

S.C. power input with this current = 3  × 400 × 100 × 0.4 = 27,710 W
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Assume a current scale of 1 cm = 5 A.*  The circle diagram of Fig. 35.13 is constructed as
follows :

(i) No-load current vector OO′ represents 11 A.  Hence, it measures 11/5 = 2.2 cm and is drawn
at an angle of 78.5º with O Y.

(ii) Vector OA represents 100 A and measures 100/5 = 20 cm.  It is drawn at an angle of 66.4º
with OY.

(iii) O′D is drawn parallel to OX.  NC is the right angle bisector of O′A .
(iv) With C as the centre and CO′ as radius, a semicircle is drawn as shown.
(v) AF represents power input on short-circuit with normal voltage applied.  It measures 8 cm

and (as calculated above) represents 27,710 W.  Hence, power scale becomes
1 cm = 27,710/8 = 3,465 W

Fig. 35.13

(a) F.L motor output = 14,920 W. According to the above power scale, the intercept between the
semicircle and the output line O′A  should measure = 14,920/3,465 = 4.31 cm.  Hence, vertical line PL
is found which measures 4.31 cm. Point P represents the full-load operating point.**

(a) Line current = OP = 6.5 cm which means that full-load line current
= 6.5 × 5 = 32.5 A. φ = 32.9º (by measurement)

∴ cos 32.9º = 0.84 (or cos φ = PL/OP = 5.4/6.5 = 0.84)

slip  = 0.3
5.35

=EK
PK

= 0.056 or 5.6% ; η = PE
PL

 = 4.3
5.4

 = 0.8  or 80%

(b) For finding maximum torque, line CM is drawn ⊥  to torque line O′H.  MT is the vertical
intercept between the semicircle and the torque line and represents the maximum torque of the motor
in synchronous watts

Now, MT = 7.8 cm (by measurement) ∴ Tmax = 7.8 × 3465 = 27,030 synch. watt

Example 35.6.   A 415-V, 29.84 kW, 50-Hz, delta-connected motor gave the following test data :
No-load test : 415 V, 21 A, 1,250 W
Locked rotor test : 100 V, 45 A, 2,730 W
Construct the circle diagram and determine

* The actual scale of the book diagram is different because it has been reduced during block making.

** The operating point may also be found by making AS = 4.31 cm and drawing SP parallel to O′A .
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(a) the line current and power factor for rated output (b) the maximum torque.
Assume stator and rotor Cu losses equal at standstill. (A.C. Machines-I, Jadavpur Univ. 1990)

Solution. Power factor on no-load is = 1250
3 415 21× ×

 = 0.0918

∴ φ 0 = cos− 1 (0.0918) = 84º44′

Power factor with locked rotor is = 2,730
3 100 45× ×

 = 0.3503

∴ φ S = cos− 1 (0.3503) = 69º30′
The input current ISN on short-circuit if normal voltage were applied = 45 (415/100) = 186.75 A

and power taken would be = 2,730 (415/100)2 = 47,000 W.
Let the current scale be 1 cm = 10 A. The circle diagram of Fig. 35.14 is constructed as follows :

f ¢0 = 84º44

f ¢s = 69º30

O¢

Output Line

Torque Line

H

C
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L
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D

F
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N

f

E

Fig. 35.14

(i) Vector OO′ represents 21 A so that it measures 2.1 cm and is laid at an angle of 84º44′ with
OE (which is vertical i.e. along Y -axis).

(ii) Vector OA measures 186.75/10 = 18.675 cm and is drawn at an angle of 69º30′ with OE.
(iii) O′D is drawn parallel to OX.  NC is the right-angle bisector of O′A
(iv) With C as the centre and CO′ as radius, a semi-circle is drawn as shown.  This semi-circle is

the locus of the current vector for all load conditions from no-load to short-circuit.
(v) The vertical AF represents power input on short-circuit with normal voltage applied.  AF

measures 6.6 cm and (as calculated above) represents 47,000 W.  Hence, power scale becomes,
1 cm = 47,000/6.6 = 7,120 W

(a) Full-load output = 29,840 W.  According to the above power scale, the intercept between the
semicircle and output line O′A  should measure 29,840/7,120 = 4.19 cm.  Hence, line PL is
found which measures 4.19 cm.  Point P represents the full-load operating point.*

Phase current = OP = 6 cm = 6 × 10 = 60 A; Line current = 3 60×  = 104 A
Power factor = cos ∠  POE = cos 35º = 0.819

(b) For finding the maximum torque, line CM is drawn ⊥  to the torque line O′H.  Point H is such
that

AH
BH

=
rotor Cu loss
stator Cu loss

* The operating point may also by found be making AS = 4.19 cm and drawing SP parallel to O′A .
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Since the two Cu losses are equal, point H is the mid-point of A B.
Line MK represents the maximum torque of the motor in synchronous watts

MK = 7.3 cm (by measurement) = 7.3 × 7,120 = 51,980 synch. watt.

Example 35.7.  Draw the circle diagram for a 5.6 kW, 400-V, 3-φ, 4-pole, 50-Hz, slip-ring
induction motor from the following data :

No-load readings : 400 V, 6 A, cos φ0 = 0.087 : Short-circuit test : 100 V, 12 A, 720 W.
The ratio of primary to secondary turns = 2.62, stator resistance per phase is 0.67 Ω and of the

rotor is 0.185 Ω. Calculate
(i) full-load current (ii) full-load slip

(iii) full-load power factor

(iv) maximum torque
full - load torque

(v) maximum power.

Solution.  No-load condition
φ0 = cos−1 (0.087) = 85º

85º

69º40¢

Output Line

Torque Line

T

C
A

F

G

SO

R

B

X

X¢

D

M

E

K

N

L

Y

P

Fig. 35.15

Short-circuit condition
Short-circuit current with normal voltage = 12 × 400/100 = 48 A

Total input = 720 × (48/12)2 = 11.52 kW

cos φs = 720
3 100 12× ×

 = 0.347 or φs = 69º 40′

Current scale is, 1 cm = 2 A
In the circle diagram of Fig. 35.15, OA = 3 cm and inclined at 85º with OV.  Line OB represents

short-circuit current with normal voltage.  It measures 48/2 = 24 cm and represent 48 A.  BD is
perpendicular to OX.

For Drawing Torque Line
K = 2.62 R1 = 0.67 Ω R2 = 0.185 Ω

(in practice, an allowance of 10% is made for skin effect)

∴ rotor Cu loss
stator Cu loss

= 2.622 × 
0.185
0.67  = 1.9 ∴ rotor Cu loss 1.9

total Cu loss 2.9
=  = 0.655

Now BD = 8.25 cm and represents 11.52 kW
power scale = 11.52/8.25 = 1.4 kW/cm
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∴  1 cm  = 1.4 kW
BE represents total Cu loss and is divided at point T in the ratio 1.9 : 1.

BT = BE × 1.9/2.9 = 0.655 × 8 = 5.24 cm
AT is the torque line

Full-load output = 5.6 kW
It is represented by a line = 5.6/1.4 =4 cm
DB is produced to R such that BR = 4 cm.  Line RP is parallel to output line and cuts the circle at

P.  OP represents full-load current.
PS is drawn vertically. Points M and Y  represent points of maximum torque and maximum output

respectively.
(i) F.L. current = OP = 5.75 cm = 5.75 × 2 = 11.5 A

(ii) F.L. slip = 0.2
4.25

=FG
PG

 = 0.047 or 4.7%

(iii) p.f. = SP
OP

 = 4.6
5.75

 = 0.8

(iv) max. torque
full-load torque

= MK
PG

 = 10.05
4.25

 = 2.37

(v) Maximum output is represented by Y L = 7.75 cm.
∴ Max. output = 7.75 × 1.4 = 10.8 kW

Example 35.8.  A 440-V, 3-φ, 4-pole, 50-Hz slip-ring motor gave the following test results :
No-load reading  : 440 V,  9 A, p.f. = 0.2
Blocked rotor test : 110 V,  22 A,  p.f. = 0.3

The ratio of stator to rotor turns per phase is 3.5/1. The stator and rotor Cu losses are divided
equally in the blocked rotor test. The full-load current is 20 A. Draw the circle diagram and obtain
the following :

(a) power factor, output power, efficiency and slip at full-load
(b) standstill torque or starting torque.
(c) resistance to be inserted in the rotor circuit for giving a starting torque 200 % of the

full-load torque.  Also, find the current and power factor under these conditions.

Solution.  No-load p.f. = 0.2 ∴ φ 0 = cos− 1 (0.2) = 78.5º
Short-circuit p.f. = 0.3 ∴ φ S = 72.5º
Short-circuit current at normal voltage = 22 × 440/110 = 88 A

S.C. input =  3  × 440 × 88 × 0.3 = 20,120 W = 20.12 kW
Take a current scale of 1 cm = 4 A

In the circle diagram of Fig. 35.16, OA = 2.25 cm drawn at an angle of 78.5º behind OV.
Similarly, OB = 88/4 = 22 cm and is drawn at an angle of 72.50 behind OV. The semi-circle is drawn
as usual.  Point T is such that BT = TD.  Hence, torque line AT can be drawn.  BC represents 20.12 kW.
By measurement BC = 6.6 cm.

Output

Line

Line

Torque

T

A E

O

M

B

C

D

P

H

L

S
R

N

F

V

Fig. 35.16
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∴ power scale = 20.12/6.6 = 3.05
∴ 1 cm = 3.05 kW
Full-load current = 20 A. Hence, it is represented by a length of 20/4 = 5 cm. With O as centre

and 5 cm as radius, an arc is drawn which cuts the semi-circle at point P.  This point represents full-
load condition. PH is drawn perpendicular to the base OC.

(a) (i) p.f. = cos φ = PH/OP = 4.05/5 = 0.81
(ii) Torque can be found by measuring the input.

Rotor input = PE = 3.5 cm = 3.5 × 3.05 = 10.67 kW
Now Ns = 120 × 50/4 = 1500 r.p.m.
∴ Tg = 9.55 P2/Ns = 9.55 × 10,670/1500 = 61 N-m

(iii) output = PL = 3.35 × 3.05 = 10.21 kW

(iv) efficiency = output 3.35
input 4.05

= =PL
PH

 = 0.83 or  83%

(v) slip s = rotor Cu loss
rotor input

 = 0.1025
3.5

LE
PE

=  = 0.03 or 3%

(b) Standstill torque is represented by BT.

BT = 3.1 cm = 3.1 × 3.05 = 9.45 kW ∴ Tst = 
39.45 10

9.55
1500

××  = 60.25 N-m

(c) We will now locate point M on the semi-circle which corresponds to a starting torque twice
the full-load torque i.e. 200% of F.L. torque.

Full-load torque = PE.  Produce EP to point S such that PS = PE.  From point S draw a line
parallel to torque line AT cutting the semi-circle at M.  Draw MN perpendicular to the base.

At starting when rotor is stationary, MN represents total rotor copper losses.
NR = Cu loss in rotor itself as before ; RM = Cu loss in external resistance
RM = 4.5 cm = 4.5 × 3.05 = 13.716 kW = 13,716 watt.
Cu loss/phase = 13,716/3 =4,572 watt
Rotor current AM = 17.5 cm = 17.5 × 4 = 70 A
Let r2′  be the additional external resistance in the rotor circuit (as referred to stator) then

r2′ × 702 = 4,572 or  r2′ = 4,572/4,900 = 0.93 Ω
Now K = 1/3.5
∴ rotor resistance/phase, r2 = r2′ × K2 = 0.93/3.52 = 0.076 ΩΩΩΩΩ

Stator current = OM = 19.6 × 4 = 78.4 A ; power factor = 
MF
OM  = 

9.75
18.7  =  0.498

Example 35.9.  Draw the circle diagram of a 7.46 kW, 200-V, 50-Hz, 3-phase slip-ring induction
motor with a star-connected stator and rotor, a winding ratio of unity, a stator resistance of 0.38
ohm/phase and a rotor resistance of 0.24 ohm/phase. The following are the test readings ;

No-load : 200 V, 7.7 A, cos φ0 = 0.195
Short-circuit : 100 V, 47.6 A, cos φs = 0.454

Find (a) starting torque and (b) maximum torque, both in synchronous watts
(c) the maximum power factor (d) the slip for maximum torque
(e) the maximum output (Elect. Tech.-II, Madras Univ. 1989)

Solution. φ0 = cos−1 (0.195) = 78º45′; φS = cos−1(0.454) = 63º
The short-circuit ISN with normal voltage applied is = 47.6 × (200/100) = 95.2 A
The circle diagram is drawn as usual and is shown in fig. 35.17.
With a current scale of 1 cm = 5 A, vector OO′ measures 7.7/5 =1.54 cm and represents the no-

load current of 7.7 A.
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Similarly, vector OA represents ISN i.e. short-circuit current with normal voltage and measures
95.2/5 = 19.04 cm

Both vectors are drawn at their respective angles with OE.
The vertical line AF measures the power input on short-circuit with normal voltage and is

= 3 × 200 × 95.2 × 0.454 = 14,970 W.
Since AF measures 8.6 cm, the power scale is 1 cm = 14,970/8.6 = 1740 W
The point H is such that

63º

78º45�

Output Line

Torque Line

CO�
0

A

X

G

F

M

B

N

K

D

L

P
H

E

Fig. 35.17

AH
AB

= rotor Cu loss rotor resistance 0.24
total Cu loss rotor + stator resistance 0.62

= =*

Now AB = 8.2 cm (by measurement) ∴  AH = 8.2 × 0.24/0.62 = 3.2 cm
(a) Starting torque = AH = 3.2 cm = 3.2 × 1740 = 5,570 synch. watt.
(b) Line CM is drawn perpendicular to the torque line O′H.  The intercept MN represents the

maximum torque in synchronous watts.
Maximum torque = MN = 7.15 cm = 7.15 × 1740 = 12,440 synch. watts.

(c) For finding the maximum power, line OP is drawn tangential to the semi-circle.
∠ POE = 28.5º

∴ maximum p.f. = cos 28.5º = 0.879
(d) The slip for maximum torque is = KN/MN= 1.4/7.15 = 0.195
(e) Line CL is drawn perpendicular to the output line O′A .  From L is drawn the vertical line LD.

It measures 5.9 cm and represents the maximum output.
∴ maximum output = 5.9 × 1740 = 10,270 W

Tutorial Problems 35.1

1. A 300 h.p. (223.8 kW), 3000-V, 3-φ, induction motor has a magnetising current of 20 A at 0.10 p.f.
and a short-circuit (or locked) current of 240 A at 0.25 p.f.  Draw the circuit diagram, determine the
p.f. at full-load and the maximum horse-power. [0.85 p.f. 621 h.p. (463.27 kW)] (I.E.E. London)

2. The following are test results for a 18.65 kW, 3-φ, 440.V slip-ring induction motor :

Light load : 440-V, 7.5 A, 1350 W (including 650 W friction loss).

* Because K = 1, otherwise it should be R2′ = R2/K
2.
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S.C. test : 100 V, 32 A, 1800 W
Draw the locus diagram of the stator current and hence obtain the current, p.f. and slip on full-load.
On short-circuit, the rotor and stator copper losses are equal. [30 A, 0.915, 0.035] (London Univ)

3. Draw the circle diagram for 20 h.p. (14.92 kW), 440-V, 50-Hz, 3-φ induction motor from the following
test figures (line values) :
No-load : 440 V, 10A, p.f. 0.2 Short-circuit : 200 V, 50 A, p.f. 0.4
From the diagram, estimate (a) the line current and p.f. at full-load (b) the maximum power developed
(c) the starting torque.  Assume the rotor and stator I2R losses on short-circuit to be equal.

[(a) 28.1 A at 0.844 p.f. (b) 27.75 kW (c) 11.6 synchronous kW/phase] (London Univ.)
4. A 40 h.p. (29.84.kW), 440-V, 50-Hz, 3-phase induction motor gave the following test results

No. load : 440 V, 16 A, p.f. = 0.15 S.C. test : 100 V, 55 A, p.f. = 0.225
Ratio of rotor to stator losses on short-circuit = 0.9.  Find the full-load current and p.f., the pull-out
torque and the maximum output power developed.

[49 A at 0.88 p.f. ; 78.5 synch. kW or 2.575 times F.L. torque ; 701.2 kW] (I.E.E. London)
5. A 40 h.p. (29.84 kW), 50-Hz, 6-pole, 420-V, 3-φ, slip-ring induction motor furnished the following

test figures :
No-load : 420 V, 18 A, p.f. = 0.15 S.C. test : 210 V, 140 A, p.f. = 0.25
The ratio of stator to rotor Cu losses on short-circuit was 7 : 6.  Draw the circle diagram and find
from it (a) the full-load current and power factor (b) the maximum torque and power developed.

[(a) 70 A at 0.885 p.f. (b) 89.7 kg.m ; 76.09 kW] (I.E.E. London)
6. A 500 h.p. (373 kW), 8-pole, 3-φ, 6,000-V, 50-Hz induction motor gives on test the following

figures :
Running light at 6000 V, 14 A/phase, 20,000 W ; Short-circuit at 2000 V, 70 A/phase, 30,500 W
The resistance/phase of the star-connected stator winding is 1.1 Ω, ratio of transformation is 4 :1.
Draw the circle diagram of this motor and calculate how much resistance must be connected in each
phase of the rotor to make it yield full-load torque at starting. [0.138 ΩΩΩΩΩ] (London Univ.)

7. A 3-phase induction motor has full-load output of 18.65 kW at 220 V, 720 r.p.m. The full-load p.f.
is 0.83 and efficiency is 85%.  When running light, the motor takes 5 A at 0.2 p.f.  Draw the circle
diagram and use it to determine the maximum torque which the motor can exert (a) in N-m (b) in
terms of full-load torque and (c) in terms of the starting torque.

[(a) 268.7 N-m (b) 1.08 (c) 7.2 approx.] (London Univ.)
8. A 415-V, 40 h.p. (29.84 kW), 50.Hz, ∆-connected motor gave the following test data :

No-load test : 415 V, 21 A, 1250 W ; Locked rotor test : 100 V, 45 A, 2,730 W
Construct the circle diagram and determine
(a)the line current and power factor for rated output (b) the maximum torque.  Assume stator and
rotor Cu losses equal at standstill.

[(a) 104 A : 0.819 (b) 51,980 synch watt] (A.C. Machines-I, Jadavpur Univ. 1978)
9. Draw the no-load and short circuit diagram for a 14.92 kW., 400-V, 50-Hz, 3-phase star-connected

induction motor from the following data (line values) :
No load test : 400 V, 9 A, cos φ = 0.2
Short circuit test : 200 V, 50 A, cos φ = 0.4
From the diagram find (a) the line current and power factor at full load, and (b) the maximum output
power. [(a) 32.0 A, 0.85 (b) 21.634 kW]

35.9. Starting of Induction Motors

It has been shown earlier that a plain induction motor is similar in action to a polyphase transformer
with a short-circuited rotating secondary. Therefore, if normal supply voltage is applied to the stationary
motor, then, as in the case of a transformer, a very large initial current is taken by the primary, at least,
for a short while.  It would be remembered that exactly similar conditions exist in the case of a d.c.
motor, if it is thrown directly across the supply lines, because at the time of starting it, there is no back
e.m.f. to oppose the initial inrush of current.
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Induction motors, when direct-switched, take five to seven times their full-load current and develop
only 1.5 to 2.5 times their full-load torque.  This initial excessive current is objectionable because it
will produce large line-voltage drop that, in turn, will affect the operation of other electrical equipment
connected to the same lines.  Hence, it is not advisable to line-start motors of rating above 25 kW to
40 kW.

It was seen in Art. 34.15 that the starting torque of an induction motor can be improved by
increasing the resistance of the rotor circuit.  This is easily feasible in the case of slip-ring motors but
not in the case of squirrel-cage motors.  However, in their case, the initial in-rush of current is controlled
by applying a reduced voltage to the stator during the starting period, full normal voltage being
applied when the motor has run up to speed.

35.10. Direct-switching or Line starting of Induction Motors
It has been shown earlier that

Rotor input = 2 π Ns T = k T –Art. 34.36
Also, rotor Cu loss = s × rotor input
∴ 3 Ι 2

2R2 = s × kT ∴ T ∝ I 2
2/s (if R2 is the same)

Now I2 ∝ I1 ∴ T ∝ I1
2/s or T = K I1

2/s
At starting moment s = 1 ∴ Tst =  K Ist

2  where Ist = starting current
If If = normal full-load current and   sf = full-load slip

thenTf = K If
2 / sf ∴ st

f

T

T
=

2

.st
f

f

I
s

I
 
 
 

When motor is direct-switched onto normal voltage, then starting current is the short-circuit
current Isc.

∴ st

f

T

T
=

2

.sc
f

f

I
s

I
 
 
 

 = a2 . sf  where a = Isc / If

Suppose in a case,  Isc = 7 If , sf = 4% = 0.04, the Tst / Tf = 72 × 0.04 = 1.96
∴ starting torque = 1.96 × full-load torque
Hence, we find that with a current as great as seven times the full-load current, the motor develops

a starting torque which is only 1.96 times the full-load value.
Some of the methods for starting induction motors are discussed below :

Squirrel-cage Motors
(a) Primary resistors (or rheostat) or reactors
(b) Auto-transformer (or autostarter)
(c) Star-delta switches
In all these methods, terminal voltage of the squirrel-cage motor is reduced during starting.
Slip-ring Motors
(a) Rotor rheostat

35.11. Squirrel-cage Motors

(a) Primary resistors

Their purpose is to drop some voltage and hence reduce the voltage applied across the motor
terminals. In this way, the initial current drawn by the motor is reduced. However, it should be noted
that whereas current varies directly as the voltage, the torque varies as square of applied voltage*

* When applied voltage is reduced, the rotating flux Φ is reduced which, in turn, decreases rotor e.m.f. and
hence rotor current I2.  Starting torque, which depends both on Φ and I2 suffers on two counts when
impressed voltage is reduced.
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Squirrel Cage Rotor
When the stator’s moving magnetic field cuts across the rotor’s conductor bars, it induces
voltage in them.
This voltage produces current, which circulates through the bars and around the rotor
end ring. This current in turn produces magnetic fields around each rotor bar. The
continuously changing stator magnetic field results in a continuously changing rotor
field. The rotor becomes an electromagnet with continuously alternating poles, which
interact with the stator’s poles.

Magnetic Fields

Current

Squirrel cage rotor

(Art 34.17). If the voltage applied across the motor terminals
is reduced by 50%, starting current is reduced by 50%, but
torque is reduced to 25% of the full-voltage value.

By using primary resistors (Fig. 35.18), the applied
voltage/phase can be reduced by a fraction ‘x’ (and it
additionally improves the power factor of the line slightly).

Ist = x Isc and Tst = x2 Tsc

As seen from Art 35.10, above,

st

f

T

T
=

2 2

.
   =   
   

st sc
f f

f f

I x I
s s

I I

=
2

2  
 
 

sc
f

f

I
x s

I
 = x2 . a2 . sf

It is obvious that the ratio of the starting torque to
full-load torque is x2 of that obtained with direct switch-
ing or across-the-line starting.  This method is useful
for the smooth starting of small machines only.

(b) Auto-transformers

Such starters, known variously as auto-starters or
compensators, consist of an auto-transformer, with
necessary switches.  We may use either two auto-
transformers connected as usual [Fig. 35.19 (b)] or 3
auto-transformers connected in open delta [Fig. 35.19
(a)].  This method can be used both for star-and delta-connected motors.  As shown in Fig. 35.20
with starting connections, a reduced voltage is applied across the motor terminals.  When the motor
has ran up to say, 80% of its normal speed, connections are so changed that auto-transformers are cut
out and full supply voltage is applied across the motor.  The switch making these changes from ‘start’
to ‘run’ may be airbreak (for small motors) or may be oil-immersed (for large motors) to reduce
sparking. There is also provision for no-voltage and over-load protection, along with a time-delay
device, so that momentary interruption of voltage or momentary over-load do not disconnect the
motor from supply line. Most of the auto-starters are provided with 3 sets of taps, so as to reduce
voltage to 80, 65 or 50 per cent of the line voltage, to suit the local conditions of supply. The

Fig. 35.18

3-f
Supply

Switch

Primary
resistors

Stator

Rotor

xV

V

Variable auto-transformer
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V -connected auto-transformer is commonly used, because it is cheaper, although the currents are
unbalanced during starting period.  This is, however, not much objectionable firstly, because the
current imbalance is about 15 per cent and secondly, because balance is restored as soon as running
conditions are attained.

The quantitative relationships between the motor current, line current, and torque developed can
be understood from Fig.35.20.

In Fig 35.20 (a) is shown the case when the motor is direct-switched to lines.  The motor current
is, say, 5 times the full-load current.  If V is the line voltage, then voltage/phase across motor is / 3V .

∴ Isc = 5 If  =  
3
V

Z
  where Z is stator impedance/phase.

In the case of auto-transformer, if a tapping of transformation ratio K is used, then phase voltage

across motor is KV / 3 , as marked in Fig. 35.20 (b).

∴ motor current at starting I2 =
3

KV
Z

 = K . 
3
V

Z
 = K . Isc = K . 5 If

3-
Supply

� 3-
Supply

�

Rotor
Rotor

xV xV

Start Start

Run Run

Stator Stator

( )a ( )b

v

V

3

V

3

KV

3
V V

Stator Auto-transformer Stator

Z Z

Isc f= 5I I1
I2

(a)
(b)

Fig.  35.20

Fig.  35.19
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The current taken from supply or by auto-transformer is I1 = K I2 = K2 × 5 If  =  K2 Isc if magnetising
current of the transformer is ignored.  Hence, we find that although motor current per phase is re-
duced only K times the direct-switching current (∵  K < 1), the current taken by the line is reduced K2

times.

Now, remembering that torque is proportional to the square of the voltage, we get

With direct-switching, T1 ∝ (V / 3 )2; With auto-transformer, T2 ∝  (KV / 3 )2

∴ T2 /T1 = (KV / 3 )2/(V / 3 )2 or T2 = K2T1 or Tst = K2 . Tsc

∴ torque with auto-starter = K2 × torque with direct-switching.
Relation Between Starting and F.L. Torque

It is seen that voltage across motor phase on direct-switching is V / 3 and starting current is Ist =

Isc. With auto-starter, voltage across motor phase is K V/ 3  and Ist = K Isc

Now, Tst ∝  Ist
2 (s = 1) and Tf  ∝  

2

2
f

f

I

s

∴ st

f

T

T
 = 

2 
 
 

st
f

f

I
s

I
or st

f

T

T
 = K2 

2 
 
 

sc

f

I
I

sf  = K2 . a2 . sf (∵  Ist = K Isc)

Note that this expression is similar to the one derived in Art. 34.11. (a) except that x has been
replaced by transformation ratio K.

Example 35.10.  Find the percentage tapping required on an auto-transformer required for a
squirrel-cage motor to start the motor against 1/4 of full-load torque. The short-circuit current on
normal voltage is 4 times the full-load current and the full-load slip is 3%.

Solution. st

f

T

T
= 1

4
 , sc

f

I

I
 = 4, sf = 0.03

∴ Using st

f

T

T
= K2 

2 
 
 

sc
f

f

I
s

I
 ,  we get  1

4
 = K2 × 42 × 0.03

∴ K2 =
1

64 0.03× ∴ K = 0.722 or K = 72.2%

Example 35.11.  A 20 h.p. (14.92 kW), 400-V, 950 r.p.m., 3-φ, 50-Hz, 6-pole cage motor with
400 V applied takes 6 times full-load current at standstill and develops 1.8 times full-load running
torque. The full-load current is 30 A.

(a) what voltage must be applied to produce full-load torque at starting ?
(b) what current will this voltage produce ?
(c) if the voltage is obtained by an auto-transformer, what will be the line current ?
(d) if starting current is limited to full-load current by an auto-transformer, what will be the

starting torque as a percentage of full-load torque ?
Ignore the magnetising current and stator impedance drops.

Solution. (a) Remembering that T ∝  V 2, we have
In the first case, 1.8 Tf ∝  4002, ; In the second case, Tf ∝  V 2

∴ ( )2

400
V

=
1

1.8 or V = 400
1.8

 = 298.1 V

(b) Currents are proportional to the applied voltage.

∴ 6 If  ∝  400 ; I ∝  298.1 ∴ I  = 6 × 298.1
400

, If = 6 298.1 30
400

× ×  = 134.2 A
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(c) Here K = 298.1/400
Line current = K2 Isc = (298.1/400)2 × 6 × 30 = 100 A

(d) We have seen in Art. 33.11  (b) that line current = K2Isc

Now, line current = full-load current If (given)
∴ 30 = K2 × 6 × 30 ∴ K2 = 1/6

Now, using st

f

T

T
=

2
2   × 
 

sc
f

f

I
K s

I
 we get  st

f

T

T
 = 

261 0.05
6

 
× ×   

f

f

I

I
 = 0.3

Here Ns = 120 × 50/6 = 1000 r.p.m. N = 950 r.p.m.; sf = 50/1000 = 0.05
∴ Tst = 0.3 Tf or 30% F.L. torque

Example 35.12.  Determine the suitable auto-transformation ratio for starting a 3-phase induction
motor with line current not exceeding three times the full-load current. The short-circuit current is 5
times the full-load current and full-load slip is 5%.

Estimate also the starting torque in terms of the full-load torque.

(Elect. Engg.II, Bombay Univ. 1987)

Solution.  Supply line current = K2 Isc

It is given that supply line current at start equals 3 If  and short-circuit current Isc = 5 If  where If
is the full-load current

∴ 3 If = K2 × 5 If or K2 = 0.6 ∴ K = 0.775 or 77.5%
In the case of an auto starter,

st

f

T

T
=

2
2   × 
 

sc
f

f

I
K s

I
∴ st

f

T

T
 = 0.6 × 

25 
   

f

f

I

I
 × 0.05 = 0.75

∴ Tst = 0.75 Tf = 75% of full-load torque.

Example 35.13.  The full-load slip of a 400-V, 3-phase cage induction motor is 3.5% and with
locked rotor, full-load current is circulated when 92 volt is applied between lines.  Find necessary
tapping on an auto-transformer to limit the starting current to twice the full-load current of the
motor. Determine also the starting torque in terms of the full-load torque.

(Elect. Machines, Banglore Univ. 1991)

Solution. Short-circuit current with full normal voltage applied is
Isc = (400/92) If = (100/23) If

Supply line current = Ist = 2 If

Now, line current  Ist = K2 Isc

∴ 2 If = K2 × (100/23) If ∴  K2 = 0.46 ; K = 0.678 or 67.8%

Also, st

f

T

T
=

2
2   × 
 

sc
f

f

I
K s

I
 = 0.46 × (100/23)2 × 0.035 = 0.304

∴ Tst = 30.4% of full-load torque

Tutorial Problems 35.2

1. A 3-φ motor is designed to run at 5% slip on full-load.  If motor draws 6 times the full-load current
at starting at the rated voltage, estimate the ratio of starting torque to the full-load torque.

[1.8] (Electrical Engineering Grad, I.E.T.E. Dec. 1986)
2. A squirrel-cage induction motor has a short-circuit current of 4 times the full-load value and has a

full-load slip of 5%.  Determine a suitable auto-transformer ratio if the supply line current is not to
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exceed twice the full-load current.  Also, express the starting torque in terms of the full-load torque.
Neglect magnetising current. [70.7%, 0.4]

3. A 3-φ, 400-V, 50-Hz induction motor takes 4 times the full-load current and develops twice the full-
load torque when direct-switched to 400-V supply.  Calculate in terms of full-load values (a) the line
current, the motor current and starting torque when started by an auto-starter with 50% tap and (b)
the voltage that has to be applied and the motor current, if it is desired to obtain full-load torque on
starting. [(a) 100%, 200%, 50% (b) 228 V, 282%]

(c) Star-delta Starter
This method is used in the case of motors which are built to run normally with a delta-connected

stator winding. It consists of a two-way switch which connects the motor in star for starting and then
in delta for normal running. The usual connections are shown in Fig. 35.21. When star-connected, the
applied voltage over each motor phase is reduced by a factor of  1/ 3  and hence the torque developed
becomes 1/3 of that which would have been developed if motor were directly connected in delta. The
line current is reduced to 1/3.  Hence, during starting period when motor is Y -connected, it takes 1/3rd
as much starting current and develops 1/3rd as much torque as would have been developed were it
directly connected in delta.

Relation Between Starting and F.L. Torque

Ist per phase = 1
3

Isc per phase

Fig. 35.21

where Isc is the current/phase which ∆-connected motor would have taken if switched on to the supply
directly (however, line current at start = 1/3 of line Isc)

3-f Supply

Rotor

V

3

V

3

V

Z
3 V

Z

V

Stator

Ist

3 Isc

Start

Run
Stator

I / Phase = I / Line =st st

I / Phase =sc

I / Line =sc

Z

V Z Z

Z

Isc
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Now Tst ∝ Ist
2 (s = 1 ) – Art. 35.10

Tf ∝ If
2/sf

∴ st

f

T

T
=

2 2 2
21 1

3 33

     = = =          

st sc sc
f f f f

f ff

I I I
s s s a s

I II

Here, Ist and Isc represent phase values.
It is clear that the star-delta swith is equivalent* to an auto-transformer of ratio 1/ 3  or 58%

approximately.
This method is cheap and effective provided the starting torque is required not to be more than

1.5 times the full-load torque. Hence, it is used for machine tools, pumps and motor-generators etc.

Example 35.14.  The full-load efficiency and power factor of a 12-kW, 440-V, 3-phase induction
motor are 85% and 0.8 lag respectively.  The blocked rotor line current is 45 A at 220 V.  Calculate
the ratio of starting to full-load current, if the motor is provided with a star-delta starter.  Neglect
magnetising current. (Elect. Machines, A.M.I.E. Sec. B, 1991)

Solution.  Blocked rotor current with full voltage applied

Isc = 45 × 440/220 = 90 A

Now, 3  × 440 × If × 0.8 = 12,000/0.85, ∴ If  =  23.1 A

In star-delta starter, Ist = Isc / 3   = 90 / 3   = 52 A
∴ Ist / If = 52 / 23.1 = 2.256

Example 35.15.  A 3-phase, 6-pole, 50-Hz induction motor takes 60 A at full-load speed of 940
r.p.m. and develops a torque of 150 N-m. The starting current at rated voltage is 300 A.  What is the
starting torque? If a star/delta starter is used, determine the starting torque and starting current.

(Electrical Machinery-II, Mysore Univ. 1988)

Solution.  As seen from Art. 33.10, for direct-switching of induction motors

st

f

T

T
=

2 
 
 

sc

f

I
I  sf. Here, Ist = Isc = 300 A (line value) ; If  = 60 A (line value),

sf = (1000 − 940)/1000 = 0.06 ; Tf = 150 N-m
∴ Tst = 150(300/60)2 × 0.06 = 225 N-m
When star/delta starter is used

Starting current = 1/3 × starting current with direct starting = 300/3 = 100 A
Starting torque = 225/3 = 75 N-m –Art 35-11 (c)

Example 35.16.  Determine approximately the starting torque of an induction motor in terms of
full-load torque when started by means of (a) a star-delta switch (b) an auto-transformer with 70.7
% tapping. The short-circuit current of the motor at normal voltage is 6 times the full-load current
and the full-load slip is 4%. Neglect the magnetising current.

(Electrotechnics, M.S. Univ. Baroda 1986)

Solution. (a) st

f

T

T
=

2
21 1 6 0.04 0.48

3 3
  = × × = 
 

sc
f

f

I
s

I

∴ Tst = 0.48 Tf or 48% of F.L. value

(b) Here K = 0.707 = 1/ 2 ;  K2 = 1/2

* By comparing it with the expression given in Art. 35.11 (b)
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Now, st

f

T
T

= K2 
2 

 
 

sc

f

I
I

sf  = 
1
2

 × 62  × 0.04 = 0.72

∴ Tst = 0.72 Tf or  72% of Tf

Example 35.17.  A 15 h.p. (11.2 kW), 3-φ, 6-pole, 50-HZ, 400-V, ∆-connected induction motor
runs at 960 r.p.m. on full-load.  If it takes 86.4 A on direct starting, find the ratio of starting torque to
full-load torque with a star-delta starter.  Full-load efficiency and power factor are 88% and 0.85
respectively.

Solution.  Here,  Isc/phase = 86.4/ 3  A

Ist per phase =  1
3

 . Isc per phase = 86.4
3 3×

 = 28.8 A

Full-load input line current may be found from

3  × 400 × IL × 0.85 =  11.2 × 103/0.88 ∴ Full-load IL = 21.59 A

F.L. Iph = 21.59/ 3  A ; If = 21.59/ 3  A per phase
Ns = 120 × 50/6 = 1000 r.p.m., N = 950 ; sf = 0.05

st

f

T

T
 = 

2 
 
 

st

f

I
I

 sf  =  
2

28.8 3
21.59

 ×
  

 × 0.05 ∴ Tst = 0.267 Tf or 26.7% F.L. torque

Example 35.18.  Find the ratio of starting to full-load current in a 10 kW (output), 400-V, 3-
phase induction motor with star/delta starter, given that full-load p.f. is 0.85, the full-load efficiency
is 0.88 and the blocked rotor current at 200 V is 40 A. Ignore magnetising current.

(Electrical Engineering, Madras Univ. 1985)

Solution.  F.L. line current drawn by the ∆-connected motor may be found from
3  × 400 × IL × 0.85 = 10 × 1000/0.88 ∴ IL = 19.3 A

Now, with 200 V, the line value of S.C. current of the ∆-connected motor is 40 A.  If full normal
voltage were applied, the line value of  S.C. current would be = 40 × ( 400/200) = 80 A.

∴ Isc (line value) = 80 A ; Isc (phase value) = 80/ 3  A
When connected in star across 400 V, the starting current per phase drawn by the motor stator

during starting is

Ist per phase = 1
3

 × Isc per phase = 1 80 80 A
33 3

× = –Art. 35.10

Since during starting, motor is star-connected, Ist per phase = line value of Isc = 80/3A

∴  line value of starting current
line value of F.L. current

 = 80 / 3
19.3

 = 1.38

Example 35.19.  A 5 h.p. (3.73 kW), 400-V, 3-φ, 50-Hz cage motor has a full-load slip of 4.5%.
The motor develops 250% of the rated torque and draws 650% of the rated current when thrown
directly on the line.  What would be the line current, motor current and the starting torque if the
motor were started (i) be means of a star/delta starter and (ii) by connecting across 60% taps of a
starting compensator. (Elect. Machines-II, Indore Univ. 1989)

Solution. (i) Line current = (1/3) × 650 = 216.7%
Motor being star-connected, line current is equal to phase current.
∴ motor current = 650/3 = 216.7%
As shown earlier, starting torque developed for star-connection is one-third of that developed on

direct switching with delta-connection ∴ Tst  = 250/3 = 83.3%
(ii) Line current = K2 × Isc = (60/100)2 × 650 = 234%
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Motor current = K × Isc = (60/100) × 650 = 390%
Tst = K2 × Tsc = (60/100)2 × 250 = 90%

Example. 35.20.  A squirrel-cage type induction motor when started by means of a star/delta
starter takes 180% of full-load line current and develops 35% of full-load torque at starting. Calcu-
lated the starting torque and current in terms of full-load values, if an auto-transformer with 75%
tapping were employed. (Utilization of Elect. Power, A.M.I.E. 1987)

Solution.  With star-delta starter, st

f

T

T
 =  

2
1
3

 
 
 

sc
f

f

I
s

I

Line current on line-start Isc = 3 × 180% of If  = 3 × 1.8 If  = 5.4 If

Now, Tst /Tf = 0.35 (given) ; Isc /If  = 5.4

∴ 0.35 = (1/3) × 5.42 sf or 5.42 sf  = 1.05
Autostarter : Here,   K = 0.75

Line starting current = K2 Isc = (0.75)2 × 5.4 If = 3.04 If = 304% of F.L. current

st

f

T

T
=

2
2  
 
 

sc
f

f

I
K s

I
; st

f

T

T
 = (0.75)2 × 5.42 sf

= (0.75)2 × 1.05 = 0.59

Tst = 0.59 Tf  = 59% F.L. torque

Example. 35.21.  A 10 h.p. (7.46 kW) motor when started at normal voltage with a star-delta
switch in the star position is found to take an initial current of 1.7 × full-load current and gave an
initial starting torque of 35% of full-load torque. Explain what happens when the motor is started
under the following conditions : (a) an auto-transformer giving 60% of normal voltage (b) a resis-
tance in series with the stator reducing the voltage to 60% of the normal and calculate in each case
the value of starting current and torque in terms of the corresponding quantities at full-load.

 (Elect. Machinery-III, Kerala Univ. 1987)

Solution.  If the motor were connected in delta and direct-switched to the line, then it would take
a line current three times that which it takes when star-connected.

∴ line current on line start or Isc  = 3 × 1.7 If  = 5.1 If

We know st

f

T

T
=

2
1
3

 
 
 

sc

f

I
I

sf

Now st

f

T
T

= 0.35 ...given ; sc

f

I

I
 = 5.1 ...calculated

∴  0.35 = (1/3) × 5.12 × sf

We can find sf from 5.12 × sf = 1.05
(a) When it is started with an auto-starter, then K = 0.6

Line starting current = K2 × Isc = 0.62 × 5.1 If = 0.836 If

Tst/Tf  =  0.62 × 5.12 × sf = 0.62 × 1.05 = 0.378  ∴ Tst = 37.8% of F.L. torque
(b) Here, voltage across motor is reduced to 60% of normal value.  In this case motor current is

the same as line current but it decreases in proportion to the decrease in voltage.

As voltage across motor = 0.6 of normal voltage
∴ line starting current = 0.6 × 5.1 If = 3.06 If

Torque at starting would be the same as before.

Tst /Tf = 0.62 × 5.12 × sf = 0.378 ∴ Tst = 37.8% of F.L. torque.
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Tutorial Problems 35.3

1. A 3-phase induction motor whose full-load slip is 4 per cent, takes six times full-load current when
switched directly on to the supply.  Calculate the approximate starting torque in terms of the full-load
torque when started by means of an auto-transformer starter, having a 70 percent voltage tap.

[0.7 Tf  ]
2. A 3-phase, cage induction motor takes a starting current at normal voltage of 5 times the full-load

value and its full-load slip is 4 per cent.  What auto-transformer ratio would enable the motor to be
started with not more than twice full-load current drawn from the supply ?

What would be the starting torque under these conditions and how would it compare with that
obtained by using a stator resistance starter under the same limitations of line current ?

[63.3% tap ; 0.4 Tf ; 0.16 Tf ]
3. A 3-phase, 4-pole, 50-Hz induction motor takes 40 A at a full-load speed of 1440 r.p.m. and develops

a torque of 100 N-m at full-load.  The starting current at rated voltage is 200 A. What is the starting
torque ?  If a star-delta starter is used, what is the starting torque and starting current ?  Neglect
magnetising current.

[100 N-m; 33.3 N-m; 66.7 A] (Electrical Machines-IV, Bangalore Univ. Aug. 1978)
4. Determine approximately the starting torque of an induction motor in terms of full-load torque when

started by means of  (a) a star-delta switch (b) an auto-transformer with 50% tapping. Ignore
magnetising current. The short-circuit current of the motor at normal voltage is 5 times the full-load
current and the full-load slip is 4 per cent.   [(a) 0.33 (b) 0.25] (A.C. Machines, Madras Univ. 1976)

5. Find the ratio of starting to full-load current for a 7.46 kW, 400-V, 3-phase induction motor with star/
delta starter, given that the full-load efficiency is 0.87, the full-load p.f. is 0.85 and the short-circuit
current is 15 A at 100 V. [1.37] (Electric Machinery-II, Madras Univ. April 1978)

6. A four-pole, 3-phase, 50-Hz, induction motor has a starting current which is 5 times its full-load
current when directly switched on.  What will be the percentage reduction in starting torque if (a)
star-delta switch is used for starting (b) auto-transformer with a 60 per cent tapping is used for
starting ? (Electrical Technology-III, Gwalior Univ. Nov. 1917)

7. Explain how the performance of induction motor can be predicted by circle diagram.  Draw the circle
diagram for a 3-phase, mesh-connected, 22.38 kW, 500-V, 4-pole, 50-Hz induction motor.  The data
below give the measurements of line current, voltage and reading of two wattmeters connected to
measure the input :

No load 500 V 8.3 A 2.85 kW − 1.35 kW

Short circuit 100 V 32 A − 0.75 kW 2.35 kW

From the diagram, find the line current, power factor, efficiency and the maximum output.

[83 A, 0.9, 88%, 50.73 kW] (Electrical Machines-II, Vikram Univ. Ujjan 1977)

35.12. Starting of Slip-ring Motors

These motors are practically always started with full line voltage
applied across the stator terminals.  The value of starting current is
adjusted by introducing a variable resistance in the rotor circuit. The
controlling resistance is in the form of a rheostat, connected in star
(Fig. 35.22), the resistance being gradually cut-out of the rotor circuit,
as the motor gathers speed. It has been already shown that by
increasing the rotor resistance, not only is the rotor (and hence stator)
current reduced at starting, but at the same time, the starting torque is
also increased due to improvement in power factor.

The controlling rheostat is either of stud or contactor type and
Slip-ring electric motor
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3- Supply�

Stator

Switch

RheostatSlip Rings
Rotor

may be hand-operated or automatic.  The starter unit usually
includes a line switching contactor for the stator along with no-
voltage (or low- voltage) and over-current protective devices.
There is some form of interlocking to ensure proper sequential
operation of the line contactor and the starter.  This interlocking
prevents the closing of stator contactor unless the starter is ‘all
in’.

As said earlier, the introduction of additional external
resistance in the rotor circuit enables a slip-ring motor to develop
a high starting torque with reasonably moderate starting current.
Hence, such motors can be started under load.  This additional
resistance is for starting purpose only. It is gradually cut out as the
motor comes up to speed.

Fig. 35.22

The rings are, later on, short-circuited and brushes lifted from them when motor runs under
normal conditions.

35.13. Starter Steps

Let it be assumed, as usually it is in the case of starters, that  (i) the motor starts against a constant
torque and (ii) that the rotor current fluctuates between fixed maximum and minimum values of I2max
and I2min respectively.

In Fig. 35.23 is shown one phase of the 3-phase rheostat AB having n steps and the rotor circuit.
Let R1, R2 ....etc. be the total resistances of the rotor circuit on the first, second step...etc. respectively.
The resistances R1, R2 ..., etc. consist of rotor resistance per phase r2 and the external resistances ρ1,
ρ2 .... etc.  Let the corresponding values of slips be s1, s2 ...etc. at stud No.1, 2...etc.  At the
commencement of each step, the current is I2max and at the instant of leaving it, the current is I2min .
Let E2 be the standstill e.m.f. induced in each phase of the rotor.  When the handle touches first stud,
the current rises to a maximum value I2max, so that

I2max = 1 2 2

2 2 2 2
1 1 2 1 1 2[ ( ) ] [( / ) ]

=
+ +

s E E

R s X R s X

where s1 = slip at starting i.e. unity and X 2 = rotor reactance/phase
Then, before moving to stud No. 2, the current is reduced to I2min and slip changes to s2 such that

Rheostat
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I2min = 2

2 2
1 2 2[( / ) ]+

E

R s X

As we now move to stud No. 2, the
speed momentarily remains the same, but
current rises to I2max because some resis-
tance is cut out.

Hence,  I2max = 2

2 2
2 2 2[( / ) ]+

E

R s X

After some time, the current is again
reduced to I2min and the slip changes
to s3 such that

I2min = 2

2 2
2 3 2[( / ) ]+

E

R s X

As we next move over to stud No.3, again current rises to I2max although speed remains momen-
tarily the same.

∴ I2max = 2

2 2
2 3 2[( / ) ]+

E

R s X
Similarly I2min = 2

2 2
3 4 2[( / ) ]+

E

R s X

At the last stud i.e. nth stud, I2max = 2

2 2
2 2[( / ) ]+max

E

r s X
 where smax = slip under normal running

conditions, when external resistance is completely cut out.
It is found from above that

I2max = 2 2 2

2 2 2 2 2 2
1 1 2 2 2 2 2 2

.......
[( / ) ] [( / ) ] [( / ) ]max

E E E

R s X R s X r s X
= = =

+ + +

or 131 2 2

1 2 3 1

....... −

−
= = = = = =n n

n n max

RR RR R r
s s s s s s

...(i)

Similarly,

I2min = 2 2 2
2 2 2 2 2 2

1 2 2 2 3 2 1 2

.......
[( / ) ] [( / ) ] [( / ) ]−

= = =
+ + +n max

E E E

R s X R s X R s X

or 131 2

2 3 4

....... −= = = = n

max

RRR R
s s s s

...(ii)

From (i) and (ii), we get

3 32 4 2 4 2

1 2 3 1 2 3 1

....... ..... (say)
−

= = = = = = = = =
n

s Rs s R R r
K

s s s R R R R
...(iii)

Now, from (i) it is seen that R1 = 1 2×

max

s r
s

.

Now,  s1  =  1 at starting, when rotor is stationary.
∴ R1  =  r2/smax.  Hence, R1 becomes known in terms of rotor resistance/phase and normal slip.

From (iii), we obtain
R2  =  KR1 ; R3 = KR2 = K2R1 ; R4 = KR3 = K3R1 and r2 = KRn − 1 = Kn − 1 . R1

or r2  =  Kn − 1 . 2

max

r
s

(putting the value of R1)

Fig.  35.23
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K  =  (smax)
1/n − 1 where n is the number of starter studs.

The resistances of various sections can be found as given below :
ρ1  =  R1 − R2 = R1 − KR1 = (1 − K) R1 ; ρ2 = R2 − R3 = KR1 − K2R1 = Kρ1

ρ3  =  R3 − R4 = K2 ρ1 etc.
Hence, it is seen from above that

if smax is known for the assumed value
I2max of the starting current, then n can
be calculated.

Example 35.22.  Calculate the
steps in a 5-step rotor resistance
starter for a 3 phase induction motor.
The slip at the maximum starting cur-
rent is 2% with slip-ring short-cir-
cuited and the resistance per rotor
phase is 0.02 Ω.

Solution.   Here, smax = 2%

= 0.02; r2 = 0.02 Ω, n = 6
R1 = total resistance in rotor circuit/phase on first stud

= r2/smax = 0.02/0.02 = 1 Ω
Now, K = (smax)

1/n − 1= (0.02)1/5 = 0.4573
R1  =  1 Ω; R2 = KR1 = 0.4573 × 1 = 0.4573 Ω
R3 =  KR2 = 0.4573 × 0.4573 = 0.2091 Ω; R4 = KR3 = 0.4573 × 0.2091 = 0.0956 Ω
R5 =  KR4 = 0.4573 × 0.0956 = 0.0437 Ω; r2 = KR5 = 0.4573 × 0.0437 = 0.02 Ω (as given)
The resistances of various starter sections are as found below :
ρ1 =  R1 − R2 = 1 − 0.4573 = 0.5427 ΩΩΩΩΩ; ρ2  =  R2 − R3 = 0.4573 − 0.2091 = 0.2482 ΩΩΩΩΩ
ρ3 =  R3 − R4 = 0.2091 − 0.0956 = 0.1135 ΩΩΩΩΩ; ρ4 = R4 − R5 = 0.0956 − 0.0437 = 0.0519 ΩΩΩΩΩ
ρ5 =  R5 − r2 = 0.0437 − 0.02 = 0.0237 ΩΩΩΩΩ
The resistances of various sections are shown in Fig. 35.24.

35.14. Crawling

It has been found that induction motors, particularly the squirrel-cage type, sometimes exhibit a
tendency to run stably at speeds as low as one-seventh of their synchronous speed Ns.  This phenom-
enon is known as crawling of an induction motor.

This action is due to the fact that the a.c. winding of the stator produces a flux wave, which is not
a pure sine wave.  It is a complex wave consisting of a fundamental wave, which revolves synchro-
nously and odd harmonics like 3rd, 5th, and 7th etc. which rotate either in the forward or backward
direction at Ns / 3, Ns / 5 and Ns / 7 speeds respectively.  As a result, in addition to the fundamental
torque, harmonic torques are also developed, whose synchronous speeds are 1/nth of the speed for
the fundamental torque i.e. Ns / n, where n is the order of the harmonic torque.  Since 3rd harmonic
currents are absent in a balanced 3-phase system, they produce no rotating field and, therefore, no
torque.  Hence, total motor torque has three components :  (i) the fundamental torque, rotating with
the synchronous speed Ns (ii) 5th harmonic torque* rotating at Ns / 5 speed and (iii) 7th harmonic
torque, having a speed of Ns / 7.

* The magnitude of the harmonic torques is 1/n2 of the fundamental torque.

Fig.  35.24
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Now, the 5th harmonic currents have a
phase difference of 5 × 120º = 600º = − 120º
in three stator windings.  The revolving
field, set up by them, rotates in the reverse
direction at Ns / 5.  The forward speed of
the rotor corresponds to a slip greater than
100%. The small amount of 5th harmonic
reverse torque produces a braking action
and may be neglected.

The 7th harmonic currents in the three
stator windings have a phase difference of
7 × 120º = 2 × 360º + 120º = 120º.  They
set up a forward rotating field, with a
synchronous speed equal to 1/7th of the
synchronous speed of the fundamental
torque.

If we neglect all higher harmonics, the
resultant torque can be taken as equal to the
sum of the fundamental torque and the 7th
harmonic torque, as shown in Fig. 35.25.  It
is seen that the 7th harmonic torque reaches its maximum positive value just before 1/7th synchro-
nous speed Ns, beyond which it becomes negative in value.  Consequently, the resultant torque char-
acteristic shows a dip which may become very pronounced with certain slot combinations.  If the
mechanical load on the shaft involves a constant load torque, it is possible that the torque developed
by the motor may fall below this load torque.  When this happens, the motor will not accelerate upto
its normal speed but will remain running at a speed, which is nearly 1/7th of its full-speed.  This is
referred to as crawling of the motor.

35.15. Cogging or Magnetic Locking

Fig. 35.26                                              Fig. 35.27

        Double-cage, 30-kW, 400/440-V, 3-f, 960 r.p.m.                        squirrel-cage motor. (Courtesy : Jyoti Ltd., Baroda)

Fig.  35.25
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The rotor of a squirrel-cage motor sometimes refuses to start at all, particularly when the voltage
is low.  This happens when the number of stator teeth S1 is equal to the number of rotor teeth S2 and
is due to the magnetic locking between the stator and rotor teeth.  That is why this phenomenon is
sometimes referred to as teeth-locking.

It is found that the reluctance of the magnetic path is minimum when the stator and rotor teeth
face each other rather than when the teeth of one element are opposite to the slots on the other.  It is
in such positions of minimum reluctance, that the rotor tends to remain fixed and thus cause serious
trouble during starting. Cogging of squirrel cage motors can be easily overcome by making the number
of rotor slots prime to the number of stator slots.

35.16. Double Squirrel Cage Motor

The main disadvantage of a squirrel-cage motor is its poor starting torque, because of its low
rotor resistance.  The starting torque could be increased by having a cage of high resistance, but then
the motor will have poor efficiency under normal running conditions (because there will be more
rotor Cu losses).  The difficulty with a cage motor is that its cage is permanently short-circuited, so no
external resistance can be introduced temporarily in its rotor circuit during starting period. Many
efforts have been made to build a squirrel-cage motor which should have a high starting torque without
sacrificing its electrical efficiency, under
normal running conditions.  The result is
a motor, due to Boucheort, which has two
independent cages on the same rotor, one
inside the other. A punching for such a
double cage rotor is shown in Fig. 35.26.

The outer cage consists of bars of a
high-resistance metal, whereas the inner
cage has low-resistance copper bars.

Hence, outer cage has high resistance
and low ratio of reactance-to-resistance,
whereas the inner cage has low resistance
but, being situated deep in the rotor, has
a large ratio of reactance-to-resistance.
Hence, the outer cage develops maximum
torque at starting, while the inner cage
does so at about 15% slip.

As said earlier, at starting and at large
slip values, frequency of induced e.m.f in
the rotor is high. So the reactance of the inner cage (= 2π f L) and therefore, its impedance are both
high.  Hence, very little current flows in it.  Most of the starting current is confined to outer cage,
despite its high resistance.  Hence, the motor develops a high starting torque due to high-resistance
outer cage.  Double squirrel-cage motor is shown in Fig. 35.27.

As the speed increases, the frequency of the rotor e.m.f. decreases, so that the reactance and
hence the impedance of inner cage decreases and becomes very small, under normal running conditions.
Most of the current then flows through it and hence it develops the greater part of the motor torque.

In fact, when speed is normal, frequency of rotor e.m.f. is so small that the reactance of both
cages is practically negligible.  The current is carried by two cages in parallel, giving a low combined
resistance.

Hence, it has been made possible to construct a single machine, which has a good starting torque

Fig.  35.28
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with reasonable starting current and which maintains high efficiency and good speed regulation,
under normal operating conditions.

The torque-speed characteristic of a double cage motor may be approximately taken to be the
sum of two motors, one having a high-resistance rotor and the other a low-resistance one (Fig. 35.28).

Such motors are particularly useful where frequent starting under heavy loads is required.

35.17. Equivalent Circuit
The two rotor cages can be considered in parallel, if it is assumed that both cages completely link

the main flux.  The equivalent circuit for one phase of the rotor, as referred to stator, is shown in Fig.
35.29.  If the magnetising current is neglected, then the figure is simplified to that shown in Fig.
35.30.  Hence, R0′/s and Ri′/s are resistances of outer and inner rotors as referred to stator respectively
and X0′ and X i′ their reactances

Total impedance as referred to primary is given by

Z01 = R1 + j X 1 + 
1 0

1
1/ 1/′ + ′Z Z

 = R1 + j X 1 + 0

0

′ ′
′ + ′
i

i

Z Z
Z Z

Fig. 35.29 Fig. 35.30

Example 35.23.  A double-cage induction motor has the following equivalent circuit parameters,
all of which are phase values referred to the primary :

Primary R1 = 1 Ω X1 = 3 Ω
Outer cage R0′ = 3 Ω X0′ = 1 Ω
Inner cage Ri′ = 0.6 Ω Xi′ = 5 Ω
The primary is delta-connected and supplied from 440 V.  Calculate the starting torque and the

torque when running at a slip of 4%.  The magnetising current may be neglected.

Solution.
Refer to Fig. 35.31

(i) At start, s = 1

Z01 = 1 + j 3 + 
1

1/(3 1) 1/(0.6 5)+ + +j j

= 2.68 + j 4.538 Ω
Current / phase = 440 / (2.682 + 4.5382)1/2 = 83.43 A

Torque = 3 × 83.432 × (2.68 − 1)

= 35,000 synch watt.
(ii) when s = 4 per cent
In this case, approximate torque may be found by neglecting the outer cage impedance altogether.

However, it does carry some current, which is almost entirely determined by its resistance.

Fig.  35.31
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Z01 = 1 + j 3 + 
1

1/(3 / 0.04) 1/(0.6 / 0.04 5)+ + j
 = 13.65 + j 6.45

Current/phase = 440/(13.652 + 6.452)1/2 = 29.14 A

Torque = 3 × 29.142 × (13.65 − 1) = 32,000 synch watt.

Example 35.24.  At standstill, the equivalent impedance of inner and outer cages of a double-
cage rotor are (0.4 + j2) Ω and (2+ j0.4) Ω respectively. Calculate the ratio of torques produced by
the two cages (i) at standstill (ii) at 5% slip. (Elect. Machines-II, Punjab Univ. 1989)

Solution.  The equivalent circuit for one phase is shown in Fig. 35.32.

(i) At standstill, s = 1

Impedance of inner cage = Zi = 2 20.4 2+  = 2.04 Ω

Impedance of outer cage = Z0 = 2 22 0.4+   = 2.04 Ω

If I0 and Ii are the current inputs of the two cages, then
power input of inner cage, Pi = Ii

2 Ri = 0.4 Ii
2 watt

power input of outer cage, P0 = I0
2 R0 = 2 I0

2

∴ 0torque of outer cage, 
torque of inner cage, i

T
T = 

22
0 0 0

2

2
5

0.4

 
= =  

 i ii

P I I
P II

= ( )
2 2

0

2.045 5 5
2.04

 
= = 

 
iZ

Z ∴ T0 : Ti : : 5 : 1

(ii) When s = 0.05

Z0 = 2 2 2 2
0 0[( / ) ] (2 / 0.05) 0.4 40+ = + = ΩR s X

Zi = 2 2 2 2[( / ) ] (0.4 / 0.05) 2 8.25+ = + = Ωi iR s X

∴ o

i

I
I =

i

o

Z
Z  = 

8.25
40  = 0.206

P0 = I0
2R0 / s = 40 I0

2; Pi = Ii
2 Ri /s = 8 Ii

2

∴
22

2

40
5

8

 = = =  
 

o o o o

i i ii

T P I I
T P II

 = 5 (0.206)2 = 0.21

∴ T0 : Ti : : 0.21 : 1
It is seen from above, that the outer cage provides maximum torque at starting, whereas inner

cage does so later.

Example 35.25.  A double-cage rotor has two independent cages. Ignoring mutual coupling
between cages, estimate the torque in synchronous watts per phase (i) at standstill and at 5 per cent
slip, given that the equivalent standstill impedance of the inner cage is (0.05 + j 0.4) ohm per phase
and of the outer cage (0.5 + j 0.1) ohm per phase and that the rotor equivalent induced e.m.f. per
phase is 100 V at standstill.

Solution. The equivalent circuit of the double-cage rotor is shown in Fig. 35.33.

(i) At standstill,  s = 1
The combined impedance of the two cages is

Z = 0

0 +
i

i

Z Z
Z Z

Fig.  35.32
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where Z0 = impedance of the outer cage

Zi = impedance of the inner cage

Z =
(0.5 0.1) (0.05 0.4)

(0.55 0.5)
+ +

+
j j

j

= 0.1705 + j 0.191 ohm

∴ Z = 2 20.1705 0.191+  = 0.256 Ω

Rotor current I2 = 100/0.256 A; Combined resistance R2 =
0.1705 Ω

Torque at standstill in synchronous watts per phase is

= I2
2 R2 = ( )2100

0.256
 × 0.1705 = 26,000 synch watts

(ii) Here s = 0.05

Z =
( ) ( )

( )
0.5 0.050.1 0.4

0.05 0.05
0.05 0.5 0.5
0.5 0.05

j j

j

+ +

+ +
 = 1.01 + j 0.326 ohm

Z = 2 2(1.01) 0.326+  =1.06 Ω

Combined resistance R2 = 1.01 Ω ; rotor current = 100/1.06 A

Torque in synchronous watts per phase is
= I2

2 R2 = (100/1.06)2 × 1.1 = 9,000 synch.watt.

Example 35.26.  In a double-cage induction motor, if the outer cage has an impedance at
standstill of (2 + j 1.2) ohm, determine the slip at which the two cages develop equal torques if the
inner cage has an impedance of (0.5 + j 3.5) ohm at standstill.

(Electric Machines, Osmania Univ. 1991)

Solution.  Let s be the slip at which two cage develop equal torques.

Then Z1 = 2 2(2 / ) 1.2+s  and Z2 = 2 2(0.5 / ) 3.5+s

∴
2

1

2

 
 
 

I
I

=
2

2

1

 
 
 

Z
Z

 = 
2 2

2

(0.25 / ) 3.5

(4 / ) 1.44

+
+

s

s

Power input to outer cage  P1 = I1
2 R1/s

∴ P1 = 2
1

2×I
s

 ; P2 = I2
2 × 0.5

s

∴ 1

2

T
T

=
2 2 2

1 1
2

2 2

(0.25 / ) 3.5
4 4

(4 / ) 1.44

  += × = ×  + 

P I s
P I s

As T1 = T2

∴ 2
4 1.44+
s

= 2
0.25 12.25 4

 + ×  s
∴ s = 0.251= 25.1%

Example 35.27.  The resistance and reactance (equivalent) values of a double-cage induction
motor for stator, outer and inner cage are 0.25, 1.0 and 0.15 ohm resistance and 3.5, zero and 3.0
ohm reactance respectively. Find the starting torque if the phase voltage is 250 V and the synchronous
speed is 1000 r.p.m. (I.E.E. London)

Solution. The equivalent circuit is shown in Fig. 35.34 where magnetising current has been
neglected. At starting, s = 1

Fig.  35.33
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Impedance of outer cage Z0′ = (1 + j 0)

Impedance of inner cage Zi′ = (0.15 + j 3)
The two impedances are in parallel. Hence, their equivalent

impedance

Z2′  =  0

0

′ ′
′ + ′

i

i

Z Z
Z Z

 = 
(1 0) (0.15 3)

(1 0) (0.15 3)
+ +

+ + +
j j

j j

   =  0.889 + j 0.29

Stator impedance = (0.25 + j 3.5)
∴ total impedance Z01 = (0.889 + j 0.29) + (0.25 + j 3.5)

= (1.14 + j 3.79) Ω (approx.)

Current I = phase voltage
total phase impedance

 = 
250 0

1.14 3.79
+

+
j

j
 = 18.2 − j 60.5 = 66.15 A

Rotor Cu loss/phase = (current)2 × total resistance/phase of two rotors
= 66.152 × 0.889 = 3,890 W

Total Cu loss in 3-phases = 3 × 3890 = 11,670 W

Now, rotor input = rotor Cu loss
s

; At starting, s = 1 ∴ rotor input = 11,670 W

∴ Tstart = 11,670 synchronous watts

Also Tstart × 2π NS = 11,670 or Tstart = 
11,670

2 (1000 / 60)π ×  = 111.6 N-m (approx.)

Note.  If torques developed by the two rotors separately are required, then find E2 (Fig. 35.34), then I1 and
I2. Knowing these values, T1 and T2 can be found as given in previous example.

Example 35.28.  A double-cage induction motor has the following equivalent circuit parameters
all of which are phase values referred to the
primary :

Primary : R1 = 1 ohm  X1 = 2.8 ohm

Outer cage : R0′ = 3 ohm  X0′ = 1.0 ohm

Inner cage : Ri′ = 0.5 ohm Xi′= 5 ohm

The primary is delta-connected and sup-
plied from 440 V. Calculate the starting torque
and the torque when running at a slip of 4 per
cent. The magnetizing branch can be assumed
connected across the primary terminals.

(Electrical Machines-II, South Gujarat
Univ. 1987)

Solution.  The equivalent circuit for one phase is shown in Fig. 35.35.  It should be noted that
magnetising impedance Z0 has no bearing on the torque and speed and hence, can be neglected so far
as these two quantities are concerned

(i) At standstill s = 1

Z2′ = 0

0

′ ′
′ + ′

i

i

Z Z
Z Z

 = 
(3 1.0) (0.5 5)

(3.5 6)
+ +

+
j j

j

= 1.67 + j 1.56
Z01 = Z1 + Z2′ = (1 + j 2.8) + (1.67 + j 1.56)

= (2.67 + j 4.36) = 5.1 ∠  58.5º

Fig.  35.34

Fig.  35.35
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Voltage per phase,  V1 = 440 V.  Since stator is delta-connected.
I2′′′′′ = V1/Z01 = 440/5.1 ∠  58.5º = 86.27 ∠ −  58.5º

Combined resistance R2 = 1.6 Ω
∴ starting torque per phase = I2′

2 R2 = 86.272 × 1.67 = 12,430 synch. watt.
(ii) when s = 0.04

Z0′′′′′ = (3/0.04) + j 1.0 = 75 + j 1.0; Zi′′′′′ = ( 0.5/0.04) + j 5 = 12.5 + j 5

Z2′′′′′ = 0

0

′ ′
′ + ′

i

i

Z Z
Z Z

 = 
(75 1.0) (12.5 5)

(87.5 6)
+ +

+
j j

j
 = 10.3 + j 3.67

Z01 = Z1 + Z2′  = (1 + j 2.8) + (10.3 + j 6.47) = 11.3 + j 6.47 = 13.03 ∠  29.8º
I2′′′′′ = V1/Z01 = 440/13.03 ∠  29.8º = 33.76 ∠ −  29.8º

combined resistance R2 = 10.3 Ω
∴ full-load torque per phase = I2′ R2 = 33.762 × 10.3 = 11.740 synch. watts

Obviously, starting torque is higher than full-load torque.

Tutorial Problems 35.4

1. Calculate the steps in a 5-section rotor starter of a 3-phase induction motor for which the starting
current should not exceed the full-load current, the full-load slip is 0.018 and the rotor resistance is
0.015 Ω per phase

                       ρ1 = 0.46 ΩΩΩΩΩ ; ρ2 = 0.206 ΩΩΩΩΩ ; ρ3 = 0.092  ΩΩΩΩΩ ; ρ4 = 0.042 ΩΩΩΩΩ ; ρ5 = 0.0185 ΩΩΩΩΩ
(Electrical Machinery-III, Kerala Univ. Apr. 1976)

2. The full-load slip of a 3-phase double-cage induction motor is 6% and the two cages have impedances
of (3.5 + j 1.5) Ω and (0.6 + j 7.0) Ω respectively.  Neglecting stator impedances and magnetising
current, calculate the starting torque in terms of full-load torque. [79%]

3. In a double-cage induction motor, if the outer cage has an impedance at standstill of (2 + j 2) ohm
and the inner cage an impedance of (0.5 + j 5) Ω, determine the slip at which the two cages develop
equal torques. [17.7%]

4. The two independent cages of a rotor have the respective standstill impedance of (3 + j 1) ohm and
(1 + j 4) ohm. What proportion of the total torque is due to the outer cage (a) at starting and (b) at a
fractional slip of 0.05 ?[(a) 83.6% (b) 25.8%] (Principle of Elect. Engg.I, Jadavpur Univ. 1975)

5. An induction motor has a double cage rotor with equivalent impedance at standstill of (1.0 + j 1.0)
and (0.2 + j 4.0) ohm.  Find the relative value of torque given by each cage at a slip of 5%.

[(a) 40.1 (b) 0.4 : 1] (Electrical Machines-I, Gwalior Univ. Nov. 1977)

35.18. Speed Control of Induction Motors*
A 3-phase induction motor is practically a constant-speed machine, more or less like a d.c. shunt

motor.  The speed regulation of an induction motor (having low resistance) is usually less than 5% at
full-load.  However, there is one difference of practical importance between the two.  Whereas d.c.
shunt motors can be made to run at any speed within wide limits, with good efficiency and speed
regulation, merely by manipulating a simple field rheostat, the same is not possible with induction
motors.  In their case, speed reduction is accompanied by a corresponding loss of efficiency and good
speed regulation.  That is why it is much easier to build a good adjustable-speed d.c. shunt motor than
an adjustable speed induction motor.

Different methods by which speed control of induction motors is achieved, may be grouped
under two main headings :

* For Electronic Control of AC Motors, please consult the relevant chapter of this book, in vol. III.
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1. Control from stator side
(a) by changing the applied voltage (b) by changing the applied frequency
(c) by changing the number of stator poles

2. Control from rotor side
(d) rotor rheostat control
(e) by operating two motors in concatenation or cascade
(f) by injecting an e.m.f. in the rotor circuit.

A brief description of these methods would be given below :
(a) Changing Applied Voltage
This method, though the cheapest and the easiest, is rarely used because

(i) a large change in voltage is required for a relatively small change in speed
(ii) this large change in voltage will result in a large change in the flux density thereby seriously

disturbing the magnetic conditions of the motor.
(b) Changing the Applied Frequency
This method is also used very rarely.  We have seen that the synchronous speed of an induction

motor is given by Ns = 120 f/P.  Clearly, the synchronous speed (and hence the running speed) of an
induction motor can be changed by changing the supply frequency f.  However, this method could
only be used in cases where the induction motor happens to be the only load on the generators, in
which case, the supply frequency could be controlled by controlling the speed of the prime movers of
the generators.  But, here again the range over which the motor speed may be varied is limited by the
economical speeds of the prime movers.  This method has been used to some extent on electrically-
driven ships.

(c) Changing the Number of Stator Poles
This method is easily applicable to squirrel-cage motors because the squirrel-cage rotor adopts

itself to any reasonable number of stator poles.

From the above equation it is also clear that the synchronous (and hence the running)speed of an
induction motor could also be changed by changing the number of stator poles.  This change of
number of poles is achieved by having two or more entirely independent stator windings in the same
slots.  Each winding gives a different number of poles and hence different synchronous speed.  For
example, a 36-slot stator may have two 3-φ windings, one with 4 poles and the other with 6-poles.
With a supply frequency of 50-Hz, 4-pole winding will give Ns = 120 × 50/4 = 1500 r.p.m. and the 6-
pole winding will give Ns = 120 × 50/6 = 1000 r.p.m. Motors with four independent stator winding are
also in use and they give four different synchronous (and hence running) speeds.  Of course, one
winding is used at a time, the others being entirely disconnected.

This method has been used for elevator motors, traction motors and also for small motors driving
machine tools.

Speeds in the ratio of 2:1 can be produced by a single winding if wound on the consequent-pole
principle.  In that case, each of the two stator windings can be connected by a simple switch to give
two speeds, each, which means four speeds in all.  For example, one stator winding may give 4 or
8-poles and the other 6 or 12-poles.  For a supply frequency of 50-Hz, the four speeds will be 1500,
750, 1000 and 500 r.p.m.  Another combination, commonly used, is to group 2- and 4-pole winding
with a 6- and 12-pole winding, which gives four synchronous speeds of 3000, 1500, 1000 and 500
r.p.m.

(d) Rotor Rheostat Control
In this method (Fig. 35.36), which is applicable to slip-ring motors alone, the motor speed is

reduced by introducing an external resistance in the rotor circuit.  For this purpose, the rotor starter
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may be used, provided it is continuously rated.  This method is, in fact, similar to the armature
rheostat control method of d.c. shunt motors.

It has been
shown in Art
34.22 that near
s y n c h r o n o u s
speed (i.e. for very
small slip value),
T ∝  s/R2.

It is obvious
that for a given
torque, slip can be
increased i.e.
speed can be
decreased by increasing the rotor resistance R2.

One serious disadvantage of this method is that with increase in rotor resistance, I2R losses also
increase which decrease the operating efficiency of the motor. In fact, the loss is directly proportional
to the reduction in the speed.

The second disadvantage is the double dependence of speed, not only on R2 but on load as well.
Because of the wastefulness of this method, it is used where speed changes are needed for short

periods only.

Example 35.29.  The rotor of a 4-pole, 50-Hz slip-ring induction motor has a resistance of 0.30
Ω per phase and runs at 1440 rpm. at full load.  Calculate the external resistance per phase which
must be added to lower the speed to 1320 rpm, the torque being the same as before.

(Advanced Elect. Machines AMIE Sec.E1992)

Solution.  The motor torque is given by T = 2
2 2
2 2( )

K s R

R s X+

Since,X 2 is not given,T = 2
2

22

K s R K s
RR

=

In the first case, T1 = Ks1/R2; in the second case, T2 = Ks2 / (R2 + r)

where r is the external resistance per phase, added to the rotor circuit
Since T1 = T2 ∴ K s1/R2 = K s2 / (R2 + r) or (R2 + r) / R2 = s2 / s1

Now, Ns = 120 × 50/4 = 1500 rpm; N1 = 1440 rpm; N2 = 1320 rpm

∴ s1 = (1500 − 1440)/1500 = 0.04; s2 = (1500 − 1320)/1500 = 0.12

∴ 0.3 0.12
0.3 0.04

r+ = ∴ r = 0.6 ΩΩΩΩΩ

Example 35.30.  A certain 3-phase, 6-pole, 50-Hz induction motor when fully-loaded, runs with
a slip of 3%. Find the value of the resistance necessary in series per phase of the rotor to reduce the
speed by 10%. Assume that the resistance of the rotor per phase is 0.2 ohm.

(Electrical Engineering-II (M), Bangalore Univ. 1989)

Solution. T = 22
2 2 2

22 2 2( )
sK RK s R K s

RR s X R
= =

+
- neglecting (s X 2)

∴ T1 = Ks1 / R2 and T2 = K s2 / (R2 + r) where r is the external resistance per phase added to the
rotor circuit.

Since T1 = T2, K s1 / R2 = K s2 / (R2 + r) or (R2 + r)/R2 = s2 / s1

Now, Ns = 120 × 50/6 = 1000 rpm., s1 = 0.03, N1 = 1000 (1 − 0.030) = 970 rpm.

Fig. 35. 36
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N2 = 970 − 10% of 970 = 873 rpm., s2 = (1000 − 873)/1000 = 0.127

∴
0.2

0.2
r+

=
0.127
0.03 ; r  =  0.65 ΩΩΩΩΩ.

(e) Cascade or Concatenation or Tandem Operation
In this method, two motors are used (Fig. 35.37) and are ordinarily mounted on the same shaft, so

that both run at the same speed (or else they may be geared together).
The stator winding of the main motor A  is connected to the mains in the usual way, while that of

the auxiliary motor B is fed from the rotor circuit of motor A .  For satisfactory operation, the main
motor A  should be phase-wound i.e. of slip-ring type with stator to rotor winding ratio of 1 : 1, so that,
in addition to concatenation, each motor may be run from the supply mains separately.

There are at least three ways (and some-
times four ways) in which the combination may
be run.

1. Main motor A  may be run separately
from the supply.  In that case, the synchronous
speed is Nsa = 120 f / Pa where Pa = Number
of stator poles of motor A .

2. Auxiliary motor B  may be run
separately from the mains (with motor A  being
disconnected).  In that case, synchronous speed
is Nsb = 120 × f / Pb where Pb = Number of
stator poles of motor B.

3. The combination may be connected
in cumulative cascade i.e. in such a way that
the phase rotation of the stator fields of both
motors is in the same direction.  The synchro-
nous speed of the cascaded set, in this case, is Nsc = 120 f/(Pa + Pb ).

Proof
Let N =  actual speed of concatenated set ;

Nsa = synchronous speed of motor A , it being independent of N.
Clearly, the relative speed of rotor A  with respect to its stator field is (Nsa − N).  Hence, the

frequency f ′  of the induced e.m.f. in rotor A  is given by

f ′ = sa

sa

N N
N

−
 × f

This is also the frequency of the e.m.f. applied to the stator of motor B.  Hence, the synchro-
nous speed of motor B with this input frequency is

N ′ = 120 
120 ( )sa

b b sa

N N ff
P P N

−′ =
× ...(i)

(Note that N ′ is not equal to Nsb which is the synchronous speed of motor B with supply frequency f ).

This will induce an e.m.f. of frequency, say, f ″ in the rotor B.  Its value is found from the fact that
the stator and rotor frequencies are proportional to the speeds of stator field and the rotor

∴ f ″ =
N N

N
′ −

′  f

Now, on no-load, the speed of rotor B is almost equal to its synchronous speed, so that the
frequency of induced e.m.f. is, to a first approximation, zero.

Fig. 35. 37
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f ″ = 0, or N N
N
′ −

′
 f = 0 or N′ = N ...(ii)

From (i) above N ′ =
120 ( ) 120

1sa

b sa b sa

f N N f N
P N P N

−  = − ×  
Hence, from (ii) above,

120
1

b sa

f N
P N

 −  
= N or

120120 11 + ×=   sa bb

ff
N

N PP

Putting Nsa = 120 f/Pa, we get

120

b

f
P

= N 
120

1 1
120

a a

b b

P Pf
N

f P P
   + × = +   
   

 ∴  N = 
120

( )a b

f
P P+

Concatenated speed of the set = 120 f / (Pa + Pb )

How the Set Starts ?
When the cascaded set is started, the voltage at frequency f is applied to the stator winding of

machine A .  An induced e.m.f. of the same frequency is produced in rotor A  which is supplied to
auxiliary motor B.  Both the motors develop a forward torque.  As the shaft speed rises, the rotor
frequency of motor A  falls and so does the synchronous speed of motor B.  The set settles down to a
stable speed when the shaft speed becomes equal to the speed of rotating field of motor B.

Considering load conditions, we find that the electrical power taken in by stator A  is partly used
to meet its I2R and core losses and the rest is given to its rotor.  The power given to rotor is further
divided into two parts : one part, proportional to the speed of set i.e.  N is converted into mechanical
power and the other part proportional to (Nsa − N) is developed as electrical power at the slip frequency,
and is passed on to the auxliary motor B, which uses it for producing mechanical power and losses.
Hence, approximately, the mechanical outputs of the two motors are in the ratio N : (Nsa − N).  In fact,
it comes to that the mechanical outputs are in the ratio of the number of poles of the motors.

It may be of interest to the reader to know that it can be proved that
(i) s = f ′′  / f where s = slip of the set referred to its synchronous speed Nsc.

= (Nsc − N) / Nsc

(ii) s = sa sb

where sa and sb are slips of two motors, referred to their respective stators i.e

sa = sa

sa

N N
N

−
and sb = 

N N
N

′ −

Conclusion
We can briefly note the main conclusions drawn from the above discussion :
(a) the mechanical outputs of the two motors are in the ratio of their number of poles.
(b) s = f ″/ f (c) s = sa.sb

4. The fourth possible connection is the differential cascade.  In this method, the phase rotation
of stator field of the motor B is opposite to that of the stator of motor A .  This reversal of
phase rotation of stator of motor B is obtained by interchanging any of its two leads.  It can
be proved in the same way as above, that for this method of connection, the synchronous
speed of the set is

Nsc = 120 f / (Pa − Pb )

As the differentially-cascaded set has a very small or zero starting torque, this method is rarely
used.  Moreover, the above expression for synchronous speed becomes meaningless for Pa = Pb.

Example 35.31.  Two 50-Hz, 3-φ induction motors having six and four poles respectively are
cumulatively cascaded, the 6-pole motor being connected to the main supply.  Determine the
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frequencies of the rotor currents and the slips referred to each stator field if the set has a slip of 2 per
cent. (Elect. Machinery-II Madras Univ. 1987)

Solution.  Synchronous speed of set Nsc = 120 × 50/10 = 600 r.p.m.
Actual rotor speed N = (1 − s) Nsc = (1 − 0.02) 600 = 588 r.p.m.

Synchronous speed of the stator field of 6-pole motor, Nsa = 120 × 50/6 = 1000 r.p.m.
Slip referred to this stator field is

sa  =
1000 588

1000
sa

sa

N N
N

− −=  = 0.412 or 41.2%

Frequency of the rotor currents of 6-pole motor f ′ = sa f = 0.412 × 50 = 20.6 Hz
This is also the frequency of stator currents of the four pole motor.  The synchronous speed of the

stator of 4-pole motor is
N ′ = 120 × 20.6/4 = 618 r.p.m.

This slip, as referred to the 4-pole motor, is sb =
618 588

618
N N

N
′ − −=′

= 0.0485 or 4.85 %
The frequency of rotor current of 4-pole motor is

f ″ = sb f ′ = 0.0485 × 20.6 = 1.0 Hz (approx)
As a check, f ″ = sf = 0.02 × 50 = 1.0 Hz

Example 35.32.  A 4-pole induction motor and a 6-pole induction motor are connected in
cumulative cascade. The frequency in the secondary circuit of the 6-pole motor is observed to be 1.0
Hz. Determine the slip in each machine and the combined speed of the set. Take supply frequency as
50 Hz. (Electrical Machinery-II, Madras Univ. 1986)

Solution.  With reference to Art. 35.18 (e) and Fig. 35.38
Nsc = 120 × 50/(4 + 6) = 600 r.p.m.

s = f ″/f = 1/50 = 0.02

N = actual speed of the concatenated set

∴ 0.02 =
600

600
N−

or N = 588 r.p.m.

Nsa = 120 × 50/ 4 = 1500 r.p.m.
sa = (1500 − 588)/1500

= 0.608 or 60.8%
f ′ = sa f = 0.608 × 50 = 30.4 Hz

N ′ = synchronous speed of 6-pole motor
with frequency f ′

= 120 × 30.4/6 = 608 r.p.m.

sb =
608 588

608
N N

N
′ − −=′  = 0.033 or 3.3%

Example 35.33.  The stator of a 6-pole motor is joined to a 50-Hz supply and the machine is
mechanically coupled and joined in cascade with a 4-pole motor, Neglecting all losses, determine
the speed and output of the 4-pole motor when the total load on the combination is 74.6 kW.

Solution.  As all losses are neglected, the actual speed of the rotor is assumed to be equal to the
synchronous speed of the set.

Now, Nsc = 120 × 50/10 = 600 r.p.m.

Fig.  35.38
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As said earlier, mechanical outputs are in the ratio of the number of poles of the motors.
∴ output of 4-pole motor = 74.6 × 4/10 = 29.84 kW

Example 35.34.  A cascaded set consists of two motors A and B with 4 poles and 6 poles
respectively. The motor A is connected to a 50-Hz supply. Find

(i) the speed of the set

(ii) the electric power transferred to motor B when the input to motor A is 25 kW. Neglect
losses.(Electric Machines-I, Utkal Univ. 1990)

Solution.  Synchronous speed of the set is*
Nsc = 120 f/(Pa + Pb) = 120 × 50/(6 + 4) = 600 r.p.m.

(ii) The outputs of the two motors are proportional to the number of their poles.
∴ output of 4-pole motor B = 25 × 4/10 = 10 kW
(f) Injecting an e.m.f. in the Rotor Circuit
In this method, the speed of an induction motor is controlled by injecting a voltage in the rotor

circuit, it being of course, necessary for the injected voltage to have the same frequency as the slip
frequency.  There is, however, no restriction as to the phase of the injected e.m.f.

When we insert a voltage which is in phase opposition to the induced rotor e.m.f., it amounts to
increasing the rotor resistance, whereas inserting a voltage which is in phase with the induced rotor
e.m.f., is equivalent to decreasing its resistance.  Hence, by changing the phase of the injected e.m.f.
and hence the rotor resistance, the speed can be controlled.

Fig. 35.39

One such practical method of this type of speed control is Kramer system, as shown in Fig.
35.39, which is used in the case of large motors of 4000 kW or above.  It consists of a rotary converter
C which converts the low-slip frequency a.c. power into d.c. power, which is used to drive a d.c. shunt
motor D, mechanically coupled to the main motor M.

The main motor is coupled to the shaft of the d.c. shunt motor D.  The slip-rings of M are
connected to those of the rotary converter C.  The d.c. output of  C is used to drive D.  Both C and D

* It is assumed that the two motors are connected in cumulative cascade.
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are excited from the d.c. bus-bars or from an exciter.  There is a field regulator which governs the
back e.m.f. Eb of D and hence the d.c. potential at the commutator of C which further controls the slip-
ring voltage and therefore, the speed of M.

One big advantage of this method is that any speed, within the working range, can be obtained
instead of only two or three, as with other methods of speed control.

Yet another advantage is that if the rotary converter is over-excited, it will take a leading current
which compensates for the lagging current drawn by main motor M and hence improves the power
factor of the system.

Fig. 35.40

In Fig. 35.40 is shown another method, known as Scherbius system, for controlling the speed of
large induction motors.  The slip energy is not converted into d.c. and then fed to a d.c. motor, rather
it is fed directly to a special 3-phase (or 6-phase) a.c. commutator motor-called a, Scherbius machine.

The polyphase winding of machine C is supplied with the low-frequency output of machine M
through a regulating transformer RT.  The commutator motor C is a variable-speed motor and its
speed (and hence that of M) is controlled by either varying the tappings on RT or by adjusting the
position of brushes on C.

Tutorial Problems 35.5

1. An induction motor has a double-cage rotor with equivalent impedances at standstill of (1.0 + j 1.0)
and (0.2 + j 4.0) Ω. Find the relative values of torque given by each cage (a) at starting and (b) at 5
% slip [(a) 40:1 (b) 0.4:1] (Adv. Elect. Machines AMIE Sec. B 1991)

2. The cages of a double-cage induction motor have standstill impedances of (3.5 + j 1.5) Ω and (0.6 +
j 7.0) Ω respectively.  The full-load slip is 6%.  Find the starting torque at normal voltage in terms of
full-load torque.  Neglect stator impedance and magnetizing current.

[300%] (Elect. Machines-I, Nagpur Univ. 1993)
3. The rotor of a 4 pole, 50 Hz, slip ring induction motor has a resistance of 0.25 ohm per phase and

runs at 1440 rpm at full-load.  Calculate the external resistance per phase, which must be added to
lower the speed to 1200 rpm, the torque being same as before.

[1 ΩΩΩΩΩ] (Utilisation of Electric Power (E-8) AMIE Sec. B Summer 1992)
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35.19. Three-phase A.C. Commutator Motors
Such motors have shunt speed characteristics i.e. change in their speed is only moderate, as

compared to the change in the load.  They are ideally suited for drives, requiring a uniform accelerating
torque and continuously variable speed characteristics over a wide range.  Hence, they find wide use
in high-speed lifts, fans and pumps and in the drives for cement kilns, printing presses, pulverised fuel
plants, stokers and many textile machines.  Being more complicated, they are also more expensive
than single-speed motors.  Their efficiency is high over the whole speed range and their power factor
varies from low value at synchronous speed to unity at maximum (supersynchronous) speed.

The speed control is obtained by injecting a variable voltage at correct frequency into the secondary
winding of the motor via its commutator.  If injected voltage assists the voltage induced in the secondary
winding, the speed is increased but if it is in the opposing direction, then motor speed is reduced.  The
commutator acts as a frequency changer because it converts the supply frequency of the regulating
voltage to the slip frequency corresponding to the speed required.

Following are the two principal types of such motors :
(i) Schrage or rotor-fed or brush shift motor and (ii) stator-fed or induction-regulator type motor.

35.20. Schrage Motor*
It is a rotor-fed, shunt-type, brush-shifting, 3-phase commutator induction motor which has built-

in arrangement both for speed control and power factor improvement.  In fact, it is an induction
motor with a built-in slip-regulator.  It has three windings:two in rotor and one in stator as shown in
Fig. 35.41 and 35.42 (a) The three windings are as under:

* After the name of its inventor K.H. Schrage of Sweden.

Fig. 35.41

(i) Primary winding.  It is housed in the lower part of the rotor slots (not stator) and is supplied
through slip-rings and brushes at line frequency.  It generates the working flux in the machine.
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(ii) Regulating winding.  It is variously known as compensating winding or tertiary winding.
It is also housed in rotor slots (in the upper part) and is connected to the commutator in a manner
similar to the armature of a d.c. motor.

(iii) Secondary winding.  It is contained in the stator slots, but end of each phase winding is
connected to one of the pair of brushes arranged on the commutator.  These brushes are mounted on
two separate brush rockers, which are designed to move in opposite directions relative to the centre
line of the corresponding stator phase (usually by a rack and pinion mechanism).  Brushes A 1, B1, and
C1 move together and are 120 electrical degrees apart.  Similarly, brushes A 2, B2 and C2 move
together and are also 120 electrical degrees apart.  A sectional drawing of the motor is shown in
Fig. 35.44.

(a) Working
When primary is supplied at line frequency, there is transformer action between primary and

regulating winding and normal induction motor action between primary and secondary winding.  Hence,
voltage at line frequency is induced in the regulating winding by transformer action.  The commuta-
tor, acting as a frequency changer, converts this line-frequency voltage of the regulating winding to
the slip frequency for feeding it into the secondary winding on the stator.  The voltage across brush
pairs A 1A 2, B1B2 and C1C2 increases as brushes are separated.  In fact, magnitude of the voltage
injected into the secondary winding depends on the angle of separation of the brushes A 1 and A 2, B1
and B2 and C1 and C2.  How slip-frequency e.m.f. is induced in secondary winding is detailed below:

When 3-φ power is connected to slip-rings, synchronously rotating field is set up in the rotor
core.  Let us suppose that this field revolves in the clockwise direction.   Let us further suppose that
brush pairs are on one commutator segment, which means that secondary is short-circuited.  With
rotor still at rest, this field cuts the secondary winding, thereby inducing voltage and so producing
currents in it which react with the field to produce clockwise (CW) torque in the stator.  Since stator
cannot rotate, as a reaction, it makes the rotor rotate in the counterclockwise (CCW) direction.

Suppose that the rotor speed is N rpm. Then
1. rotor flux is still revolving with synchronous speed relative to the primary and regulating

winding.
2. however, this rotor flux will rotate at slip speed (Ns - N) relative to the stator.  It means that

the revolving rotor flux will rotate at slip speed in space.
3. if rotor could rotate at synchronous speed i.e. if N = Ns, then flux would be stationary in space

(i.e. relative to stator) so that there would be no cutting of the secondary winding by the flux and,
consequently, no torque would be developed in it.

As seen from above, in a Schrage motor, the
flux rotates at synchronous speed, relative to rotor
but with slip speed relative to space (i.e. stator),
whereas in a normal induction motor, flux rotates
synchronously relative to stator (i.e. space) but with
slip speed relative to the rotor. (Art. 34.11).

Another point worth noting is that since at
synchronous speed, magnetic field is stationary in
space, the regulating winding acts as a d.c. armature
and the direct current taken from the commutator
flows in the secondary winding.  Hence, Schrage
motor then operates like a synchronous motor.

(b) Speed Control
It is quite easy to obtain speeds above as well

as below synchronism in a Schrage motor. As
shown in Fig. 35.42 (b) (i) when brush pairs are
together on the same commutator segment (i.e. are
electrically connected via commutator), the sec-
ondary winding is short-circuited and the machine Fig. 35.42
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Winding
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(iii)
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Fig. 35.43

operates as an inverted* plain squirrel-cage induction motor, running with a small positive slip.  Part-
ing the brushes in one direction, as shown in Fig. 35.42 (b) (ii) produces subsynchronous speeds,
because in this case, regulating voltage injected into the secondary winding opposes the voltage
induced in it from primary winding.  However, when movement of brushes is reversed and they are
parted in opposite directions, the direction of the regulating voltage is reversed and so motor speed
increases to super synchronous (maximum) value, as shown in Fig. 35.41 (b) (iii) The commutator
provides maximum voltage when brushes are separated by one pole pitch.

No-load motor speed is given by N ≅  Ns (1 − K sin 0.5β) where β is brush separation in electrical
degrees and K is a constant whose value depends on turn ratio of the secondary and regulating windings.

Maximum and minimum speeds are obtained by changing the magnitude of the regulating voltage.
Schrage motors are capable of speed variations from zero to nearly twice the synchronous speed,
though a speed range of 3:1 is sufficient for most applications.  It is worth noting that Schrage motor
is essentially a shunt machine, because for a particular brush separation, speed remains approximately
constant as the load torque is increased as happens with dc shunt motors (Art 29.14).

(c) Power Factor Improvement
Power factor improvement can be brought about by changing the phase angle of the voltage

injected into the secondary winding.  As shown in Fig. 35.43, when one set of brushes is advanced
more rapidly than the other is retarted, then injected voltage has a
quadrature component which leads the rotor induced voltage.  Hence,
it results in the improvement of motor power factor.  This differential
movement of brush sets is obtained by coupling the racks driving the
brush rockers to the hand wheel with gears having differing ratios.  In
Schrage motor, speed depends on angular distance between the
individual brush sets (A 1 and A 2 in Fig. 35.41) but p.f. depends on the
angular positions of the brushes as a whole.

Fig. 35.44. Sectional drawing of a Schrage motor (Courtesy : Elekrta Faurandou, Germany)

(d) Starting
Schrage motors are usually started with brushes in the lowest speed position by direct-on contactor

starters. Usually, interlocks are provided to prevent the contactor getting closed on the line when
brushes are in any other position.  One major disadvantage of this motor is that its operating voltage is
limited to about 700 V because a.c. power has to be fed through slip-rings.  It is available in sizes upto
40 kW and is designed to operate on 220, 440 and 550 V. It is ordinarily wound for four or six poles.

* Inverted in the sense that primary is in the rotor and secondary in the stator - just opposite of that in the
normal induction motor (Art. 34.3).
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Fig. 35.44 shows a sectional drawing of a Schrage motor. The
details of different parts labelled in the diagram are as under:
1. rotor laminations  2.  stator laminations  3.  primary winding
4. secondary winding  5. regulating winding  6.  slip-ring unit
7.  commutator  8.  cable feed for outer brush yoke  9.  cable feed
for inner brush yoke 10.  hand wheel.

35.21. Motor Enclosures
Enclosed and semi-enclosed motors are practically identical with

open motors in mechanical construction and in their operating
characteristics.  Many different types of frames or enclosures are
available to suit particular requirements.  Some of the common
type enclosures are described below:

(i)  Totally-enclosed, Non-ventilated Type
Such motors have solid frames and end- shields, but no openings

for ventilation.  They get cooled by surface radiation only (Fig.
35.45).  Such surface-cooled motors are seldom furnished in sizes
above two or three kW, because higher ratings require frames of
much larger sizes than fan-cooled motors of corresponding rating.

Fig.  35.46.  Totally-enclosed, fan-cooled             Fig. 35.47.  Squirrel-cage motor, showing cowl

10-kW 440/400-V, 1000 r.p.m. 50-Hz                                  over the external fan.

induction motor (Courtesy : Jyoti Limited) (Courtesy : General Electric Co. of India)

(ii) Splash-proof Type
In the frames of such motors, the ventilating openings are so constructed that the liquid drops or

dust particles falling on the motor are coming towards it in a straight line at any angle not greater than
100º from the vertical are not able to enter the motor either directly or by striking and running along
the surface.

(iii) Totally-enclosed, Fan-cooled Type
In such motors (Fig. 35.46), cooling air is drawn into the motor by a fan mounted on the shaft.

This air is forced through the motor between the inner fully-enclosed frame and an outer shell, over
the end balls and the stator laminations and is then discharged through openings in the opposite side.
An internal fan carries the generated heat to the totally enclosing frame, from where it is conducted to

Fig. 35.45.  Totally-enclosed
surface cooled 750 W, 750 r.pm.

high torque induction motor
(Courtesy : Jyoti Limited)
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the outside.  Because of totally enclosing frame, all working parts are protected against corrosive or
abrasive effects of fumes, dust, and moisture.

(iv) Cowl-covered Motor
These motors are simplified form of fan-cooled motors

(Fig. 35.47). These consist of totally-enclosed frame with a
fan and cowl mounted at the end opposite to the driving
end.  The air is drawn into the cowl with the help of fan and
is then forced over the frame.  The contours of the cowl
guide the cooling air in proper directions.  These motors
are superior to the usual fan-cooled motors for operation in
extremely dusty atmosphere i.e. gas works, chemical works,
collieries and quarries etc. because there are no air passages
which will become clogged with dust.

(v) Protected Type
This construction consists of perforated covers for the openings in both end shields

 (vi)  Drip-proof Motors
The frames of such motors are so constructed that

liquid drops or dust particles, falling on the machine
at any angle greater than 15º from the vertical, cannot
enter the motor, either directly or by striking and
running along a horizontal or inwardly inclined smooth
surface (Fig. 35.51).
(vii)  Self (Pipe) Ventilated Type
The construction of such motors consists of enclosed
shields with provision for pipe connection on both the
shields.  The motor fan circulates sufficient air through
pipes which are of ample section.

(viii)  Separately (Forced) Ventilated Type
These motors are similar to the self-ventilated type

except that ventilation is provided by a separated blower.

35.22. Standard Types of Squirrel-cage Motors
Different types of 3-phase squirrel-cage motors

have been standardized, according to their electric
characteristics, into six types, designated as design A ,
B, C, D, E and F respectively.  The original commercial
squirrel-cage induction motors which were of shallow-
slot type are designated as class A .  For this reason,
Class A  motors are used as a reference and are referred
to as ‘normal starting-torque, normal starting-current,
normal slip’ motors.

(i) Class A - Normal starting torque, normal
starting current, normal slip

(ii) Class B - Normal starting torque, low starting
current, normal slip

(iii) Class C - High starting torque, low starting
current, normal slip

Fig. 35.48. Squirrel cage motor

Fig. 35.49. Protected slip-ring motor with totally
enclose slip -rings. (Courtesy : General
Electric Co. of India)

Fig. 35.50. Squirrel cage A C induction motor
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(iv) Class D - High starting torque, low
starting current, high slip

(v) Class E - Low starting torque, normal
starting current, low slip

(vi) Class F - Low starting torque, low
starting current, normal slip

35.23. Class A Motors

It is the most popular type and employs
squirrel cage having relatively low resistance
and reactance.  Its locked-rotor current with full
voltage is generally more than 6 times the rated
full-load current.  For smaller sizes and number
of poles, the starting torque with full voltage is
nearly twice the full-load torque whereas for
larger sizes and number of poles, the
corresponding figure is 1.1 times the full-load torque.  The full-load slip is less than 5 per cent.  The
general configuration of slot construction of such motors is shown in Fig. 35.52. As seen, the rotor
bars are placed close to the surface so as to reduce rotor reactance.

Such motors are used for fans, pumps, compressors and conveyors etc. which are started and
stopped in frequently and have low inertia loads so that the motor can accelerate in a few seconds.

35.24. Class B Motors
These motors are so built that they can be started at full-load while developing normal starting

torque with relatively low starting current. Their locked-rotor current with full voltage applied is
generally 5 to 5 1/2 times the full-load current. Their cages are of high reactance as seen from Fig.
35.53. The rotor is constructed with deep and narrow bars so as to obtain high reactance during
starting.

Such motors are well-suited
for those applications where there
is limitation on the starting current
or if the starting current is still in
excess of what can be permitted,
then reduced voltage starting is
employed.  One of the common
applications of such motors is large fans most of which have high moment of inertia.  It also finds
wide use in many machine tool applications, for pumps of centrifugal type and for driving electric
generators.

35.25. Class C Motors
Such motors are usually of double squirrel-cage type (Fig. 35.54) and combine high starting

torque with low starting current. Their locked-rotor currents and slip with full voltage applied are
nearly the same as for class B motors. Their starting torque with full voltage applied is usually 2.75
times the full-load torque.

For those applications where reduced voltage starting does not give sufficient torque to start the
load with either class A  or B motor, class C motor, with its high inherent starting torque along with
reduced starting current supplied by reduced-voltage starting may be used.  Hence, it is frequently
used for crushers, compression pumps, large refrigerators, coveyor equipment, textile machinery,
boring mills and wood-working equipment etc.

Fig. 35.52 Fig. 35.53

Fig. 35.51. Drip-proof slip-ring 50 up, 440/400-V,
50HZ, 1000 r.p.m. motor (courtesy : Jyoti Limited)
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Fig. 35.57
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35.26. Class D Motors
Such motors are provided with a high-resistance squirrel cage giving the motor a high starting

torque with low starting current.  Their locked-rotor currents with full voltage applied are of the same
order as for class C motors.  Their full-load slip varies from 5% to 20 per cent depending on the
application.  Their slot structure is shown in Fig. 35.55.  For obtaining high starting torque with low
starting current, thin rotor bars are used which make the leakage flux of the rotor low and the useful
flux high.

Since these motors are used where extremely high starting torque is essential, they are usually
used for bulldozers, shearing
machines, punch presses, foundry
equipment, stamping machines,
hoists, laundry equipment and metal
drawing equipment etc.

35.27. Class E Motors

These motors have a relatively
low slip at rated load.  For motors
above 5 kW rating, the starting cur-
rent may be sufficiently high as to
require a compensator or resistance
starter.  Their slot structure is shown
in Fig. 35.56 (a).

35.28. Class F Motors
Such motors combine a low starting current with a low starting torque and may be started on full

voltage.  Their low starting current is due to the design of rotor which has high reactance during
starting [Fig. 35.56 (b)].  The locked rotor currents with full voltage applied and the full-load slip are
in the same range as those for class B and C motors.  The starting torque with full voltage applied is
nearly 1.25 times the full-torque.

QUESTIONS AND ANSWERS ON THREE-PHASE INDUCTION MOTORS

Q. 1. How do changes in supply voltage and frequency affect the performance of an induction
motor ?

Ans. High voltage decreases both power factor and slip, but increases torque.  Low voltage does
just the opposite.  Increase in frequency increases power factor but decreases the torque.  However,
per cent slip remains unchanged.  Decrease in frequency decreases power factor but increases torque
leaving per cent slip unaffected as before.

Q. 2. What is, in brief, the basis of operation of
a 3-phase induction motor ?

Ans. The revolving magnetic field which is pro-
duced when a 3-phase stator winding is fed from a 3-
phase supply.

Q. 3. What factors determine the direction of
rotation of the motor ?

Ans. The phase sequence of the supply lines and
the order in which these lines are connected to the sta-
tor winding.

Fig. 35.54 Fig. 35.55

Fig. 35.56

( )a ( )b
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Q. 4. How can the direction of rotation of the motor be reversed ?
Ans. By transposing or changing over any two line leads, as shown in Fig. 35.57.
Q. 5. Why are induction motors called asynchronous ?
Ans. Because their rotors can never run with the synchronous speed.
Q. 6. How does the slip vary with load ?
Ans. The greater the load, greater is the slip or slower is the rotor speed.
Q. 7. What modifications would be necessary if a motor is required to operate on voltage

different from that for which it was originally designed ?
Ans. The number of conductors per slot will have to be changed in the same ratio as the change

in voltage.  If the voltage is doubled, the number of conductors per slot will have to be doubled.
Q. 8. Enumerate the possible reasons if a 3-phase motor fails to start.
Ans. Any one of the following reasons could be responsible :

1. one or more fuses may be blown.
2. voltage may be too low.
3. the starting load may be too heavy.
4. worn bearings due to which the armature may be touching field laminae, thus intro-

ducing excessive friction.
Q. 9. A motor stops after starting i.e. it fails to carry load.  What could be the causes ?
Ans. Any one of the following:

1. hot bearings, which increase the load by excessive friction.
2. excessive tension on belt, which causes the bearings to heat.
3. failure of short cut-out switch.
4. single-phasing on the running position of the starter.

Q. 10. Which is the usual cause of blow-outs in induction motors ?
Ans. The commonest cause is single-phasing.

Q. 11. What is meant by ‘single-phasing’ and what are its causes ?
Ans. By single-phasing is meant the opening of one wire (or leg) of a three-phase circuit

whereupon the remaining leg at once becomes single-phase.  When a three-phase circuit functions
normally, there are three distinct currents flowing in the circuit.  As is known, any two of these
currents use the third wire as the return path i.e. one of the three phases acts as a return path for the
other two.  Obviously, an open circuit in one leg kills two of the phases and there will be only one
current or phase working, even though two wires are left intact.  The remaining phase attempts to
carry all the load.  The usual cause of single-phasing is, what is generally referred to as running
fuse, which is a fuse whose current-carrying capacity is equal to the full-load current of the motor
connected in the circuit.  This fuse will blow-out whenever there is overload (either momentary or
sustained) on the motor.
Q. 12. What happens if single-phasing occurs when the motor is running ?  And when it is

stationary ?
Ans. (i)  If already running and carrying half load or less, the motor will continue running as a

single-phase motor on the remaining single-phase supply, without damage because half loads do
not blow normal fuses.

(ii)  If motor is very heavily loaded, then it will stop under single-phasing and since it can
neither restart nor blow out the remaining fuses, the burn-out is very prompt.

A stationary motor will not start with one line broken.  In fact, due to heavy standstill
current, it is likely to burn-out quickly unless immediately disconnected.
Q. 13. Which phase is likely to burn-out in a single-phasing delta-connected motor, shown

in Fig. 35.58.
Ans. The Y -phase connected across the live or operative lines carries nearly three times its

normal current and is the one most likely to burn-out.
The other two phases R and B, which are in series across L2 and L3 carry more than their

full-load currents.
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Fig. 35.58 Fig. 35.59

Q. 14. What currents flow in single-phasing star-connected motor of Fig. 35.59.
Ans. With L1 disabled, the currents flowing in L2 and L3 and through phases Y  and B in series

will be of the order of 250 per cent of the normal full-load current, 160 per cent on 3/4 load and 100
per cent on 1/2 load.
Q. 15. How can the motors be protected against single-phasing ?

Ans. (i)    By incorporating a combined overload and single-phasing relay in the control gear.
(ii) By incorporating a phase-failure relay in the control gear.  The relay may be either

voltage or current-operated.
Q. 16. Can a 3-phase motor be run on a single-phase line ?

Ans. Yes, it can be. But a phase-splitter is essential.
Q. 17. What is a meant by a phase-splitter ?

Ans. It is a device consisting of a number of capacitors so connected in the motor circuit that it
produces, from a single input wave, three output waves which differ in phase from each other.
Q. 18. What is the standard direction of rotation of an induction motor ?

Ans. Counterclockwise, when looking from the front end i.e. non-driving end of the motor.
Q. 19. Can a wound-motor be reversed by transposing any two leads from the slip-rings ?

Ans. No. There is only one way of doing so i.e. by transposing any two line leads.
Q. 20. What is jogging ?

Ans. It means inching a motor i.e. make it move a little at a time by constant starting and
stopping.
Q. 21. What is meant by plugging ?

Ans. It means stopping a motor by instantaneously reversing it till it stops.
Q. 22. What are the indications of winding faults in an induction motor ?

Ans. Some of the indications are as under:
(i) excessive and unbalanced starting currents

(ii) some peculiar noises and (iii)  overheating.

1. In the circle diagram for a 3-φ induction motor,
the diameter of the circle is determined by
(a) rotor current
(b) exciting current
(c) total stator current
(d) rotor current referred to stator.

2. Point out the WRONG statement.
Blocked rotor test on a 3-φ induction motor
helps to find
(a) short-circuit current with normal voltage

(b) short-circuit power factor
(c) fixed losses
(d) motor resistance as referred to stator.

3. In the circle diagram of an induction motor,
point of maximum input lies on the tangent
drawn parallel to
(a) output line
(b) torque line
(c) vertical axis
(d) horizontal axis.

OBJECTIVE TESTS  –  35
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ANSWERS
1.  c  2.  c  3.  d  4.  b  5.  a  6.  c  7.  b  8.  d  9.  b  10.  a  11.  c,  f  12.  d  13.  a  14.  b  15.  a
16.  d  17. a  18. c

4. An induction motor has a short-circuit current
7 times the full-load current and a full-load slip
of 4 per cent.  Its line-starting torque is .......
times the full-load torque.
(a) 7 (b) 1.96
(c) 4 (d) 49

5. In a SCIM, torque with autostarter is ....... times
the torque with direct-switching.
(a) K2 (b) K
(c) 1/K2 (d) 1/K
where K is the transformation ratio of the
autostarter.

6. If stator voltage of a SCIM is reduced to 50 per
cent of its rated value, torque developed is
reduced by ....... per cent of its full-load value.
(a) 50 (b) 25
(c) 75 (d) 57.7

7. For the purpose of starting an induction motor,
a Y-∆ switch is equivalent to an auto-starter of
ratio.......per cent.
(a) 33.3 (b) 57.7
(c) 73.2 (d) 60.

8. A double squirrel-cage motor (DSCM) scores
over SCIM in the matter of
(a) starting torque
(b) high efficiency under running conditions
(c) speed regulation under normal operating

conditions
(d) all of the above.

9. In a DSCM, outer cage is made of high
resistance metal bars primarily for the purpose
of increasing its
(a) speed regulation
(b) starting torque
(c) efficiency
(d) starting current.

10. A SCIM with 36-slot stator has two separate
windings : one with 3 coil groups/ phase/pole
and the other with 2 coil groups/phase/pole.
The obtainable two motor speeds would be in
the ratio of
(a) 3 : 2 (b) 2 : 3
(c) 2 : 1 (d) 1 : 2

11. A 6-pole 3-φ induction motor taking 25 kW
from a 50-Hz supply is cumulatively-cascaded
to a 4-pole motor.  Neglecting all losses, speed
of the 4-pole motor would be ....... r.p.m.
(a) 1500 (b) 1000
(c) 600 (d) 3000.
and its output would be ....... kW.
(e) 15 (f) 10
(g) 50/3 (h) 2.5.

12. Which class of induction motor will be well
suited for large refrigerators?
(a) Class E (b) Class B
(c) Class F (d) Class C

13. In a Schrage motor operating at supersyn-
chronous speed, the injected emf and the
standstill secondary induced emf
(a) are in phase with each other
(b) are at 90º in time phase with each other
(c) are in phase opposition
(d) none of the above.

(Power App.-III, Delhi Univ. July 1987)
14. For starting a Schrage motor, 3-φ supply is

connected to
(a) stator
(b) rotor via slip-rings
(c) regulating winding
(d) secondary winding via brushes.

15. Two separate induction motors, having 6 poles
and 5 poles respectively and their cascade
combination from 60 Hz, 3-phase supply can
give the following synchronous speeds in rpm
(a) 720, 1200, 1500 and 3600
(b) 720, 1200 1800
(c) 600, 1000, 15000
(d) 720 and 3000

(Power App.-II, Delhi Univ.Jan 1987)
16. Mark the WRONG statement.

A Schrage motor is capable of behaving as a/
an
(a) inverted induction motor
(b) slip-ring induction motor
(c) shunt motor
(d) series motor
(e) synchronous motor.

17. When a stationary 3-phase induction motor is
switched on with one phase disconnected
(a) it is likely to burn out quickly unless

immediately disconnected
(b) it will start but very slowly
(c) it will make jerky start with loud growing

noise
(d) remaining intact fuses will be blown out

due to heavy inrush of current
18. If single-phasing of a 3-phase induction motor

occurs under running conditions, it
(a) will stall immediately
(b) will keep running though with slightly

increased slip
(c) may either stall or keep running

depending on the load carried by it
(d) will become noisy while it still keeps

running.
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36.1. Types of Single-Phase Motors

Such motors, which are designed to operate from a single-
phase supply, are manufactured in a large number of types to
perform a wide variety of useful services in home, offices,
factories, workshops and in business establishments etc.  Small
motors, particularly in the fractional kilo watt sizes are better
known than any other.  In fact, most of the new products of
the manufacturers of space vehicles, aircrafts, business ma-
chines and power tools etc. have been possible due to the
advances made in the design of fractional-kilowatt motors.
Since the performance requirements of the various applica-
tions differ so widely, the motor-manufacturing industry has
developed many different types of such motors, each being
designed to meet specific demands.

Single-phase motors may be classified as under, depending on their construction and method of
starting :

1. Induction Motors (split-phase, capacitor and shaded-pole etc.)
2. Repulsion Motors (sometime called Inductive-Series Motors)

3. A.C. Series Motor
4. Un-excited Synchronous Motors

36.2. Single-phase Induction Motor
Constructionally, this motor is, more or less, similar to a polyphase induction motor, except that

(i) its stator is provided with a single-phase winding and (ii) a centrifugal switch is used in some types
of motors, in order to cut out a winding, used only for starting purposes. It has distributed stator
winding and a squirrel-cage rotor.  When fed from a single-phase supply, its stator winding produces
a flux (or field) which is only alternating i.e. one which alternates along one space axis only.   It is not
a synchronously revolving (or rotating) flux, as in the case of a two- or a three-phase stator winding,
fed from a 2-or 3-phase supply. Now, an alternating
or pulsating flux acting on a stationary squirrel-cage
rotor cannot produce rotation (only a revolving flux
can).  That is why a single-phase motor is not self-
starting.

However, if the rotor of such a machine is given
an initial start by hand (or small motor) or otherwise,
in either direction, then immediately a torque arises
and the motor accelerates to its final speed (unless
the applied torque is too high).

This peculiar behaviour of the motor has been
explained in two ways : (i) by two -field or double-
field revolving theory and (ii) by cross-field theory.
Only the first theory will be discussed briefly.

36.3. Double-field Revolving Theory

This theory makes use of the idea that an alternating uni-axial quantity can be represented by two
oppositely-rotating vectors of half magnitude.  Accordingly, an alternating sinusoidal flux can be

Split-phase motor. Switch mechanism
disconnects start winding when motor
reached three-fourths of rated speed

Single-phase induction motor
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* For example, a flux given by Φ = Φm cos 2π ft is equivalent to two fluxes revolving in opposite directions,
each with a magnitude of 1/2Φ and an angular velocity of 2πf.  It may be noted that Euler’s expressions for
cos θ provides interesting justification for the decomposition of a pulsating flux. His expression is

cos θ =
2

j je eθ − θ+

The term e jθ represents a vector rotated clockwise through an angle θ whereas e− jθ represents rotation in
anticlockwise direction.  Now, the above given flux can be expressed as

φm cos 2π ft = ( )2 2

2
j f t j f tm e eπ − πφ

+

The right-hand expression represents two oppositely-rotating vectors of half magnitude.

represented by two revolving fluxes, each equal to half the value of the alternating flux and each
rotating synchronously (Ns = 120f/P) in opposite direction*.

As shown in Fig. 36.1 (a), let the alternating flux have a maximum value of Φm. Its component
fluxes A and B will each be equal to Φm /2 revolving in anticlockwise and clockwise directions re-
spectively.

Fig. 36.1

After some time, when A and B would have rotated through angle + θ and − θ, as in Fig. 36.1 (b),
the resultant flux would be

=
2

2 cos
2 2
mΦ θ×  = Φm cos θ

After a quarter cycle of rotation, fluxes A and B will be oppo-
sitely-directed as shown in Fig. 36.1 (c) so that the resultant flux
would be zero.

After half a cycle, fluxes A and B will have a resultant of − 2 ×
Φm /2 = − Φm.  After three-quarters of a cycle, again the resultant is Fig. 36.2
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zero, as shown in Fig. 36.1 (e) and so on. If we plot the values of resultant flux against θ between
limits θ = 0º to θ= 360º, then a curve similar to the one shown in Fig. 36.2 is obtained. That is why an
alternating flux can be looked upon as composed of two revolving fluxes, each of half the value and
revolving synchronously in opposite directions.

It may be noted that if the slip of the rotor is s with respect to the forward rotating flux (i.e. one
which rotates in the same direction as rotor) then its slip with respect to the backward rotating flux is
(2 − s)*.

Each of the two component fluxes, while revolving round the stator, cuts the rotor, induces an
e.m.f. and this produces its own torque. Obviously, the two torques (called forward and backward
torques) are oppositely-directed, so that the net or resultant torques is equal to their difference as
shown in Fig. 36.3.

Now, power developed by a rotor is Pg = 2
2 2

1 s
I R

s
− 

  

If N is the rotor r.p.s., then torque is given by Tg = 2
2 2

11 .
2

s
I R

N s
− 

 π  

Now, N = Ns (1− s) ∴    Tg =
2 2
2 2 2 21 . .

2 s

I R I R
k

N s s
=

π
Hence, the forward and backward torques are given by

Tf =
2
2 2I R

K
s

and    Tb =
2
2 2.

(2 )
I R

K
s

−
−

or Tf =
2
2 2I R

s
 synch.watt and    Tb =

2
2 2

(2 )
I R

s
−

−
synch. watt

Total torque T = Tf + Tb
Fig. 36.3 shows both torques and the resultant torque for slips between zero and +2. At standstill,

s = 1 and (2 − s) = 1.  Hence, Tf and Tb are numerically equal but, being oppositely directed, produce
no resultant torque.  That ex-
plains why there is no start-
ing torque in a single-phase
induction motor.

However, if the rotor is
started somehow, say, in the
clockwise direction, the clock-
wise torque starts increasing
and, at the same time, the
anticlockwise torque starts de-
creasing.  Hence, there is a
certain amount of net torque
in the clockwise direction
which accelerates the motor to
full speed.

* It may be proved thus : If N is the r.p.m. of the rotor, then its slip with respect to forward rotating flux is

s = 1 or 1s

s s s

N N N N s
N N N
−

= − = −

Keeping in mind the fact that the backward rotating flux rotates opposite to the rotor, the rotor slip with
respect to this flux is

sb =
( )

1 1 (1 ) (2 )s

s s

N N N s s
N N

− −
= + = + − = −

Fig. 36.3
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36.4. Making Single-phase Induction Motor Self-starting

As discussed above, a single-phase induction motor is not self-starting.  To overcome this drawback
and make the motor self-starting, it is temporarily converted into a two-phase motor during starting
period.  For this purpose, the stator of a single-phase
motor is provided with an extra winding, known as
starting (or auxiliary) winding, in addition to the main
or running winding.   The two windings are spaced
90º electrically apart and are connected in parallel
across the single-phase supply as shown in Fig. 36.4.

It is so arranged that the phase-difference between
the currents in the two stator windings is very large (ideal
value being 90º).  Hence, the motor behaves like a two-
phase motor.  These two currents produce a revolving
flux and hence make the motor self-starting.

There are many methods by which the necessary
phase-difference between the two currents can be created.

(i) In split-phase machine, shown in Fig. 36.5 (a), the main winding has low resistance but high
reactance whereas the starting winding has a high resistance, but low reactance.  The resistance of the
starting winding may be increased either by connecting a high
resistance R in series with it or by choosing a high-resistance
fine copper wire for winding purposes.

Hence, as shown in Fig. 36.5 (b), the current Is drawn by
the starting winding lags behind the applied voltage V  by a
small angle whereas current Im taken by the main winding
lags behind V  by a very large angle. Phase angle between Is
and Im is made as large as possible because the starting torque
of a split-phase motor is proportional to sin α. A centrifugul
switch S is connected in series with the starting winding and
is located inside the motor. Its function is to automatically
disconnect the starting winding from the supply when the
motor has reached 70 to 80 per cent of its full-load speed.

In the case of split-phase motors that are hermetically
sealed in refrigeration units, instead of internally-mounted centrifugal switch, an electromagnetic
type of relay is used.  As shown in Fig. 36.6, the relay coil is connected in series with main winding
and the pair of contacts which are normally open, is included in the starting winding.

Fig. 36.4

Single-phase motor.

     Fig. 36.5                                                                                                    Fig. 36.6
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During starting period, when Im is large, relay contacts close thereby allowing Is to flow and the motor
starts as usual.  After motor speeds up to 75 per cent of full-load speed, Im drops to a value that is low
enough to cause the contacts to open.

A typical torque/speed characteristic of such a motor is shown in Fig. 36.7. As seen, the starting
torque is 150 to 200 per cent of the full-load torque with a starting current of 6 to 8 times the full-load
current.  These motors are often used in preference to the costlier capacitor-start motors. Typical
applications are : fans and blowers, centrifugal pumps and separators, washing machines, small machine
tools, duplicating machines and domestic refrigerators and oil burners etc.  Commonly available
sizes range from 1/20 to 1/3 h.p. (40 to 250 W) with speeds ranging from 3,450 to 865 r.p.m.

As shown in Fig. 36.8, the direction of rotation of such motors can be reversed by reversing the
connections of one of the two stator windings (not both). For this purpose, the four leads are brought
outside the frame.

As seen from Fig. 36.9, the connections of the starting winding have been reversed.

Fig. 36.7 Fig. 36.8 Fig. 36.9

The speed regulation of standard split-phase motors is nearly the same as of the 3-phase motors.
Their speed varies about 2 to 5% between no load and full-load.  For this reason such motors are
usually regarded as practically constant-speed motors.

Note.  Such motors are sometimes referred to as resistance-start split-phase induction motors in order to
distinguish them from capacitor-start induction run and capacitor start-and-run motors described later.

Fig. 36.10 Fig. 36.11 Fig. 36.12

(ii) Capacitor-start Induction-run motors.  In these motors, the necessary phase difference
between Is and Im is produced by connecting a capacitor in series with the starting winding as shown
in Fig. 36.10.  The capacitor is generally of the electrolytic type and is usually mounted on the outside
of the motor as a separate unit (Fig. 36.11).

The capacitor is designed for extremely short-duty service and is guaranteed for not more than
20 periods of operation per hour, each period not to exceed 3 seconds.  When the motor reaches about
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75 per cent of full speed, the centrifugal switch S opens and cuts out both the starting winding and the
capacitor from the supply, thus leaving only the running winding across the lines. As shown in Fig.

36.12, current Im drawn by the main winding lags the
supply voltage V  by a large angle whereas Is leads V by
a certain angle.  The two currents are out of phase with
each other by about 80º (for a 200-W 50-Hz motor) as
compared to nearly 30º for a split-phase motor.  Their
resultant current I is small and is almost in phase with V
as shown in Fig. 36.12.
Since the torque
developed by a
split-phase motor
is proportional to
the sine of the
angle between Is
and Im , it is
obvious that the

increase in the angle (from 30º to 80º) alone increases the starting
torque to nearly twice the value developed by a standard split-
phase induction motor.  Other improvements in motor design
have made it possible to increase the starting torque to a value
as high as 350 to 450 per cent.

Typical performance curve of such a motor is shown in
Fig. 36.13.

36.5. Equivalent Circuit of a Single-phase
Induction Motor–Without Core Loss

A single-phase motor may be looked upon as consisting of
two motors, having a common stator winding, but with their
respective rotors revolving in opposite directions.  The
equivalent circuit of such a motor based on double-field
revolving theory is shown in Fig. 36.14.  Here, the single-
phase motor has been imagined to be made-up of (i) one stator
winding and (ii) two imaginary rotors.  The stator impedance
is Z = R1 + j X1.  The impedance of each rotor is (r2 + jx2)
where r2 and x2 represent half the actual rotor values in stator
terms (i.e. x2 stands for half the standstill reactance of the
rotor, as referred to stator). Since iron loss has been neglected,
the exciting branch is shown consisting of exciting reactance
only. Each rotor has been assigned half the magnetising
reactance* (i.e xm represents half the actual reactance). The

impedance of ‘forward running’ rotor is

Zf =
2

2

2
2( )

m

m

r
j x j x

s
r

j x x
s

 +  

+ +

and it runs with a slip of s. The impedance of ‘backward’ running rotor is

Fig. 36.13

Fig. 36.14

* In fact, full values are shown by capital letters and half values by small letters.

Capacitor start/capacitor-run motor.
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Zb= 

2
2

2
2

2

( )
2

m

m

r
j x j x

s
r

j x x
s

 + − 

+ +
−

and it runs with a slip of (2 − s). Under standstill conditions, V f = V b , but under running conditions V f
is almost 90 to 95% of the applied voltage.

The forward torque in synchronous watts is Tf = I3
2 r2 / s. Similarly, backward torque is

Tb = I5
2 r2 / (2 − s)

The total torque is T = Tf − Tb.

36.6. Equivalent Circuit–With Core Loss

The core loss can be represented by an equivalent resistance which may be connected either in
parallel or in series with the magnetising reactance as shown in Fig. 36.15.

Since under running conditions V f is very high (and V b is correspondingly, low) most of the iron
loss takes place in the ‘forward motor’ consisting of the common stator and forward-running rotor.
Core-loss current Iw = core loss / V f. Hence, half value of core-loss equivalent resistance is rc = V f / Iw.
As shown in Fig. 36.15 (a), rc has been connected in parallel with xm in each rotor.

Fig. 36.15

Example 36.1. Discuss the revolving field theory of single-phase induction motors. Find the
mechanical power output at a slip of 0.05 of the 185-W, 4-pole, 110-V, 60-Hz single-phase induction
motor, whose constants are given below:

Resistance of the stator main winding R1 = 1.86 ohm

Reactance of the stator main winding X1 = 2.56 ohm

Magnetizing reactance of the stator main winding Xm = 53.5 ohm

Rotor resistance at standstill R2 = 3.56 ohm

Rotor reactance at standstill X2 = 2.56 ohm

(Elect. Machines, Nagpur Univ. 1991)

Solution.  Here, X m = 53.5 Ω, hence xm = 53.5/2 = 26.7 Ω
Similarly, r2 = R2 / 2 = 3.56 / 2 = 1.78 Ω and x2 = X 2 / 2 = 2.56 / 2 = 1.28 Ω
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(1.78 / 0.05) 26.7 [(1.78 / 0.05) 1.28 27.98]
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Similarly,  Zb =
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2
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(1.78 /1.95) 26.7 [(1.78 /1.95) 1.28 27.98]

(1.78 /1.95) (27.98)

j× + + ×
+

= 0.84 + j 1.26 = 1.51 ∠ 56.3º

Z1 = R1 + j X1 = 1.86 + j 2.56 = 3.16 ∠ 54º
Total circuit impedance is

Z01 = Z1 + Zf + Zb = (1.86 + j 2.56) + (12.4 + j 17.15) + (0.84 + j 1.26)

= 15.1 + j 20.97 = 25.85∠ 54.3º
Motor current I1 = 110/25.85 = 4.27 A

Vf = I1 Zf = 4.27 × 21.15 = 90.4 V; V b = I1 Zb = 4.27 × 1.51 = 6.44 V

Z3 =
2

22
2

r
x

s
  +  

 = 35.7 Ω, Z5 = 
2

22
22

r
x

s
  + − 

 = 1.57 Ω

I3 = V f / Z3 = 90.4/35.7 = 2.53 A, I5 = V b /Z5 = 6.44/1.57 = 4.1 A

Tf = I3
2 R2 / s = 228 synch. watts, T5 = I5

2 r2/(2 − s) = 15.3 synch. watts.

T = Tf  − Tb = 228 − 15.3 = 212.7 synch. watts
Output = synch. watt × (1 − s) = 212.7 × 0.95 = 202 W

Since friction and windage losses are not given, this also represents the net output.

Example 36.2.  Find the mechanical power output of 185-W, 4 pole, 110-V, 50-Hz single-phase
induction motor, whose constants are given below at a slip of 0.05.

R1 = 1.86 Ω   X1= 2.56 Ω   Xφ = 53.5 Ω  R2 = 3.56 Ω  X2 = 2.56 Ω
Core loss = 3.5 W, Friction and windage loss = 13.5 W.

(Electrical Machines-III, Indore Univ. 1987)

Solution.  It would be seen that major part of this problem has already been solved in Example
36.1. Let us, now, assume that V f = 82.5% of 110 V = 90.7 V. Then the core-loss current Ic = 35/90.7
= 0.386 A ; rc = 90.7/0.386 = 235 Ω.
Motor I

conductance of core-loss branch  =  1/rc = 1/235 = 0.00426 S

susceptance of magnetising branch  =  − j / xm = − j/26.7 = − j 0.0374 S

admittance of branch 3 =
2 2

2 2
2 2

( / )

( / )

r s j x

r s x

−
+  = 0.028 − j 0.00101 S
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admittance of ‘motor’ I is Yf = 0.00426 − j 0.0374 + 0.028 − j 0.00101
= 0.03226 − j 0.03841 S

impedance Zf = 1/Yf = 12.96 + j 15.2 or 19.9 Ω
Motor II

admittance of branch 5 =

2
2

2
22
2

0.91 1.282
2.469

2

r
j x js

r
x

s

− −− =
  + − 

 =  0.369 − j 0.517

admittance of ‘motor’ II, Yb = 0.00426 − j 0.0374 + 0.369 − j 0.517
= 0.3733 − j 0.555 S

Impedance of ‘motor’ II, Zb =1/Yb = 0.836 + j 1.242 or 1.5 Ω
Impedance of entire motor (Fig. 36.16) Z01 = Z1 + Zf + Zb = 15.66 + j 19 or 24.7 Ω

I1 = V /Z01 = 110/24.7 = 4.46 A

Vf = I1 Zf = 4.46 × 19.9 = 88.8 V
Vb = 4.46 × 1.5 = 6.69 V

I3 = 88.8/35.62 = 2.5 A

I5 = 6.69/1.57 = 4.25 A
Tf = I3

2(r2/s) = 222 synch. watt

Tb = I5
2 2

2
r

s
 
 − 

= 16.5 synch. watt

T = Tf  − Tb = 205.5 synch. watt
Watts converted   =  synch. watt (1 − s)

= 205.5 × 0.95 = 195 W
Net output = 195 − 13.5 = 181.5 W.

Example 36.3. A 250-W, 230-V, 50-Hz
capacitor-start motor has the following constants
for the main and auxiliary windings: Main winding,
Zm = (4.5 + j 3.7) ohm. Auxiliary winding Za = (9.5
+ j 3.5) ohm. Determine the value of the starting
capacitor that will place the main and auxiliary winding currents in quadrature at starting.

(Electrical Machines-III, South Gujarat Univ. 1985)

Solution.  Let X C be the reactance of the capacitor connected in the auxiliary winding.
Then Za = 9.5 + j 3.5 − j XC = (9.5 + jX)

where X  is the net reactance.
Now, Zm = 4.5 + j 3.5 = 5.82 ∠  39.4º ohm

Obviously, Im lags behind V  by 39.4º
Since, time phase angle between Im and Ia has to be 90º, Ia must lead V  by

(90º − 39.4º) = 50.6º.

For auxiliary winding, tan φa = X /R or tan 50.6º = X /9.5
or X = 9.5 × 1.217 = 11.56 Ω (capacitive)
∴ XC = 11.56 + 3.5 = 15.06 Ω ∴  15.06 = 1/314 C; C = 211 µµµµµF.

Fig. 36.16
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Tutorial Problem No. 36.1.
1. A 1-φ, induction motor has stator windings in space quadrature and is supplied with a single-phase

voltage of 200 V at 50 Hz.  The standstill impedance of the main winding is (5.2 + j 10.1) and of the
auxiliary winding is (19.7 + j 14.2).  Find the value of capitance to be inserted in the auxiliary
winding for maximum starting torque. (Electrical Machines-III, Indore Univ. July, 1977)

2. A 230-V, 50-Hz, 6-pole, single-phase induction motor has the following constants.

r1 = 0.12 Ω, r2 = 0.14 Ω, x1 = x2 = 0.25 Ω, xm = 15 Ω.

If the core loss is 250 W and friction and windage losses are 500 W, determine the efficiency and
torque at s = 0.05. (Electrical Machines-IV, Bangalore Univ. Aug. 1978)

3. Explain how the pulsating mmf of a single-phase induction motor may be considered equivalent to
two oppositely-rotating fields. Develop an expression for the torque of the motor.

A 125-W, 4-pole, 110-V, 50-Hz single-phase induction motor has the no-load rotational loss of 25
watts and total rotor copper loss at rated load of 25 watts at a slip of 0.06. The rotor I2R loss may be
neglected.

At a slip s = 0.06, what is the power input to the machine ?

(Electrical Machines-III, Indore Univ. July 1977)

36.7. Types of Capacitor–start Motors

Some of the important types of such motors are given below :

1. Single-voltage, externally-reversible type
In this motor, four leads are brought outside its housing; two from the main winding and two

from the starting-winding circuit.  These four leads are necessary for external reversing.  As usual,
internally, the starting winding is connected in series with the electrolytic capacitor and a centrifugal
switch. The direction of rotation of the motor can be easily reversed externally by reversing the
starting winding leads with respect to the running winding leads.

2. Single-voltage, non-reversible type
In this case, the starting winding leads are connected internally to the leads of the running wind-

ing.  Consequently, there are only two external leads in such motors.  Obviously, direction of rotation
cannot be reversed unless the motor is taken apart and leads of the starting winding reversed.

3. Single-voltage reversible and with thermostat type
Many motors are fitted with a device called thermostat which provides protection against over-

load, overheating, and short-circuits etc. The thermostat usually consists of a bimetallic element that
is connected in series with the motor and is often mounted on the outside of the motor.

The wiring diagram of a capacitor-start motor fitted with this protective device is shown in Fig.
36.17. When due to some reasons, excessive current flows through the motor, it produces abnormal
heating of the bimetallic strip with the result that it bends and opens the contact points thus discon-
necting the motor from the supply lines. When the thermostat element cools, it automatically closes
the contacts*.

In the case of capacitor-start motors used for refrigerators, generally a terminal block is attached
to the motor. Three out of the four block terminals are marked T, TL and L as shown in Fig. 36.18.
Thermostat is connected to T and TL, capacitor between L and the unmarked terminal and the supply
lines to TL and L.

* However, in some thermal units, a reset button has to be operated manually to restore the motor to operation.

In certain types of thermal units, a heating element is used for heating the bimetallic strip.  In that case, the
heating element is connected in the line and the element or bimetallic strip is placed either inside the
heating unit or besides it.
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4. Single-voltage, non-reversible with magnetic switch type
Such motors are commonly used in refrigerators where it is not possible to use a centrifugal

switch.  The circuit diagram is similar to that shown in Fig. 36.6. Since their application requires just
one direction of rotation, these motors are not connected for reversing.

One disadvantage of a capacitor-start motor having magnetic switch lies in the possibility that
slight overloads may operate the plunger thereby connecting the starting winding circuit to the sup-
ply.  Since this winding is designed to operate for very short periods (3 seconds or less) it is likely to
be burnt out.

5. Two-voltage, non-reversible Type
These motors can be

operated from two a.c. volt-
age either 110 V and 220
V or 220 V and 440 V.
Such motors have two main
windings (or one main
winding in two sections)
and one starting winding
with suitable number of
leads brought out to permit
changeover from one volt-
age to another.

When the motor is to
operate from lower voltage,
the two main windings are connected in parallel (Fig. 36.19).  Whereas for higher voltage, they are
connected in series (Fig. 34.20).  As will be seen from the above circuit diagrams, the starting wind-
ing is always operated on the low-voltage for which purpose it is connected across one of the main
windings.

6. Two-voltage, reversible type
External reversing is made possible by means of two additional leads that are brought out from

the starting winding.
Fig. 36.21 and 36.22 show connections for clockwise and anticlockwise rotations respectively

when motor is operated from lower voltage.  Similar wiring diagram can be drawn for higher voltage
supply.

Fig. 36.19 Fig. 36.20

Fig. 36.17 Fig. 36.18
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The second lead of the starting winding and both leads of the running winding are brought outside as
shown in Fig. 36.23.  When the external lead of the starting winding is connected to point A , the
winding is connected across R1 and the motor runs clockwise.  When the lead of starter winding is
connected to point B, it is connected across R2.  Since current flowing through starting winding is
reversed, the motor runs in counter-clockwise direction.

Fig. 36.24 Fig. 36.25

8. Single-voltage, instantly-reversible type
Normally, a motor must be brought to complete rest before it can be started in the reverse direc-

tion. It is so because the centrifugal switch cannot close unless the motor has practically stopped.
Since starting winding is disconnected from supply when the motor is running, reversal of starting
winding leads will not affect the operation of the motor.  This reversal is achieved by a triple-pole,
double-throw (TPDT) switch as shown in Fig. 36.24.  The switch consists of three blades or poles
which move together as one unit in either of the two positions.  In one position of the switch (shown
in one figure) motor runs clockwise and in the other, in counter-clockwise direction.  Obviously, in
this type of arrangement, it is necessary to wait till motor stops.

In certain applications where instant reversal is necessary while the motor is operating at full
speed, a relay is fitted in the circuit to short-circuit the centrifugal switch and connect the starting
winding in the circuit in the reversed direction (Fig. 36.25).

It will be seen that when at rest, the double-contact centrifugal switch is in the ̀ start' position. In
this position, two connections are made :

Fig. 36.21 Fig. 36.22 Fig. 36.23

7. Single-voltage, three-lead reversible type
In such motors, a two-section running winding is used.  The two sections R1 and R2 are internally

connected in series and one lead of the starting winding is connected to the mid-point of R1 and R2.
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(i) the starting winding and capacitor C are placed in series across the supply line and
(ii) the coil of the normally-closed relay is connected across C
With the manual TPDT switch in the ‘forward’ position (a) running winding is connected across

the line (b) starting winding and C are in series across the line and (c) relay coil is connected across
C.  The voltage developed across C is applied across the relay coil which results in opening of the
relay contacts.  With increase in the speed of the motor, the centrifugal switch is thrown in the ‘run-
ning’ position. This cuts out C from the circuit and leaves starting winding in series with the relay
coil. Since relay coil has high resistance, it permits only enough current through the starting winding
as to keep the relay contacts open.

During the fraction-of-a-second interval while TPDT switch is shifted from ‘forward’ to ‘re-
verse’ position, no current flows through the relay coil as a result of which the relay contacts close.
When TPDT switch reaches the ‘reverse’ position, current flows through the now-closed relay con-
tacts to the starting winding but in opposite direction.  This produces a torque which is applied in a
direction opposite to the rotation.  Hence, (i) rotor is immediately brought to rest and (ii) centrifugal
switch falls to the ‘start’ position.  As before, C is put in series with the starter winding and the motor
starts rotating in the opposite direction.

9. Two-speed type
Speed can be changed by changing the number of poles in the winding for which purpose two

separate running windings are placed in the slots of the stator, one being 6-pole winding and the other,
8-pole winding.  Only one starting winding is used which always acts in conjunction with the higher-
speed running winding.  The double-action or transfer type centrifugal switch S has two contact

Fig. 36.26 Fig. 36.27

points on the ‘start’ side and one on the ‘run’ side.  As shown in Fig. 36.26, an external speed switch
is used for changing the motor speed.  The motor will always start on high speed irrespective of
whether the speed switch is on the ‘high’ or ‘low’contact. If speed switch is set on ‘low’, then as soon
as the motor comes up to speed, the centrifugal switch

(a) cuts out the starting winding and high-speed running winding and
(b) cuts in the low-speed running winding.
10. Two-speed with two-capacitor type
As shown in Fig. 36.27, this motor has two running windings, two starting windings and two

capacitors. One capacitor is used for high-speed operation and the other for low-speed operation.  A
double centrifugal switch S is employed for cutting out the starting winding after start.
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36.8.   Capacitor Start-and-Run Motor
This motor is similar to the capacitor-start motor [Art.36.4 (ii)] except that the starting winding

and capacitor are connected in the circuit at all
times. The advantages of leaving the capacitor
permanently in circuit are (i) improvement of
over-load capacity of the motor (ii) a higher
power factor (iii) higher efficiency and (iv)
quieter running of the motor which is so much
desirable for small power drives in offices and
laboratories.  Some of these motors which start
and run with one value of capacitance in the
circuit are called single-value capacitor-run
motors.  Other which start with high value of
capacitance but run with a low value of
capacitance are known as two-value capacitor-run motors.

(i) Single-value capacitor-Run Motor
It has one running winding and one starting winding in series with a capacitor as shown in Fig.

36.28.   Since capacitor remains in the circuit permanently, this motor is often referred to as permanent-

Fig. 36.28 Fig. 36.29 Fig. 36.30

split capacitor-run motor and behaves practically like an unbalanced 2-phase motor.  Obviously, there
is no need to use a centrifugal switch which was necessary in the case of capacitor-start motors.  Since
the same capacitor is used for starting and running, it is obvious that neither optimum starting nor
optimum running performance can be obtained because value of capacitance used must be a compro-
mise between the best value for starting and that for running. Generally, capacitors of 2 to 20 µF
capacitance are employed and are more expensive oil or pyranol-insulated foil-paper capacitors be-
cause of continuous-duty rating.  The low value of the capacitor results in small starting torque which
is about 50 to 100 per cent of the rated torque (Fig. 36.29).  Consequently, these motors are used
where the required starting torque is low such as air - moving equipment i.e. fans, blowers and voltage
regulators and also oil burners where quiet operation is particularly desirable.

One unique feature of this type of motor is that it can be easily reversed by an external switch
provided its running and starting windings are identical.  One serves as the running winding and the
other as a starting winding for one direction of rotation.  For reverse rotation, the one that previously
served as a running winding becomes the starting winding while the former starting winding serves as
the running winding. As seen from Fig. 36.30 when the switch is in the forward position, winding B
serves as running winding and A as starting winding. When switch is in ‘reverse’ position, winding A
becomes the running winding and B the starting winding.

Capacitor starts and run motor
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Such reversible motors are often used for operating devices that must be moved back and forth
very frequently such as rheostats, induction regulations, furnace controls, valves and arc-welding
controls.

(ii) Two-value capacitor-Run Motor
This motor starts with a high capacitor in series with the starting winding so that the starting

torque is high. For running, a lower capacitor is substituted by the centrifugal switch. Both the running
and starting windings remain in circuit.

The two values of capacitance can be obtained as follows:
1. by using two capacitors in parallel at the start and then switching out one for low-value run.

(Fig. 36.31) or
2. by using a step-up auto-transformer in conjunction with one capacitor so that effective

capacitance value is increased for starting purposes.

In Fig. 36.31, B is an
electrolytic capacitor of
high capacity (short duty)
and A  is an oil capacitor of
low value (continuous
duty).  Generally, starting
capacitor B  is 10 to 15
times the running capacitor
A .  At the start, when the
centrifugal switch is closed,
the two capacitors are put
in parallel, so that their
combined capacitance is
the sum of their individual
capacitances.  After the motor has reached 75 per cent full-load speed, the switch opens and only
capacitor A  remains in the starting winding circuit.  In this
way, both optimum starting and running performance is
achieved in such motors.  If properly designed, such motors
have operating characteristics very closely resembling those
displayed by two-phase motors. Their performance is
characterised by

1. ability to start heavy loads
2. extremely quiet operation
3. higher efficiency and power factor

4. ability to develop 25 per cent overload capacity
Hence, such motors are ideally suited where load require-

ments are severe as in the case of compressors and fire strokers
etc.

The use of an auto-transformer and single oil-type capacitor is illustrated in Fig.36.32.  The
transformer and capacitor are sealed in a rectangular iron box and mounted on top of the motor.  The
idea behind using this combination is that a capacitor of value C connected to the secondary of a step-
up transformer, appears to the primary as though it had a value of K2C where K is voltage transforma-
tion ratio.  For example, if actual value of C = 4 µF and K = 6, then low-voltage primary acts as if it
had a 144 µF ( = 62 × 4) capacitor connected across its terminals.  Obviously, effective value of
capacitance has increased 36 times.  In the ‘start’ position of the switch, the connection is made to the

Fig. 36.31 Fig.36.32

Auto-transformer
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mid-tap of the auto-transformer so that K = 2.  Hence, effective value of capacitance at start is 4 times
the running value and is sufficient to give a high starting torque.  As the motor speeds up, the centrifu-
gal switch shifts the capacitor from one voltage tap to another so that the voltage transformation ratio
changes from higher value at starting to a lower value for running. The capacitor which is actually of
the paper-tinfoil construction is immersed in a high grade insulation like wax or mineral oil.

36.9. Shaded-pole Single-phase Motor
In such motors, the necessary phase-splitting is

produced by induction.  These motors have salient
poles on the stator and a squirrel-cage type rotor Fig.
36.33 shows a four-pole motor with the field poles
connected in series for alternate polarity. One pole of
such a motor is shown separately in Fig. 36.34.  The
laminated pole has a slot cut across the laminations
approximately one-third distance from one edge.
Around the small part of the pole is placed a short-
circuited Cu coil known as shading coil.  This part of
the pole is known as shaded part and the other as
unshaded part.  When an alternating current is passed through the exciting (or field) winding
surrounding the whole pole, the axis of the pole shifts from the unshaded part a to the shaded part b.
This shifting of the magnetic axis is, in effect, equivalent to the actual physical movement of the pole.
Hence, the rotor starts rotating in the direction of this shift i.e. from unshaded part to the shaded part.

Fig. 36.33 Fig. 36.34
Let us now discuss why shifting of the magnetic axis takes place. It is helpful to remember that

the shading coil is highly inductive.  When the alternating current through exciting coil tends to
increase, it induces a current in the shading coil by transformer action in such a direction as to oppose
its growth.  Hence, flux density decreases in the shaded part when exciting current increases.  However,
flux density increases in the shaded part when exciting current starts decreasing (it being assumed
that exciting current is sinusoidal).

In Fig. 36.35 (a) exciting current is rapidly increasing along OA (shown by dots).  This will
produce an e.m.f. in the shading coil.  As shading coil is of low resistance, a large current will be set
up in such a direction (according to Lenz’s law) as to oppose the rise of exciting current (which is
responsible for its production).  Hence, the flux mostly shifts to the unshaded part and the magnetic
axis lies along the middle of this part i.e. along NC.

Next, consider the moment when exciting current is near its peak value i.e. from point A  to B
[Fig. 36.35 (b)].  Here, the change in exciting current is very slow.  Hence, practically no voltage and,
therefore, no current is induced in the shading coil.  The flux produced by exciting current is at its
maximum value and is uniformly distributed over the pole face.  So the magnetic axis shifts to the
centre of the pole i.e. along positions ND.

Shaded pole single phase motor
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Fig. 36.35 (c) represents the condition when the exciting current is rapidly decreasing from B to
C.  This again sets up induced current in the shading coil by transformer action.  This current will flow
in such a direction as to oppose this decrease in exciting current, with the result that the flux is
strengthened in the shaded part of the pole.  Consequently, the magnetic axis shifts to the middle part
of the shaded pole i.e. along NE.

Fig. 36.36

Fig. 36.35

From the above discussion we find that during the positive half-cycle of the exciting current, a
N-pole shifts along the pole from the unshaded to the shaded part.  During the next negative half-
cycle of the exciting current, a S-pole trails along.  The effect is as if a number of real poles were
actually sweeping across the space from left to right.

Shaded pole motors are built
commercially in very small sizes,
varying approximately from 1/250
h.p. (3W) to 1/6 h.p. (125 W).
Although such motors are simple in
construction, extremely rugged,
reliable and cheap, they suffer from
the disadvantages of  (i) low starting
torque (ii) very little overload
capacity and (iii) low efficiency.
Efficiencies vary from 5% (for tiny
sizes) to 35 (for higher ratings).
Because of its low starting torque,
the shaded-pole motor is generally
used for small fans, toys,
instruments, hair dryers, ventilators,
circulators and electric clocks.  It is
also frequently used for such devices
as churns, phonograph turntables
and advertising displays etc.  The
direction of rotation of this motor cannot be changed, because it is fixed by the position of copper
rings.

A typical torque / speed curve for such a motor is shown in Fig. 36.36.
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36.10. Repulsion Type Motors
These can be divided into the following four

distinct categories :
1. Repulsion Motor.  It consists of (a) one

stator winding (b) one rotor which is
wound like a d.c. armature (c) commu-
tator and (d) a set of brushes, which are
short-circuited and remain in contact with
the commutator at all times.  It operates
continuously on the ‘repulsion’ principle.
No short-circuiting mechanism is re-
quired for this type.

2. Compensated Repulsion Motor.  It is
identical with repulsion motor in all re-
spects, except that (a) it carries an additional stator winding, called compensating winding
(b) there is another set of two brushes which are placed midway between the usual short-
circuited brush set.  The compensating winding and this added set are connected in series.

3. Repulsion-start Induction-run Motor.  This motor starts as a repulsion motor, but nor-
mally runs as an induction motor, with constant speed characteristics. It consists of (a) one
stator winding (b) one rotor which is similar to the wire-wound d.c. armature (c) a commu-
tator and (d) a centrifugal mechanism which short-circuits the commutator bars all the way
round (with the help of a short-circuiting necklace) when the motor has reached nearly 75
per cent of full speed.

4. Repulsion Induction Motor.  It works on the combined principle of repulsion and induc-
tion. It consists of (a) stator winding  (b) two rotor windings : one squirrel cage and the other
usual d.c. winding connected to the commutator and (c) a short-circuited set of two brushes.

It may be noted that repulsion motors have excellent characterstics, but are expensive and require
more attention and maintenance than single-phase motors.  Hence, they are being replaced by two-
value capacitor motors for nearly all applications.

36.11. Repulsion Motor

Constructionally, it consists of the following :
1. Stator winding of the distributed non-salient pole type housed in the slots of a smooth-cored

stator (just as in the case of split-phase motors).  The stator is generally wound for four, six
or eight poles.

2. A rotor (slotted core type) carrying a distributed winding (either lap or wave) which is
connected to the commutator.  The rotor is identical in construction to the d.c. armature.

3. A commutator, which may be one of the two types : an axial commutator with bars parallel
to the shaft or a radial or vertical commutator having radial bars on which brushes press
horizontally.

4. Carbon brushes (fitted in brush holders) which ride against the commutator and are used for
conducting current through the armature (i.e. rotor) winding.

36.12. Repulsion Principle
To understand how torque is developed by the repulsion principle, consider Fig. 36.37 which

shows a 2-pole salient pole motor with the magnetic axis vertical.  For easy understanding, the stator
winding has been shown with concentrated salient-pole construction (actually it is of distributed non-
salient type).  The basic functioning of the machine will be the same with either type of construction.
As mentioned before, the armature is of standard d.c. construction with commutator and brushes
(which are short-circuited with a low-resistance jumper).

Repulsion induction motor
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Suppose that the direction of flow of the alternating current in the exciting or field (stator) winding
is such that it creates a N-pole at the top and a S-pole at the bottom.  The alternating flux produced by
the stator winding will induce e.m.f. in the armature conductors by transformer action.  The direction
of the induced e.m.f. can be found by using Lenz’s law and is as shown in Fig. 36.37 (a). However, the
direction of the induced currents in the armature conductors will depend on the positions of the

short-circuited brushes.  If brush axis
is colinear with magnetic axis of the
main poles, the directions of the induced
currents (shown by dots and arrows) will
be as indicated in Fig. 36.37 (a)*.  As a
result, the armature will become an
electromagnet with a N-pole on its top,
directly under the main N-pole and with
a S-pole at the bottom, directly over the
main S-pole.  Because of this face-to-
face positioning of the main and induced
magnetic poles, no torque will be
developed.  The two forces of repulsion
on top and bottom act along Y Y′  in direct
opposition to each other.**

If brushes are shifted through 90º to
the position shown in Fig. 36.37 (b) so
that the brush axis is at right angles to

the magnetic axis of the main poles, the directions of the induced voltages at any time in the respective
armature conductors are exactly the same
as they were for the brush position of Fig.
36.37 (a).  However, with brush positions
of Fig. 36.37 (b), the voltages induced in
the armature conductors in each path
between the brush terminals will neutralize
each other, hence there will be no net
voltage across brushes to produce armature
current. If there is no armature current,
obviously, no torque will be developed.

If the brushes are set in position shown
in Fig. 36.38 (a) so that the brush axis is
neither in line with nor 90º from the mag-
netic axis Y Y′ of the main poles, a net volt-
age*** will be induced between the brush
terminals which will produce armature cur-
rent.  The armature will again act as an elec-

* It should be noted that during the next half-cycle of the supply current, the directions of the respective
voltages will be in the opposite directions.
** Alternatively, the absence of the torque may be explained by arguing that the torques developed in the
four quadrants neutralize each other.
*** It will be seen from Fig. 36.38 (a) that the induced voltages in conductors a and b oppose the voltages in
other conductors lying above brush-axis.  Similarly, induced voltages in conductors c and d oppose the voltages
in other conductors, lying below the brush-axis.  Yet the net voltage across brush terminals will be sufficient to
produce current which will make the armature a powerful magnet.

Fig. 36.37

Fig. 36.38

www.EngineeringBooksPdf.com



Single-phase Motors 1387

tromagnet and develop its own N-and S-poles which, in this case, will not directly face the respective
main poles. As shown in Fig. 36.38 (a), the armature poles lie along A A′ making an angle of α with
Y Y′.

Hence, rotor N-pole will be repelled by the main N-pole and the rotor S-pole will, similarly, be
repelled by the main S-pole. Consequently, the rotor will rotate in clockwise direction [Fig.36.38
(b)].  Since the forces are those of repulsion, it is
appropriate to call the motor as repulsion motor.

It should be noted that if the brushes are shifted
counter-clockwise from Y Y ′, rotation will also be
counter-clockwise. Obviously, direction of rotation
of the motor is determined by the position of brushes
with respect to the main magnetic axis.

It is worth noting that the value of starting
torque developed by such a motor will depends on
the amount of brush-shift whereas direction of
rotation will depend on the direction of shift [Fig. 36.39 (a)].  Maximum starting torque is developed
at some position where brush axis makes, an angle lying between 0º and 45º with the magnetic axis of
main poles.  Motor speed can also be controlled by means of brush shift. Variation of starting torque
of a repulsion motor with brush-shift is shown in Fig. 36.39 (b).

A straight repulsion type motor has high starting torque (about 350 per cent) and moderate
starting current (about 3 to 4 times full-load value).

Principal shortcomings of such a motor are :
1. speed varies with changing load, becoming dangerously high at no load.
2. low power factor, except at high speeds.
3. tendency to spark at brushes.

36.13. Compensated Repulsion Motor

It is a modified form of the straight repulsion motor discussed above.   It has an additional stator
winding, called compensating winding whose purpose is (i) to improve power-factor and (ii) to pro-
vide better speed regulation. This winding is much smaller than the stator winding and is usually
wound in the inner slots of each main pole and is connected in series with the armature (Fig. 36.40)
through an additional set of brushes placed mid-way between the usual short-circuited brushes.

Fig. 36. 39 Fig. 36. 40

36.14. Repulsion-start Induction-Run Motor
As mentioned earlier, this motor starts as an ordinary repulsion motor, but after it reaches about

75 per cent of its full speed, centrifugal short-circuiting device short-circuits its commutator.  From

Repulsion motor

www.EngineeringBooksPdf.com



1388 Electrical Technology

then on, it runs as an induction motor, with a short-circuited squirrel-cage rotor.  After the commutator
is short-circuited, brushes do not carry any current, hence they may also be lifted from the commutator,
in order to avoid unnecessary wear and tear and friction losses.

Repulsion-start motors are of two different designs :
1. Brush-lifting type in which the brushes are automatically lifted from the commutator when it

is short-circuited.  These motors generally employ radial form of commutator and are built
both in small and large sizes.

2. Brush-riding type in which brushes ride on the commutator at all times.  These motors use
axial form of commutator and are always built in small sizes.

The starting torque of such a motor is in excess of 350 per cent with moderate starting current.  It
is particularly useful where starting period is of comparatively long duration, because of high inertia
loads.  Applications of such motors include machine tools, commercial refrigerators, compressors,
pumps, hoists, floor-polishing and grinding devices etc.

36.15. Repulsion Induction Motor
In the field of repulsion motor, this type is becoming very popular, because of its good all-round

characteristics which are comparable to those of a compound d.c. motor.  It is particularly suitable for
those applications where the load can be removed entirely by de-clutching or by a loose pulley.

This motor is a combination of the repulsion and induction types and is sometimes referred to as
squirrel-cage repulsion motor.  It possesses the desirable characteristics of a repulsion motor and the
constant-speed characteristics of an induction motor.

It has the usual stator winding as in all repulsion motors. But there are two separate and indepen-
dent windings in the rotor (Fig. 36.41).

(i) a squirrel-cage winding and

(ii) commutated winding similar to that of a d.c. armature.
Both these windings function during the entire period of operation of the motor.  The commu-

tated winding lies in the outer slots while squirrel-cage winding is located in the inner slots*.  At start,
the commutated winding supplies most of the
torque, the squirrel-cage winding being practically
inactive because of its high reactance. When the
rotor accelerates, the squirrel-cage winding takes
up a larger portion of the load.

The brushes are short-circuited and ride on the
commutator continuously.  One of the advantages
of this motor is that it requires no centrifugal short-
circuiting mechanism.  Sometimes such motors are
also made with compensating winding for improv-
ing the power factor.

As shown in Fig. 36.42, its starting torque is
high, being in excess of 300 per cent.  Moreover,
it has a fairly constant speed regulation.  Its field
of application includes house-hold refrigerators,
garage air pumps, petrol pumps, compressors,
machine tools, mixing machines, lifts and hoists etc.

Brushless d.c. seromotor

* Hence, commutated winding has low resistance whereas the squirrel-cage winding has inherently a high
reactance.
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Fig. 36.41 Fig. 36.42

These motors can be reversed by the usual brush-shifting arrangement.

36.16. A.C. Series Motors
If an ordinary d.c. series motor were connected

to an a.c. supply, it will rotate and exert unidirec-
tional torque* because the current flowing both in
the armature and field reverses at the same time. But
the performance of such a motor will not be satisfac-
tory for the following reasons :

1. the alternating flux would cause excessive
eddy current loss in the yoke and field cores
which will become extremely heated.

2. vicious sparking will occur at brushes
because of the huge voltage and current
induced in the short-circuited armature coils
during their commutation period.

3. power factor is low because of high
inductance of the field and armature circuits.

However, by proper modification of design and other refinements, a satisfactory single-phase
motor has been produced.

The eddy current loss has been reduced by laminating the entire iron structure of the field cores
and yoke.

Power factor improvement is possible only by reducing the magnitudes of the reactances of the
field and armature windings.  Field reactance is reduced by reducing the number of turns on the field
windings. For a given current, it will reduce the field m.m.f. which will result in reduced air- gap flux.
This will tend to increase the speed but reduce motor torque.  To obtain the same torque, it will now
be necessary to increase the number of armature turns proportionately.  This will, however, result in
increased inductive reactance of the armature, so that the overall reactance of the motor will not be

Induction type AC sevro motor and control box

* However, torque developed is not of constant magnitude (as in d.c. series motors) but pulsates between
zero and maximum value each half-cycle.
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significantly decreased.  Increased
armature m.m.f. can be neutralized
effectively by using a compensating
winding.  In conductively-
compensated motors, the
compensating winding is connected
in series with the armature [Fig.
36.43 (a)] whereas in inductively-
compensated motors, the
compensating winding is short-
circuited and has no interconnection
with the motor circuit [Fig. 36.43
(b)].  The compensating winding acts as a short-circuited secondary of a transformer, for which the
armature winding acts as a primary.   The current in the compensating winding will be proportional to
the armature current and 180º out of phase with it.

Generally, all d.c. series motors are ‘provided’ with commutating poles for improving commutation
(as in d.c.  motors).  But commutating poles alone will not produce satisfactory commutation, unless
something is done to neutralize the huge voltage induced in the short-circuited armature coil by
transformer action (this voltage is not there in d.c.  series motor).  It should be noted that in an a.c.
series motor, the flux produced by the field winding is alternating and it induces voltage (by transformer
action) in the short-circuited armature coil during its commutating period.  The field winding, associated
with the armature coil undergoing commutation, acts as primary and the armature coil during its
commutating period acts as a short-circuited secondary.  This transformer action produces heavy
current in the armature coil as it passes through its commutating period and results in vicious sparking,
unless the transformer voltage is neutralized.  One method, which is often used for large motors,
consists of shunting the winding of each commutating pole with a non-inductive resistance, as shown
in Fig.  36.44 (a).

Fig. 36.44

Fig.  36.44.  (b) shows the vector diagram of a shunted commutator pole.  The current Ic through
the commutating pole (which lags the total motor current) can be resolved into two rectangular com-
ponents Id and Iq as shown.  Id produces a flux which is in phase with total motor current I whereas
flux produced by Iq lags I by 90º.  By proper adjustment of shunt resistance (and hence Is), the speed
voltage generated in a short-circuited coil by the cutting of the 90º lagging component of the commu-
tating pole flux may be made to neutralize the voltage induced by transformer action.

36.17. Universal Motor

A universal motor is defined as a motor which may be operated either on direct or single-phase

Fig. 36.43
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a.c.  supply at approximately the same speed and output.

In fact, it is a smaller version (5 to 150 W) of the a.c. series motor described in Art. 36.16.   Being
a series-wound motor, it has high starting torque and a variable speed characteristic.  It runs at dan-
gerously high speed on no-load.  That is why such motors are usually built into the device they drive.

Generally, universal motors are manufactured in two types:

1. concentrated-pole, non-compensated type (low power rating)

2. distributed-field compensated type (high power rating)

The non-compensated motor has two salient poles and
is just like a 2-pole series d.c.  motor except that whole of
its magnetic path is laminated (Fig. 36.45).  The lami-
nated stator is necessary because the flux is alternating
when motor is operated from a.c.  supply.  The armature is
of wound type and similar to that of a small d.c. motor.  It
consists essentially of a laminated core having either

straight or skewed
slots and a commu-
tator to which the
leads of the arma-
ture winding are connected.  The distributed-field compensated
type motor has a stator core similar to that of a split-phase motor
and a wound armature similar to that of a small d.c. motor.  The
compensating winding is used to reduce the reactance voltage
present in the armature when motor runs on a.c.  supply.  This
voltage is caused by the alternating flux by transformer action
(Art. 36.16).

In a 2-pole non-compensated motor, the voltage induced by
transformer action in a coil during its commutation period is not sufficient to cause any serious com-
mutation trouble.  Moreover, high-resistance brushes are used to aid commutation.

Fig. 36.46 Fig.36.47

(a) Operation.   As explained in Art. 36.16, such motors develop unidirectional torque, regard-
less of whether they operate on d.c. or a.c. supply.  The production of unidirectional torque, when the
motor runs on a.c. supply can be easily understood from Fig. 36.46.  The motor works on the same
principle as a d.c. motor i.e. force between the main pole flux and the current-carrying armature
conductors.  This is true regardless of whether the current is alternating or direct (Fig. 36.47).

Fig. 36.45

Universal motor.
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(b) Speed/Load Characteristic.  The speed of a universal motor
varies just like that of a d.c.  series motor i.e.  low at full-load and high
on no-load (about 20,000 r.p.m.  in some cases).  In fact, on no-load the
speed is limited only by its own friction and windage load.  Fig. 36.48
shows typical torque characteristics of a universal motor both for d.c.
and a.c. supply.  Usually, gear trains are used to reduce the actual load
speeds to proper values.

(c) Applications.  Universal motors are used in vacuum cleaners
where actual motor speed is the load speed.  Other applications where
motor speed is reduced by a gear train are : drink and food mixers,
portable drills and domestic sewing machine etc.

(d) Reversal of Rotation.  The concentrated-pole (or salient-pole)
type universal motor may be reversed by reversing the flow of current
through either the armature or field windings. The usual method is to
interchange the leads on the brush holders (Fig.36.49).

The distributed-field compensated type universal motor may be
reversed by interchanging either the armature or field leads and shift-
ing the brushes against the direction in which the motor will rotate. The
extent of brush shift usually amounts to several commutator bars.

Fig. 36.48 Fig.36.49

36.18. Speed Control of Universal Motors

The following methods are usually employed for speed-control purposes :
(i) Resistance Method.  As shown in Fig.  36.50, the motor speed is controlled by connecting

a variable resistance R in series with the motor.  This method is employed for motors used in sewing
machines.  The amount of resistance in the circuit is changed by means of a foot-pedal.

(ii) Tapping-field Method.  In this method, a field pole is tapped at various points and speed is
controlled by varying the field strength (Fig. 36.51).  For this purpose, either of the following two
arrangements may be used :

(a) The field pole is wound in various sections with different sizes of wire and taps are brought
out from each section.

(b) Nichrome resistance wire is wound over one field pole and taps are brought out from this
wire.

Universal motor with
interchangeable parts for

mixing solids, liquids semi-
solids and coating.

Field Coil

Series Field

Armature

Series Arm

+ –
–+

+ –

Armature
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(iii) Centrifugal Mechanism.  Universal motors, particularly those used for home food and
drink mixers, have a number of
speeds.Selection is made by a centrifugal
device located inside the motor and
connected, as shown in Fig.  36.52.  The
switch is adjustable by means of an external
lever.  If the motor speed rises above that
set by the lever, the centrifugal device opens
two contacts and inserts resistance R in the
circuit, which causes the motor speed to
decrease.  When motor runs slow, the two
contacts close and short-circuit the
resistance, so that the motor speed rises.
This process is repeated so rapidly that
variations in speed are not noticeable.

Fig. 36.50 Fig. 36.51 Fig.36.52

The resistance R is connected across the governor points as shown in Fig. 36.52.  A capacitor C
is used across the contact points in order to reduce sparking produced due to the opening and closing
of these points.  Moreover, it prevents the pitting of contacts.

Example 36.4. A 250-W, single-phase, 50-Hz, 220-V universal motor runs at 2000 rpm and
takes 1.0 A when supplied from a 220-V dc. supply. If the motor is connected to 220-V ac supply and
takes 1.0 A (r.m.s), calculate the speed, torque and power factor.  Assume Ra = 20 Ω and La = 0.4 H.

Solution.  DC Operation : Eb.dc = V  − Ia Ra

= 220 − 20 × 1 = 200 V

AC Operation
Xa = 2 π × 50 × 0.4 = 125.7 Ω.

 As seen from Fig.36.53.

V 2 = (Eb.ac + Ia Ra )
2 + (Ia × X a)

2

∴ Eb.ac = − Ia Ra + 2 2( )− a aV I X

= − 1 × 20 + 2 2220 (125.7 1)− ×  = 160.5 V

Since armature current is the same for both dc and ac excitations, hence

.

.

b dc

b ac

E
E

= dc

ac

N
N

; ∴ Nac = 2000 × 160.5
200

 =1605 rpm

cos φ = A B/OB =(Eb.ac + Ia Ra) / V  = (160.5 + 20)/220 = 0.82 lag

Fig. 36.53

Universal motor used for home food and drink mixers
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Pmech = Eb.ac . Ia = 160.5 × 1 = 160.5 W
T = 9.55 × 160.5/1605 = 0.955 N-m

Example 36.5. A universal series motor has resistance of 30 Ω and an inductance of 0.5 H.
When connected to a 250 V d.c. supply and loaded to take 0.8 A, it runs at 2000 r.p.m. Estimate its
speed and power factor, when connected to a 250-V, 50-Hz a.c. supply and loaded to take the same
current. (Elect. Machine, A.M.I.E. Sec. B, 1992)

Solution. A.C. Operation
Xa = 2 π × 50 × 0.5 = 157 Ω,
Ra = 30 Ω

Ia Ra = 0.8 × 30 = 24 Ω
Ia Xa = 0.8 × 157 = 125.6 V

The phasor diagram is shown in Fig. 36.54 (b)
V 2 = (Eb.ac + Ia Ra)

2 + (Ia X a)
2

2502 = (Eb.ac + 24)2 + 125.62

∴ Eb.as = 192.6
DC Operation

Eb.dc = 250 − 0.8 × 30 = 226 V

Now, .

.

b ac

b dc

E

E
= ac

dc

N
N

or 192.12
226 2000

= acN  ;

Nac = 1700 rpm
cos φ = (Eb.ac + Ia Ra )/V  = 236.12/250 = 0.864 lag

36.19. Unexcited Single-phase Synchronous Motors

These motors
1. operate from a single-phase a.c. supply
2. run at a constant speed – the synchronous speed of the revolving flux
3. need no d.c. excitation for their rotors (that is why they are called unexcited)
4. are self-starting.
These are of two types (a) reluctance motor and (b) hysteresis motor.

36.20. Reluctance Motor

It has either the conventional split-phase stator and a centrifu-
gal switch for cutting out the auxiliary winding (split-phase type
reluctance motor) or a stator similar to that of a permanent-split
capacitor-run motor (capacitor-type reluctance motor).  The stator
produces the revolving field.

The squirrel-cage rotor is of unsymmetrical magnetic construc-
tion.  This type of unsymmetrical construction can be achieved by
removing some of the teeth of a symmetrical squirrel-cage rotor
punching.  For example, in a 48-teeth, four-pole rotor following
teeth may be cut away :

1, 2, 3, 4, 5, 6 –13, 14, 15, 16, 17, 18 – 25, 26, 27, 28, 29, 30 –37, 38, 39, 40, 41, 42.

This would leave four projecting or salient poles (Fig. 36.55) consisting of the following sets of
teeth : 7–12; 19–24; 31–36 and 43 –48. In this way, the rotor offers variable magnetic reluctance to
the stator flux, the reluctance varying with the position of the rotor.

Fig. 36.54

Fig. 36.55
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Working

For understanding the working of such a motor one
basic fact must be kept in mind.   And it is that when a
piece of magnetic material is located in a magnetic field,
a force acts on the material, tending to bring it into the
most dense portion of the field.  The force tends to align
the specimen of material in such a way that the reluc-
tance of the magnetic path that lies through the material
will be minimum.

When the stator winding is energised, the revolving
magnetic field exerts reluctance torque on the unsym-
metrical rotor tending to align the salient pole axis of the rotor with the axis of the revolving magnetic
field (because in this position, the reluctance of the magnetic path is minimum).  If the reluctance
torque is sufficient to start the motor and its load, the rotor will pull into step with the revolving field
and continue to run at the speed of the revolving field.*

However, even though the rotor revolves synchronously, its poles lag behind the stator poles by
a certain angle known as torque angle, (something similar to that in a synchronous motor).  The
reluctance torque increases with increase in torque angle, attaining maximum value when α = 45º.  If
α increases beyond 45º, the rotor falls out of synchronism.  The average value of the reluctance
torque is given by T = K (V /f)2 sin2 δ where K is a motor constant.

It may be noted that the amount of load which a reluctance motor could carry at its constant
speed would only be a fraction of the load that the motor could normally carry when functioning as an
induction motor.  If the load is increased beyond a value under which the reluctance torque cannot
maintain synchronous speed, the rotor drops out of step with the field.  The speed, then, drops to some
value at which the slip is sufficient to develop necessary torque to drive the load by induction-motor
action.

The constant-speed characteristic of a reluctance motor makes it very suitable for such applica-
tions as signalling devices, recording instruments, many kinds of timers and phonographs etc.

36.21. Hysteresis Motor
The operation of this motor depends on the presence
of a continuously-revolving magnetic flux.  Hence,
for the split-phase operation, its stator has two wind-
ings which remain connected to the single-phase sup-
ply continuously both at starting as well as during the
running of the motor.  Usually, shaded-pole principle
is employed for this purpose giving shaded-pole hys-
teresis motor.  Alternatively, stator winding of the type
used in capacitor-type motor may be used giving ca-
pacitor-type shaded-pole motor.  Obviously, in either
type, no centrifugal device is used.

The rotor is a smooth chrome-steel cylinder** having

* Actually, the motor starts as an induction motor and after it has reached its maximum speed as an induction,
motor, the reluctance torque pulls its rotor into step with the revolving field so that the motor now runs as
a synchronous motor by virtue of its saliency.

** Rotors of ceramic permanent magnet material are used whose resistivity approaches that of an insulator.
Consequently, it is impossible to set up eddy currents in such a rotor.  Hence, there is no eddy current loss
but only hysteresis loss.

Reluctance brushless motor

Hysteresis motor

Stator
Housing (Rotor)
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high retentivity so that the hysteresis loss is high.  It has no winding.  Because of high retentivity of the
rotor material, it is very difficult to change the magnetic polarities once they are induced in the rotor
by the revolving flux.  The rotor revolves synchronously because the rotor poles magnetically lock up
with the revolving stator poles of opposite polarity.  However, the rotor poles always lag behind the

stator poles by an angle α.  Mechanical power developed by rotor is given by Pm = Ph  ( )1 − s
s  where

Ph is hysteres loss in rotor.  Also Th = 9.55 Pm /Ns.  It is seen that hysteresis torque depends solely on
the area of rotor’s hysteresis loop.

The fact that the rotor has no teeth or winding of
any sort, results in making the motor extremely quiet in
operation and free from mechanical and magnetic
vibrations.  This makes the motor particularly useful for
driving tape-decks, tape-decks, turn-tables and other
precision audio equipment.  Since, commercial motors
usually have two poles, they run at 3,000 r.p.m. at 50-Hz
single-phase supply.  In order to adopt such a motor for
driving an electric clock and other indicating devices,
gear train is connected to the motor shaft for reducing
the load speed.  The unit accelerates rapidly, changing
from rest to full speed almost instantaneously.  It must
do so because it cannot accelerate gradually as an
ordinary motor it is either operating at synchronous speed or not at all.

Some unique features of a hysteresis motor are as under :
(i) since its hysteresis torque remains practically constant from locked rotor to synchronous

speed, a hysteresis motor is able to synchronise any load it can accelerate–something no
other motor does.

(ii) due to its smooth rotor, the motor operates quietly and does not suffer from magnetic pulsations
caused by slots/salient-poles that are present in the rotors of other motors.

In Fig. 36.56. is shown a two-pole shaded-pole type hysteresis motor used for driving ordinary
household electric clocks.  The rotor is a thin metal cylinder and the shaft drives a gear train.

Example 36.6.  A 8-kW, 4-pole, 220-V, 50-Hz reluctance motor has a torque angle of 30º when
operating under rated load conditions.  Calculate (i) load torque (ii) torque angle if the voltage
drops to 205 V and (iii) will the rotor pulled out of synchronism ?

Solution. (i) Ns = 120 × 50/4 = 1500 rpm; Tsh = 9.55 × output/N = 9.55 × 8000/1500 = 51N-m

(ii) With the same load torque and constant frequency,
V 1 sin 2α1 = V 2

2 sin 2 α2

∴ 2202 × sin (2 × 30º) = 2052 × sin 2α; ∴ α   = 42.9º

(iii) since the new load angle is less than 45º, the rotor will not pull out of synchronous.

Tutorial Problems-36.2.

1. A 230-V, 50-Hz, 4-pole, class-A, single-phase induction motor has the following parameters at an
operating temperature 63ºC :

r1m = 2.51 ohms, r2′ = 7.81 ohm, X m = 150.88 ohm, X im = 4.62 ohm, X 2′  = 4.62 ohms

Determine stator main winding current and power factor when the motor is running at a slip of 0.05
at the specified temperature of 63ºC.

[3.74 ∠∠∠∠∠ 48.24º, 0.666] (AMIE Sec. B Elect. Machines (E-B) Summer 1991)

Fig. 36.56
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2. A fractional horse-power universal motor has armature circuit resistance of 20 ohm and inductance
of 0.4 H. On being connected to a 220-V d.c. supply, it draws 1.0 A from the mains and runs at 2000
r.p.m. Estimate the speed and power factor of the motor, when connected to a 230-V, 50-Hz supply
drawing the same armature current.  Draw relevant phasor diagram.

[1726 rpm, 0.84] (AMIE Sec. B Elect. Machines 1991)

3. A universal series motor, when operating on 220 V d.c. draws 10 A and runs at 1400 r.p.m.  Find the
new speed and power factor, when connected to 220 V, 25 Hz supply, the motor current remaining
the same.  The motor has total resistance of 1 ohm and total inductance of 0.1 H.

[961 rpm; 0.7] (AMIE Sec. B Elect. Machines 1990)

QUESTIONS AND ANSWERS ON SINGLE-PHASE MOTORS

Q.1. How would you reverse the direction of rotation of a capacitor start-induction-run
motor ?

Ans. By reversing either the running or starting-winding leads
where they are connected to the lines.  Both must not be
reversed.

Q.2. In which direction does a shaded-pole motor run ?
Ans. It runs from the unshaded to the shaded pole (Fig.36.57)
Q.3. Can such a motor be reversed ?
Ans. Normally, such motors are not reversible because that would

involve mechanical dismantling and re-assembly.  How-
ever, special motors are made having two rotors on a common shaft, each having one stator
assembly for rotation in opposite direction.

Q.4. What is a universal motor ?
Ans. It is built like a series d.c. motor with the difference that both its stator and armature are

laminated. They can be used either on d.c. or a.c. supply although the speed and power are
greater on direct current. They cannot be satisfactorly made to run at less than about 2000
r.p.m.

Q.5. How can a universal motor be
reversed ?

Ans. By reversing either the field leads or
armature leads but not both.

Q.6. How can we reverse the direction of
rotation of repulsion, repulsion-
induction and repulsion-induction
and repulsion- start-induction-run motors ?

Ans. By shifting the brush positions by about 15º electrical.
Q.7. How can we reverse the rotation of a 1-phase, split-phase motor ?
Ans. By reversing the leads to either the running or starter winding (Fig. 36.58) but not both.

Q.8. What could be the reasons if a repulsion-induction motor fails to start ?
Ans. Any one of the following :

1. no supply voltage 2. low voltage
3. excessive overload 4. the bearing lining may be stuck or ‘frozen’ to the shaft

5. armature may be rubbing 6. brush yoke may be incorrectly located
7. brush spacing may be wrong.

Fig. 36.58

Fig. 36.57
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Q.9. What could be the reasons if a split-phase motor fails to start and hums loudly ?
Ans. It could be due to the starting winding being open or grounded or burnt out.

Q.10. What could be the reasons if a split-phase motor runs too slow ?
Ans. Any one of the following factors could be responsible :

1. wrong supply voltage and frequency
2. overload
3. grounded starting and running windings

4. short-circuited or open winding in field circuit.

1. The starting winding of a single-phase mo-
tor is placed in the
(a) rotor (b) stator

(c) armature (d) field.

2. One of the characteristics of a single- phase
motor is that it

(a) is self-starting

(b) is not self-starting

(c) requires only one winding

(d) can rotate in one direction only.

3. After the starting winding of a single- phase
induction motor is disconnected from supply,
it continues to run only on ............winding.

(a) rotor (b) compensating

(c) field (d) running

4. If starting winding of a single-phase induction
motor is left in the circuit, it will

(a) draw excessive current and overheat

(b) run slower

(c) run faster

(d) spark at light loads.

5. The direction of rotation of a single-phase mo-
tor can be reversed by

(a) reversing connections of both windings

(b) reversing connections of starting winding

(c) using a reversing switch

(d) reversing supply connections.

6. If a single-phase induction motor runs slower
than normal, the more likely defect is

(a) improper fuses

(b) shorted running winding

(c) open starting winding

(d) worn bearings.

7. The capacitor in a capacitor-start induction- run
ac motor is connected in series with ......
winding.

(a) starting (b) running
(c) squirrel-cage (d) compensating

8. A permanent-split single-phase capacitor motor
does not have
(a) centrifugal switch
(b) starting winding
(c) squirrel-cage rotor

(d) high power factor.
9. The starting torque of a capacitor-start

induction-run motor is directly related to the
angle α between its two winding currents by
the relation
(a) cos α (b) sin α
(c) tan α (d) sin α/2.

10. In a two-value capacitor motor, the capacitor
used for running purposes is a/an
(a) dry-type ac electrolytic capacitor
(b) paper-spaced oil-filled type

(c) air-capacitor
(d) ceramic type.

11. If the centrifugal switch of a two-value
capacitor motor using two capacitors fails to
open, then

(a) electrolytic capacitor will, in all probabil-
ity, suffer breakdown

(b) motor will not carry the load
(c) motor will draw excessively high current
(d) motor will not come upto the rated speed.

12. Each of the following statements regarding a
shaded-pole motor is true except
(a) its direction of rotation is from un- shaded

to shaded portion of the poles
(b) it has very poor efficiency

(c) it has very poor p.f.
(d) it has high starting torque.

13. Compensating winding is employed in an ac
series motor in order to

OBJECTIVE TESTS – 36
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(a) compensate for decrease in field flux

(b) increase the total torque

(c) reduce the sparking at brushes

(d) reduce effects of armature reaction.

14. A universal motor is one which

(a) is available universally

(b) can be marketed internationally

(c) can be operated either on dc or ac supply

(d) runs at dangerously high speed on no-load.

15. In a single-phase series motor the main purpose
of inductively-wound compensating winding is
to reduce the

(a) reactance emf of commutation

(b) rotational emf of commutation

(c) transformer emf of commutation

(d) none of the above.

(Power App.-II, Delhi Univ. Jan. 1987)
16. A repulsion motor is equipped with

(a) a commutator (b) slip-rings

(c) a repeller

(d) neither (a) nor (b).

17. A repulsion-start induction-run single- phase
motor runs as an induction motor only when

(a) brushes are shifted to neutral plane

(b) short-circuiter is disconnected

(c) commutator segments are short- circuited

(d) stator winding is reversed.

18. If a dc series motor is operated on ac supply, it
will

(a) have poor efficiency

(b) have poor power factor

(c) spark excessively

(d) all of the above

(e) none of the above.

19. An outstanding feature of a universal motor is
its

(a) best performance at 50 Hz supply

(b) slow speed at all loads

(c) excellent performance on dc. supply

(d) highest output kW/kg ratio.

20. The direction of rotation of a hysteresis motor
is determined by the

(a) retentivity of the rotor material

(b) amount of hysteresis loss

(c) permeability of rotor material

(d) position of shaded pole with respect to the
main pole.

21. Speed of the universal motor is

(a) dependent on frequency of supply

(b) proportional to frequency of supply

(c) independent of frequency of supply

(d) none of the above.

(Elect. Machines, A.M.I.E. Sec. B, 1993)
22. In the shaded pole squirrel cage induction motor

the flux in the shaded part always

(a) leads the flux in the unshaded pole
segment

(b) is in phase with the flux in the unshaded
pole segment

(c) lags the flux in the unshaded pole segment

(d) none of the above.

(Elect. Machines, A.M.I.E. Sec. B, 1993)
23. Which of the following motor is an interesting

example of beneficially utilizing a phenomenon
that is often considered undesirable ?

(a) hysteresis motor

(b) reluctance motor

(c) stepper motor

(d) shaded-pole motor.

24. Usually, large motors are more efficient than
small ones. The efficiency of the tiny motor used
in a wrist watch is approximately.......... per cent.

(a) 1

(b) 10

(c) 50

(d) 80

ANSWERS

1. b   2. b   3. d   4. a   5. b   6. d   7. a   8. a   9. b  10. b   11. a   12. d   13. d   14. c   15. d   16. a
17. c   18. d   19. d   20. d   21. a   22. c   23. a   24. a
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37.1.37.1.37.1.37.1.37.1. Basic PrincipleBasic PrincipleBasic PrincipleBasic PrincipleBasic Principle

A.C. generators or alternators (as they are
usually called) operate on the same fundamental
principles of electromagnetic induction as d.c.
generators. They also consist of an armature
winding and a magnetic field.  But there is one
important difference between the two.  Whereas
in d.c. generators, the armature rotates and
the field system is stationary, the arrangement
in alternators is just the reverse of it.  In their
case, standard construction consists of armature
winding mounted on a stationary element called stator and field windings on a rotating element called rotor.
The details of construction are shown in Fig. 37.1.

Fig.  37.1

The stator consists of a cast-iron frame, which supports the armature core, having slots on its inner
periphery for housing the armature conductors.  The rotor is like a flywheel having alternate
N and S poles fixed to its outer rim.  The magnetic poles are excited (or magnetised) from direct current
supplied by a d.c. source at 125 to 600 volts. In most cases, necessary exciting (or magnetising) current is
obtained from a small d.c. shunt generator which is belted or mounted on the shaft of the alternator itself.
Because the field magnets are rotating, this current is supplied through two  sliprings. As the exciting voltage
is relatively small, the slip-rings and brush gear are of light construction.  Recently, brushless excitation
systems have been developed in which a 3-phase a.c.  exciter and a group of rectifiers supply d.c. to the
alternator.  Hence, brushes, slip-rings and commutator are eliminated.

When the rotor rotates, the stator conductors (being stationary) are cut by the magnetic flux, hence
they have induced e.m.f. produced in them.  Because the magnetic poles are alternately N and S, they induce
an e.m.f.  and hence current in armature conductors, which first flows in one direction and then in the other.
Hence, an alternating e.m.f. is produced in the stator conductors (i) whose frequency depends on the

Single split ring commutator

DC generator
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number of N and S poles moving past a
conductor in one second and (ii) whose
direction is given by Fleming's Right-hand rule.

37.2.37.2.37.2.37.2.37.2. Stationary ArmatureStationary ArmatureStationary ArmatureStationary ArmatureStationary Armature

Advantages of having stationary armature
(and a rotating field system) are :

1. The output current can be led directly
from fixed terminals on the stator (or
armature windings) to the load circuit,
without having to pass it through
brush-contacts.

2. It is easier to insulate stationary armature winding
for high a.c. voltages, which may have as high a
value as 30 kV or more.

3. The sliding contacts i.e. slip-rings are transferred
to the low-voltage, low-power d.c.  field circuit
which can, therefore, be easily insulated.

4. The armature windings can be more easily braced
to prevent any deformation, which could be
produced by the mechanical stresses set up as a
result of short-circuit current and the high
centrifugal forces brought into play.

37.3.37.3.37.3.37.3.37.3.Details of ConstructionDetails of ConstructionDetails of ConstructionDetails of ConstructionDetails of Construction

1.   Stator Frame
In d.c.  machines, the outer frame (or yoke) serves to

carry the magnetic flux but in alternators, it is not meant
for that purpose.  Here, it is used for holding the armature

stampings and windings in position.  Low-
speed large-diameter alternators have frames
which because of ease of manufacture, are
cast in sections.  Ventilation is maintained
with the help of holes cast in the frame itself.
The provision of radial ventilating spaces
in the stampings assists in cooling the
machine.

But, these days, instead of using castings,
frames are generally fabricated from mild
steel plates welded together in such a way as
to form a frame having a box type section.

In Fig. 37.2 is shown the section through
the top of a typical stator.

2. Stator Core
The armature core is supported by the

stator frame and is built up of laminations of Fig. 37.2

Core

Laminations

Air Ducts

Stator Frame

Stator
Core

Stationary armature windings

Armature
windings
(in slots)

Stator
assembly

Laminated core

Alternators
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special magnetic iron or steel alloy.  The core
is laminated to minimise loss due to eddy
currents.  The laminations are stamped out
in complete rings (for smaller machine) or in
segments (for larger machines).  The
laminations are insulated from each other and
have spaces between them for allowing the
cooling air to pass through.  The slots for
housing the armature conductors lie along the
inner periphery of the core and are stamped
out at the same time when laminations are
formed.  Different shapes of the armature
slots are shown in Fig. 37.3.

The wide-open type slot (also used in
d.c. machines) has the advantage of
permitting easy installation of form-wound
coils and their easy removal in case of repair.
But it has the disadvantage of distributing the
air-gap flux into bunches or tufts, that produce ripples in the wave of the generated e.m.f.  The semi-closed
type slots are better in this respect, but do not allow the use of form-wound coils.  The wholly-closed type
slots or tunnels do not disturb the air-gap flux but (i) they tend to increase the inductance of the windings
(ii) the armature conductors have to be
threaded through, thereby increasing initial
labour and cost of winding and (iii) they
present a complicated problem of end-
connections.  Hence, they are rarely used.

37.4.37.4.37.4.37.4.37.4. RotorRotorRotorRotorRotor

Two types of rotors are used in
alternators (i) salient-pole type and
(ii) smooth-cylindrical type.

(i) Salient (or projecting) Pole Type
It is used in low-and medium-speed

(engine driven) alternators.  It has a
large number of projecting (salient)
poles, having their cores bolted or
dovetailed onto a heavy magnetic
wheel of cast-iron, or steel of good
magnetic quality (Fig.  37.4).  Such
generators are characterised by their
large diameters and short axial lengths.
The poles and pole-shoes (which
cover 2/3 of pole-pitch) are laminated
to minimize heating due to eddy cur-
rents.  In large machines, field wind-
ings consist of rectangular copper strip
wound on edge.

Streetbike stator

Fig. 37.3

Slip Rings

Turbine Driven Rotor

Salient-pole
Rotor

Line of
magnetic

force

Cross-section Schematic

B

Low speed -1200 RPM
Orless

High speed -1200 RPM
Ormore

A

Types of rotors used in alternators
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Fig. 37.4

(ii) Smooth Cylindrical Type
It is used for steam turbine-driven alternators i.e.  turbo-

alternators, which run at very high speeds. The rotor consists of a
smooth solid forged steel cylinder, having a number of slots milled
out at intervals along the outer periphery (and parallel to the shaft)
for accommodating field coils.  Such rotors are designed mostly
for 2-pole (or 4-pole) turbo-generators running at 3600 r.p.m.
(or 1800 r.p.m.).  Two (or four) regions corresponding to the
central polar areas are left unslotted, as shown in Fig.  37.5 (a)
and (b).

The central polar areas are surrounded by
the field windings placed in slots.  The field
coils are so arranged around these polar
areas that flux density is maximum on the
polar central line and gradually falls away
on either side.  It should be noted that in
this case, poles are non-salient i.e.  they
do not project out from the surface of the
rotor.  To avoid excessive peripheral
velocity, such rotors have very small
diameters (about 1 metre or so).  Hence,
turbo-generators are characterised by
small diameters and very long axial (or
rotor) length.  The cylindrical construction
of the rotor gives better balance and

quieter-operation and also less windage losses.

37.5.37.5.37.5.37.5.37.5. Damper WindingsDamper WindingsDamper WindingsDamper WindingsDamper Windings

Most of the alternators have
their pole-shoes slotted for re-
ceiving copper bars of a grid or
damper winding (also known as
squirrel-cage winding).  The cop-
per bars are short-circuited at
both ends by heavy copper rings
(Fig.  37.6).  These dampers are
useful in preventing the hunting
(momentary speed fluctuations) in
generators and are needed in syn-
chronous motors to provide the
starting torque.  Turbo-generators
usually do not have these damper
windings (except in special case
to assist in synchronizing) be-
cause the solid field-poles themselves act as efficient dampers.  It should be clearly understood that under
normal running conditions, damper winding does not carry any current because rotor runs at synchronous
speed.

The damper winding also tends to maintain balanced 3-φ voltage under unbalanced load conditions.

Turbine alternator

Fig. 37.5

www.EngineeringBooksPdf.com



1406 Electrical Technology

Fig. 37.6
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Fig. 37.7
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37.6.37.6.37.6.37.6.37.6. Speed and FrequencySpeed and FrequencySpeed and FrequencySpeed and FrequencySpeed and Frequency

In an alternator, there exists a definite relationship between
the rotational speed (N) of the rotor, the frequency (f) of the
generated e.m.f. and the number of poles P.

Consider the armature conductor marked X in Fig.  37.7
situated at the centre of a N-pole rotating in clockwise
direction.  The conductor being situated at the place of
maximum flux density will have maximum e.m.f. induced in it.

The direction of the induced e.m.f. is given by Fleming’s
right hand rule.  But while applying this rule, one should be
careful to note that the thumb indicates the direction of the
motion of the conductor relative to the field.  To an observer
stationed on the clockwise revolving poles, the conductor
would seem to be rotating anti-clockwise.  Hence, thumb
should point to the left.  The direction of the induced e.m.f.  is
downwards, in a direction at right angles to the plane of the
paper.

When the conductor is in the interpolar gap, as at A in Fig. 37.7, it has minimum e.m.f. induced in it,
because flux density is minimum there.  Again,
when it is at the centre of a S-pole, it has maxi-
mum e.m.f. induced in it, because flux density at
B is maximum.  But the direction of the e.m.f. when
conductor is over a N-pole is opposite to that
when it is over a S-pole.

Obviously, one cycle of e.m.f. is induced in a
conductor when one pair of poles passes over it.
In other words, the e.m.f. in an armature
conductor goes through one cycle in angular
distance equal to twice the pole-pitch, as
shown in Fig. 37.7.

Let P = total number of magnetic poles
N = rotative speed of the rotor in r.p.m.

f = frequency of generated e.m.f. in Hz.
Since one cycle of e.m.f. is produced when a pair of poles passes past a conductor, the number of

cycles of e.m.f. produced in one revolution of the rotor is equal to the number of pair of poles.
∴ No.  of cycles/revolution = P/2 and No. of revolutions/second = N/60

∴ frequency = Hz
2 60 120
P N PN× =

or  f  =  Hz
120
PN

N is known as the synchronous speed, because it is the speed at which an alternator must run, in
order to generate an e.m.f.  of the required frequency.  In fact, for a given frequency and given number of
poles, the speed is fixed.  For producing a frequency of 60 Hz, the alternator will have to run at the
following speeds :

No.  of poles 2 4 6 12 24 36

Speed (r.p.m.) 3600 1800 1200 600 300 200
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Referring to the above equation, we get P = 120f/N

It is clear from the above that because of slow rotative speeds of engine-driven alternators, their
number of poles is much greater as compared to that of the turbo-generators which run at very high
speeds.

37.7.37.7.37.7.37.7.37.7. Armature WindingsArmature WindingsArmature WindingsArmature WindingsArmature Windings

The armature windings in alternators are different from
those used in d.c.  machines.  The d.c.  machines have closed
circuit windings but alternator windings are open, in the
sense that there is no closed path for the armature currents
in the winding itself.  One end of the winding is joined to the
neutral point and the other is brought out (for a star-
connected armature).

The two types of armature windings most commonly
used for 3-phase alternators are :

(i) single-layer winding
(ii) double-layer winding
Single-layer Winding
It is variously referred to as concentric or chain winding.

Sometimes, it is of simple bar type or wave winding.
The fundamental principle of such a winding is

illustrated in Fig. 37.8 which shows a single-layer, one-turn,
full-pitch winding for a four-pole generator.  There are 12
slots in all, giving 3 slots per pole or 1 slot/phase/pole.  The
pole pitch is obviously 3.  To get maximum e.m.f., two sides
of a coil should be one pole-pitch apart i.e. coil span should
be equal to one pole pitch.  In other words, if one side of the
coil is under the centre of a N-pole, then the, other side of the same coil should be under the centre of
S-pole i.e. 180° (electrical) apart.  In that case, the e.m.fs.  induced in the two sides of the coil are added

together.  It is seen from the above
figure, that R phase starts at slot No.
1, passes through slots 4, 7 and
finishes at 10.  The Y-phase starts
120° afterwards i.e.  from slot No. 3
which is two slots away from the start
of R-phase (because when 3 slots
correspond to 180° electrical degrees,
two slots correspond to an angular
displacement of 120° electrical).  It
passes through slots 6, 9 and
finishes at 12.  Similarly, B-phase
starts from slot No.5 i.e. two slots
away from the start of Y-phase.  It
passes through slots 8, 11 and
finishes at slot No. 2, The developed
diagram is shown in Fig. 37.9.  The
ends of the windings are joined to
form a star point for a Y-connection.

D.C. Armature

Fig. 37.8
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Fig. 37.11

N
�

S
�

N
�

S
�

N
�

Star Point

� � �

Fig. 37.9

37.8.37.8.37.8.37.8.37.8. Concentric or Chain WindingsConcentric or Chain WindingsConcentric or Chain WindingsConcentric or Chain WindingsConcentric or Chain Windings

For this type of winding, the number of slots is equal to twice the number of coils or equal to the number
of coil sides.  In Fig. 37.10 is shown a concentric winding for 3-phase alternator.  It has one coil per pair of
poles per phase.

It would be noted that the polar group of each phase is 360° (electrical) apart in this type of winding
1. It is necessary to use two

different shapes of coils to
avoid fouling of end
connections.

2. Since polar groups of each
phase are 360 electrical de-
grees apart, all such groups
are connected in the same
direction.

3. The disadvantage is that
short-pitched coils cannot
be used.

In Fig.  37.11 is shown a
concentric winding with two
coils per group per pole.
Different shapes of coils are
required for this winding.

All coil groups of phase
R are connected in the same
direction.  It is seen that in
each group, one coil has a
pitch of 5/6 and the other
has a pitch of 7/6 so that pitch
factor (explained later) is 0.966.  Such windings are used for large high-voltage machines.

37.9.37.9.37.9.37.9.37.9. Two-Layer WindingTwo-Layer WindingTwo-Layer WindingTwo-Layer WindingTwo-Layer Winding

This winding is either of wave-wound type or lap-wound type (this being much more common espe-
cially for high-speed turbo-generators).  It is the simplest and, as said above, most commonly-used not only
in synchronous machines but in induction motors as well.

Fig. 37.10
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Two important points regarding this winding should be noted :

(a) Ordinarily, the number of slots in stator (armature) is a multiple of the number of poles and the
number of phases.  Thus, the stator of a 4-pole, 3-phase alternator may have 12, 24, 36, 48 etc.
slots all of which are seen to be multiple of 12 (i.e.  4 × 3).

(b) The number of stator slots is equal to the number of coils (which are all of the same shape).
In other words, each slot contains two coil sides, one at the bottom of the slot and the other
at the top.  The coils overlap each other, just like shingles on a roof top.

For the 4-pole, 24-slot stator machine shown in Fig.  37.12, the pole-pitch is 24/4 = 6.  For maximum
voltage, the coils should be full-pitched.  It means that if one side of the coil is in slot No.1, the other
side should be in slot No.7, the two slots 1 and 7 being one pole-pitch or 180° (electrical) apart.  To
make matters simple, coils have been labelled as 1, 2, 3 and 4 etc.  In the developed diagram of Fig.
37.14, the coil number is the number of the slot in which the left-hand side of the coil is placed.

Each of the three phases has 24/3 = 8 coils, these being so selected as to give maximum
voltage when connected in series.
When connected properly, coils
1, 7, 13 and 19 will add directly in
phase.  Hence, we get 4 coils for
this phase.  To complete eight coils
for this phase, the other four
selected are 2, 8, 14 and 20 each of
which is at an angular
displacement of 30° (elect.) from
the adjacent coils of the first.  The
coils 1 and 2 of this phase are said
to constitute a polar group (which
is defined as the group of coils/
phase/pole).  Other polar groups
for this phase are 7 and 8, 13 and
14, 19 and 20 etc.  After the coils
are placed in slots, the polar
groups are joined.  These groups
are connected together with
alternate poles reversed (Fig.
37.13) which shows winding for
one phase only.

Now, phase Y is to be so
placed as to be 120° (elect.) away
from phase R.  Hence, it is started
from slot 5 i.e.  4 slots away (Fig.
37.14).  It should be noted that an-
gular displacement between slot
No.  1 and 5 is 4 × 30 = 120° (elect).
Starting from coil 5, each of the
other eight coils of phase Y will be
placed 4 slots to the right of corre-
sponding coils for phase R.  In the
same way, B phase will start from coil 9.  The complete wiring diagram for three phases is shown in
Fig. 37.14.  The terminals R2, Y2 and B2 may be connected together to form a neutral for Y-connection.

1
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11
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F2 F3
S1

S2
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Fig. 37.12

Fig. 37.13
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Fig. 37.15
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Fig. 37.14 (a)

A simplified diagram of the above winding is shown below Fig. 37.14.  The method of construction for
this can be understood by closely inspecting the developed diagram.

R1

Y1

B1

R2

Y2

B2

1, 2

5, 6

9, 10

7 , 8

11 , 12

15 , 16

19, 20

23, 24

3, 4

13 , 14

17 , 18

21 , 22

Fig. 37.14 (b)

37.10.37.10.37.10.37.10.37.10. Wye and Delta ConnectionsWye and Delta ConnectionsWye and Delta ConnectionsWye and Delta ConnectionsWye and Delta Connections

For Y-connection, R1, Y1 and B1 are joined together to form the star-point.  Then, ends R2, Y2 and B2
are connected to the terminals.  For delta con-
nection, R2 and Y1, Y2 and B1 B2 and R1 are con-
nected together and terminal leads are brought
out from their junctions as shown in Fig. 37.15
(a) and (b).

37.11.37.11.37.11.37.11.37.11. Short-pitch Winding : PitchShort-pitch Winding : PitchShort-pitch Winding : PitchShort-pitch Winding : PitchShort-pitch Winding : Pitch
            factor/chording factor            factor/chording factor            factor/chording factor            factor/chording factor            factor/chording factor

So far we have discussed full-pitched coils
i.e. coils having span which is equal to one
pole-pitch i.e. spanning over 180° (electrical).
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Fig. 37.16

As shown in Fig.  37.16, if the coil sides are placed in slots 1 and 7, then it is full-pitched.  If the coil
sides are placed in slots 1 and 6, then it is short-pitched or fractional-pitched because coil span is equal to
5/6 of a pole-pitch.  It falls short by 1/6 pole-pitch or by 180°/6 = 30°.  Short-pitched coils are deliberately
used because of the following advantages:

1. They save copper of end connections.
2. They improve the wave-form of the generated e.m.f. i.e. the

generated e.m.f. can be made to approximate to a sine wave
more easily and the distorting harmonics can be reduced or
totally eliminated.

3. Due to elimination of high frequency harmonics, eddy current
and hysteresis losses are reduced thereby increasing the
efficiency.

But the disadvantage of using short-pitched coils is that the total
voltage around the coils is somewhat reduced.  Because the voltages
induced in the two sides of the short-pitched coil are slightly out of phase, their resultant vectorial sum is less
than their arithmetical sum.

The pitch factor or coil-span factor kp or kc is defined as

=  
vector sum of the induced e.m.fs. per coil

arithmetic sum of the induced e.m.fs. per coil

It is always less than unity.
Let ES be the induced e.m.f. in each side of the coil.  If the coil were full-pitched i.e. if its two sides were

one pole-pitch apart, then total induced e.m.f. in the coil would have been = 2ES [Fig.  37.17 (a).

If it is short-pitched by 30° (elect.) then as shown in Fig. 37.17 (b), their resultant is E which is the
vector sum of two voltage 30° (electrical) apart.

∴ E = 2 ES cos 30°/2 = 2ES cos 15°

kc =
2 cos 15vector sum

cos 15 0.966
arithmetic sum 2 2

S

S S

EE
E E

°
= = = ° =

Hence, pitch factor, kc = 0.966.

2E
s

E
s

E
s

E
s

E
s

( )a ( )b

A

C

B

30
o

E

Fig. 37.17

In general, if the coil span falls short of full-pitch by an angle α (electrical)*,
then kc = cos α/2.

Similarly, for a coil having a span of 2/3 pole-pitch, kc = cos 60°/2 = cos 30° = 0.866.
It is lesser than the value in the first case.

Note.  The value of α will usually be given in the question, if not, then assume kc = 1.

* This angle is known as chording angle and the winding employing short-pitched coils is called chorded
winding.
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Fig. 37.19

1 2 3
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B-Phase R-Phase
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Example 37.1.  Calculate the pitch factor for the under-given windings : (a) 36 stator slots,
4-poles, coil-span, 1 to 8 (b) 72 stator slots, 6 poles, coils span 1 to 10 and (c) 96 stator slots, 6 poles,
coil span 1 to 12.  Sketch the three coil spans.

1 12 23 34 45 56 67 78 89 9 10 11 1210 1311 1412 15

180° Pole Pitch
180° Pole Pitch

( )a ( )b

Fig. 37.18

Solution.  (a) Here, the coil span falls short by (2/9) × 180° = 40°
α = 40°

∴   kc = cos 40°/2 = cos 20° = 0.94
(b) Here α = (3/12) × 180° = 45°       ∴   kc = cos 45°/2 = cos 22.5° = 0.924
(c) Here α = (5/16) × 180° = 56° 16′     ∴  kc = cos 28°8′ = 0.882
The coil spans have been shown in Fig. 37.18.

37.12.37.12.37.12.37.12.37.12. Distribution or Breadth Factor or Winding Factor or Spread FactorDistribution or Breadth Factor or Winding Factor or Spread FactorDistribution or Breadth Factor or Winding Factor or Spread FactorDistribution or Breadth Factor or Winding Factor or Spread FactorDistribution or Breadth Factor or Winding Factor or Spread Factor

It will be seen that in each phase, coils are not concentrated or bunched in one slot, but are
distributed in a number of slots to form polar groups under each pole.  These coils/phase are displaced
from each other by a certain angle.  The result is that the e.m.fs. induced in coil sides constituting a
polar group are not in phase with each other but differ by an angle equal to angular displacement of
the slots.

In Fig. 37.19 are shown the end connections of a 3-phase single-layer winding for a 4-pole
alternator.  It has a total of 36 slots i.e. 9
slots/pole.  Obviously, there are 3 slots /
phase / pole.  For example, coils 1, 2 and 3
belong to R phase.  Now, these three coils
which constitute one polar group are not
bunched in one slot but in three different
slots.  Angular displacement between any
two adjacent slots = 180°/9 = 20° (elect.)
If the three coils were bunched in one slot,
then total e.m.f.  induced in the three sides
of the coil would be the arithmetic sum of
the three e.m.f.s. i.e. = 3 ES, where ES is the
e.m.f.  induced in one coil side [Fig.37.20
(a)].
Since the coils are distributed, the individual
e.m.fs. have a phase difference of 20° with
each other.  Their vector sum as seen from
Fig. 35.20 (b) is

www.EngineeringBooksPdf.com



Alternators 1413

E = ES cos 20° + ES + ES cos 20°

= 2 ES cos 20° + ES

= 2 ES × 0.9397 + ES = 2.88 ES

The distribution factor (kd) is defined as

=
e.m.f. with distributed winding

e.m.f. with concentrated winding

In the present case

kd  =
2.88e.m.f. with winding in 3 slots/pole/phase

0.96
e.m.f. with winding in 1slots/pole/phase 3 3

S

S S

EE
E E

= = =

Fig. 37.20

General Case
Let β be the value of angular displacement between the slots.  Its value is

β =
180° 180

No. of slots/pole n
°=

Let m =  No.  of slots/phase/pole
mβ = phase spread angle

Then, the resultant voltage induced in one polar group
would be mES

where ES is the voltage induced in one coil side.  Fig. 37.21
illustrates the method for finding the vector sum of m
voltages each of value ES and having a mutual phase
difference of β (if m is large, then the curve ABCDE will
become part of a circle of radius r).

AB = ES = 2r sin β/2

Arithmetic sum is = mES = m × 2r sin β/2

Their vector sum= AE = Er = 2r sin mβ/2

kd =
vector sum of coils e.m.fs.

arithmetic sum of coil e.m.fs.

=
2 sin / 2 sin / 2

2 sin / 2 sin / 2
r m m

m r m
β β=

× β β
The value of distribution factor of a 3-phase alternator for different number of slots/pole/phase is given

in table No. 37.1.

Fig. 37.21
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Table 37.1

Slots per pole m β° Distribution factor kd

3 1 60 1.000

6 2 30 0.966

9 3 20 0.960

12 4 15 0.958

15 5 12 0.957

18 6 10 0.956

24 8 7.5 0.955

In general, when β is small, the above ratio approaches

=
sin / 2chord =

arc / 2
m

m
β

β
— angle mβ/2 in radians.

Example 37.2.  Calculate the distribution factor for a 36-slots, 4-pole, single-layer three-phase
winding. (Elect.  Machine-I Nagpur Univ.  1993)

Solution. n = 36/4 = 9; β = 180°/9 = 20°; m = 36/4 × 3 = 3

kd =
sin / 2 sin 3 20 / 2

sin / 2 3 sin 20 / 2
m

m
β × °=
β °

=  0.96

Example.  37.3.  A part of an alternator winding consists of six coils in series, each coil having
an e.m.f.  of 10 V r.m.s.  induced in it.  The coils are placed in successive slots and between each slot
and the next, there is an electrical phase displacement of 30º.  Find graphically or by calculation,
the e.m.f.  of the six coils in series.

Solution.  By calculation

Here β = 30° : m = 6 ∴  kd = 
sin / 2 sin 90 1

sin / 2 6 sin 15 6 0.2588
m

m
β °= =
β × ° ×

Arithmetic sum of voltage induced in 6 coils = 6 × 10 = 60 V

Vector sum = kd × arithmetic sum = 60 × 1/6 × 0.2588 = 38.64V

Example 37.4.  Find the value of kd for an alternator with 9 slots per pole for the following
cases :

(i) One winding in all the slots (ii) one winding using only the first 2/3 of the slots/pole (iii) three
equal windings placed sequentially in 60° group.

Solution.  Here, β = 180°/9 = 20° and values of m i.e. number of slots in a group are 9, 6 and 3
respectively.

(i) m = 9, β = 20°, kd =  sin 9 20 / 2
9 sin 20 / 2

× ° =
°

0.64 sin / 2
or 0.637

/ 2dk
π = = π 

(ii) m = 6, β = 20°, kd =
sin 6 20 / 2
6 sin 20 / 2

× ° =
°

 0.83 
sin / 3

or 0.827
/ 3dk
π = = π 

(iii) m = 3, β = 20°, kd =  
sin 3 20 / 2
3 sin 20 / 2

× ° =
°

 0.96 
sin / 6

or 0.955
/ 6dk
π = = π 
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37.13.37.13.37.13.37.13.37.13. EquaEquaEquaEquaEquation of Induced E.M.Ftion of Induced E.M.Ftion of Induced E.M.Ftion of Induced E.M.Ftion of Induced E.M.F.....

Let Z = No.  of conductors or coil sides in series/phase

= 2T  — where T is the No.  of coils or turns per phase
(remember one turn or coil has two sides)

P = No.  of poles

f = frequency of induced e.m.f.  in Hz
Φ = flux/pole in webers

kd = distribution factor =  
sin / 2

sin / 2
m

m
β
β

kc or kp = pitch or coil span factor = cos α/2
kf = from factor = 1.11 —if e.m.f.  is assumed sinusoidal

N = rotor r.p.m.
In one revolution of the rotor (i.e. in 60./N second) each stator conductor is cut by a flux of ΦP

webers.
∴ dΦ = ΦP and dt = 60/N second

∴ Average e.m.f.  induced per conductor = 
60 / 60

d P NP
dt N
Φ Φ Φ= =

Now, we know that f = PN/120 or N = 120 f/P
Substituting this value of N above, we get

Average e.m.f.  per conductor =  
120

× 2 volt
60

P f
f

P
Φ = Φ

If there are Z conductors in series/phase, then Average e.m.f./phase = 2f  ΦZ volt = 4 f ΦT volt

R.M.S.  value of e.m.f./phase = 1.11 × 4f ΦT = 4.44f ΦT volt*.
This would have been the actual value of the induced voltage if all the coils in a phase were

(i) full-pitched and (ii) concentrated or bunched in one slot (instead of being distributed in several slots
under poles).  But this not being so, the actually available voltage is reduced in the ratio of these two factors.

∴ Actually available voltage/phase = 4.44 kc kd f Φ T = 4 kf kckd f Φ T volt.

If the alternator is star-connected (as is usually the case) then the line voltage is 3  times the phase
voltage (as found from the above formula).

37.14.37.14.37.14.37.14.37.14. EfEfEfEfEffect of Harfect of Harfect of Harfect of Harfect of Harmonics on Pitch and Distrmonics on Pitch and Distrmonics on Pitch and Distrmonics on Pitch and Distrmonics on Pitch and Distribution Fibution Fibution Fibution Fibution Factoractoractoractoractorsssss

(a) If the short-pitch angle or chording angle is α degrees (electrical) for the fundamental flux wave,
then its values for different harmonics are

for 3rd harmonic = 3 α ; for 5th harmonic  = 5 α and so on.
∴ pitch-factor, kc = cos α/2 —for fundamental

= cos 3α/2 —for 3rd harmonic
= cos 5α/2 —for 5th harmonic etc.

(b) Similarly, the distribution factor is also different for different harmonics.  Its value becomes

kd = sin / 2
sin / 2
m

m
β
β

  where n is the order of the harmonic

* It is exactly the same equation as the e.m.f. equation of a transformer.  (Art 32.6)
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for fundamental, n = 1 kd1 = 
sin / 2

sin / 2
m

m
β
β

for 3rd harmonic, n = 3 kd3 = 
sin 3 / 2

sin 3 / 2
m

m
β
β

for 5th harmonic, n = 5 kd5 = 
sin 5 / 2

sin 5 / 2
m

m
β
β

(c) Frequency is also changed.  If fundamental frequency is 50 Hz i.e. f1 = 50 Hz then other frequen-
cies are :

3rd harmonic, f3 = 3 × 50 = 150 Hz, 5th harmonic,  f5 = 5 × 50 = 250 Hz etc.

Example 37.5.  An alternator has 18 slots/pole and the first coil lies in slots 1 and 16.  Calculate
the pitch factor for (i) fundamental (ii) 3rd harmonic (iii) 5th harmonic and (iv) 7th harmonic.

Solution. Here, coil span is = (16 − 1) = 15 slots, which falls short by 3 slots.
Hence, α = 180° × 3/18 = 30°
(i)  kc1 = cos 30°/2 = cos 15° = 0.966 (ii) kc3  = cos 3 × 30°/2 = 0.707

(iii) kc5  =  cos 5 × 30°/2 = cos 75° = 0.259 (iv) kc7 = cos 7 × 30°/2 = cos 105° = cos 75° = 0.259.

Example 37.6.  A 3-phase, 16-pole alternator has a star-connected winding with 144 slots and
10 conductors per slot.  The flux per pole is 0.03 Wb, Sinusoidally distributed and the speed is
375 r.p.m.  Find the frequency rpm and the phase and line e.m.f.  Assume full-pitched coil.

(Elect.  Machines, AMIE Sec.  B, 1991)
Solution. f = PN/120 = 16 × 375/120 = 50 Hz
Since kc is not given, it would be taken as unity.

n = 144/16 = 9; β = 180°/9 = 20°; m = 144/16 × 3 = 3
 kd = sin 3 × (20°/2)/3 sin (20°/2) = 0.96

Z = 144 × 10 / 3 = 480; T = 480/2 = 240 / phase
Eph = 4.44 × 1 × 0.96 × 50 × 0.03 × 240 = 15.34 V

Line voltage, EL =  3 3 1534phE = × =2658 V

Example 37.7.  Find the no-load phase and line voltage of a star-connected 3-phase, 6-pole
alternator which runs at 1200 rpm, having flux per pole of 0.1 Wb sinusoidally distributed.  Its
stator has 54 slots having double layer winding.  Each coil has 8 turns and the coil is chorded by 1
slot.

(Elect. Machines-I, Nagput Univ.  1993)

Solution.  Since winding is chorded by one slot, it is short-pitched by 1/9 or 180°/9 = 20°
∴ kc = cos 20°/ 2 = 0.98 ; f = 6 × 1200/120 = 60 Hz

n = 54/6 = 9 ; β = 180°/9 = 20°, m =54/6 × 3 = 3
k d = sin 3 × (20°/2)/3 sin (20°/2) = 0.96
Z = 54 × 8/3 = 144; T = 144/2 = 72, f = 6 × 1200/120 = 60 Hz

Eph = 4.44 × 0.98 × 0.96 × 60 × 0.1 × 72 = 1805 V
Line voltage, EL =  3  × 1805 = 3125 V.

Example 37.8.  The stator of a 3-phase, 16-pole alternator has 144 slots and there are 4
conductors per slot connected in two layers and the conductors of each phase are connected in
series.  If the speed of the alternator is 375 r.p.m., calculate the e.m.f.  inducted per phase.  Result-
ant flux in the air-gap is 5 × 10− 2 webers per pole sinusoidally distributed.  Assume the coil span
as 150° electrical.

(Elect. Machine, Nagpur Univ. 1993)
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Solution.  For sinusoidal flux distribution, kf = 1.11; α = (180° − 150°) = 30° (elect)

kc = cos 30°/2 = 0.966*

No.  of slots / pole, n = 144/16 = 9 ;
β = 180°/9 = 20°

m = No.  of slots/pole/phase = 144/16 × 3 = 3

∴ kd = sin / 2 sin 3 20 / 2
sin / 2 3 sin 20 / 2
m

m
β × °=
β °

= 0.96; f = 16 × 375/120 = 50 Hz

No.  of slots / phase = 144/3 = 48; No of conductors / slot = 4

∴ No.  of conductors in series/phase = 48 × 4 = 192

∴ turns / phase = conductors per phase/2 = 192/2 = 96

Eph = 4 kf kc kd f ΦT

= 4 × 1.11 × 0.966 × 0.96 × 50 × 5 × 10−2 × 96 = 988 V

Example 37.9.  A 10-pole, 50-Hz, 600 r.p.m.  alternator has flux density distribution given by the
following expression

B = sin θ + 0.4 sin 3 θ + 0.2 sin 5θ
The alternator has 180 slots wound with 2-layer 3-turn coils having a span of 15 slots.  The

coils are connected in 60° groups.  If armature diameter is = 1.2 m and core length = 0.4 m,
calculate

(i) the expression for instantaneous e.m.f. / conductor

(ii) the expression for instantaneous e.m.f./coil

(iii) the r.m.s.  phase and line voltages, if the machine is star-connected.

Solution.  For finding voltage/conductor, we may either use the relation Blv or use the relation of
Art. 35-13.

Area of pole pitch = (1.2 π/10) × 0.4 = 0.1508 m2

Fundamental flux/pole, φ1 = av.  flux density × area = 0.637 × 1 × 0.1508 = 0.096 Wb

(a) RMS value of fundamental voltage per conductor,
= 1.1 × 2 fφ1 = 1.1 × 2 × 50 × 0.096 = 10.56 V

Peak value = 2 10.56 14.93 V× =

Since harmonic conductor voltages are in proportion to their flux densities,

3rd harmonic voltage = 0.4 × 14.93 = 5.97 V
5th harmonic voltage = 0.2 × 14.93 = 2.98 V
Hence, equation of the instantaneous e.m.f./conductor is

e = 14.93 sin θθθθθ + 5.97 sin 3 θθθθθ + 2.98 sin 5θθθθθ
(b) Obviously, there are 6 conductors in a 3-turn coil.  Using the values of kc found in solved Ex.

37.5, we get
fundamental coil voltage = 6 × 14.93 × 0.966 = 86.5 V

3rd harmonic coil voltage = 6 × 5.97 × 0.707  = 25.3 V
5th harmonic coil voltage = 6 × 2.98 × 0.259  = 4.63 V

*  Since they are not of much interest, the relative phase angles of the voltages have not been included in the
expression.
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Hence, coil voltage expression is*
e = 86.5 sin θθθθθ + 25.3 sin 3θθθθθ + 4.63 sin 5θθθθθ

(c) Here,  m = 6, β = 180°/18 = 10°; kd1 =
sin 6 10 / 2

0.956
6 sin 10 / 2

× ° =
°

kd3 =
sin 3 6 10 / 2

0.644
6 sin 3 10 / 2

× × ° =
× ° kd5 = sin 5 6 10 / 2

0.197
6 sin 5 10 / 2

× × ° =
× °

It should be noted that number of coils per phase = 180/3 = 60

Fundamental phase e.m.f.= (86.5� 2 ) × 60 × 0.956 = 3510 V

3rd harmonic phase e.m.f.= (25.3� 2 ) × 60 × 0.644 = 691 V

5th harmonic phase e.m.f.= (4.63� 2 ) × 60 × 0.197 = 39 V

RMS value of phase voltage = (35102 + 6912 + 392)1/2 = 3577 V

RMS value of line voltage =  3  × (35102 + 392)1/2 = 6080 V

Example 37.10.  A 4-pole, 3-phase, 50-Hz, star-connected alternator has 60 slots, with
4 conductors per slot.  Coils are short-pitched by 3 slots.  If the phase spread is 60º, find the line
voltage induced for a flux per pole of 0.943 Wb distributed sinusoidally in space.  All the turns per
phase are in series. (Electrical Machinery, Mysore Univ. 1987)

Solution.  As explained in Art.  37.12, phase spread = mβ = 60° —given
Now, m = 60/4 × 3 = 5 ∴ 5β = 60°, β = 12°

kd`  =  
sin 5 12 / 2

0.957; (3 /15) 180 36 ; cos 18 0.95
5 sin 12 / 2 ck

× ° = α = × ° = ° = ° =
°

Z = 60 × 4/3 = 80; T = 80/2 = 40; Φ = 0.943 Wb; kf = 1.11
∴ Eph = 4 × 1.11 × 0.95 × 0.975 × 50 × 0.943 × 40 = 7613 V

EL = 3  × 7613 = 13,185 V

Example 37.11.  A 4-pole, 50-Hz, star-connected alternator has 15 slots per pole and each slot
has 10 conductors.  All the conductors of each phase are connected in series' the winding factor
being 0.95.  When running on no-load for a certain flux per pole, the terminal e.m.f.  was 1825 volt.
If the windings are lap-connected as in a d.c.  machine, what would be the e.m.f.  between the brushes
for the same speed and the same flux/pole.  Assume sinusoidal distribution of flux.

Solution.  Here k f = 1.11, kd = 0.95, kc = 1 (assumed)

f = 50 Hz; e.m.f./phase = 1825/ 3 V

Total No.  of slots = 15 × 4 = 60
∴ No.  of slots/phase = 60/3 = 20; No.  of turns/phase = 20 × 10/2 = 100

∴ 1825/ 3 = 4 × 1.11 × 1 × 0.95 × Φ × 50 × 100  ∴  Φ =49.97 mWb

When connected as a d.c.  generator
Eg = (ΦZN/60) × (P/A) volt
Z = 60 × 10 = 600, N = 120 f/P = 120 × 50/4 = 1500 r.p.m.

∴ Eg =  
349.97 10 600 1500 4
60 4

−× × × × =750 V

* Also k
d
 = sin 150°/2 = sin 75° = 0.966
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Example 37.12.  An alternator on open-circuit generates 360 V at 60 Hz when the field current
is 3.6 A.  Neglecting saturation, determine the open-circuit e.m.f.  when the frequency is 40 Hz and
the field current is 2.4 A.

Solution.  As seen from the e.m.f.  equation of an alternator,

E ∝  Φf     ∴ 1

2

E
E

= 1 1

2 2

f
f

Φ
Φ

Since saturation is neglected, Φ ∝  If where If  is the field current

∴ 1

2

E
E

= 1 1

2 2

.

.
f

f

I f

I f
or 2

2

3.6 60360 ;
2.4 40

E
E

×= =
×

 160 V

Example 37.13.  Calculate the R.M.S.  value of the induced e.m.f.  per phase of a 10-pole,
3-phase, 50-Hz alternator with 2 slots per pole per phase and 4 conductors per slot in two layers.
The coil span is 150°.  The flux per pole has a fundamental component of 0.12 Wb and a 20% third
component. (Elect.  Machines-III, Punjab Univ.  1991)

Solution.  Fundamental E.M.F.
α = (180° − 150°) = 30°;  kc1  = cos α/2 = cos 15° = 0.966
m = 2 ; No.  of slots/pole = 6 ; β =180°/6 = 30°

∴ kd1 =
sin / 2 sin 2 30 / 2

0.966
sin / 2 2 sin 30 / 2
m

m
β × °= =
β °

Z = 10 × 2 × 4=80 ; turn/phase, T = 80/2 = 40

∴ Fundamental E.M.F./phase = 4.44 kc kd f Φ T
∴ E1 = 4.44 × 0.966 × 0.966 × 50 × 0.12 × 40 = 995V
Hormonic E.M.F.

Kc3 = cos 3 α/2 = cos 3 × 30°/2 = cos 45° = 0.707

kd3 =
sin / 2

sin / 2
mn

m n
β
β  where n is the order of the harmonic i.e.  n = 3

∴ kd3 =
sin 2 3 30 / 2 sin 90
2 sin 3 30 / 2 2 sin 45

× × ° °=
× ° °  = 0.707, f2 = 50 × 3 = 150 Hz

Φ3 = (1/3) × 20% of fundamental flux = (1/3) × 0.02 × 0.12 = 0.008 Wb

∴ E3 = 4.44 × 0.707 × 0.707 × 150 × 0.008 × 40 = 106 V

∴ E per phase =  2 2 2 2
1 3 995 106E E+ = + =1000 V

Note.  Since phase e.m.fs.  induced by the 3rd, 9th and 15th harmonics etc.  are eliminated from the line
voltages, the line voltage for a Y-connection would be = 995 × √3 volt.

Example 37.14.  A 3-phase alternator has generated e.m.f.  per phase of 230 V with 10 per cent
third harmonic and 6 per cent fifth harmonic content.  Calculate the r.m.s.  line voltage for (a) star
connection (b) delta-connection.  Find also the circulating current in delta connection if the
reactance per phase of the machine at 50-Hz is 10 Ω . (Elect.  Machines-III, Osmania Univ.  1988)

Solution.  It should be noted that in both star and delta-connections, the third harmonic compo-
nents of the three phases cancel out at the line terminals because they are co-phased.  Hence, the line
e.m.f.  is composed of the fundamental and the fifth harmonic only.

(a) Star-connection
E1 = 230 V ; E5 = 0.06 × 230 = 13.8 V
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E.M.F./phase = 2 2 2 2
1 5 230 13.8 230.2E E V+ = + =

R.M.S.  value of line e.m.f.   = 3 230.2× = 3.99 V

(b) Delta-connection

Since for delta-connection, line e.m.f.  is the same as the phase e.m.f.

R.M.S.  value of line e.m.f. = 230.2 V
In delta-connection, third harmonic components are additive round the mesh, hence a circulating cur-

rent is set up whose magnitude depends on the reactance per phase at the third harmonic frequency.

R.M.S.  value of third harmonic e.m.f.  per phase = 0.1 × 230 = 23 V

Reactance at triple frequency = 10 × 3 = 30 Ω
Circulating current = 23/30 = 0.77 A

Example 37.15 (a).  A motor generator set used for providing variable frequency a.c.  supply
consists of a three-phase, 10-pole synchronous motor and a 24-pole, three- phase synchronous
generator.  The motor-generator set is fed from a 25 Hz, three-phase a.c.  supply.  A 6-pole, three-
phase induction motor is electrically connected to the terminals of the synchronous generator and
runs at a slip of 5%.  Determine :

(i) the frequency of the generated voltage of the synchronous generator.

(ii) the speed at which the induction motor is running. (U.P. Technical University 2001)

Solution.  Speed of synchronous motor = (120 × 25)/10 = 300 rpm.
(i) At 300 rpm, frequency of the voltage generated by 24-pole synchronous generator

=
24 300

120
×

 = 60 Hz

Synchronous speed of the 6-pole induction motor fed from a 60 Hz supply

=
120 60

6
×

 = 1200 rpm

(ii) With 5 % slip, the speed of this induction motor = 0.95 × 1200 = 1140 rpm.

Further, the frequency of the rotor-currents = s f = 0.05 × 60 = 3 Hz.

Example 37.15 (b).  Find the no load line voltage of a star connected 4-pole alternator from the
following :

Flux per pole = 0.12 Weber, Slots per pole per phase = 4

Conductors/ slot = 4,  Two layer winding, with coil span = 150°

 [Bharthithasan University, April 1997]

Solution.  Total number of slots = 4 × 3 × 4 = 48, Slot pitch = 15° electrical

Total number of conductors = 48 × 4 = 192, Total number of turns = 96

No.  of turns in series per phase = 32

For a 60° phase spread,

kb =
sin (60 / 2)
4 sin 7.5º

°
×  = 0.958

For 150° coil-span, pitch factor kp = cos 15° = 0.966, and for 50 Hz frequency,

Eph = 4.44 × 50 × 0.12 × 0.958 × 0.966 × 32 = 789 volts

Eline = 789 × 1.732 = 1366.6 volts
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TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problems 37.1oblems 37.1oblems 37.1oblems 37.1oblems 37.1

1. Find the no-load phase and line voltage of a star-connected, 4-pole alternator having flux per pole of 0.1
Wb sinusoidally distributed; 4 slots per pole per phase, 4 conductors per slot, double-layer winding
with a coil span of 150°.

[Assuming  f = 50 Hz; 789 V; 1366 V] (Elect.  Technology-I, Bombay Univ.  1978)
2. A 3-φ, 10-pole, Y-connected alternator runs at 600 r.p.m.  It has 120 stator slots with 8 conductors per

slot and the conductors of each phase are connected in series.  Determine the phase and line e.m.fs. if the
flux per pole is 56 mWb.  Assume full-pitch coils.

[1910 V; 3300 V] (Electrical Technology-II, Madras Univ.  April 1977)

3. Calculate the speed and open-circuit line and phase voltages of a 4-pole, 3-phase, 50-Hz, star-connected
alternator with 36 slots and 30 conductors per slot.  The flux per pole is 0.0496 Wb and is sinusoidally
distributed. [1500 r.p.m.; 3,300 V; 1,905 V] (Elect.  Engg-II, Bombay Univ.  1979)

4. A 4-pole, 3-phase, star-connected alternator armature has 12 slots with 24 conductors per slot and the
flux per pole is 0.1 Wb sinusoidally distributed.
Calculate the line e.m.f. generated at 50 Hz. [1850 V]

5. A 3-phase, 16-pole alternator has a star-connected winding with 144 slots and 10 conductors per slot.
The flux per pole is 30 mWb sinusoidally distributed.  Find the frequency, the phase and line voltage if
the speed is 375 rpm. [50 Hz; 1530 V; 2650 V] (Electrical Machines-I, Indore Univ.  April 1977)

6. A synchronous generator has 9 slots per pole.  If each coil spans 8 slot pitches, what is the value of the
pitch factor ? [0.985] (Elect.  Machines, A.M.I.E.  Sec.  B.  1989)

7. A 3-phase, Y-connected, 2-pole alternator runs at 3,600 r.p.m.  If there are 500 conductors per phase in
series on the armature winding and the sinusoidal flux per pole is 0.1 Wb, calculate the magnitude and
frequency of the generated voltage from first principles. [60 Hz; 11.5 kV]

8. One phase of a 3-phase alternator consists of twelve coils in series.  Each coil has an r.m.s.  voltage of
10 V induced in it and the coils are arranged in slots so that there is a successive phase displacement of
10 electrical degrees between the e.m.f.  in each coil and the next.  Find graphically or by calculation, the
r.m.s.  value of the total phase voltage developed by the winding.  If the alternator has six pole and is
driven at 100 r.p.m., calculate the frequency of the e.m.f.  generated. [ 108 V; 50 Hz]

9. A 4-pole, 50-Hz, 3-phase, Y-connected alternator has a single-layer, full-pitch winding with 21 slots
per pole and two conductors per slot.  The fundamental flux is 0.6 Wb and air-gap flux contains a third
harmonic of 5% amplitude.  Find the r.m.s.  values of the phase e.m.f.  due to the fundamental and the
3rd harmonic flux and the total induced e.m.f.

[3,550 V; 119.5 V; 3,553 V] (Elect.  Machines-III, Osmania Univ.  1977)
10. A 3-phase, 10-pole alternator has 90 slots, each containing 12 conductors.  If the speed is 600 r.p.m.  and

the flux per pole is 0.1 Wb, calculate the line e.m.f.  when the phases are (i) star connected (ii) delta
connected.  Assume the winding factor to be 0.96 and the flux sinusoidally distributed.

[(i) 6.93 kV (ii) 4 kV] (Elect.  Engg-II, Kerala Univ.  1979)
11. A star-connected 3-phase, 6-pole synchronous generator has a stator with 90 slots and 8 conductors per

slot.  The rotor revolves at 1000 r.p.m.  The flux per pole is 4 × 10−2 weber.  Calculate the e.m.f.
generated, if all the conductors in each phase are in series.  Assume sinusoidal flux distribution and full-
pitched coils. [Eph = 1,066 V] (Elect.  Machines, A.M.I.E.  Summer, 1979)

12. A six-pole machine has an armature of 90 slots and 8 conductors per slot and revolves at 1000 r.p.m.  the
flux per pole being 50 milli weber. Calculate the e.m.f.  generated as a three-phase star-connected ma-
chine if the winding factor is 0.96 and all the conductors in each phase are in series.

[1280 V] (Elect.  Machines, AMIE, Sec.  B, (E-3), Summer 1992)
13. A 3-phase, 16 pole alternator has a star connected winding with 144 slots and 10 conductors per slot.

The flux/pole is 0.04 wb (sinusoidal) and the speed is 375 rpm.  Find the frequency and phase and line
e.m.f.  The total turns/phase may be assumed to series connected.

[50 Hz, 2035 Hz, 3525 V] (Rajiv Gandhi Technical University, Bhopal, 2000)
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37.15.37.15.37.15.37.15.37.15.  F  F  F  F  Factoractoractoractoractors s s s s AfAfAfAfAffecting fecting fecting fecting fecting AlterAlterAlterAlterAlternananananator Sizetor Sizetor Sizetor Sizetor Size

The efficiency of an alternator always increases as its power increases.  For example, if an alternator of
1 kW has an efficiency of 50%, then one of 10 MW will inevitably have an efficiency of about 90%.  It is
because of this improvement in efficiency
with size that alternators of 1000 MW and
above possess efficiencies of the order of
99%.

Another advantage of large machines
is that power output per kilogram increases
as the alternator power increases.  If 1 kW
alternator weighs 20 kg (i.e.  50 W/kg), then
10MW alternator weighing 20,000 kg yields
500 W/kg.  In other words, larger alterna-
tors weigh relatively less than smaller ones
and are, consequently, cheaper.

However, as alternator size increases,
cooling problem becomes more serious.
Since large machines inherently produce high power loss per unit surface area (W/m2), they tend to overheat.

To keep the temperature rise within
acceptable limits, we have to design efficient
cooling system which becomes ever more
elaborate as the power increases.  For
cooling alternators of rating upto 50 MW,
circulating cold-air system is adequate but
for those of rating between 50 and 300
MW, we have to resort to hydrogen cooling.
Very big machines in 1000 MW range have
to be equipped with hollow water-cooled
conductors.  Ultimately, a point is reached
where increased cost of cooling exceeds the
saving made elsewhere and this fixes the
upper limit of the alternator size.
So for as the speed is concerned, low-speed
alternators are always bigger than high
speed alternators of the same power.
Bigness always simplifies the cooling
problem.  For example, the large 200-rpm,
500-MVA alternators installed in a typical

hydropower plant are air-cooled whereas much smaller 1800-r.p.m., 500-MVA alternators installed in a
steam plant are hydrogen cooled.

37.16.37.16.37.16.37.16.37.16. Alternator on LoadAlternator on LoadAlternator on LoadAlternator on LoadAlternator on Load

As the load on an alternator is varied, its terminal voltage is also found to vary as in d.c.  generators.
This variation in terminal voltage V is due to the following reasons:

1. voltage drop due to armature resistance Ra

2. voltage drop due to armature leakage reactance XL

3. voltage drop due to armature reaction

Light weight alternator

Large weight alternator
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(a) Armature Resistance
The armature resistance/phase Ra causes a voltage drop/phase of  IRa which is in phase with the

armature current I.  However, this voltage drop is practically negligible.
(b) Armature Leakage Reactance
When current flows through the armature conductors, fluxes are set up which do not cross the air-gap,

but take different paths.  Such fluxes are known as leakage fluxes.  Various types of leakage fluxes are
shown in Fig. 37.22.

Fig. 37.22 Fig. 37.23

The leakage flux is practically independent of saturation, but is dependent on I and its phase
angle with terminal voltage V.  This leakage flux sets up an e.m.f.  of self-inductance which is known as
reactance e.m.f. and which is ahead of I by 90°.  Hence, armature winding is assumed to possess
leakage reactance XL (also known as Potier rectance XP) such that voltage drop due to this equals IXL.
A part of the generated e.m.f.  is used up in overcoming this reactance e.m.f.

∴ E = V + I (R + jXL )
This fact is illustrated in the vector diagram of Fig. 37.23.

(c) Armature Reaction
As in d.c. generators, armature reaction is the effect of armature flux on the main field flux.  In the

case of alternators, the power factor of the load has a considerable effect on the armature reaction.
We will consider three cases :  (i) when load of p.f.  is unity (ii) when p.f. is zero lagging and
(iii) when p.f. is zero leading.

Before discussing this, it should be noted that in a 3-phase machine the combined ampere-turn
wave (or m.m.f. wave) is sinusoidal which moves synchronously.  This amp-turn or m.m.f. wave is fixed
relative to the poles, its amplitude is proportional to the load current, but its position depends on the
p.f. of the load.

Consider a 3-phase, 2-pole alternator having a single-layer winding, as shown in Fig. 37.24 (a).
For the sake of simplicity, assume that winding of each phase is concentrated (instead of being
distributed) and that the number of turns per phase is N.  Further suppose that the alternator is loaded
with a resistive load of unity power factor, so that phase currents Ia, Ib and Ic are in phase with their
respective phase voltages.  Maximum current Ia will flow when the poles are in position shown in Fig.
37.24 (a) or at a time t1 in Fig. 37.24 (c).  When Ia has a maximum value, Ib and Ic have one-half their
maximum values (the arrows attached to Ia , Ib and Ic are only polarity marks and are not meant to give
the instantaneous directions of these currents at time t1).  The instantaneous directions of currents
are shown in Fig. 37.24 (a).  At the instant t1, Ia flows in conductor α whereas Ib and Ic flow out.
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Fig. 37.24

As seen from Fig.  37.24 (d), the m.m.f. (= NIm) produced by phase a-a′ is horizontal, whereas that
produced by other two phases is (Im/2) N each at 60° to the horizontal.  The total armature m.m.f. is
equal to the vector sum of these three m.m.fs.

∴ Armature m.m.f.  = NIm + 2.(1/2 NIm) cos 60° = 1.5 NIm

As seen, at this instant t1, the m.m.f. of the main field is upwards and the armature m.m.f. is behind
it by 90 electrical degrees.

Next, let us investigate the armature m.m.f. at instant t2.  At this instant, the poles are in the
horizontal position.  Also Ia = 0, but Ib and Ic are each equal to 0.866 of their maximum values.  Since Ic
has not changed in direction during the interval t1 to t2, the direction of its m.m.f. vector remains
unchanged.  But Ib has changed direction, hence, its m.m.f. vector will now be in the position shown
in Fig. 37.24 (d).  Total armature m.m.f. is again the vector sum of these two m.m.fs.

∴ Armature m.m.f.  = 2 × (0.866 NIm) × cos 30° = 1.5 NIm.
If further investigations are made, it will be found that.
1. armature m.m.f. remains constant with time
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2. it is 90 space degrees behind the main field m.m.f., so that it is only distortional in nature.
3. it rotates synchronously round the armature i.e.  stator.
For a lagging load of zero power factor, all  currents would be delayed in time 90° and armature m.m.f.

would be shifted 90° with respect to the poles as shown in Fig. 37.24 (e).  Obviously, armature m.m.f.
would demagnetise the poles and cause a reduction in the induced e.m.f. and hence the terminal voltage.

For leading loads of zero power factor, the armature m.m.f. is advanced 90° with respect to the
position shown in Fig. 37.24 (d).  As shown in Fig. 37.24 (f), the armature m.m.f. strengthens the main
m.m.f.  In this case, armature reaction is wholly magnetising and causes an increase in the terminal voltage.

The above facts have been summarized briefly
in the following paragraphs where the matter is
discussed in terms of ‘flux’ rather than m.m.f. waves.

1. Unity Power Factor
In this case [Fig. 37.25 (a)] the armature flux

is cross-magnetising.  The result is that the flux at
the leading tips of the poles is reduced while it is
increased at the trailing tips.  However, these two
effects nearly offset each other leaving the average
field strength constant.  In other words, armature
reaction for unity p.f. is distortional.

2. Zero P.F.  lagging
As seen from Fig. 37.25 (b), here the arma-

ture flux (whose wave has moved backward by
90°) is in direct opposition to the main flux.

Hence, the main flux is decreased.  Therefore,
it is found that armature reaction, in this case, is
wholly demagnetising, with the result, that due
to weakening of the main flux, less e.m.f.  is
generated.  To keep the value of generated e.m.f.
the same, field excitation will have to be increased
to compensate for this weakening.

3. Zero P.F.  leading
In this case, shown in Fig. 37.25 (c) armature

flux wave has moved forward by 90° so that it is in
phase with the main flux wave.  This results in added main flux.  Hence, in this case, armature reaction is
wholly magnetising, which results in greater induced e.m.f.  To keep the value of generated e.m.f. the same,
field excitation will have to be reduced somewhat.

4. For intermediate power factor [Fig. 37.25 (d)], the effect is partly distortional and partly
demagnetising (because p.f. is lagging).

37.17.37.17.37.17.37.17.37.17. Synchronous ReactanceSynchronous ReactanceSynchronous ReactanceSynchronous ReactanceSynchronous Reactance

From the above discussion, it is clear that for the same field excitation, terminal voltage is
decreased from its no-load value E0 to V (for a lagging power factor).  This is because of

1. drop due to armature resistance, IRa

2. drop due to leakage reactance, IXL

3. drop due to armature reaction.

Fig. 37.25
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The drop in voltage due to armature reaction
may be accounted for by assumiung the presence of
a fictitious reactance Xa in the armature winding.  The
value of Xa is such that IXa represents the voltage
drop due to armature reaction.

The leakage reactance XL (or XP) and the
armature reactance Xa may be combined to give
synchronous reactance XS.

Hence              XS   =XL + Xa*
Therefore, total voltage drop in an alternator

under load is = IRa + jIXS = I(Ra + jXS) = IZS where ZS is known as synchronous impedance of the
armature, the word ‘synchronous’ being used merely as an indication that it refers to the working
conditions.

Hence, we learn that the vector difference between no-load voltage E0 and terminal voltage V is equal
to IZS, as shown in Fig. 37.26.

37.18.37.18.37.18.37.18.37.18. VVVVVector Diagrams of a Loaded ector Diagrams of a Loaded ector Diagrams of a Loaded ector Diagrams of a Loaded ector Diagrams of a Loaded AlterAlterAlterAlterAlternananananatortortortortor

Before discussing the diagrams, following symbols should be clearly kept in mind.
E0 = No-load e.m.f.  This being the voltage induced in armature in the absence of three factors

discussed in Art. 37.16.  Hence, it represents the maximum value of the induced e.m.f.

E = Load induced e.m.f.  It is the induced e.m.f. after allowing for armature reaction.  E is
vectorially less than E0 by IXa.  Sometimes, it is written as Ea (Ex. 37.16).

Fig. 37.27

V = Terminal voltage, It is vectorially less than E0 by IZS or it is vectorially less than E by IZ where

Z = 2 2( )a LR X+ .  It may also be written as Za.

I = armature current/phase and φ = load p.f.  angle.

In Fig. 37.27 (a) is shown the case for unity p.f., in Fig. 37.27 (b) for lagging p.f. and in Fig.  37.27 (c)
for leading p.f.  All these diagrams apply to one phase of a 3-phase machine.  Diagrams for the other phases
can also be drawn similary.

Example 37.16.  A 3-phase, star-connected alternator supplies a load of 10 MW at p.f.  0.85
lagging and at 11 kV (terminal voltage).  Its resistance is 0.1 ohm per phase and synchronous
reactance 0.66 ohm per phase.  Calculate the line value of e.m.f.  generated.

(Electrical Technology, Aligarh Muslim Univ.  1988)

Fig. 37.26

* The ohmic value of X
a
 varies with the p.f. of the load because armature reaction depends on load p.f.
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Solution.  F.L. output current =
610 10

618
3 11,000 0.85

A
× =

× ×
IRa drop = 618 × 0.1 = 61.8 V
IXS drop = 618 × 0.66 = 408 V

Terminal voltage/phase = 11,000 / 3 = 6,350 V

φ = cos− 1(0.85) = 31.8°; sin φ = 0.527
As seen from the vector diagram of Fig. 37.28 where I instead

of V has been taken along reference vector,

E0 = 2 2( cos ) ( sin )a SV IR V IXφ + + φ +

= 2 2(6350 0.85 61.8) (6350 0.527 408)× + + × +
= 6,625 V

Line  e.m.f. = 3 6,625× = 11,486 volt

37.19.37.19.37.19.37.19.37.19. VVVVVoltage Regulaoltage Regulaoltage Regulaoltage Regulaoltage Regulationtiontiontiontion

It is clear that with change in load, there is a change
in terminal voltage of an alternator.  The magnitude of
this change depends not only on the load but also
on the load power factor.

The voltage regulation of an alternator is defined
as “the rise in voltage when full-load is removed (field
excitation and speed remaining the same) divided by
the rated terminal voltage.”

∴  % regulation ‘up’ = 0 100
E V

V
−

×

Note.  (i) E0 − V is the arithmetical difference and not the vectorial one.

(ii) In the case of leading load p.f., terminal voltage will fall on removing the full-load.  Hence, regulation is
negative in that case.

(iii) The rise in voltage when full-load is thrown off is not the same as the fall in voltage when full-load is
applied.

Voltage characteristics of an alternator are shown in Fig. 37.29.

37.20.37.20.37.20.37.20.37.20. DeterDeterDeterDeterDeterminaminaminaminamination of tion of tion of tion of tion of VVVVVoltage Regulaoltage Regulaoltage Regulaoltage Regulaoltage Regulationtiontiontiontion

In the case of small machines, the regulation may be found by direct loading.  The procedure is as
follows :

The alternator is driven at synchronous speed and the terminal voltage is adjusted to its rated
value V.  The load is varied until the wattmeter and ammeter (connected for the purpose) indicate the
rated values at desired p.f.  Then the entire load is thrown off while the speed and field excitation are
kept constant.  The open-circuit or no-load voltage E0 is read.  Hence, regulation can be found from

% regn = 0 100
E V

V
−

×

In the case of large machines, the cost of finding the regulation by direct loading becomes
prohibitive.  Hence, other indirect methods are used as discussed below.  It will be found that all these
methods differ chiefly in the way the no-load voltage E0 is found in each case.

Fig. 37.28

Fig. 37.29
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1. Synchronous Impedance or E.M.F.  Method.  It is due to Behn Eschenberg.

2. The Ampere-turn or M.M.F.  Method.  This method is due to Rothert.
3. Zero Power Factor or Potier Method.  As the name indicates, it is due to Potier.

All these methods require—

1. Armature (or stator) resistance Ra

2. Open-circuit/No-load characteristic.
3. Short-circuit characteristic (but zero power factor lagging characteristic for Potier method).

Now, let us take up each of these methods one by one.
(i) Value of Ra
Armature resistance Ra per phase can be measured directly by voltmeter and ammeter method or by

using Wheatstone bridge.  However, under working conditions, the effective value of Ra is
increased due to ‘skin effect’*.  The value of Ra so obtained is increased by 60% or so to allow for this
effect.  Generally, a value 1.6 times the d.c. value is taken.

(ii) O.C.  Characteristic
As in d.c.  machines, this is plotted by running the machine on no-load and by noting the values

of induced voltage and field excitation current.  It is just like the B-H curve.
(iii) S.C.  Characteristic
It is obtained by short-circuiting the armature (i.e. stator) windings through a low-resistance

ammeter.  The excitation is so adjusted as to give 1.5 to 2 times the value of full-load current.  During
this test, the speed which is not necessarily synchronous, is kept constant.

Example 37.17 (a).  The effective resistance of a 2200V, 50Hz, 440 KVA, 1-phase, alternator is
0.5 ohm.  On short circuit, a field current of 40 A gives the full load current of 200 A.  The electro-
motive force on open-circuits with same field excitation is 1160 V.  Calculate the synchronous
impedance and reactance. (Madras University, 1997)

Solution.  For the 1-ph alternator, since the field current is same for O.C. and S.C. conditions

ZS =
1160 5.8 ohms
200

=

XS = 2 25.8 0.5 5.7784 ohms− =

Example 37.17 (b).  A 60-KVA, 220 V, 50-Hz, 1-φ alternator has effective armature resistance of
0.016 ohm and an armature leakage reactance of 0.07 ohm.  Compute the voltage induced in the
armature when the alternator is delivering rated current at a load power factor of (a) unity (b) 0.7
lagging and (c) 0.7 leading. (Elect.  Machines-I, Indore Univ.  1981)

Solution.  Full load rated current I = 60,000/220 = 272.2 A
IRa = 272.2 × 0.016 = 4.3 V ;
IXL = 272.2 × 0.07 = 19 V

(a) Unity p.f.  — Fig.  37.30 (a)

E = 2 2( ) ( )a LV IR I X+ +  2 2(220 4.3) 19= + +  = 225 V

* The ‘skin effect’ may sometimes increase the effective resistance of armature conductors as high as 6 times
its d.c. value.
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Fig. 37.30

(b) p.f.  0.7 (lag) —Fig.  37.30 (b)
E = [V cos φ + IRa)

2 + (V sin φ + IXL)2]1/2

= [(220 × 0.7 + 4.3)2 + (220 × 0.7 + 19)2]1/2 = 234 V
(c) p.f.  = 0.7 (lead) —Fig.  37.30 (c)

E = [(V cos φ + IRa)2 + (V sin φ − IXL)2]1/2

= [(220 × 0.7 + 4.3)2 + (220 × 0.7 − 19)2]1/2 = 208 V

Example 37.18 (a).  In a 50-kVA, star-connected, 440-V, 3-phase, 50-Hz alternator, the effective
armature resistance is 0.25 ohm per phase.  The synchronous reactance is 3.2 ohm per phase and
leakage reactance is 0.5 ohm per phase.  Determine at rated load and unity power factor :

(a) Internal e.m.f. Ea (b) no-load e.m.f.  E0 (c) percentage regulation on full-load (d) value of
synchronous reactance which replaces armature reaction.

(Electrical Engg.  Bombay Univ.  1987)

Solution.  (a) The e.m.f.  Ea is the vector sum of  (i) termi-
nal voltage V  (ii) IRa and  (iii) IXL as detailed in Art. 37.17.
Here,

V = 440 / 3  = 254 V

F.L.  output current at u.p.f.  is

= 50,000/ 3  × 440 = 65.6 A

Resistive drop = 65.6 × 0.25 = 16.4 V
Leakage reactance drop IXL  = 65.6 × 0.5 = 32.8 V

∴ Ea = 2 2( ) ( )a LV IR IX+ +

= 2 2(254 16.4) 32.8+ +  = 272 volt

Line value = 3 272×  = 471 volt.

(b) The no-load e.m.f.  E0 is the vector sum of (i) V (ii) IRa and (iii) IXS or is the vector sum of V and
IZS (Fig.  37.31).

∴ E0 = 2 2 2 2( ) ( ) (254 16.4) (65.6 3.2) 342 volta SV IR IX+ + = + + × =

Line value = 3 342× = 592 volt

(c) % age regulation ‘up’ = 0 342 254
100 100

254
E V

V

− −× = × = 34.65 per cent

(d) Xa =  XS − XL = 3.2 − 0.5 = 2.7 ΩΩΩΩΩ ...Art. 37.17

Example 37.18 (b).  A 1000 kVA, 3300-V, 3-phase, star-connected alternator delivers full-load
current at rated voltage at 0.80 p. f. Lagging.  The resistance and synchronous reactance of the

Fig. 37.31
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machine per phase are 0.5 ohm and 5 ohms respectively.  Estimate the terminal voltage for the same
excitation and same load current at 0.80 p. f. leading. (Amravati University, 1999)

Solution. Vph =
3300 = 1905 volts

3

At rated load, Iph =
1000 1000

175 amp
3 3300

× =
×

From phasor diagram for this case [Fig.  37.32 (a)]
Component of E along Ref = OD = OA + AB cos φ + BC sin φ

= 1905 + ( 87.5 × 0.80) + (875 × 0.60) = 2500
Component of E along perpendicular direction

= CD = − AB sin φ  + BC cos φ
= 87.5 × 0.6 + 875 × 0.80 = 647.5 volts

(a) Phasor diagram at lagging P.f. (b) Phasor diagram for leading P.F.

Fig. 37.32

OA = 1950, AB = Ir = 87.5, BC = IXS = 875

OC = 2 2 2 22500 647.5E OD DC= + = + = 2582.5 volts

δ1 =
1 1sin sin (647.5 / 2582.5) 14.52CD

OC
− −= = °

Now, for E kept constant, and the alternator delivering rated current at 0.80 leading p.f., the phasor
diagram is to be drawn to evaluate V.

Construction of the phasor diagram starts with marking the reference.  Take a point A which is the
terminating point of phasor V which starts from O.  O is the point yet to be marked, for which the other
phasors have to be drawn.

AB = 87.5, BC = 875

BAF = 36.8°
BC perpendicular to AB.  From C, draw an arc of length E, i.e. 2582.5 volts to locate O.
Note.  Construction of Phasor diagram starts from known AE, V is to be found.

Along the direction of the current, AB = 87.5, ∠ BAF = 36.8°, since the current is leading.
BC = 875 which must be perpendicular to AB.  Having located C, draw a line CD which is perpendicular
to the reference, with point D, on it, as shown.

Either proceed graphically drawing to scale or calculate geometrically :
CD = AB sin φ + BC cos φ  = (87.5 × 0.60) + (875 × 0.80) = 752.5 volts

Since CD = E sin δ2, sin δ2 = 752.5/2582.5 giving δ2 = 17°
OD = E cos δ = 2470 volts
DA = DB′ − AB′

= BC sin φ − AB cos φ − 875 × 0.6 − 87.5 × 0.8 = 455 volts
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Terminal voltage, V = OA = OD + DA = 2470 + 455 = 2925 volts/phase

Since the alternator is star connected, line voltage 3 2925×  = 5066 volts

Check :  While delivering lagging p.f. current,

Total power delivered= (100 kVA) × 0.80 = 800 kW
In terms of E and δ1 referring to the impedance-triangle in Fig. 37.32 (c)
total power delivered

=
2

13 cos ( ) cos
S S

VE V
Z Z

 
θ − δ − θ 

 

= 
21905 2582.5

3 cos (84.3 14.52 ) 1905 cos 84.3
5.025
× ° − ° − × °  

= 800 kW ...checked
OA = 0.5, AB = 5

OB = 2 20.5 5 5.025+ = Ω
θ = ∠ BOA = tan−1 (XS/R) = tan−1 10 = 84.3°

While delivering leading p.f. current the terminal voltage is 5.066 kV
line to line.

Total power delivered in terms of V and I

= 3 × 5.066 ×175 × 0.8 kW = 1228.4 kW

In terms of E and with voltages expressed in volts,
total power output

=
3

23 cos ( ) cos 10 kW
S S

VE V
Z Z

2
− 

θ − δ − θ × 
 

=
2

32925 2582.5 29253 cos (84.3 17 ) cos 84.3 10 kW
5.025 5.025

− × − ° − × ° × 
 

=
2925 2582.5 2925 2925

3 cos (67.3 ) cos 84.3 kW
5.025 5.025
× × × ° − °  

= 3 (580.11 − 169.10) = 1233 kW, which agrees fairly closely to the previous figure
and hence checks our answer.

37.21.37.21.37.21.37.21.37.21. Synchronous Impedance MethodSynchronous Impedance MethodSynchronous Impedance MethodSynchronous Impedance MethodSynchronous Impedance Method

Following procedural steps are involved in this method:
1. O.C.C is plotted from the given data as shown in Fig.  37.33 (a).
2. Similarly, S.C.C.  is drawn from the data given by the short-circuit test.  It is a straight line

passing through the origin.  Both these curves are drawn on a common field-current base.

Consider a field current If.  The O.C. voltage corresponding to this field current is E1.  When
winding is short-circuited, the terminal voltage is zero.  Hence, it may be assumed that the whole of
this voltage E1 is being used to circulate the armature short-circuit current I1 against the synchronous
impedance ZS.

∴ E1 = I1ZS  ∴  ZS = 
1

1

(open-circuit)
(short-circuit)

E
I

3. Since Ra can be found as discussed earlier, XS = 2 2( )S aZ R−

Fig. 37.32 (c) Impedance
triangle for the Alternator

O A

R

B

Z
S

X
S
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E 0
=

222V

10 V

23 V

f V = 200V

O
A B

D

C

4. Knowing Ra and XS, vector diagram as shown in Fig. 37.33 (b) can be drawn for any load and any
power factor.

S
.C

.
C

u
rr

e
n
t

Zs

E0

IRa

IXs

If

E1

Zs

I1

S.C
.C

.

O
.C

.C
.

E
.M

.F
.
(O

.C
.)

Field-Current

(or Amp-Turns)

If

f

V Sin f

V Cos f
O

C

B
A

V

D

I

Fig. 37.33 (a) Fig. 37.33 (b)

Here OD = E0 ∴   E0 = 2 2( )OB BD+

or E0 = 2 2[( cos ) ( sin ) ]a SV IR V IXφ + + φ +

∴ % regn. ‘up’ = 0 100
E V

V
−

×

Note.  (i)  Value of regulation for unity power factor or leading p.f. can also be found in a similar way.

(ii) This method is not accurate because the value of ZS so found is always more than its value under normal
voltage conditions and saturation.  Hence, the value of regulation so obtained is always more than that found from
an actual test.  That is why it is called pessimistic method.  The value of ZS is not constant but varies with
saturation.  At low saturation, its value is larger because then the effect of a given armature ampere-turns is much
more than at high saturation.  Now, under short-circuit conditions, saturation is very low, because armature
m.m.f. is directly demagnetising.  Different values of ZS corresponding to different values of field current are also
plotted in Fig. 37.33 (a).

(iii) The value of ZS usually taken is that obtained from full-load current in the short-circuit test.

(iv) Here, armature reactance Xa has not been treated separately but along with leakage reactance XL.

Example 37.19.  Find the synchronous impedance and reactance of an alternator in which a
given field current produces an armature current of 200 A on short-circuit and a generated e.m.f. of
50 V on open-circuit.  The armature resistance is 0.1 ohm.  To what induced voltage must the
alternator be excited if it is to deliver a load of 100 A at a p.f. of 0.8 lagging, with a terminal voltage
of 200V. (Elect. Machinery, Banglore Univ. 1991)

Solution.  It will be assumed that alternator is a single phase
one.  Now, for same field current,

ZS =
O.C. volts 50

S.C. current 200
= = 0.25 ΩΩΩΩΩ.

XS = 2 2 2 20.25 0.1S aZ R− = − = 0.23 ΩΩΩΩΩ.

Now, IRa = 100 × 0.1 = 10 V, IXS = 100 × 0.23 = 23 V;
cos φ = 0.8, sin φ = 0.6.  As seen from Fig.  37.34.

Fig. 37.34
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E0 = 2 2( cos ) ( sin )a SV IR V IXφ + + φ +

= [(200 × 0.8 + 10)2 + (200 × 0.6 + 23)2]1/2 = 222 V

Example 37.20.  From the following test results, determine the voltage regulation of a 2000-V,
1-phase alternator delivering a current of 100 A at (i) unity p.f.  (ii) 0.8 leading p.f.  and (iii) 0.71
lagging p.f.

Test results : Full-load current of 100 A is produced on short-circuit by a field excitation of 2.5A.

An e.m.f.  of 500 V is produced on open-circuit by the same excitation.  The armature resistance is
0.8Ω. (Elect. Engg.-II, M.S. Univ. 1987)

Solution. ZS =
O.C. volts

S.C. current
—for same excitation

for same excitation
= 500/100 = 5 Ω

XS = 2 2 2 25 0.8 4.936S aZ R− = − = Ω

E
0

E 0 E 0

80 V 80 V

80 V4
9

4
V

4
9

4
V

4
9

4
V

�V=2000 V

V
=

2000V

V = 2000V

O
O

IO

(c)(b)(a) 80 V

�

Fig. 37.35

(i) Unity p.f.  (Fig. 37.35 (a)]

IRa = 100 × 0.8 = 80 V; IXS = 100 × 4.936 = 494 V

∴ E0 = 2 2(2000 80) 494 2140 V+ + =

% regn = 2140 2000
100

2000
− × = 7%

(ii) p.f.  = 0.8 (lead) [Fig.  37.35 (c)]
E0 = [(2000 × 0.8 + 80)2 + (2000 × 0.6 − 494)2]1/2 = 1820 V

% regn = 1820 2000
100

2000
− × =  –9%

(iii) p.f.  = 0.71(lag) [Fig.37.35 (b)]

E0 = [(2000 × 0.71 + 80)2 + (2000 × 0.71 + 494)2]1/2 = 2432 V

% regn =
2432 2000

100
2000

− × = 21.6%

Example 37.21.  A 100-kVA, 3000-V, 50-Hz 3-phase star-connected alternator has effective
armature resistance of 0.2 ohm.  The field current of 40 A produces short-circuit current of 200 A and
an open-circuit emf of 1040 V (line value).  Calculate the full-load voltage regulation at 0.8 p.f.
lagging and 0.8 p.f.  leading.  Draw phasor diagrams.

(Basic Elect.  Machines, Nagpur Univ. 1993)
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Solution. ZS = O.C. voltage/phase
S.C. current/phase

— for same excitation

= 1040/ 3 3
200

= Ω

XS = 2 2 2 23 0.2S aZ R− = −
= 2.99 Ω

F.L.  current,

I = 100,000/ 3  × 3000

= 19.2 A

IRa = 19.2 × 0.2 = 3.84 V
IXS = 19.2 × 2.99 = 57.4 V

Voltage/phase

= 3000/ 3  = 1730V

cos φ = 0.8 ; sin φ =0.6
(i) p.f. = 0.8 lagging

—Fig.  37.36 (a)
E0 = [(V cos φ + IRa)

2 + (V sin φ + IXS)2]1/2

= (1730 × 0.8 + 3.84)2 + (1730 × 0.6 + 57.4)2]1/2 = 1768 V

% regn.  ‘up’ = (1768 1730)
100

1730
− × =  2.2%

(ii) 0.8 p.f.  leading—Fig. 37.36 (b)

E0 = [(V cos φ + IRa )2 + (V sin φ − IXS)
2]1/2

= [(1730 × 0.8 + 3.84)2 + (1730 × 0.6 − 57.4)2]1/2

= 1699 V

% regn. =
1699 1730

100
1730

− × = –1.8%

Example 37.22.  A 3-phase, star-connected alternator is
rated at 1600 kVA, 13,500 V.  The armature resistance and
synchronous reactance are 1.5 Ω and 30 Ω respectively per
phase.  Calculate the percentage regulation for a load of 1280
kW at 0.8 leading power factor.

(Advanced Elect. Machines AMIE Sec. B, 1991)

Solution.

1280,000 = 3 13, 500 0.8;I× × ×
∴ I = 68.4 A

IRa = 68.4 × 1.5 = 103 V ; IXS = 68.4 × 30 = 2052

Voltage/phase = 13,500 / 3   = 7795 V

As seen from Fig. 37.37.

E0 = [(7795 × 0.8 + 103)2 + (7795 × 0.6 − 2052)]1/2 = 6663 V
% regn. = (6663 − 7795)/7795

= − 0.1411 or − 14.11%

E 0
=1768V E

0

3.84V

5
7
.4

V

5
7
.4

V

f

f
V=1768V

1730V

O

IO

( )b( )a

3.84V = ( )I.Ra= ( )I.Ra

=
(

)
I.

X
s

=
(

)
I.

X
s

Fig. 37.36

Fig. 37.37

E
0

103V

2
0
5
2

f
V=7795V

IO
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Example 37.23.  A 3-phase, 10-kVA, 400-V, 50-Hz, Y-connected alternator supplies the rated
load at 0.8 p.f.  lag.  If arm.  resistance is 0.5 ohm and syn.  reactance is 10 ohms, find the power
angle and voltage regulation. (Elect.  Machines-I Nagpur Univ.  1993)

Solution.  F.L. current,  I = 10,000 / 3 400 14.4 A× =
IRa = 14.4 × 0.5 = 7.2 V

IXS = 14.4 × 10  = 144 V

Voltage/phase = 400 / 3 231 V=
φ = cos−1 0.8 = 36.87°, as shown in Fig.  37.38.

E0 = [(V cos φ + IRa)
2 + (V sin φ + IXS)2]1/2

= (231× 0.8 + 7.2)2 + (231 × 0.6 + 144)2]1/2

= 342 V

% regn. =
342 231

×100 = 0.48 or 48%
231
−

The power angle of the machine is defined as the angle between V and E0 i.e. angle δ

As seen from Fig.  37.38, tan (φ + δ) = 231 0.6 144 282.6 1.4419 ;
231 0.8 7.2 192

BC
OB

× += = =
× +

∴ (φ + δ) = 55.26°

∴ power angle δ = 55.26° − 36.87° = 18.39°

Example 37.24.  The following test results are obtained from a 3-phase, 6,000-kVA, 6,600 V,
star-connected, 2-pole, 50-Hz turbo-alternator:

With a field current of 125 A, the open-circuit voltage is 8,000 V at the rated speed; with the
same field current and rated speed, the short-circuit current is 800 A.  At the rated full-load, the
resistance drop is 3 per cent.  Find the regulation of the alternator on full-load and at a power
factor of 0.8 lagging. (Electrical Technology, Utkal Univ. 1987)

Solution. ZS =
O.C. voltage/phase 8000 / 3 5.77
S.C. current/phase 800

= = Ω

Voltage/phase = 6,600 3 3,810 V=
Resistive drop = 3% of 3,810 V = 0.03 × 3,810 = 114.3 V

Full-load current = 36,000 10 / 3 6,600 525 A× × =
Now IRa = 114.3V
∴ Ra = 114.3/525 = 0.218 Ω

XS = 2 2 2 25.77 0.218 5.74 (approx.)S aZ R− = − = Ω
As seen from the vector diagram of Fig.  37.33, (b)

E0 = 2 2[3,810 0.8 114.3) (3,810 0.6 525 5.74) ] 6,180 V× + + × + × =

∴ regulation = (6,180 − 3,810) × 100/3,810 = 62.2%
Example 37.25.  A 3-phase 50-Hz star-connected 2000-kVA, 2300 V alternator gives a short-

circuit current of 600 A for a certain field excitation.  With the same excitation, the open circuit
voltage was 900 V.  The resistance between a pair of terminals was 0.12 Ω.  Find full-load regulation
at (i) UPF (ii) 0.8 p.f.  lagging. (Elect. Machines, Nagpur Univ. 1993)

Solution. ZS =
O.C. volts/phase 900 / 3= 0.866

S.C. current/phase 600
= Ω

Fig. 37.38

E 0

1
4

4
V

f
d
231V/Phase

O

7.2V

A B
I

C

=
(

)
I.

X
s

(= )IRa

V
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Resistance between the terminals is 0.12 Ω.  It is the resistance of two phases connected in series.

∴ Resistance/phase = 0.12/2 = 0.06 Ω;
effective resistance/phase  = 0.06 × 1.5 = 0.09 Ω;

XS = 2 20.866 0.09 0.86− = Ω

F.L. I= 2000,000 / 3 2300 500 A× =

IRa = 500 × 0.06 = 30 V ;
IXS = 500 × 0.86 = 430 V
rated  voltage/phase

= 2300 / 3 1328 V=

(i) U.P.F.  —Fig. 37.39 (a),

 E0 = [(V cos φ + IRa)2 + (IXS)
2]1/2

= 2 2(1328 30) 430 1425 V+ + =

% regn. = (1425 − 1328)/1328 = 0.073 or 7.3%
(ii) 0.8 p.f.  lagging —Fig. 37.39 (b)

E0 = [(V cos φ + IRa)2 +(V sin φ + IXs)
2]1/2

= [(1328 × 0.8 + 30)2 + (1328 × 0.6 + 430)2]1/2 = 1643 V

∴ % regn. = (1643 − 1328)/1328 = 0.237 or 23.7%.
Example 37.26.  A 2000-kVA, 11-kV, 3-phase, star-connected alternator has a resistance of

0.3 ohm and reactance of 5 ohm per phase.  It delivers full-load current at 0.8 lagging power factor
at rated voltage.  Compute the terminal voltage for the same excitation and load current at 0.8
power factor leading. (Elect.  Machines, Nagpur Univ.  1993)

Solution.  (i) At 0.8 p.f. lagging

F.L.        I  = 2000,000/ 3 ×11,000 = 105 A

Terminal voltage  = 11,000/ 3  = 6350 V

IRa = 105 × 0.3 = 31.5 V;

IXS = 105 × 5 = 525 V
As seen from Fig.  37.40 (a)
E0 = [6350 × 0.8 + 31.5)2 +

(6350 × 0.6 + 525)2]1/2 = 6700 V

As seen from Fig. 37.40 (b),
now, we are given E0 = 6700 V
and we are required to find the
terminal voltage V at 0.8 p.f.
leading.

67002 = (0.8V + 31.5)2 + (0.6V − 525)2; V = 6975 V

Example 37.27.  The effective resistance of a 1200-kVA, 3.3-kV, 50-Hz, 3-phase, Y-connected
alternator is 0.25 Ω/phase.  A field current of 35 A produces a current of 200 A on short-circuit and
1.1 kV (line to line) on open circuit.  Calculate the power angle and p.u.  change in magnitude of the
terminal voltage when the full load of 1200 kVA at 0.8 p.f.  (lag) is thrown off.  Draw the corresponding
phasor diagram. (Elect. Machines, A.M.I.E. Sec. B, 1993)

E 0
=

6700V 6700V

31.5V

5
2

5
V

f

f

V

V = 6350V

( )b( )a

31.5V

O

O
I

=
(

)
IX

s

(= )IRa

(= )IRa

Fig. 37.40

Fig. 37.39

E 0
=1643V

E 0
=1425V 4

3
0

V

f

( )b( )a

30V
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4
3

0
V

I

IX
s=

(=
)

IX
s

(= )IRa
(= )IRa
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Solution. Zs =
O.C. voltage
S.C. voltage —same excitation

=
31.1 10 / 3

3.175
200

× = Ω

XS = 2 23.175 0.25 3.165− = Ω

V = 33.3 10 / 3 1905 V× =
tan θ = Xs/Ra = 3.165/0.25, θ = 85.48°

∴ Zs = 3.175 ∠ 85.48°

Rated Ia = 1200 × 103/ 3  × 3.3 × 103

= 210 A
Let, V = 1905 ∠ 0°, Ia = 210 ∠− 36.87°
As seen from Fig. 37.41,
E  =V + IaZs = 1905 + 210 ∠− 36.87° × 3.175 ∠ 85.48° = 2400∠ 12°
 Power angle  = δ = 12°
Per unit change in terminal voltage is

= (2400 − 1905)/1905 = 0.26
Example 37.28.  A given 3-MVA, 50-Hz, 11-kV, 3-φ, Y-connected alternator when supplying 100

A at zero p.f.  leading has a line-to-line voltage of 12,370 V; when the load is removed, the terminal
voltage falls down to 11,000 V.  Predict the regulation of the alternator when supplying full-load at
0.8 p.f.  lag.  Assume an effective resistance of 0.4 Ω per phase.

(Elect. Machines, Nagpur Univ. 1993)
Solution.  As seen from Fig. 37.42 (a), at zero p.f. leading

E0
2 = (V cos φ + IRa)

2 + V sin φ − IXS)2

Now, E0 = 11,000 / 3 6350 V=

V = 12370 / 3 7,142 V,=
cos φ = 0, sin φ = 1

∴ 63502 = (0 + 100 × 0.4)2 + (7142 − 100 XS)
2

∴ 100 XS =  790 or XS = 7.9 Ω
F.L.  current

I =
63 10

157 A
3 11,000

× =
×

IRa = 0.4 × 157 = 63 V; IXS

= 157 × 7.9 = 1240 V

∴ E0 = [(6350 × 0.8 + 63)2 +

(6350 × 0.6 + 1240)2]1/2 = 7210 V/phase

∴ % regn = 
7210 6350

100
6350

− × =  13.5%

Example 37.29.  A straight line law connects terminal voltage and load of a 3-phase star-
connected alternator delivering current at 0.8 power factor lagging.  At no-load, the terminal
voltage is 3,500 V and at full-load of 2,280 kW, it is 3,300 V.  Calculate the terminal voltage when
delivering current to a 3-φ, star-connected load having a resistance of 8 Ω and a reactance of 6 Ω per
phase.  Assume constant speed and field excitation. (London Univ.)

Fig. 37.41

Fig. 37.42
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Solution.  No-load phase voltage = 3,500/ 3  = 2,021 V

Phase voltage on full-load and 0.8 power factor = 3,300/ 3  = 1905  V

Full-load current is given by

3 VL IL cos φ = 2,280 × 1000 ∴  IL = 
2, 280 1000

500 A
3 3,300 0.8

× =
× ×

drop in terminal voltage/phase for 500 A = 2,021 − 1,905 = 116 V
Let us assume that alternator is supplying a current of x ampere.

Then, drop in terminal voltage per phase for x ampere is = 116 x / 500 = 0.232 x volt
∴ terminal p.d./phase when supplying x amperes at a p.f. of 0.8 lagging is

= 2,021 − 0.232 x volt

Impedance of connected load/phase = 
2 2(8 6 ) 10+ = Ω

                                  load p.f.  = cos φ = 8/10 = 0.8
When current is x, the applied p.d. is = 10 x
∴ 10 x = 2021 − 0.232 x or x = 197.5 A

∴ terminal voltage/phase = 2021 − (0.232 × 197.5) = 1975.2 V

∴ terminal voltage of alternator = 1975.2 × 3  = 3,421 V

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No.  37.2  37.2  37.2  37.2  37.2

1. If a field excitation of 10 A in a certain alternator gives a current of 150 A on short-circuit and
a terminal voltage of 900 V on open-circuit, find the internal voltage drop with a load current of
60A. [360 V]

2. A 500-V, 50-kVA, 1-φ alternator has an effective resistance of 0.2 Ω.  A field current of 10 A
produces an armature current of 200 A on short-circuit and an e.m.f. of 450 V on open-
circuit.  Calculate the full-load regulation at p.f. 0.8 lag. [34.4%]

(Electrical Technology, Bombay Univ. 1978)
3. A 3-φ star-connected alternator is rated at 1600 kVA, 13,500 V.  The armature effective

resistance and synchronous reactance are 1.5 Ω and 30 Ω respectively per phase.  Calculate
the percentage regulation for a load of 1280 kW at power factors of (a) 0.8 leading and
(b) 0.8 lagging.              [(a) −−−−−11.8% (b) 18.6%] (Elect. Engg.-II, Bombay Univ. 1977)

4. Determine the voltage regulation of a 2,000-V, 1-phase alternator giving a current of 100 A at
0.8 p.f.  leading from the test results.  Full-load current of 100 A is produced on short-circuit by
a field excitation of 2.5 A.  An e.m.f.  of 500 V is produced on open-circuit by the same
excitation.  The armature resistance is 0.8 Ω.  Draw the vector diagram.

[−−−−− 8.9%] (Electrical Machines-I, Gujarat Univ. Apr. 1976)
5. In a single-phase alternator, a given field current produces an armature current of 250 A on

short-circuit and a generated e.m.f. of 1500 V on open-circuit.  Calculate the terminal p.d.
when a load of 250 A at 6.6 kV and 0.8 p.f. lagging is switched off.  Calculate also the
regulation of the alternator at the given load.

[7,898 V; 19.7%] (Elect. Machines-II, Indore Univ.  Dec. 1977)
6. A 500-V, 50-kVA, single-phase alternator has an effective resistance of 0.2 Ω.  A field current

of 10 A produces an armature current of 200 A on short-circuit and e.m.f. of 450 V on open
circuit.  Calculate (a) the synchronous impedance and reactance and (b) the full-load regulation
with 0.8 p.f.  lagging.

[(a) 2.25 ΩΩΩΩΩ, 2.24 ΩΩΩΩΩ, (b) 34.4%] (Elect. Technology, Mysore Univ. 1979)
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7. A 100-kVA, 3,000-V, 50-Hz, 3-phase star-connected alternator has effective armature
resistance of 0.2 Ω.  A field current of 40 A produces short-circuit current of 200 A and an
open-circuit e.m.f.  of 1040 V (line value).  Calculate the full-load percentage regulation at
a power factor of 0.8 lagging.  How will the regulation be affected if the alternator delivers
its full-load output at a power factor of 0.8 leading?

[24.4% − − − − − 13.5%] (Elect.  Machines-II, Indore Univ.  July 1977)
8. A 3-φ, 50-Hz, star-connected, 2,000 kVA, 2,300-V alternator gives a short-circuit current of

600 A for a certain field excitation.  With the same excitation, the O.C. voltage was 900 V.
The resistance between a pair of terminals was 0.12 Ω.  Find full-load regulation at (a)
u.p.f.  (b) 0.8 p.f.lagging (c) 0.8 p.f. leading.
[(a) 7.3% (b) 23.8% (c) −−−−−13.2%] (Elect. Machinery-III, Bangalore Univ. Aug. 1979)

9. A 3-phase star-connected alternator is excited to give 6600 V between lines on open circuit.  It
has a resistance of 0.5 Ω and synchronous reactance of 5 Ω per phase.  Calculate the terminal
voltage and regulation at full load current of 130 A when the P.F.  is (i) 0.8 lagging, (ii) 0.6
leading. [Rajive Gandhi Technical University, Bhopal, 2000]

[(i) 3318 Volts/Ph, + 14.83% (ii) 4265 Volts/Ph, - 10.65%]

37.22.37.22.37.22.37.22.37.22. RotherRotherRotherRotherRothert's M.M.Ft's M.M.Ft's M.M.Ft's M.M.Ft's M.M.F.....  or   or   or   or   or AmperAmperAmperAmperAmpere-ture-ture-ture-ture-turn Methodn Methodn Methodn Methodn Method

This method also utilizes O.C. and S.C. data, but is the converse of the E.M.F. method in the sense
that armature leakage reactance is treated as an additional armature reaction.  In other words, it
is assumed that the change in terminal p.d. on load is due entirely to armature reaction (and due to the
ohmic resistance drop which, in most cases, is negligible).  This fact is shown in Fig. 37.43.

Now, field A.T. required to produce a voltage of V on full-load is the vector sum of the following :
(i) Field A.T.  required to produce V (or if Ra is to be taken into account, then V + I Ra cos φ) on no-

load.  This can be found from O.C.C. and
(ii) Field A.T. required to overcome the demagnetising

effect of armature reaction on full-load.  This value is found
from short-circuit test.  The field A.T. required to produce
full-load current on short-circuit balances the armature
reaction and the impedance drop.

The impedance drop can be neglected because Ra is usually
very small and XS is also small under short-circuit conditions.
Hence, p.f. on short-circuit is almost zero lagging and the field
A.T. are used entirely to overcome the armature reaction which
is wholly demagnetising (Art. 37.15).  In other words, the
demagnetising armature A.T. on full-load are equal and opposite to the field A.T. required to
produce full-load current on short-circuit.

Now, if the alternator, instead of being on
short-circuit, is supplying full-load current at
its normal voltage and zero p.f. lagging, then total
field A.T. required are the vector sum of

(i) the field A.T. = OA necessary to
produce normal voltage (as obtained from
O.C.C.) and

(ii) the field A.T. necessary to neutralize the armature reaction AB1.  The total field A.T. are repre-
sented by OB1 in Fig. 37.44 (a) and equals the vector sum of OA and AB1

Fig. 37.43

Fig. 37.44
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If the p.f. is zero leading, the armature reaction is wholly magnetising.  Hence, in that case, the field
A.T. required is OB2 which is less than OA by the field A.T. = AB2 required to produce full-load current on
short-circuit [Fig. 37.44 (b)]

If p.f. is unity, the armature reaction is cross-magnetising i.e. its effect is distortional only.  Hence, field
A.T. required is OB3 i.e. vector sum of OA and AB3 which is drawn at right angles to OA as in Fig. 37.44
(c).

37.23.37.23.37.23.37.23.37.23. General CaseGeneral CaseGeneral CaseGeneral CaseGeneral Case

Let us consider the general case when the p.f. has any value between zero (lagging or leading) and
unity.  Field ampere-turns OA corresponding to V(or V + IRa cos φ) is laid off horizontally.  Then AB1,
representing full-load short-circuit field A.T. is drawn at an angle of (90° + φ) for a lagging p.f.  The total field
A.T. are given by OB1 as in Fig. 37.45. (a).  For a leading p.f., short-circuit A.T. = AB2 is drawn at an angle
of (90° − φ) as shown in Fig. 37.45 (b) and for unity p.f., AB3 is drawn at right angles as shown in Fig. 37.45
(c).

� �

B1 B3
B2

0 0A A
( )a ( )b ( )c

A0

Fig. 37.45

In those cases where the number of turns on the field coils is not known, it is usual to work in
terms of the field current as shown in Fig. 37.46.

In Fig. 37.47. is shown the complete diagram along with O.C. and S.C. characteristics.  OA represents
field current for normal voltage V.  OC represents field current required for producing full-load current on
short-circuit.  Vector AB = OC is
drawn at an angle of (90° + φ) to
OA (if the p.f. is lagging).  The total
field current is OB for which the
corresponding O.C. voltage is E0

∴ % regn. = 0 100
E V

V
−

×

It should be noted that this
method gives results which are less
than the actual results, that is why it
is sometimes referred to as optimis-
tic method.

Example 37.30.  A 3.5-MVA, Y-connected alternator rated at 4160 volts at 50-Hz has the open-
circuit characteristic given by the following data :

Field Current (Amps)  50 100  150  200 250 300 350 400 450

E.M.F.  (Volts) 1620 3150 4160 4750 5130 5370 5550 5650 5750

A field current of 200 A is found necessary to circulate full-load current on short-circuit of the
alternator.  Calculate by (i) synchronous impedance method and (ii) ampere-turn method the full-
load voltage regulation at 0.8 p.f.  lagging.  Neglect resistance.  Comment on the results obtained.

(Electrical Machines-II, Indore Univ. 1984)

Fig. 37.46 Fig. 37.47
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Solution.  (i) As seen from the given data, a field current of 200 A produces O.C.  voltage of 4750
(line value) and full-load current on short-circuit which is

= 63.5 10 / 3 4160 486 A× × =

ZS =
O.C. volt/phase 4750/ 3 2740= = = 5.64 / phase

S.C. current/phase 486 486
Ω

Since Ra = 0, XS = ZS ∴ IRa = 0, IXS = IZS = 486 × 5.64 = 2740 V

F.L. Voltage/phase = 4160/ 3 =2400 V, cos φ = 0.8,sin φ = 0.6

E0 = (V cos φ + IRa)2 + (V sin φ + I, XS)2]1/2

= [(2400 × 0.8 + 0)2 + (2400 × 0.6 + 2740)2]1/2 = 4600 V

% regn.  up =
4600 2400

100
2400

− ×  = 92.5%

(ii) It is seen from the given data that for normal voltage of 4160 V, field current needed is 150 A.
Field current necessary to circulate F.L. current on short-circuit is 200 A.

In Fig. 37.48, OA represents 150 A.  The vector AB which represents 200 A is vectorially added to
OA at (90° + φ) = (90° +36°52′) = 126°52′.  Vector OB represents excitation necessary to produce a
terminal p.d. of 4160 V at 0.8 p.f. lagging at full-load.

OB = [1502 + 2002 + 2 × 150 × 200 × cos(180°− 126°52′)]1/2

= 313.8 A
The generated phase e.m.f. E0, corresponding to this excitation as found

from OCC (if drawn) is 3140 V. Line value is  3140 × 3  = 5440 V.

% regn. = 
5440 4160

100
4160

− ×  = 30.7%

Example 37.31.  The following test results are obtained on a 6,600-V alternator:

Open-circuit voltage : 3,100  4,900 6,600 7,500 8,300

Field current (amps) : 16  25 37.5 50 70

A field current of 20 A is found necessary to circulate full-load current on short-circuit of the
armature.  Calculate by (i) the ampere-turn method and (ii) the synchronous impedance method the
full-load regulation at 0.8 p.f.  (lag).  Neglect resistance and leakage reactance.  State the drawbacks
of each of these methods. (Elect. Machinery-II, Bangalore Univ. 1992)

Solution.  (i) Ampere-turn Method
It is seen from the given data that for the normal voltage of 6,600 V, the field current needed is 37.5 A.

Field-current for full-load current, on short-circuit, is given as 20 A.

In Fig. 37.49, OA represents 37.5 A.  The vector AB, which represents 20 A, is vectorially added to
OA at (90° + 36°52′) = 126°52′.  Vector OB represents the excitation necessary to produce a terminal p.d.
of 6,600 V at 0.8 p.f. lagging on full-load

OB = 2 237.5 20 2 3.75 20 cos 53 8 52 A+ + × × × ° ′ =
The generated e.m.f. E0 corresponding to this excitation, as found from O.C.C. of Fig. 37.49 is

7,600 V.

Fig. 37.48
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�
O

B

A100

137.8

5
3
.3

�

Percentage regulation = 0 7,600 6,600
100 100

6,600
E V

V
− −× = × =15.16%

(ii) Synchronous Impedance Method
Let the voltage of 6,600 V be taken as 100 per

cent and also let 100 per cent excitation be that which
is required to produce 6,600 V on open-circuit, that
is, the excitation of 37.5 A.

Full-load or 100 per cent armature current is
produced on short-circuit by a field current of 20 A.
If 100 per cent field current were applied on short-
circuit, then S.C. current would be 100 × 37.5/20 =
187.5 per cent.

∴ ZS =  
O.C. voltage

same excitation
S.C. current

= 100/187.5 or 0.533 or 53.3%
The impedance drop IZS is equal to 53.3% of

the normal voltage.  When the two are added
vectorially (Fig. 37.50), the value of voltage is

E0 = [ 2 2100 53.3 cos (90 )] [53.3 sin (90 )]+ − φ + − φ

= 2 2(100 53.3 0.6) (53.3 0.8) 138.7%+ × + × =

                                                      % reg =
138.7 100

100
100

− × = 38.7%

The two value of regulation, found by the two methods, are
found to differ widely from each other.  The first method gives some-
what lesser value, while the other method gives a little higher value
as compared to the actual value.  However, the first value is more
likely to be nearer the actual value, because the second method
employs ZS, which does not have a constant value.  Its value de-
pends on the field excitation.

Example 37.32.  The open-and short-circuit test readings for a 3-φ, star-connected, 1000-kVA,
2000 V, 50-Hz, synchronous generator are :

Field Amps ; 10 20 25 30 40 50

O.C.  Terminal V 800 1500 1760 2000 2350 2600

S.C.  armature

current in A: — 200 250 300 — —

The armature effective resistance is 0.2 Ω per phase.  Draw the characteristic curves and esti-
mate the full-load percentage regulation at (a) 0.8 p.f. lagging (b) 0.8 p.f. leading.

Solution.  The O.C.C. and S.C.C. are plotted in Fig. 37.51

The phase voltages are :  462, 866,  1016,  1155, 1357, 1502.

Full-load phase voltage  = 2000/ 3  =1155 V

Full-load current  = 1,000,000/2000 × 3  = 288.7 A

Fig. 37.49

Fig. 37.50
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Fig. 37.51 Fig. 37.52 Fig. 37.53

Voltage/phase at full-load at 0.8 p.f. = V + IRa cos φ = 1155 + (288.7 × 0.2 × 0.8) = 1200 volt
Form open-circuit curve, it is found that field current necessary to produce this voltage = 32 A.

From short-circuit characteristic, it is found that field current necessary to produce full-load current of
288.7 A is = 29 A.

(a) cos φ = 0.8, φ = 36°52′ (lagging)
In Fig.  37.52, OA = 32 A, AB = 29 A and is at an angle of (90° + 36°52′) = 126°52′ with OA.  The

total field current at full-load 0.8 p.f. lagging is OB = 54.6 A

O.C. volt corresponding to a field current of 54.6 A is = 1555 V
% regn.  = (1555 − 1155) × 100/1155 = 34.6%
(b) In this case, as p.f. is leading, AB is drawn with OA (Fig. 37.53) at an angle of 90° − 36° 52′  =

53°8′. OB = 27.4 A.

 O.C. voltage corresponding to 27.4 A of field excitation is 1080 V.

% regn. = 1080 1155
100

1155
− × = –6.4%

Example 37.33.  A 3-phase, 800-kV A, 3,300-V, 50-Hz alternator gave the following results:

Exciting current (A) 50 60 70 80 90 100

O.C.  volt (line) 2560 3000 3300 3600 3800 3960

S.C.  current 190 — — — — —

The armature leakage reactance drop is 10% and the resistance drop is 2% of the normal
voltage.  Determine the excitation at full-load 0.8 power factor lagging by the m.m.f.  method.

Solution.  The phase voltages are : 1478, 1732, 1905, 2080, 2195, 2287
The O.C.C. is drawn in Fig. 37.54.

Normal phase voltage = 3300/ 3  = 1905 V; IRa drop = 2% of 1905 = 38.1 volt
Leakage reactance drop = 10% of 1905 = 190.5 Volt

∴ E = 2 2[(1905 0.8 38.1) (1905 0.6 190.5) ]× × + + × +  =2,068 V

The exciting current required to produce this voltage (as found from O.C.C.) is 82 A.

Full load current = 800.000/ 3  × 3300 = 140A
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As seen from S.C.C., the exciting current required to produce this full-load current of 140 A on short-
circuit is 37 A.

Fig. 37.54 Fig. 37.55

In Fig. 37.55, OB gives the excitation required on full-load to give a terminal phase voltage of 1905 V
(or line voltage of 3300 V) at 0.8 p.f. lagging and its value is

= 2 282 37 2 82 37 cos 53 8+ + × × × ° ′  = 108 A

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No.  37.3  37.3  37.3  37.3  37.3

1. A 30-kVA, 440-V, 50-Hz, 3-φ, star-connected synchronous generator gave the following test data :

Field current (A) : 2 4 6 7 8 10 12 14

Terminal volts : 155 287 395 440 475 530 570 592

S.C.  current : 11 22 34 40 46 57 69 80

Resistance between any two terminals is 0.3 Ω
Find regulation at full-load 0.8 p.f. lagging by (a) synchronous impedance method and (b) Rothert’s

ampere-turn method.  Take ZS corresponding to S.C. current of 80 A. [(a) 51% (b) 29.9%]

37.24.37.24.37.24.37.24.37.24. Zero Power Factor Method or Potier MethodZero Power Factor Method or Potier MethodZero Power Factor Method or Potier MethodZero Power Factor Method or Potier MethodZero Power Factor Method or Potier Method

This method is based on the separation of armature-leakage reactance drop and the armature
reaction effects.  Hence, it gives more accurate results.  It makes use of the first two methods to some
extent.  The experimental data required is (i) no-load curve and (ii) full-load zero power factor curve
(not the short-circuit characteristic) also called wattless load characteristic.  It is the curve of terminal
volts against excitation when armature is delivering F.L. current at zero p.f.

The reduction in voltage due to armature reaction is found from above and (ii) voltage drop due
to armature leakage reactance XL (also called Potier reactance) is found from both.  By combining
these two, E0 can be calculated.

It should be noted that if we vectorially add to V the drop due to resistance and leakage reactance XL,
we get E.  If to E is further added the drop due to armature reaction (assuming lagging p.f.), then we get E0
(Art. 37.18).

The zero p.f.  lagging curve can be obtained.
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(a) if a similar machine is available which may be driven at no-load as a synchronous motor at practi-
cally zero p.f. or

(b) by loading the alternator with pure reactors
(c) by connecting the alternator to a 3-φ line with ammeters

and wattmeters connected for measuring current and power and by
so adjusting the field current that we get full- load armature current
with zero wattmeter reading.

Point B (Fig. 37.56) was obtained in this manner when wattmeter
was reading zero.  Point A is obtained from a short-circuit test with
full-load armature current.  Hence, OA represents field current which
is equal and opposite to the demagnetising armature reaction and
for balancing leakage reactance drop at full-load (please refer to
A.T. method).  Knowing these two points, full-load zero p.f.  curve
AB can be drawn as under.

From B, BH is drawn equal to and parallel to OA.  From H,
HD is drawn parallel to initial straight part of N-L curve i.e. parallel
to OC, which is tangential to N-L curve.  Hence, we get point D on no-load curve, which corresponds to
point B on full-load zero p.f. curve.  The triangle BHD is known as Potier triangle.  This triangle is constant
for a given armature current and hence can be transferred to give us other points like M, L etc.  Draw DE
perpendicular to BH.  The length DE represents the drop in voltage due to armature leakage reactance XL
i.e.  I.XL.  BE gives field current necessary to overcome demagnetising effect of armature reaction at full-
load and EH for balancing the armature leakage reactance drop DE.

Let V be the terminal voltage on full-load, then if we add to it vectorially the voltage drop due to
armature leakage reactance alone (neglecting Ra), then we get voltage E = DF (and not E0).  Obviously,
field excitation corresponding to E is given by OF.  NA ( = BE) represents the field current needed to
overcome armature reaction.  Hence, if we add NA vectorially to OF (as in Rothert’s A.T. method) we get
excitation for E0 whose value can be read from N-L curve.

In Fig. 37.56, FG (= NA) is drawn at an angle of (90° + φ) for a lagging p.f. (or it is drawn at an angle
of 90° − φ for a leading p.f.).  The voltage corresponding to this excitation is JK = E0

∴ % regn. = 0 100
E V

V
−

×

The vector diagram is also shown separately
in Fig. 37.57.

Assuming a lagging p.f. with angle φ, vector
for I is drawn at an angle of φ to V.  IRa is drawn
parallel to current vector and IXL is drawn
perpendicular to it.  OD represents voltage E.  The
excitation corresponding to it i.e..  OF is drawn at
90° ahead of it.  FG (= NA = BE in Fig. 37.56)
representing field current equivalent of full-load
armature reaction, is drawn parallel to current vector OI.  The closing side OG gives field excitation for E0.
Vector for E0 is 90° lagging behind OG.  DL represents voltage drop due to armature reaction.

37.25.37.25.37.25.37.25.37.25. Procedural Steps for Potier Method 1.Procedural Steps for Potier Method 1.Procedural Steps for Potier Method 1.Procedural Steps for Potier Method 1.Procedural Steps for Potier Method 1.

1. Suppose we are given V-the terminal voltage/phase.
2. We will be given or else we can calculate armature leakage reactance XL and hence can calculate

IXL.

Fig. 37.56

Fig. 37.57
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3. Adding IXL (and IRa if given) vectorially to V, we get voltage E.

4. We will next find from N-L curve, field excitation for voltage E.  Let it be if1.
5. Further, field current if2 necessary for balancing armature reaction is found from Potier triangle.
6. Combine if1 and if2 vertorially (as in A.T. method) to get if.

7. Read from N-L curve, the e.m.f.  corresponding to if.  This gives us E0.  Hence, regulation can be
found.

Example 37.34.  A 3-phase, 6,00-V alternator has the following O.C.C.  at normal speed :

Field amperes : 14 18 23 30 43

Terminal volts : 4000 5000 6000 7000 8000

With armature short-circuited and full-load current flowing the field current is 17 A and when
the machine is supplying full-load of 2,000 kVA at zero power factor, the field current is 42.5 A and
the terminal voltage is 6,000 V.

Determine the field current required when the machine is supplying the full-load at 0.8 p.f.
lagging. (A.C. Machines-I, Jadavpur Univ. 1988)

Solution.  The O.C.C. is drawn in Fig. 37.58 with phase voltages which are
2310, 2828, 3465 4042 4620

The full-load zero p.f. characteristic can be drawn
because two points are known i.e. (17, 0) and (42.5,
3465).

In the Potier ∆BDH, line DE represents the leak-
age reactance drop (= IXL) and is (by measurement)
equal to 450 V.  As seen from Fig. 37.59.

E = 2 2( cos ) ( sin )LV V IXφ + φ +

= 2 2(3465 0.8) (3465 0.6 450)× + × +
= 3750 V

From O.C.C. of Fig. 37.58, it is found that field
amperes required for this voltage = 26.5 A.

Field amperes required for balancing armature
reaction = BE = 14.5 A (by measure-ment from
Potier triangle BDH).

As seen from Fig. 37.60, the field currents are
added vectorially at an angle of (90° + φ) =126°
52′.

Resultant field current is OB= 2 226.5 14.5 2 26.5 14.4 cos 53 8+ + × × ° ′  = 37.2 A

Example 37.35.  An 11-kV,
1000-kVA, 3-phase, Y-connected
alternator has a resistance of 2 Ω per
phase.  The open-circuit and full-load
zero power factor characteristics are
given below.  Find the voltage
regulation of the alternator for full
load current at 0.8 p.f. lagging by
Potier method.

Fig. 37.58
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Field current (A) :  40  50 110  140 180
O.C.C.  line voltage : 5,800 7,000 12,500 13,750 15,000
Line volts zero p.f. 0 1500 8500 10,500 12,500

(Calcutta Univ. 1987 and S. Ramanandtirtha Univ. Nanded, 2001)

Solution.  The O.C.C. and full-load zero p.f. curve for phase voltage are drawn in Fig. 37.61.  The
corresponding phase voltages are :

O.C.C.  phase voltage 3350 4040 7220 7940 8660
Phase voltage zero p.f. 0 866 4900 6060 7220

Full-load current = 1000 × 1000/ 3  × 11,000 = 52.5 A

Phase voltage = 11,000/ 3  = 6,350 A
In the Potier ∆ ABC, AC = 40 A, CB is parallel to the tangent to the initial portion of the O.C.C.  and

BD is ⊥  to AC.
BD = leakage reactance drop IXL = 1000 V − by measurement
AD = 30 A — field current required to overcome demagnetising effect of armature reaction on

full-load.

As shown in Fig. 37.62,
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Fig. 37.61 Fig. 37.62

OA = 6,350 V; AB = IRa = 52.5 × 2 = 105 V
IXL = BC = 1000 V —by measurement

OC  = E = 2 2( cos ) ( sin )a LV IR V IXφ + + φ +

= 2 2(6350 0.8 105) (6350 0.6 1000) ; 7,080 VE× + + × + =

As seen from O.C.C., field current required for 7,080 V is 108 A.  Vector OD (Fig. 37.62) represents
108 A and is drawn ⊥  to OC.  DF represents 30 A and is drawn parallel to OI or at (90° + 36° 52′) = 126°
52′ with OD.  Total field current is OF.

OF = 2 2108 30 2 108 30 cos 53 8 = 128 A+ + × × ° ′
From O.C.C., it is found that the e.m.f. corresponding to this field current is 7,700V

∴ E0 = 7,700 V; regulation = 
7,700 6,350

100
6,350

− × = 21.3 per cent
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Example 37.36.  The following test results were obtained on a 275-kW, 3-φ, 6,600-V non-salient
pole type generator.

Open-circuit characteristic :

Volts : 5600 6600 7240 8100

Exciting amperes : 46.5 58  67.5 96

Short-circuit characteristic : Stator current 35 A with an exciting current of 50 A.  Leakage
reactance on full-load = 8%.  Neglect armature resistance.  Calculate as accurately as possible the
exciting current (for full-load) at power factor 0.8 lagging and at unity. (City & Guilds, London)

Solution.  First convert the O.C.
line volts into phase volts by divid-
ing the given terminal values by √3.

∴ O.C. volts (phase) : 3233,
3810, 4180, 4677.

O.C.C. is plotted in Fig. 37.63.
For plotting S.C.C., we need two
points.  One is (0, 0) and the other is
(50 A, 35 A).  In fact, we can do
without plotting the S.C.C. because it
being a straight line, values of field
currents corresponding to any
armature current can be found by
direct ratio.

Leakage reactance drop

= 
3810 8

304.8 V
100

× =

Normal phase voltage

= 6,600 / 3 3,810 V=
In Fig. 37.64, OA = 3810 V and at an angle φ ahead of current vector OI.
AB = 304.8 V is drawn at right angles to OI.  Resultant of the two is OB = 4010 V.

From O.C.C., field current corresponding to 4,010 V is 62 A.

Full-load current at 0.8 p.f. = 275,000/ 3  × 6600 × 0.8=30 A

35 A of armature current need 50 A of field current, hence 30 A of armature current need 30 × 50/35
= 43 A.

In Fig. 37.64, OC = 62 A is drawn at right angles to OB.  Vector CD = 43 A is drawn parallel to OI.
Then, OD = 94.3 A

Note.  Here.  43 A pf field excitation is assumed as having all been used for balancing armature reaction.  In
fact, a part of it is used for balancing armature leakage drop of 304.8 V.  This fact has been clarified in the next
example.

At Unity p.f.
In Fig. 37.65, OA again represents V = 3810 V, AB = 304.8 V and at right angles to OA.

The resultant OB = 2 2(3810 + 304.8 ) = 3830 V

Field current from O.C.C. corresponding to this voltage = 59.8 A.

Hence, OC = 59.8 A is drawn perpendicular to OB (as before)

Full-load current at u.p.f. = 275,000/ 3  × 6600 × 1=24 A

Fig. 37.63
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Now, 35 A armature current corresponds to a field current of 50 A, hence 24 A of armature current
corresponds to 50 × 24/35 = 34.3 A.

Hence, CD = 34.3 A is drawn || to OA (and ⊥  to OC approximately).*

� 3810 V

4010 V
304.8 V

B

O

C
D

I

62 A

43A

94.3A

A
	

D C

B

A

304.8 V3830 V

3810 V

59.8A

34.3 A

70A

O

Fig. 37.64 Fig. 37.65

∴ OD = 2 2(59.8 34.3 )+ =  70 A

Example 37.37. A 600-kVA, 3,300-V, 8-pole, 3-phase, 50-Hz alternator has following
characteristic :

Amp-turns/pole : 4000 5000 7000 10,000

Terminal E.M.F. : 2850 3400 3850  4400

There are 200 conductor in series per phase.

Find the short-circuit characteristic, the field ampere-turns for full-load 0.8 p.f.  (lagging) and
the voltage regulation, having given that the inductive drop at full-load is 7% and that the equivalent
armature reaction in amp-turns per pole = 1.06 × ampere-conductors per phase per pole.

(London Univ.)

Solution.  O.C.  terminal voltages are first converted into phase voltages and plotted against field amp-
turns, as shown in Fig.  37.66.

Full-load current

=
600,000 = 105 A
3 3300×

Demagnetising amp-turns per pole per phase
for full-load at zero p.f.

= 1.06 × 105 × 200/8

= 2,780
Normal phase voltage

= 3300 / 3  = 1910 volt
Leakage reactance drop

=
3300 7

133 V
3 100

× =
×

In Fig. 37.67, OA represents 1910 V.

AB = 133 V is drawn ⊥  OI, OB is the
resultant voltage E (not E0).

∴  OB = E = 1987 volt
From O.C.C., we find that 1987 V correspond to 5100 field amp-turns.  Hence, OC = 5100 is drawn

⊥  to OB.  CD = 2780 is || to OI.  Hence, OD = 7240 (approx).  From O.C.C. it is found that this

Fig. 37.66
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* It is so because angle between OA and OB is negligibly small.  If not, then CD should be drawn at an angle
of (90 + α) where α is the angle between OA and OB.
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corresponds to an O.C.  voltage of 2242 volt.  Hence, when load is thrown off, the voltage will rise to
2242 V.

∴ % regn. =
2242 1910

100
1910

− ×

= 17.6 %
How to deduce S.C.C. ?
We have found that field amp-turns for balancing ar-

mature reaction only are 2,780.  To this should be added
field amp-turns required for balancing the leakage reac-
tance voltage drop of 133 V.

Field amp-turns corresponding to 133 volt on O.C.
are 300 approximately.  Hence, with reference to Fig.
37.56, NA = 2780, ON = 300

∴  Short-circuit field amp-turns
= OA = 2780 + 300

  = 3080

Hence, we get a point B on S.C.C. i.e. (3080, 105) and the other point is the origin.  So S.C.C.  (which
is a straight line) can be drawn as shown in Fig. 37.66.

Example 37.38.  The following figures give the open-circuit and full-load zero p.f saturation
curves for a 15,000-kVA.  11,000 V, 3-φ, 50-Hz, star-connected turbo-alternator:

Field AT in 103 : 10 18 24 30 40 45 50

O.C.  line kV : 4.9 8.4 10.1 11.5 12.8 13.3 13.65

Zero p.f.  full-load line kV :  — 0 — — — 10.2  —

Find the armature reaction, the armature reactance and the synchronous reactance.  Deduce the
regulation for full-load at 0.8 power lagging.

Solution.  First, O.C.C. is drawn between phase voltages and field amp-turns, as shown in Fig.
37.68.

Full-load, zero p.f. line can be drawn, because two points are known i.e. A (18, 0) and C (45, 5890).
Other points on this curve can be found by transferring the
Potier triangle.  At point C, draw CD || to and equal to OA
and from D draw DE || to ON.  Join EC.  Hence, CDE is
the Potier triangle.

Line EF is ⊥  to DC

CF = field amp-turns for balancing ar-
mature-reaction only

= 15,700
EF = GH = 640 volt = leakage reactance drop/phase

Short-circuit A.T. required = OA = 18,000

Full-load current    = 
15,000 1000

3 11,000

×
×

 = 788 A

∴ 640 = I × XL ∴ XL = 640/788 = 0.812 Ω
From O.C.C., we find that 18,000 A.T. correspond to

an O.C. voltage of 8,400/ 3  = 4,850 V.

∴   ZS  =  O.C. volt 4,850
S.C. cuerrent 788

=

  = 6.16 Ω (Art. 37.21)

Fig. 37.67

Fig. 37.68
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As Ra is negligible, hence ZS equals XS.

Regulation

In Fig. 37.69, OA = phase voltage = 11,000/ 3

= 6,350 V

AB = 640 V and is drawn at right angles to OI or at (90° + φ) to OA.
Resultant is  OB = 6,750 V
Field A.T.  corresponding to O.C voltage of

6,750 V is = OC = 30,800 and is drawn ⊥  to OB.

CD = armature reaction at F.L. = 15,700 and
is drawn || to OI or at (90° + φ) to OC.

Hence,  OD = 42,800.
From O.C.C., e.m.f. corresponding to 42,800

A.T. of rotor = 7,540 V

∴  % regn. up  = (7,540 − 6,350)/6,350 = 0.187
or 18.7%

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No.  37.4  37.4  37.4  37.4  37.4

1. The following data relate to a 6,600-V, 10,000-kVA, 50-Hz, 3-φ, turbo- alternator:

O.C. kilovolt 4.25 5.45 6.6 7.3 8 9

Exciting A.T. in 103 60 80 100 120 145 220

Excitation needed to circulate full-load current on short circuit : 117,000 A.T.  Inductive drop in stator
winding at full-load = 15%.  Find the voltage regulation at full-load 0.8 power factor.

[34.4%] (City & Guilds, London)
2. Deduce the exciting current for a 3-φ, 3300-V generator when supplying 100 kW at 0.8 power factor

lagging, given magnetisation curve on open-circuit :

Line voltage : 3300 3600 3900

Exciting current : 80 96 118

There are 16 poles, 144 slots, 5 conductors/slot, single-circuit, full-pitched winding, star- connected.  The
stator winding has a resistance per phase of 0.15 Ω and a leakage reactance of 1.2 Ω.  The field coils have each 108
turns. [124 A] (London Univ.)

3. Estimate the percentage regulation at full-load and power factor 0.8 lagging of a 1000-kVA, 6,600-V,
3-φ, 50-Hz, star-connected salient-pole synchronous generator.  The open-circuit characteristic is as follows :

Terminal volt 4000         6000 6600         7200  8000

Field A.T. 5200          8500 10,000          12,500 17,500

Leakage reactance 10%, resistance 2%.  Short-circuit characteristic : full-load current with a field excitation
of 5000 A.T.  Take the permeance to cross armature reaction as 35% of that to direct reaction. [20% up ]

4. A 1000-kVA, 11,000-V, 3-φ, 50-Hz, star-connected turbo-generator has an effective resistance of
2Ω /phase.  The O.C.C. and zero p.f.  full-load data is as follows :

O.C.  volt 5,805 7,000 12,550 13,755 15,000

Field current A 40  50  110  140  180

Terminal volt at F.L.  zero p.f. 0  1500 8,500 10,500 12,400

Fig. 37.69

�

6750 V

6350 V

E
=7540 V

0
30800

42800

15700

D

C

O

I

640 V

B

A

www.EngineeringBooksPdf.com



1452 Electrical Technology

Estimate the % regulation for F.L.  at 0.8 p.f.  lagging. [22 %]
5. A 5-MVA, 6.6 kV, 3-φ, star-connected alternator has a resistance of 0.075 Ω per phase.  Estimate the

regulation for a load of 500 A at p.f.  (a) unity and (b) 0.9 leading (c) 0.71 lagging from the following open-circuit
and full-load zero power factor curve.

Field current (A) Open-circuit terminal Saturation curve
voltage (V) zero p.f.

32 3100 0

50 4900 1850

75 6600 4250

100 7500 5800

140 8300 7000

[(a) 6.3% (b) −−−−−7.9% (c) 20.2%] (Electrical Machines-II, Indore Univ. Feb. 1978)

37.26.37.26.37.26.37.26.37.26. Operation of a Salient Pole Synchronous MachineOperation of a Salient Pole Synchronous MachineOperation of a Salient Pole Synchronous MachineOperation of a Salient Pole Synchronous MachineOperation of a Salient Pole Synchronous Machine

A multipolar machine with cylindrical rotor has a uniform air-gap, because of which its reactance
remains the same, irrespective of the spatial position of the rotor.  However, a synchronous machine with
salient or projecting poles has non-uniform air-gap due to which its reactance varies with the rotor position.
Consequently, a cylindrical rotor machine possesses one axis of symmetry (pole axis or direct axis) whereas
salient-pole machine possesses two axes of geometric symmetry (i)
field poles axis, called direct axis or d-axis and (ii) axis passing through
the centre of the interpolar space, called the quadrature axis or q-
axis, as shown in Fig. 37.70.

Obviously, two mmfs act on the d-axis of a salient-pole
synchronous machine i.e. field m.m.f. and armature m.m.f. whereas
only one m.m.f., i.e. armature mmf acts on the q-axis, because field
mmf has no component in the q-axis.  The magnetic reluctance is low
along the poles and high between the poles.  The above facts form the
basis of the two-reaction theory proposed by Blondel, according to
which

(i) armature current Ia can be resolved into two components
i.e. Id  perpendicular to E0 and Iq along E0 as shown in Fig. 37.71 (b).

(ii) armature reactance has two components i.e. q-axis armature reactance Xad associated with Id
and d-axis armature reactance Xaq linked with Iq.

If we include the armature leakage reactance Xl which is the same on both axes, we get
Xd = Xad + Xl and Xq = Xaq + Xl

Since reluctance on the q-axis is higher, owing to the larger air-gap, hence,
Xaq < Xad or Xq < Xd or Xd > Xq

37.27.37.27.37.27.37.27.37.27. Phasor Diagram for a Salient Pole Synchronous MachinePhasor Diagram for a Salient Pole Synchronous MachinePhasor Diagram for a Salient Pole Synchronous MachinePhasor Diagram for a Salient Pole Synchronous MachinePhasor Diagram for a Salient Pole Synchronous Machine

The equivalent circuit of a salient-pole synchronous generator is shown in Fig. 37.71 (a).  The compo-
nent currents Id and Iq provide component voltage drops jId Xd and j Iq Xq as shown in Fig. 37.71(b) for a
lagging load power factor.

The armature current Ia has been resolved into its rectangular components with respect to the axis for
excitation voltage E0.The angle ψ  between E0 and Ia is known as the internal power factor angle.  The

Fig. 37.70

www.EngineeringBooksPdf.com



Alternators 1453

vector for the armature resistance drop Ia Ra is drawn parallel to Ia.  Vector for the drop
Id Xd is drawn perpendicular to Id whereas that for Iq ×  Xq is drawn perpendicular to Iq.  The angle δ between
E0 and V is called the power angle.  Following phasor relationships are obvious from Fig.  37.71 (b)

E0 = V + IaRa + jId Xd + jIq Xq and Ia = Id + Iq

If Ra is neglected the phasor diagram becomes as shown in Fig. 37.72 (a).  In this case,
E0 = V + jId Xd + jIq Xq

Fig. 37.71

Incidentally, we may also draw the phasor diagram with terminal voltage V lying in the horizontal
direction as shown in Fig. 37-72 (b).  Here, again drop Ia Ra is || Ia and Id Xd is ⊥  to Id and drop
Iq Xq is ⊥  to Iq as usual.

37.28.37.28.37.28.37.28.37.28. Calculations from Phasor DiagramCalculations from Phasor DiagramCalculations from Phasor DiagramCalculations from Phasor DiagramCalculations from Phasor Diagram

In Fig. 37.73, dotted line AC has been drawn perpendicular to Ia and CB is perpendicular to the
phasor for E0.  The angle ACB = ψ because angle between two lines is the same as between their perpen-
diculars.  It is also seen that

Id = Ia sin ψ ; Iq = Ia cos ψ ; hence, Ia = Iq/cos ψ
In ∆ ABC, BC/AC = cos ψ or AC = BC/cos ψ = Iq Xq / cos ψ = Ia Xq

Fig. 37.72

From ∆ ODC, we get

tan ψ =
sin

cos
a q

a a

V I XAD AC
OE ED V I R

φ ++ =
+ φ +

—generating

=
sin

sin
a q

a a

V I X

V I R

φ −
φ −

—motoring

The angle ψ can be found from the above equation.  Then, δ = ψ − φ (generating) and δ = φ − ψ
(motoring)

As seen from Fig. 37.73, the excitation voltage is given by
E0 =  V cos δ + Iq Ra + Id Xd —generating
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= V cos δ − Iq Ra − Id Xd —motoring

Note.  Since angle φ is taken positive for lagging p.f.,
it will be taken negative for leading p.f.

If we neglect the armatrue resistance as shown in
Fig. 37.72, then angle δ can be found directly as under :

ψ = φ + δ (generating)

and ψ = φ − δ (motoring).

In general, ψ = (φ ± δ).
Id = Ia sin ψ

=Ia sin (φ ± δ); Iq = Ia cos ψ = Ia cos (φ ± δ)
As seen from Fig. 37.73, V sin δ = Iq Xq = Ia Xq

cos (φ ± δ)
∴ V sin δ = Ia Xq (cos φ cos δ ± sin φ sin δ)

or V = Ia Xq cos φ cot δ ± Ia Xq sin φ
∴ Ia Xq cos φ cot δ = V ± Ia Xq sin φ

∴ tan δ =
cos

sin
a q

a q

I X

V I X

φ
± φ

In the above expression, plus sign is for synchronous generators and minus sign for synchronous motors.

Similarly, when Ra is neglected, then,

E0 = V cos δ ± Id Xd

However, if Ra and hence Ia Ra drop is not negligible then,

E0 = V cos δ + Iq Ra + Id Xd —generating

= V cos δ − Iq Ra − Id Xd —motoring

37.29.37.29.37.29.37.29.37.29. Power Developed by a synchronous GeneratorPower Developed by a synchronous GeneratorPower Developed by a synchronous GeneratorPower Developed by a synchronous GeneratorPower Developed by a synchronous Generator

If we neglect Ra and hence Cu loss, then the power developed (Pd) by an alternator is equal to the
power output (Pout).  Hence, the per phase power output of an alternator is

Pout = VIa cos φ = power developed (pd) ...(i)

Now, as seen from Fig., 37.72 (a), Iq Xq = V sin δ ; Id Xd = E0 − V cos δ ...(ii)

Also, Id = Ia sin (φ + δ); Iq = Ia cos (φ + δ) ...(iii)

Substituting Eqn. (iii) in Eqn. (ii) and solving for Ia cos φ, we get

Ia cos φ = sin sin 2 sin 2
2 2d q d

V V V
X X X

δ + δ − δ

Finally, substituting the above in Eqn. (i), we get

Pd = 2

2
0 0

( )1 1 1sin sin 2 sin sin 2
2 2

d q

d q d d d q

V X XE V E V
V

X X X X X X

− 
δ + − δ = δ + δ   

The total power developed would be three times the above power.

As seen from the above expression, the power developed consists of two components, the
first term represents power due to field excitation and the second term gives the reluctance power i.e.

Fig. 37.73
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power due to saliency.  If Xd = Xq i.e. the machine has a cylinderical rotor, then the second term
becomes zero and the power is given by the first term only.  If, on the other hand, there is no field
excitation i.e. E0 = 0, then the first term in the above expression becomes zero and the power developed is
given by the second term.  It may be noted that value of δ is positive for a generator and negative for a
motor.

Example 37.39.  A 3-phase alternator has a direct-axis synchronous reactance of 0.7 p.u. and  a
quadrature axis synchronous reactance of 0.4 p.u.  Draw the vector diagram for full-load 0.8 p.f.
lagging and obtain therefrom (i) the load angle and (ii) the no-load per unit voltage.

(Advanced Elect.  Machines, AMIE Sec. B 1991)

Solution. V = 1 p.u.; Xd = 0.7 p.u.; Xq = 0.4 p.u.;

cos φ = 0.8; sin φ = 0.6 ; φ = cos−1 0.8 = 36.9°; Ia = 1 p.u.

(i) tan δ =
cos 1 0.4 0.8
sin 1 0.4 0.6

a q

q

I X

V I

φ × ×=
+ φ + ×

 = 0.258,δ =16.5°

(ii) Id = Ia sin (φ + δ) = 1 sin (36.9° + 14.9°) = 0.78 A
E0 = V cos δ + Id Xd = 1 × 0.966 + 0.78 × 0.75 = 1.553

Example 37.40.  A 3-phase, star-connected, 50-Hz synchronous generator has direct-axis
synchronous reactance of 0.6 p.u. and quadrature-axis synchronous reactance of 0.45 p.u.  The generator
delivers rated kVA at rated voltage.  Draw the phasor diagram at full-load 0.8 p.f. lagging and hence
calculate the open-circuit voltage and voltage regulation.  Resistive drop at full-load is 0.015 p.u.

(Elect. Machines-II, Nagpur Univ. 1993)

Solution. Ia = 1 p.u.; V = 1 p.u.; Xd = 0.6 p.u.; Xq = 0.45 p.u.  ; Ra = 0.015 p.u.

tan ψ =
sin 1 0.6 1 0.45
cos 1 0.8 1 0.015

a q

a a

V I X

V I R

φ + × + ×=
φ + × + ×

 = 1.288; ψ = 52.2°

δ = ψ − φ = 52.2° − 36.9° = 15.3°
Id = Ia sin ψ = 1 × 0.79 = 0.79 A ; Iq = Ia cos ψ = 1 × 0.61 = 0.61A

E0 = V cos δ + Iq Ra + Id Xd

= 1 × 0.965 + 0.61 × 0.015 + 0.79 × 0.6 = 1.448

∴ % regn. = 1.448 1
100

1
− × =  44.8%

Example 37.41.  A 3-phase, Y-connected syn.  generator supplies current of 10 A having phase
angle of 20° lagging at 400 V.  Find the load angle and the components of armature current Id and Iq
if Xd = 10 ohm and Xq = 6.5 ohm.  Assume arm.  resistance to be negligible.

(Elect. Machines-I, Nagpur Univ. 1993)

Solution. cos φ = cos 20° = 0.94; sin φ = 0.342; Ia = 10 A

tan δ =
cos 10 6.5 0.94

0.1447
sin 400 10 6.5 0.342

a q

a q

I X

V I X

φ × ×= =
+ φ + × ×

δ = 8.23°
Id = Ia sin (φ + δ) = 10 sin (20° + 8.23°)  = 4.73 A
Iq = Ia cos (φ + δ) = 10 cos (20° + 8.23°) = 8.81 A

Incidentally, if required, voltage regulation of the above generator can be found as under:
Id Xd = 4.73 × 10 = 47.3 V

E0 = V cos δ + Id Xd = 400 cos 8.23° + 47.3 = 443 V
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% regn. = 0 100
E V

V
−

×

= 443 400
100

400
− × =  10.75%

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No.  37.5.  37.5.  37.5.  37.5.  37.5.

1. A 20 MVA, 3-phase, star-connected, 50-Hz, salient-pole has Xd = 1 p.u.; Xq = 0.65 p.u.  and Ra = 0.01
p.u.  The generator delivers 15 MW at 0.8 p.f. lagging to an 11-kV, 50-Hz system.  What is the load
angle and excitation e.m.f. under these conditions? [18°; 1.73 p.u]

2. A salient-pole synchronous generator delivers rated kVA at 0.8 p.f. lagging at rated terminal voltage.  It
has Xd = 1.0 p.u. and Xq = 0.6 p.u.  If its armature resistance is negligible, compute the excitation
voltage under these conditions. [1.77 p.u]

3. A 20-kVA, 220-V, 50-Hz, star-connected, 3-phase salient-pole synchronous generator supplies load at
a lagging power factor angle of 45°.  The phase constants of the generator are Xd = 4.0 Ω ; Xq = 2 Ω
and Ra = 0.5 Ω.  Calculate (i) power angle and (ii) voltage regulation under the given load conditions.

[(i) 20.6° (ii) 142%]
4. A 3-phase salient-pole synchronous generator has Xd = 0.8 p.u.; Xq = 0.5 p.u. and Ra = 0.  Generator

supplies full-load at 0.8 p.f. lagging at rated terminal voltage.  Compute (i) power angle and (ii) no-
load voltage if excitation remains constant. [(i) 17.1° (ii) 1.6 p.u]

37.30.37.30.37.30.37.30.37.30. Parallel Operation of AlternatorsParallel Operation of AlternatorsParallel Operation of AlternatorsParallel Operation of AlternatorsParallel Operation of Alternators

The operation of connecting an alternator in parallel with another alternator or with common bus-bars
is known as synchronizing.  Generally, alternators are used in a power system where they are in parallel
with many other alternators.  It means that the alternator is connected to a live system of constant voltage
and constant frequency.  Often the electrical system to which the alternator is connected, has already so
many alternators and loads connected to it that no matter what power is delivered by the incoming alterna-
tor, the voltage and frequency of the system remain the same.  In that case, the alternator is said to be
connected to infinite bus-bars.

It is never advisable to connect a stationary alternator to live bus-bars, because, stator induced e.m.f.
being zero, a short-circuit will result.  For proper synchronization of alternators, the following three condi-
tions must be satisfied :

1. The terminal voltage (effective) of the incoming alternator must be the same as bus-bar voltage.
2. The speed of the incoming machine must be such that its frequency (= PN/120) equals bus-bar

frequency.
3. The phase of the alternator voltage must be identical with the phase of the bus-bar voltage.  It

means that the switch must be closed at (or very near) the instant the two voltages have correct phase
relationship.

Condition (1) is indicated by a voltmeter, conditions (2) and (3) are indicated by synchronizing lamps
or a synchronoscope.

37.31.37.31.37.31.37.31.37.31. Synchronizing of AlternatorsSynchronizing of AlternatorsSynchronizing of AlternatorsSynchronizing of AlternatorsSynchronizing of Alternators

(a) Single-phase Alternators
Suppose machine 2 is to be synchronized with or ‘put on’ the bus-bars to which machine 1 is already

connected.  This is done with the help of two lamps L1 and L2 (known as synchronizing lamps) connected
as shown in Fig.  37.74.

It should be noted that E1 and E2 are in-phase relative to the external circuit but are in direct phase
opposition in the local circuit (shown dotted).
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If the speed of the incoming machine 2 is not brought up to that of machine 1, then its frequency will also
be different, hence there will be a phase-difference between their voltages (even when they are equal in
magnitude, which is determined by field excitation).  This phase-difference will be continously changing with
the changes in their frequencies.  The result is that their resultant voltage will undergo changes similar to the
frequency changes of beats produced, when two sound sources of nearly equal frequency are sounded
together, as shown in Fig. 37.75.

Sometimes the resultant voltage is maximum and some other times minimum.  Hence, the current is
alternatingly maximum and minimum.  Due to this changing current through the lamps, a flicker will be
produced, the frequency of flicker being (f2 ∼  f1).  Lamps will dark out and glow up alternately.  Darkness
indicates that the two voltages E1 and E2 are in exact phase opposition relative to the local  circuit and hence

Fig. 37.74 Fig. 37.75

 there is no resultant current through the lamps.  Synchronizing is done at the middle of the dark period.  That
is why, sometimes, it is known as ‘lamps dark’ synchronizing.  Some engineers prefer ‘lamps bright’ syn-
chronization because of the fact the lamps are much more sensitive to
changes in voltage at their maximum brightness than when they are
dark.  Hence, a sharper and more accurate synchronization is ob-
tained.  In that case, the lamps are connected as shown in Fig. 37.76.
Now, the lamps will glow brightest when the two voltages are in-
phase with the bus-bar voltage because then voltage across them is
twice the voltage of each machine.

(b) Three-phase Alternators
In 3-φ alternators, it is necessary to synchronize one phase only,

the other two phases will then be synchronized automatically.  How-
ever, first it is necessary that the incoming alternator is correctly ‘phased
out’ i.e. the phases are connected in the proper order of R, Y, B and
not R, B, Y etc.

In this case, three lamps are used.  But they are deliberately
connected asymmetrically, as shown in Fig. 37.77 and 37.78.

This transposition of two lamps, suggested by Siemens and Halske, helps to indicate whether the
incoming machine is running too slow.  If lamps were connected symmetrically, they would dark out or glow
up simultaneously (if the phase rotation is the same as that of the bus-bars).

Lamp L1 is connected between R and R′, L2 between Y and B′ (not Y and Y′) and L3 between B and Y′
(and not B and B′), as shown in Fig. 37.78.

Voltage stars of two machines are shown superimposed on each other in Fig. 37.79.

Fig. 37.76
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Two sets of star vectors will rotate at
unequal speeds if the frequencies of the two
machines are different.  If the incoming
alternator is running faster, then voltage star
R′Y′B′ will appear to rotate anticlockwise with
respect to the bus-bar voltage star RYB at a
speed corresponding to the difference
between their frequencies.  With reference to
Fig. 37.79, it is seen that voltage across L1 is
RR′ and is  seen to be increasing from zero,
that across L2 is YB′  which is decreasing,
having just passed through its maximum, that
across L3 is BY′  which is increasing and
approaching its maximum.  Hence, the
lamps will light up one after the other in the
order 2, 3, 1 ; 2, 3, 1 or 1, 2, 3.

L
3 L

1

L
2

Bus-Bars

B Y

R

R

B

Y

R�

B� Y�

L
3

L
1

L
2

B Y

R R�

B� Y�

Fig. 37.77 Fig. 37.78

Now, suppose that the incoming ma-
chine is slightly slower.  Then the star
R′Y′B′ will appear to be rotating
clockwise relative to voltage star RYB
(Fig. 37.80).  Here, we find that volt-
age across L3 i.e. Y′B is  decreasing
having just passed through its maxi-
mum, that across L2 i.e. YB′ is in-
creasing and approaching its maxi-
mum, that across L1 is decreasing
having passed through its maximum
earlier.  Hence, the lamps will light
up one after the other in the order 3,
2, 1 ; 3, 2, 1, etc.  which is just the
reverse of the first order.  Usually,
the three lamps are mounted at the
three corners of a triangle and the
apparent direction of rotation of light

The rotor and stator of 3-phase generator

Fig. 37.79 Fig. 37.80
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Fig. 37.81

Fast Slow

indicates whether the incoming alternator is running too fast or too slow (Fig. 37.81).  Synchronization is
done at the moment the uncrossed lamp L1 is in the middle of the dark period.  When the alternator
voltage is too high for the lamps to be used directly, then usually step-down transformers are used and the
synchronizing lamps are connected to the secondaries.

It will be noted that when the uncrossed lamp L1 is dark, the other two ‘crossed’ lamps L2 and
L3 are dimly but equally bright.  Hence, this method of synchronizing is also sometimes known as ‘two bright
and one dark’ method.

It should be noted that synchronization by lamps is not quite
accurate, because to a large extent, it depends on the sense of
correct judgement of the operator.  Hence, to eliminate the ele-
ment of  personal judgment in routine operation of alternators, the
machines are synchronized by a more accurate device called a
synchronoscope.  It consists of  3 stationary coils and a rotating
iron vane which is attached to a pointer.  Out of three coils, a pair
is connected to one phase of the line and the other to the corre-
sponding machine terminals, potential transformer being usually
used.  The pointer moves to one side or the other from its vertical
position depending on whether the incoming machine is too fast or
too slow.  For correct speed, the pointer points vertically up.

Example 37.42.  In Fig.  37.74, E1 = 220 V and  f1 = 60 Hz, whereas E2 = 222 V and f2 = 59 Hz.
With the switch open; calculate

(i) maximum and minimum voltage across each lamp.

(ii) frequency of voltage across the lamps.

(iii) peak value of voltage across each lamp.

(iv) phase relations at the instants maximum and minimum voltages occur.

(v) the number of maximum light pulsations/minute.

Solution. (i) Emax/lamp = (220 + 222)/2 = 221 V

Emin/lamp = (222 − 220)/2 = 1.0 V

(ii) f = (f1 − f2)  = (60 − 59) = 1.0 Hz

(iii) Epeak = 221/0.707 = 313 V

(iv) in-phase and anti-phase respectively in the local circuit.

(v) No. of pulsation/min = (60 − 59) × 60 = 60.

37.32.37.32.37.32.37.32.37.32. Synchronizing CurrentSynchronizing CurrentSynchronizing CurrentSynchronizing CurrentSynchronizing Current

Once synchronized properly, two alternators continue to run in synchronism.  Any tendency on the part
of one to drop out of synchronism is immediately counteracted by the production of a synchronizing torque,
which brings it back to synchronism.

When in exact synchronism, the two alternators have equal terminal p.d.’s and are in exact phase
opposition, so far as the local circuit (consisting of their armatures) is concerned.  Hence, there is no current
circulating round the local circuit.  As shown in Fig. 37.82 (b) e.m.f.  E1 of machine No. 1 is in exact phase
opposition to the e.m.f. of machine No. 2 i.e. E2.  It should be clearly understood that the two e.m.f.s. are
in opposition, so far as their local circuit is concerned but are in the same direction with respect to the
external circuit.  Hence, there is no resultant voltage (assuming E1 = E2 in magnitude) round the local circuit.
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But now suppose that due to change in the speed of the governor of second machine, E2 falls back* by a
phase angle of α electrical degrees, as shown in Fig. 37.82 (c) (though still E1 = E2).  Now, they have a
resultant voltage Er, which when acting on the local circuit, circulates a current known as synchronizing
current.  The value of this current is given by ISY = Er /ZS where ZS is the synchronous impedance of the
phase windings of both the machines (or of one machine only if it is connected to infinite bus-bars**).
The current ISY lags behind Er by an angle θ given by tan θ = XS / Ra where XS is the combined synchronous
reactance of the two machines and Ra their armature resistance.  Since Ra is negligibly small, θ is almost 90
degrees.  So ISY lags Er by 90° and is almost in phase with E1.  It is seen that ISY is generating current
with respect to machine No.1 and motoring current with respect to machine No. 2 (remember when the
current flows in the same direction as e.m.f., then the alternator acts as a generator, and when it flows in the
opposite direction, the machine acts as a motor).  This current ISY sets up a synchronising
torque, which tends to retard the generating machine (i.e. No. 1) and accelerate the motoring machine
(i.e. No. 2).

Similarly, if E2 tends to advance in phase [Fig. 37.82 (d)], then ISY, being generating current for machine
No. 2, tends to retard it and being motoring current for machine No. 1 tends to accelerate it.  Hence, any
departure from synchronism results in the production of a synchronizing current ISY which sets up synchro-
nizing torque.  This re-establishes synchronism between the two machines by retarding the leading machine
and by accelerating the lagging one.  This current ISY, it should be noted, is superimposed on the load
currents in case the machines are loaded.

37.33.37.33.37.33.37.33.37.33. Synchronizing PowerSynchronizing PowerSynchronizing PowerSynchronizing PowerSynchronizing Power

Consider Fig. 37.82 (c) where machine No. 1 is generating and supplying the synchronizing power
= E1ISY cos φ1 which is approximately equal to E1ISY ( � φ1 is small).  Since φ1 = (90° − θ), synchronizing
power = E1ISY cos φ1 = E1ISY cos (90°− θ) = E1 ISY, sin θ ≅  E1ISY because θ ≅  90° so that

E1

E1

E1 E1

f 1
f 1

f 2

f 2

Er

Isy

Er

E2

E2 E2 Isy

E2

XSXS

RaRa

( )a ( )b ( )c ( )d

a
a

q

q

S

Fig. 37.82

sin θ ≅  1.  This power output from machine No. 1 goes to supply (a) power input to machine No. 2 (which
is motoring) and (b) the Cu losses in the local armature circuit of the two machines.  Power input to machine
No. 2 is E2 ISY cos φ2 which is approximately equal to E2 ISY.

∴ E1 ISY = E2 ISY + Cu losses
Now, let E1 = E2 = E (say)
Then, Er = 2 E cos [(180° − α)/2]*** = 2E cos [90° − (α/2)]

* Please remember that vectors are supposed to be rotating anticlockwise.

** Infinite bus-bars are those whose frequency and the phase of p.d.’s are not affected by changes in the
conditions of any one machine connected in parallel to it.  In other words, they are constant-frequency,
constant-voltage bus-bars.

*** Strictly speaking, Er = 2E sin θ.  sin α/2 ≅  2E sin α/2.
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= 2 E sin α/2 = 2 E × α/2 = αE (∵  α is small)

Here, the angle α is in electrical radians.

Now, ISY =
synch. impedance 2 2

r r

S S S

E E E
Z X X

α≅ =

—if Ra of both machines is negligible
Here, XS represents synchronous reactance of one machine and not of both as in Art. 37.31 Synchro-

nizing power (supplied by machine No. 1) is

PSY = E1ISY cos φ1 = E ISY cos (90° − θ) = EISY sin θ ≅  EISY

Substituting the value of ISY from above,
PSY = E.αE/2 ZS = αE2/2ZS ≅ α E2/2XS —per phase

(more accurately, PSY = α E2 sin θ/2XS)
Total synchronizing power for three phases

= 3PSY = 3 αE2/2XS (or 3 αE2 sin θ/2XS)
This is the value of the synchronizing power when two alternators are connected in parallel and are on

no-load.

37.34.37.34.37.34.37.34.37.34. Alternators Connected to Infinite Bus-barsAlternators Connected to Infinite Bus-barsAlternators Connected to Infinite Bus-barsAlternators Connected to Infinite Bus-barsAlternators Connected to Infinite Bus-bars

Now, consider the case of an alternator which is connected to infinite bus-bars.  The expression for
PSY given above is still applicable but with one important difference i.e. impedance (or reactance) of only
that one alternator is considered (and not of two as done above).  Hence, expression for synchronizing
power in this case becomes

Er = αE —as before
ISY = Er/ZS ≅  Er/XS = αE/XS —if Ra is negligible

∴ Synchronizing power PSY = E ISY = E.αE/ZS = αE2/ZS ≅ α E2/XS — per phase

Now, E/ZS ≅  E/XS = S.C. current ISC

∴ PSY = αE2/XS = αE.E/XS = αE.ISY —per phase
(more accurately, PSY = αE2 sin θ/XS = αE.ISC.sin θ)

Total synchronizing power for three phases = 3 PSY

37.35.37.35.37.35.37.35.37.35. SynchrSynchrSynchrSynchrSynchronizing onizing onizing onizing onizing TTTTTorororororque que que que que TTTTTSYSYSYSYSY
Let TSY be the synchronizing torque per phase in newton-metre (N-m)
(a) When there are two alternators in parallel

∴
2

60
S

SY
N

T
π

× = PSY  ∴ 
2 / 2

N-m
2 / 60 2 / 60

SY S
SY

S S

P E X
T

N N

α
= =

π π

Total torque due to three phases. = 
23 3 / 2

N-m
2 / 60 2 / 60

SY S

S S

P E X
N N

α
=

π π
(b) Alternator connected to infinite bus-bars

2
60

S
SY

N
T

π
× = PSY or TSY = 

2 /
N-m

2 / 60 2 / 60
SY S

S S

P E X
N N

α
=

π π

Again, torque due to 3 phase =
23 3 /

N-m
2 / 60 2 / 60

SY S

S S

P E X
N N

α
=

π π
where  NS = synchronous speed in r.p.m.  = 120 f/P
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37.36.37.36.37.36.37.36.37.36. EfEfEfEfEffect of Load on Synchrfect of Load on Synchrfect of Load on Synchrfect of Load on Synchrfect of Load on Synchronizing Ponizing Ponizing Ponizing Ponizing Pooooowwwwwererererer

In this case, instead of PSY = α E2/XS, the approximate value of synchronizing power would be
≅  αEV/XS where V is bus-bar voltage and E is the alternator induced e.m.f. per phase.  The value of E = V
+ IZS

As seen from Fig. 37.83, for a lagging p.f.,

E = (V cos φ + IRa)
2 + (V sin φ + IXS)

2]1/2

Example 37.43.  Find the power angle when a 1500-kVA,
6.6 kV, 3-phase, Y-connected alternator having a resistance of
0.4 ohm and a reactance of 6 ohm per phase delivers full-load
current at normal rated voltage and 0.8 p.f.  lag.  Draw the
phasor diagram.

(Electrical Machinery-II, Bangalore Univ. 1981)

Solution.  It should be remembered that angle α between V and E is known as power angle (Fig.
37.84)

Full-load I = 15 × 105/ 3  × 6600 = 131 A
IRa = 131 × 0.4 = 52.4 V, IXS = 131 × 6

= 786 V

V/phase = 6600 / 3  =  3810 V;
φ = cos−1 (0.8) = 36°50′.

As seen from Fig. 37.84

tan (φ + α) =
sin
cos

S

a

V IXAB
OA V I R

φ +
=

φ +

=
810 0.6 786

0.991
3810 0.8 52.4
3 × + =

× +
∴ (φ + α) = 44°  ∴ α  = 44° − 36°50′ = 7°10′
The angle α is also known as load angle or torque angle.

37.37.37.37.37.37.37.37.37.37. Alternative Expression for Synchronizing PowerAlternative Expression for Synchronizing PowerAlternative Expression for Synchronizing PowerAlternative Expression for Synchronizing PowerAlternative Expression for Synchronizing Power

As shown in Fig. 37.85, let V and E (or E0) be the terminal
voltage and induced e.m.f. per phase of the rotor.  Then, taking V
= V ∠  0°, the load current supplied by the alternator is

I =
0

S S

E V E V
Z Z
− ∠ α − ∠ °=

∠ θ

=
S S

E V
Z Z

∠ α − θ − ∠− θ

=
S

E
Z

[cos (θ − α) − j sin (θ − α)]

= − (cos sin )
S

V j
Z

θ − θ

 = cos ( ) cos sin ( ) sin
S S S S

E V E Vj
Z Z Z Z

   
θ − α − θ − θ − α − θ   

   
These components represent the I cos φ and I sin φ respectively.  The power P converted internally is

given be the sum of the product of corresponding components of the current with E cos α and E sin α.

Fig. 37.84
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∴ P = cos cos ( ) cos sin sin ( ) sin
S S S S

E V E VE E
Z Z Z Z

   
α θ − α − θ − α θ − α − θ   

   

= cos .cos ( ) =
S S S

E V EE E
Z Z Z

   
θ − θ + α   

   
 [E cos θ − V (cos θ + α)] —per phase*

Now, let, for some reason, angle α be changed to (α ± δ).  Since V is held rigidly constant, due to
displacement ± δ, an additional e.m.f. of divergence i.e. ISY = 2E. sin α/2 will be produced, which will set up
an additional current ISY given by ISY = ESY/ZS.  The internal power will become

P′ =
s

E
Z

[E cos θ − V cos (θ + α ± δ)]

The difference between P′ and P gives the synchronizing power.

∴ PSY = P′ − P = 
s

EV
Z

[cos (θ + α) − cos (θ + α ± δ)]

=
s

EV
Z  [sin δ .  sin (θ + α) ± 2 cos (θ + α) sin2 δ/2]

If δ is very small, then sin2 (δ/2) is zero, hence PSY per phase is

PSY = . sin ( ) sin
S

EV
Z

θ + α δ ...(i)

(i) In large alternators, Ra is negligible, hence tan θ = XS/Ra = ∞, so that θ ≅  90°.  Therefore,
sin (θ + α) = cos α.

∴ PSY = . cos sin
S

EV
Z

α δ — per phase ...(ii)

= cos sin
S

EV
X

α δ  —per phase ...(iii)

(ii) Consider the case of synchronizing an unloaded machine on to a constant-voltage bus-bars.  For
proper operation, α = 0 so that E coincides with V.  In that case, sin (θ + α) = sin θ.

∴ PSY = sin sin
S

EV
Z

θ δ —from (i) above.

Since δ is very small, sin δ = δ,

∴ PSY = sin sin
S S

EV EV
Z X

δ θ = δ θ Usually, sin θ ≅  1, hence

∴ PSY = .
S

EV
Z

δ**
S S

E EV V
Z X

   
= δ = δ   

   
 = VISC . δ —per phase

37.38.37.38.37.38.37.38.37.38. Parallel Operation of Two AlternatorsParallel Operation of Two AlternatorsParallel Operation of Two AlternatorsParallel Operation of Two AlternatorsParallel Operation of Two Alternators

Consider two alternators with identical speed/load char-
acteristics connected in parallel as shown in Fig. 37.86.  The
common terminal voltage V is given by

V = E1 − I1Z1 = E2 − I2Z2

∴ E1 − E2 = I1Z1 − I2Z2

Also          I = I1 + I2 and V = IZ

∴ E1 = I1Z1 + IZ = I1(Z + Z1) + I2Z
Fig. 37.86

E1

I1

I1
I

I2

Z1 Z2

E2

V

Z

I

* In large machines, R
a
 is very small so that θ = 90°, hence cos(90 ) sin / S

S S

E E
P V V EV Z

Z Z
= °α = α = α

—if α is so small that sin α = α
** With E = V, the expression becomes P

SY
 = 

2 2V V
Z XS S

δδ =  It is the same as in Art. 37.33        —per phase
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E2 = I2Z2 + IZ = I2(Z + Z2) + I1Z

∴ I1 =
1 2 1 2

1 2 1 2

(E E ) Z + E Z
Z (Z + Z ) + Z Z

−

I2 =
2 1 2 1

1 2 1 2

(E E ) Z + E Z
;

Z (Z + Z ) + Z Z
−

I =
1 2 2 1

1 2 1 2

E Z + E Z
Z (Z + Z ) + Z Z

V =
1 2 2 1

(
1 2

1 2
1 2 1 2 1 2

E Z + E Z E V E V
IZ = ; I = ; I =

Z + Z + Z Z /Z) Z Z
− −

The circulating current under no-load condition is IC = (E1 −−−−− E2)/(Z1 + Z2).

Using Admittances
The terminal Voltage may also be expressed in terms of admittances as shown below:

V = IZ = (I1 + I2)Z ∴∴∴∴∴   I1 + I2 = V/Z = VY ..(i)
Also             I1 = (E1 −−−−− V)/Z1 = (E1 −−−−− V)Y1 ; I2 = (E2 −−−−− V)/Z2 = (E2 −−−−− V)Y2

∴ I1 + I2 = (E1 −−−−−V) Y1 + (E2 −−−−− V)Y2 ...(ii)
From Eq. (i) and (ii), we get

VY = (E1 −−−−− V)Y1 + (E2 −−−−− V)Y2 or V = 
1 1 2 2

1 2

E Y + E Y
Y + Y + Y

Using Parallel Generator Theorem

V = IZ = (I1 + I2) Z = 
 
  

1 2

1 2

E V E V
+ Z

Z Z
− −

=
   
      

1 2

1 2 1 2

E E 1 1+ Z V + Z
Z Z Z Z

−

∴
1 2

 +  
1 1 1V +
Z Z Z =

1 2
SC1 SC2 SC

1 2

E E
+ = I + I = I

Z Z

where ISC1 and ISC2 are the short-circuit currents of the two alternators.

If
0

1
Z =

1 2

 
+  

1 1 1+
Z Z Z ; then V × 

0

1
Z

 = ISC or V = Z0 ISC

Example 37.44.  A 3,000-kVA, 6-pole alternator runs at 1000 r.p.m.  in parallel with other
machines on 3,300-V bus-bars.  The synchronous reactance is 25%.  Calculate the synchronizing
power for one mechanical degree of displacement and the corresponding synchronizing torque.

(Elect. Machines-I, Gwalior Univ. 1984)

Solution.  It may please be noted that here the alternator is working in parallel with many alternators.
Hence, it may be considered to be connected to infinite bus-bars.

Voltage/phase = 3,300/ 3 = 1905 V

F.L.  current I = 3 × 106/ 3  × 3300 = 525 A

Now, IXS = 25% of 1905 ∴  XS = 0.25 × 1905/525 = 0.9075 Ω
Also, PSY = 3 × αE2/XS

Here α = 1° (mech.); α (elect.) = 1 × (6/2) = 3°
∴ α = 3 × π/180 = π/60 elect. radian.
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∴ PSY =
23 1905

= 628.4 kW
60 0.9075 1000

× π ×
× ×

TSY =
360. 628.4 10

9.55 9.55
2 1000

SY SY

S S

P P
N N

×= = =
π

 6,000 N-m

Example 37.45.  A 3-MVA, 6-pole alternator runs at 1000 r.p.m on 3.3-kV bus-bars.  The
synchronous reactance is 25 percent.  Calculate the synchronising power and torque per mechanical
degree of displacement when the alternator is supplying full-load at 0.8 lag.

(Electrical Machines-1, Bombay Univ.  1987)

Solution. V = 3,300/ 3  = 1905 V/phase, F.L. I = 3 × 106/ 3  × 3,300 = 525 A

IXS = 25% of 1905 = 476 V;  XS = 476/525 = 0.9075 Ω
Let, I = 525 ∠  0°, then, V = 1905 (0.8 + j0.6) = 1524 + j1143

E0 = V + IXS = (1524 + j1143) + (0 + j476) = (1524 + j1619) = 2220 ∠  46°44′
Obviously, E0 leads I by 46°44′.  However, V leads I by cos−1 (0.8) = 36°50′.
Hence, α = 46°44′ −  36°50′ = 9°54′

α = 1° (mech.), No. of pair of poles = 6/2 = 3  ∴  α  = 1 × 3 = 3° (elect.)

PSY per phase =
2220 1905

cos sin cos 9 54 sin 3 = 218 kW
0.9075S

EV
X

×α δ = × ° ′ °

PSY for three phases = 3 × 218 = 654 kW
TSY = 9.55 × PSY/NS = 9.55 × 654 × 102/1000 = 6245 N-m

Example 37.46.  A 750-kVA, 11-kV, 4-pole, 3-φ, star-connected alternator has percentage
resistance and reactance of 1 and 15 respectively.  Calculate the synchronising power per mechanical
degree of displacement at (a) no-load (b) at full-load 0.8 p.f.  lag.  The terminal voltage in each case
is 11 kV. (Electrical Machines-II, Indore Univ. 1985)

Solution.  F.L. Current I = 75 × 103/ 3  × 11 × 103 = 40 A

Vph = 11,000/ 3 = 6,350 V, IRa = 1% of 6,350 = 63.5
or 40 Ra = 63.5, Ra = 1.6 Ω; 40 × XS = 15% of 6,350 = 952.5 V

∴ XS = 23.8 Ω; ZS = 2 21.6 23.8+  ≅  23.8 Ω

(a) No-load
α (mech) = 1° : α (elect) = 1 × (4/2) = 2°

= 2 × π/180 = π/90 elect. radian.

PSY =
22 2 ( / 90) 6350

23.8S S

E E
Z X

π ×α α≅ =

= 59,140 W = 59.14 kW/phase.
On no-load, V has been taken to be equal to E.
(b) F.L. 0.8 p.f.
As indicated in Art. 37.35, PSY = αEV/XS.  The value

of E (or E0) can be found from Fig. 37.87.

E = [(V cosφ + IRa)2 + (V sin φ + IXS)
2]1/2

= [(6350 × 0.8 + 63.5)2 + (6350 × 0.6 + 952.5)2]1/2 = 7010 V

PSY =
( / 90) 7010 6350

23.8S

EV
X

π × ×α =  = 65,290 W

= 65.29 kW/phase

Fig. 37.87
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More Accurate Method [Art.  37.35]

PSY = cos sin
S

EV
X

α δ

Now, E = 7010 V, V = 6350 V, δ = 1° × (4/2) = 2° (elect)

As seen from Fig. 37.87, sin (φ + α) = AB/OB = (6350 × 0.6 + 952.5)/7010 = 0.6794
∴ (φ + α ) = 42°30′; α = 42°30′ − 36°50′  = 5°40′

∴ PSY = 7010 6350
cos 5 40 sin 2

23.8
− × ° ′ × °

= 7010 × 6350 × 0.9953 × 0.0349/23.8 = 64,970 W = 64.97 kW/phase
Note.  It would be instructive to link this example with Ex. 38.1 since both are concerned with synchronous

machines, one generating and the other motoring.

Example 37.47.  A 2,000-kVA, 3-phase, 8-pole alternator runs at 750 r.p.m.  in parallel with
other machines on 6,000 V bus-bars.  Find synchronizing power on full-load 0.8 p.f.  lagging per
mechanical degree of displacement and the corresponding synchronizing torque.  The synchronous
reactance is 6 ohm per phase.(Elect. Machines-II, Bombay Univ. 1987)

Solution.  Approximate Method
As seen from Art. 37.37 and 38, PSY = αEV/XS —per phase

Now α = 1°(mech); No. of pair of poles = 8/2 = 4;
α = 1 × 4 = 4° (elect)

= 4π/180 = π/45 elect. radian

V = 6000 / 3 3, 465= —assuming Y-connection

F.L. current I = 32000 10 / 3 6000 192.4 A× × =
As seen from Fig. 37.88,

E0 = [(V cos φ)2 + (V sin φ + IXS)2]1/2 = 4295 V
= [(3465 × 0.8)2 + (3465 × 0.6 + 192.4 × 6)2]1/2

= 4295 V
PSY = (π/45) × 4295 × 3465/6 = 173,160 W

= 173.16 kW/phase
PSY  for three phases = 3 × 173.16 = 519.5 kW
If TSY is the total synchronizing torque for three phases in

N-m, then

TSY = 9.55 PSY/NS = 9.55 × 519,500/750 = 6,614 N-m
Exact Method
As shown in the vector diagram of Fig. 37.89, I is

full-load current lagging V by φ = cos−1 (0.8) = 36°50′.
The reactance drop is IXS and its vector is at right angles
to (lag.)*.  The phase angle between E0 and V is α.

F.L. current I = 2,000,000 / 3 6,000×
= 192.4 A

Let, I = 192.4 ∠  0°
V = 3,465 (0.8 + j 0.6) = 2,772 + j 2,079 Fig. 37.89

E 0 IX
s

E 0

E sy

I sy

d
a

f f a+ +

D
F

C

V
G

A I BO

d
2

Fig. 37.88

E0
=

4295V

O I
f

a

B

C

A

V = 3465V

1
1
5
4
.4

V

* Earlier, we had called this e.m.f. as E when discussing regulation.
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IXS = 192.4 × 6 = 1154 V = (0 + j 1154) V

E0 = V + IXS

= (2,772 + j 2,079) + (0 + j 1154)
= 2,772 + j 3,233 = 4,259 ∠ 49°24′

α = 49°24′ − 36°50′  = 12°34′
ESY = 2E0 sin δ/2 = 2E0 sin (4°/2)

= 2 × 4,259 × 0.0349 = 297.3 V

ISY = 297.3/6 = 49.55 A
As seen, V leads I by φ and ISY leads I by (φ + α + δ/2), hence ISY leads V by (α + δ/2) = 12°34′  +

(4°/2) = 14°34′ .
∴ PSY/phase = VISY cos 14°34′ = 3465 × 49.55 × cos 14°34′ = 166,200 W = 166.2 kW

Synchronising power for three phases is = 3 × 166.2 = 498.6 kW
If TSY is the total synchronizing torque, then TSY × 2π × 750/60 = 498,600
∴  TSY = 9.55 × 498,600/750 = 6,348 N-m

Alternative Method

We may use Eq. (iii) of Art. 37.36 to find the total synchronizing power.

PSY =
s

EV
X

 cos α sin δ —per phase

Here, E = 4,259 V ; V = 3,465 V; α = 12° 34′ ; δ = 4° (elect.)

∴ PSY/phase = 4,259 × 3, 465 ′ cos 12° 34′ × sin 4°/6
= 4,259 × 3,465 × 0.976 × 0.0698/6 = 167,500 W = 167.5 kW

PSY for 3 phases = 3 × 167.5 = 502.5 kW
Next, TSY may be found as above.

Example 37.48.  A 5,000-kV A, 10,000 V, 1500-r.p.m., 50-Hz alternator runs in parallel with
other machines.  Its synchronous reactance is 20%.  Find for (a) no-load (b) full-load at power factor
0.8 lagging, synchronizing power per unit mechanical angle of phase displacement and calculate the
synchronizing torque, if the mechanical displacement is 0.5°.

(Elect. Engg. V, M.S. Univ. Baroda, 1986)

Solution.  Voltage / phase = 10,000 / 3 5,775 V=
Full -load current = 5,000,000 / 3 10,000 288.7 A× =

XS =
120 120 505,77520 4 , 4

100 288.7 1500S

f
P

N
×× = Ω = = =

α = 1° (mech.) ; No. of pair of poles = 2  ∴ α  = 1 × 2 = 2° (elect.) = 2 π/180 = π / 90 radian

(a) At no-load

PSY =
2 23 5,7753

90 4 1000S

E
X
α π= × × =

×
8873.4 kW

∴ TSY = 9.55 × (873.4 × 103)/1500 = 5,564 N-m

∴ TSY for 0.5° = 5564/2 = 2,782 N-m
(b) At F.L.  p.f.  0.8 lagging
Let I = 288.7 ∠ 0°.  Then V = 5775 (0.8 + j 0.6) = 4620 + j 3465

I.XS = 288.7 ∠  0° × 4 ∠  90° = (0 + j 1155)
E0 = V + IXS = (4620 + j3465) + (0 + j1155)
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= 4620 + j4620 = 6533 ∠ 45°

cos φ = 0.8, φ = cos−1 (0.8) = 36°50′
Now, E0 leads I by 45° and V leads I by 36° 50′ .  Hence, E0 leads V by (45° − 36°50′) =8°10′ i.e.α

= 8°10′ .  As before, δ = 2° (elect).

As seen from Art.  37.36, PSY = cos sin
S

EV
X

α δ —per phase

= 6533 × 5775 × cos 8° 10′ × sin 2°/4 = 326 kW
PSY for three phases = 3 × 326 = 978 kW

TSY/ unit displacement = 9.55 × 978 × 103/1500 = 6,237 N-m
TSY for 0.5° displacement = 6,237/2 = 3118.5 N-m

(c) We could also use the approximate expression of Art.  37.36
PSY per phase = α E V/XS = (π/ 90) × 6533 × 5775/4 = 329.3 kW

Example 37.49.  Two 3-phase, 6.6-kW, star-connected alternators supply a load of 3000 kW at
0.8 p.f.  lagging.  The synchronous impedance per phase of machine A is (0.5 + j10) Ω and of
machine B is (0.4 + j 12) Ω.  The excitation of machine A is adjusted so that it delivers 150 A at a
lagging power factor and the governors are so set that load is shared equally between the machines.

Determine the current, power factor, induced e.m.f.  and load angle of each machine.

(Electrical Machines-II, South Gujarat Univ. 1985)

Solution.  It is given that each machine carries a load of 1500 kW.  Also, V = 6600/ 3  = 3810 V.
Let V = 3810 ∠ 0° = (3810 + j 0).

For machine No.  1

3 / 6600 × 150 × cos φ1  = 1500 × 103;

cos φ1  = 0.874,�φ1= 29°; sin φ1 = 0.485

Total current  I = 3000/ 3  × 6.6 × 0.8 = 328 A

or I = 828 (0.8 − j 0.6) = 262 − j 195
Now, I1 = 150 (0.874 − j 0.485) = 131 − j 72.6
∴ I2 = (262 − j 195) − (131 − j 72.6)

= (131 − j 124.4)
or I2 = 181 A, cos φ2 = 131/181 = 0.723 (lag).

EA = V + I1Z1 = 3810 + (131 − j 72.6) (0.5 + j10)

= 4600 + j1270

Line value of e.m.f. = 2 23 (4600 1270 )+  = 8,260 V

Load angle α1 = (1270/4600) = 15.4°
EB = V + I2Z2 = 3810 + (131 − j124.4) (0.4 + j12)

= 5350 + j1520

Line value of e.m.f = 2 23 5350 1520+  = 9600 V

Load angle α2 = tan−1 (1520/5350) = 15.9°
Example 37.50.  Two single-phase alternator operating in parallel have induced e.m.fs on open

circuit of 230 ∠  0° and 230 ∠  10° volts and respective reactances of j2 Ω and j3 Ω.  Calculate
(i) terminal voltage (ii) currents and (iii) power delivered by each of the alternators to a load of
impedance 6 Ω (resistive). (Electrical Machines-II, Indore Univ. 1987)

Solution.  Here, Z1 = j2, Z2 = j.3, Z = 6; E1 = 230 ∠  0° and

Fig. 37.90

E 2

E1

I1

I2

I
Z

1
1
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Z

2
2

O f 1 f 2

a1
a2

V
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 E2 = 230 ∠  10° = 230 (0.985 + j 0.174) = (226.5 + j 39.9), as in Fig. 37.90

(ii) I1 = 1 2 1 2

1 2 1 2

( ) [(230 0) (226.5 39.9)] 6 230 3
( ) 6 ( 2 3) 2 3

E E Z E Z j j j
Z Z Z Z Z j j j j

− + + − + × + ×=
+ + − + ×

= 14.3 − j3.56 = 14.73 ∠  − 14° —Art. 37.38

I2 = 2 1 2 1

1 2 1 2

( ) ( 3.5 39.9) (222.5 39.9) 2
( ) 6 ( 2 3) 2 3

E E Z E Z j j j
Z Z Z Z Z j j j j

− + − + + + ×=
+ + + + ×

= 22.6 − j 1.15 = 22.63 ∠ − 3.4°

(i) I = I1 + I2 = 36.9 − j 4.71 = 37.2 ∠  −7.3°
V = IZ = (36.9 − j4.71) × 6 = 221.4 − j28.3 = 223.2 ∠ −  7.3°

(iii) P1 = V I1 cos φ1 = 223.2 × 14.73 × cos 14° = 3190 W
P2 = V I2 cosφ1 = 223.2 × 22.63 × cos 3.4° = 5040 W

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No.  37.6.  37.6.  37.6.  37.6.  37.6.
1. Calculate the synchronizing torque for unit mechanical angle of phase displacement for a 5,000-kVA,

3-φ alternator running at 1,500 r.p.m. when connected to 6,600-volt, 50-Hz bus-bars.  The armature
has a short-circuit reactance of 15%. [43,370 kg-m] (City & Guilds, London)

2. Calculate the synchronizing torque for one mechanical degree of phase displacement in a 6,000-kVA,
50-Hz, alternator when running at 1,500 r.p.m with a generated e.m.f. of 10,000 volt.  The machine
has a synchronous impedance of 25%.

[544 kg.m] (Electrical Engineering-III, Madras Univ.  April 1978; Osmania Univ. May 1976)
3. A 10,000-kVA, 6,600-V, 16-pole, 50-Hz, 3-phase alternator has a synchronous reactance of 15%.

Calculate the synchronous power per mechanical degree of phase displacement from the full load
position at power factor 0.8 lagging. [10 MW] (Elect.Machines-I, Gwalior Univ. 1977)

4. A 6.6 kV, 3-phase, star-connected turbo-alternator of synchronous reactance 0.5 ohm/phase is ap-
plying 40 MVA at 0.8 lagging p.f. to a large system.  If the steam supply is suddenly cut off, explain
what takes place and determine the current the machine will then carry.  Neglect losses.

[2100 A] (Elect. Machines (E-3) AMIE Sec. B Summer 1990)
5. A 3-phase 400 kVA, 6.6 kV, 1500 rpm., 50 Hz alternator is running in parallel with infinite bus bars.

Its synchronous reactance is 25%.  Calculate (i) for no load (ii) full load 0.8 p.f. lagging the synchro-
nizing power and torque per unit mechanical angle of displacement.

               [Rajive Gandhi Technical University, 2000]  [(i) 55.82 kW, 355 Nw-m (ii) 64.2 kW, 409 Nw-m]

37.39.37.39.37.39.37.39.37.39. EfEfEfEfEffect of Unequal fect of Unequal fect of Unequal fect of Unequal fect of Unequal VVVVVoltagesoltagesoltagesoltagesoltages

Let us consider two alternators, which are running exactly in-phase (relative
to the external circuit) but which have slightly unequal voltages, as shown in Fig.
37.91.  If E1 is greater than E2, then their resultant is Er = (E1 − E2) and is in-phase
with E1.  This Er or ESY set up a local synchronizing current ISY which (as discussed
earlier) is almost 90° behind ESY and hence behind E1 also.  This lagging current
produces demagnetising effect (Art. 37.16) on the first machine, hence E1 is re-
duced.  The other machine runs as a synchronous motor, taking almost 90° leading
current.  Hence, its field is strengthened due to magnetising effect of armature
reaction (Art. 37.16).  This tends to increase E2.  These two effects act together
and hence lessen the inequalities between the two voltages and tend to establish
stable conditions.

37.40.37.40.37.40.37.40.37.40. Distribution of LoadDistribution of LoadDistribution of LoadDistribution of LoadDistribution of Load
It will, now be shown that the amount of load taken up by an alternator running, in parallel with other

Fig. 37.91

E2

Isy

E1

Er
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machines, is solely determined by its driving torque i.e. by the power input to its prime mover (by giving it
more or less steam, in the case of steam drive).  Any alternation in its excitation merely changes its kVA
output, but not its kW output.  In other words, it merely changes the power factor at which the load is
delivered.

(a) Effect of Change in Excitation
Suppose the initial operating conditions of the two parallel alternators are identical i.e.  each alternator

supplies one half of the active load (kW) and one-half of the reactive load (kVAR), the operating
power factors thus being equal to the load p.f.  In other words, both active and reactive powers are divided
equally thereby giving equal apparent power triangles for the two machines as shown in Fig.  37.92 (b).
As shown in Fig.  37.92 (a), each alternator supplies a load current I so that total output current is
2 I.

Now, let excitation of alternator No. 1 be increased, so that E1 becomes greater than E2.
The difference between the two e.m.fs. sets up a circulating current IC = ISY = (E1 − E2)/2ZS which is
confined to the local path through the armatures and round the bus-bars.  This current is superimposed on
the original current distribution.  As seen, IC is vectorially added to the load current of alternator No. 1
and subtracted from that of No. 2.  The two machines now deliver load currents I1 and I2 at
respective power factors of cos φ1 and cos φ2.  These changes in load currents lead to changes in
power factors, such that cos φ1 is reduced, whereas cos φ2 is increased.  However, effect on the

Fig. 37.92

kW loading of the two alternators is negligible, but kVAR1 supplied by alternator No. 1 is increased,
whereas kVAR2 supplied by alternator No. 2 is correspondingly decreased, as shown by the kVA triangles
of Fig. 37.92 (c).

(b) Effect of Change in
Steam Supply

Now, suppose that excita-
tions of the two alternators are
kept the same but steam supply to
alternator No. 1 is increased i.e.
power input to its prime mover is
increased.  Since the speeds of the
two machines are tied together by
their synchronous bond, machine
No. 1 cannot overrun machine No
2.  Alternatively, it utilizes its in-
creased power input for carrying

Fig. 37.93
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more load than No. 2.  This can be made possible only when rotor No. 1 advances its angular position with
respect to No. 2 as shown in Fig. 37.93 (b) where E1 is shown advanced ahead of E2 by an angle α.
Consequently, resultant voltage Er (or Esy) is produced which, acting on the local circuit, sets up a current Isy
which lags by almost 90° behind Er but is almost in phase with E1 (so long as angle α is small).  Hence,
power per phase of No. 1 is increased by an amount = E1Isy whereas that of No. 2 is decreased by the
same amount (assuming total load power demand to remain unchanged).  Since Isy has no appreciable
reactive (or quadrature) component, the increase in steam supply does not disturb the division of reactive
powers, but it increases the active power output of alternator No. 1 and decreases that of No. 2.  Load
division, when steam supply to alternator No. 1 is increased, is shown in Fig. 37.93 (c).

So, it is found that by increasing the input to its prime mover, an alternator can be made to take a
greater share of the load, though at a different power factor.

The points worth remembering are :

1. The load taken up by an alternators directly depends upon its driving torque or in other words,
upon the angular advance of its rotor.

2. The excitation merely changes the p.f. at which the load is delivered without affecting the load so
long as steam supply remains unchanged.

3. If input to the prime mover of an alternator is kept constant, but its excitation is changed, then kVA
component of its output is changed, not kW.

Example 37.51.  Two identical 3-phase alternators work in parallel and supply a total load of
1, 500 kW at 11 kV at a power factor of 0.867 lagging.  Each machine supplies half the total power.
The synchronous reactance of each is 50 Ω per phase and the resistance is 4 Ω per phase.  The field
excitation of the first machine is so adjusted that its armature current is 50 A lagging.  Determine the
armature current of the second alternator and the generated voltage of the first machine.

(Elect. Technology, Utkal Univ. 1983)

Solution.  Load current at 0.867 p.f. lagging is

= 
1,500 1,000

3 11,000 0.887

×
× ×

 = 90.4 A; cos φ = 0.867; sin φ = 0.4985

Wattful component of the current = 90.4 × 0.867 = 78.5 A

Wattless component of the current = 90.4 × 0.4985 = 45.2 A

Each alternator supplies half of each of the above two component when conditions are identical (Fig.
37.94).

Current supplied by each machine = 90.4/2 = 45.2 A

Since the steam supply of first machine is not changed, the working components of both
machines would remain the same at 78.5 / 2 = 39.25 A.  But the wattless or reactive components would be
redivided due to change in excitation.  The armature current of the first machine is changed from 45.2 A to
50 A.

∴ Wattless component of the 1st machine = 2 250 39.25 = 31 A−

Wattless component of the 2nd machine = 45.2 − 31 = 14.1 A

The new current diagram is shown in Fig. 37.95 (a)

(i) Armative current of the 2nd alternator, I2 = 2 239.25 14.1 41.75 A+ =

www.EngineeringBooksPdf.com



1472 Electrical Technology
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(ii) Terminal voltage / phase  = 11,000 / 3 6350 V=
Considering the first alternator,

IR drop = 4 × 50 = 200 V ;  IX drop  = 50 × 50 = 2,500 V

cos φ1 = 39.25/50 = 0.785;  sin φ1  =  0.62
Then, as seen from Fig.  37.95 (b)

E = 2 2
1 1( cos ) ( sin )V IR V IXφ + + φ +

= 2 2(6,350 0.785 200) (6,350 0.62 2,500) 8,350 V× + + × + =

Line voltage = 8,350 × 3  = 14,450 V

Example 37.52.  Two alternators A and B operate in parallel and supply a load of 10 MW at
0.8 p.f.  lagging (a) By adjusting steam supply of A, its power output is adjusted to 6,000 kW and by
changing its excitation, its p.f. is adjusted to 0.92 lag.  Find the p.f. of alternator B.

(b) If steam supply of both machines is left unchanged, but excitation of B is reduced so that its
p.f.  becomes 0.92 lead, find new p.f.  of A.

Solution.  (a) cos φ = 0.8, φ = 36.9°, tan φ = 0.7508; cos φA = 0.92, φA = 23°; tan φA = 0.4245
load kW = 10,000, load kVAR     = 10,000 × 0.7508 = 7508 (lag)
kW of A = 6,000, kVAR of A = 6,000 × 0.4245 = 2547 (lag)

Keeping in mind the convention that lagging kVAR is taken as negative we have,
kW of B  = (10,000 − 6,000) = 4,000 : kVAR of B = (7508 − 2547) = 4961 (lag)

∴ kVA of B = 4,000 − j4961 = 6373 ∠  −51.1°; cos φB = cos 51.1° = 0.628
(b) Since steam supply remains unchanged, load kW of each machine remains as before but due to

change in excitation, kVARs of the two machines are changed.
kW of B = 4,000, new kVAR of B = 4000 × 0.4245 = 1698 (lead)
kW of A = 6,000, new kVAR of A = −7508 − (+1698) = − 9206 (lag.)

∴ new kVA of A = 6,000 − j9206 = 10,988 ∠ − 56.9°; cos φA = 0.546 (lag)

Example 37.53.  A 6,000-V, 1,000-kVA, 3-φ alternator is delivering full-load at 0.8 p.f. lagging.
Its reactance is 20% and resistance negligible.  By changing the excitation, the e.m.f. is increased by
25% at this load.  Calculate the new current and the power factor.  The machine is connected to
infinite bus-bars.

Solution.  Full-load current I =
1,000,000 87.5 A

3 6,600
=

×
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Voltage/phase = 6,600 / 3 3,810 V=

Reactance =
3810 20

8.7
87.5 100

× = Ω
×

IX = 20% of 3810  = 762 V
In Fig. 37.96, current vector is taken along X-axis.  ON

represents bus-bar or terminal voltage and is hence con-
stant.

Current I has been split up into its active and
reactive components IR and IX respectively.

NA1 = IX.X = 52.5 × 7.8 = 457 V
 A1C1 = IR..X = 70 × 8.7 = 609 V

E0 = OC1 = 2 2[( ) ( ) ]X RV I X I X+ +

= 2 2[(3,810 457) 609 ] 4,311 V+ + =
When e.m.f. is increased by 25%, then E0 becomes equal to 4,311 × 1.25 = 5,389 V

The locus of the extremity of E0 lies on the line EF which is parallel to ON.  Since the kW is unchanged,
IR and hence IR.X will remain the same.  It is only the IX.X component which will be changed.  Let OC2 be
the new value of E0.  Then A2C2 = A1C1 = IRX as before.  But the IX X component will change.  Let I′ be
the new line current having active component IR (the same as before) and the new reactive component IX′.
Then, IX′X = NA2

From right-angled triangle OC2A2

OC2
2 = OA2

2 + A2C2
2; 5,3892 = (3810 + VA2)2 + 6092

∴ VA2 = 1546 V or IX′ X = 1546

∴ IX′ = 1546/8.7 = 177.7 A

∴    New line current I′ = 2 2(70 177.7 )+ =  191 A

New angle of lag, φ′ = tan−1 (177.7/70) = 68° 30′; cos φ′ = cos 68°30′ = 0.3665

As a check, the new power = 3 6,600 191 0.3665 = 800 kW× × ×
It is the same as before = 1000 × 0.8 = 800 kW

Example 37.54.  A 6,600-V, 1000-kVA alternator has a reactance of 20% and is delivering full-
load at 0.8 p.f.  lagging.  It is connected to constant-frequency bus-bars.  If steam supply is gradually
increased, calculate (i) at what output will the power factor become unity (ii) the maximum load
which it can supply without dropping out of synchronism and the corresponding power factor.

Solution.  We have found in Example 37.52 that
I = 87.5 A, X = 8.7 Ω, V/phase = 3,810 V

E0 = 4,311 V, IR = 70 A, IX = 52.5 A and

IX = 87.5 × 8.7 = 762 V
Using this data, vector diagram of Fig. 37.97 can be constructed.
Since excitation is constant, E0 remains constant, the extremity of E0 lies on the arc of a circle of radius

E0 and centre O.  Constant power lines have been shown dotted and they are all parallel to OV.  Zero power
output line coincides with OV.  When p.f. is unity, the current vector lies along OV, I1Z is ⊥  to OV and cuts
the arc at B1.  Obviously

Fig. 37.96
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VB1 = 2 2
1( )OB OV−

= 2 2(4,311 3,810 )−  = 2018 V

Now  Z = X  ∴ I1X = 2,018 V
∴  I1 = 2018/8.7 = 232 A

(i) ∴ power output at u.p.f.

=
3 6,600 232

1000
× × = 2,652 kW

(ii) As vector OB moves upwards along the arc,
output power goes on increasing i.e., point B shifts on to
a higher output power line.  Maximum output power is
reached when OB reaches the position OB2 where it is
vertical to OV.  The output power line passing through B2
represents the maximum output for that excitation.  If OB is further rotated, the point B2 shifts down to a
lower power line i.e. power is decreased.  Hence, B2V = I2Z where I2 is the new current corresponding to
maximum output.

From triangle OB2V, it is seen that

B2V = 2 2 2 2
2( ) (3,810 4,311 ) 5,753 VOV OB+ = + =

∴ I2 Z = 5,753 V ∴ I2 = 5753/8.7 = 661 A
Let I2R and I2X be the power and wattless components of I2, then

I2R X = OB2 = 4311 and I2R = 4311/8.7 = 495.6 A

Similarly I2X = 3810/8.7 = 438 A; tan φ2 = 438/495.6 = 0.884
∴ φ 2 = 41°28′; cos φ2 = 0.749

∴ Max.  power output =
3 6,600 661 0.749

1000
× × ×

= 5,658 kW

Example 37.55.  A 3-phase, star-connected turbo-al-
ternator, having a synchronous reactance of 10 Ω per phase
and negligible armature resistance, has an armature cur-
rent of 220 A at unity p.f.  The supply voltage is constant at
11 kV at constant frequency.  If the steam admission is un-
changed and the e.m.f.  raised by 25%, determine the cur-
rent and power factor.

If the higher value of excitation is maintained and the
steam supply is slowly increased, at what power output will
the alternator break away from synchronism ?

Draw the vector diagram under maximum power condition.

(Elect.Machinery-III, Banglore Univ. 1992)

Solution.  The vector diagram for unity power factor is shown in Fig. 37.98.  Here, the current is
wholly active.

OA1 = 11,000 / 3 6,350 V=
A1C1 = 220 × 10 = 2,200 V

E0 = 2 2(6350 2, 200 )+  = 6,810 V

When e.m.f. is increased by 25%, the e.m.f. becomes 1.25 × 6,810 = 8,512 V and is represented by
OC2.  Since the kW remains unchanged, A1C1 = A2C2.  If I′ is the new current, then its active component

Fig. 37.97
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IR would be the same as before and equal to 220 A.  Let its reactive component be IX.  Then

A1A2 = IX.XS = 10 IX
From right-angled ∆ OA2C2, we have

8,5122 = (6350 + A1A2)
2 + 2,2002

∴ A1A2 = 1870 V ∴ 10 IX = 1870 IX = 187 A
Hence, the new current has active component of 220 A and a reactive component of 187 A.

New current = 2 2220 187+  = 288.6 A

New power factor =
active component 220

total current 288.6
=  = 0.762 (lag)

Since excitation remains constant, E0 is constant.  But as the steam supply is increased, the extremity of
E0 lies on a circle of radius E0 and centre O as shown in Fig. 37.99.

The constant-power lines (shown dotted) are drawn parallel to OV
and each represents the locus of the e.m.f. vector for a constant power
output at varying excitation.  Maximum power output condition is reached
when the vector E0 becomes perpendicular to OV.  In other words, when
the circular e.m.f. locus becomes tangential to the constant-power lines
i.e.at point B.  If the steam supply is increased further, the alternator will
break away from synchronism.

B.V. = 2 26350 8,512+  = 10,620 V

∴ Imax × 10 = 10,620 or Imax = 1,062 A
If IR and IX are the active and reactive components of  Imax , then

10 IR = 8,512 ∴ IR = 851.2 A; 10 IX = 6,350 ∴ IX = 635 A
Power factor at maximum power output = 851.2/1062 = 0.8 (lead)

Maximum power output = 33 11,000 1062 0.8 10−× × × ×  = 16,200 kW

Example 37.56.  Two 20-MVA, 3-φ alternators operate in parallel to supply a load of 35MVA at
0.8 p.f.  lagging.  If the output of one machine is 25 MVA at 0.9 lagging, what is the output and p.f.
of the other machine? (Elect. Machines, Punjab Univ. 1990)

Solution.  Load MW = 35 × 0.8 = 28; load MVAR = 35 × 0.6 = 21

First Machine cos φ1 = 0.9, sin φ1 = 0.436; MVA1 = 25, MW1 = 25 × 0.9 = 22.5
MVAR1 = 25 × 0.436 = 10.9

Second Machine MW2 = MW − MW1 = 28 − 22.5 = 5.5
MVAR2 = MVAR − MVAR1 = 21 − 10.9 = 10.1

∴ MVA2 = 2 2 2 2
2 2MW + MVAR 5.5 10.1= +  = 11.5

cos φ2 = 5.5/11.5 = 0.478 (lag)

Example 37.57.  A lighting load of 600 kW and a motor load of 707 kW at 0.707 p.f.  are
supplied by two alternators running in parallel.  One of the machines supplies 900 kW at 0.9 p.f.
lagging.  Find the load and p.f.  of the second machine.

(Electrical Technology, Bombay Univ.  1988 & Bharatiar University, 1997)
Solution.

Active Power kVA Reactive Power

(a) Lighting Load (unity P.f.) 600 kW 600 —
(b) Motor, 0.707 P.f. 707 kW 1000 707 k VAR

Total Load : 1307 By Phasor addition 707 k VAR

Imax

E0

B

V0

C
o
n
st

a
n
t

P
o
w

e
r

L
in

e
s

Fig. 37.99
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One machine supplies an active power of 900 kW, and due to 0.9 lagging p.f., kVA = 1000 kVA

and its k VAR = 21000 (1 0.9 )× −  = 436 kVAR.  Remaining share will be catered to by the second
machine.

Active power shared by second machine  = 1307 − 900 = 407 kW
Reactive power shared by second machine = 707 − 436 = 271 kVAR

Example 37.58.  Two alternators, working in parallel, supply the following loads :
(i) Lighting load of 500 kW (ii) 1000 kW at p.f.  0.9 lagging

(iii) 800 kW at p.f.  0.8 lagging (iv) 500 kW at p.f.  0.9 leading

One alternator is supplying 1500 kW at 0.95 p.f.  lagging.  Calculate the kW output and p.f of
the other machine.

Solution.  We will tabulate the kW and kVAR components of each load separately :

Load kW kVAR

(i) 500

(ii) 1000
1000 0.436 = 485
0.9

×

(iii) 800
800 0.6

= 600
0.8
×

(iv) 500
500 0.436

= 242
0.9
× −

Total 2800 + 843

For 1st machine, it is given : kW = 1500, kVAR = (1500/0.95) × 0.3123 = 493

∴ kW supplied by other machine = 2800 − 1500 = 1300
kVAR supplied = 843 − 493 = 350 ∴  tan φ 350/1300 = 0.27 ∴ cos φ = 0.966

Example 37.59  Two 3-φ synchronous mechanically-coupled generators operate in parallel on
the same load.  Determine the kW output and p.f. of each machine under the following conditions:
synchronous impedance of each generator : 0.2 + j2 ohm/phase.  Equivalent impedance of the load :
3 + j4 ohm/phase.  Induced e.m.f.  per phase, 2000 + j0 volt for machine I and 2,2000 + j 100 for II.

[London Univ.]

Solution.  Current of 1st machine = I1= or (0.2 2)
0.2 2

j
j

− +
+

1
1 1

E V
E V = I

−

Similarly E2 −−−−− V = I2 (0.2 + j2)
Also V = (I1 + I2) (3 + j4) where 3 + j4 = load impedance
Now E1 = 2,000 + j 0, E2 = 2,200 + j100

Solving from above, we get I1 = 68.2 − j 102.5
Similarly I2 = 127 − j 196.4 ; I = I1 + I2 = 195.2 − j299
Now V = IZ = (192.2 − j 299) (3 + j 4) = 1781 − j 115.9

Using the method of conjugate for power calculating, we have for the first machine
PVA1 = (1781 − j 115.9) (68.2 + j 102.5) = 133,344 + j 174,648

∴ kW1 = 133.344 kW/phase = 3 × 133.344 = 400 kW —for 3 phases

Now tan−1 (102.5/68.2) = 56°24′; tan−1 (115.9/1781) = 3°43′
∴ for 1st machine ; cos(56°24′ − 3°43′) = 0.6062
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PVA2 = (1781 − j115.9) (127 + j 196.4) = 248,950 + j 335,069

∴ kW2 = 248.95 kW/phase = 746.85 kW —for 3 phases
tan−1 (196.4/127) = 57°6′; cos φ = cos (57°6′ − 3°43′) = 0.596

Example 37.60.  The speed regulations of two 800-kW alternators A and B, running in parallel,
are 100% to 104% and 100% to 105% from full-load to no-load respectively.  How will the two
alternators share a load of 1000 kW? Also, find the load at which one machine ceases to supply any
portion of the load. (Power Systems-I, A.M.I.E. 1989)

Solution.  The speed / load characteristics (assumed straight) for the alternators are shown in Fig.
37.100.  Out of the combined load AB = 1000 kW, A’s share is AM and B’s share is BM.  Hence, AM + BM
= 1000 kW.  PQ is the horizontal line drawn through point C, which is the point of intersection.

From similar ∆s GDA and
CDP, we have

CP
GA

 = orPD
AD

CP =GA.  
PD
AD

Since,

PD =(4 − h)
∴   CP = 800 (4 − h)/4

= 200(4 − h)

Similarly, from similar ∆s
BEF and QEC, we get

QC
BF

 = 
QE
BE

 or

QC = 800(5 − h)/5

=160 (5 − h)
∴  CP + QC = 1000 or 200 (4 − h) + 160 (5 − h) = 1000 or h = 5/3
∴ CP = 200(4 − 5/3) = 467 kW, QC = 160 (5 − 5/3) = 533 kW

Hence, alternator A supplies 467 kW and B supplies 533 kW.
Alternator A will cease supplying any load when line PQ is shifted to point D.  Then, load supplied by

alternator B (= BN) is such that the speed variation is from 105% to 104%.
Knowing that when its speed varies from 105% to 100%, alternator B supplies a load of 800 kW,

hence load supplied for speed variation from 105% to 100% is (by proportion)
= 800 × 1/5 = 160 kW (= BN)

Hence, when load drops from 1000 kW to 160 kW, alternator A will cease supplying any portion of
this load.

Example 37.61.  Two 50-MVA, 3-φ alternators operate in parallel.  The settings of the gover-
nors are such that the rise in speed from full-load to no-load is 2 per cent in one machine and 3 per
cent in the other, the characteristics being straight lines in both cases.  If each machine is fully loaded
when the total load is 100 MW, what would be the load on each machine when the total load is 60
MW? (Electrical Machines-II, Punjab Univ. 1991)

Solution.  Fig. 37.101 shows the speed/load characteristics of the two machines, NB is of the first
machine and MA is that of the second.  Base AB shows equal load division at full-load and speed.  As the
machines are running in parallel, their frequencies must be the same.  Let CD be drawn through x% speed
where total load is 60 MW.

Fig. 37.100
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Fig. 37.101
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Fig. 37.102

CE = 50 − AP = 50 −  
50
3  x

ED = 50 − QB = 50 −  
50
2

 x

∴ CD = 50 − (50/3) x + 50 − 25 x
∴ 60 = 50 − (50/3) x + 50 − 25 x

x =  
24
25 ; ∴   LE = 100 

24 %
25

Load supplied by 1st machine

= ED = 50 − 25 × 
24
25  = 26 MW

Load supplied by 2nd machine.

= CE = 50 − ( )50 24
3 25

×  = 34 MW

Example 37.62.  Two identical 2,000 -kVA alternators operate in parallel.  The governor of the
first machine is such that the frequency drops uniformly from 50-Hz on no-load to 48-Hz on full-load.
The corresponding uniform speed drop of the second machines is 50 to 47.5 Hz (a) How will the two
machines share a load of 3,000 kW? (b) What is the maximum load at unity p.f.  that can be delivered
without overloading either machine ? (Electrical Machinery-II, Osmania Univ. 1989)

Solution.  In Fig. 37.102 are shown the frequency/load characteristics of the two machines, AB is
that of the second machine and AD that of the first.  Remembering that the frequency of the two machines
must be the same at any load, a line MN is drawn at a frequency x as measured from point A (common
point).

Total load at that frequency is
NL + ML = 3000 kW

From ∆s ABC and ANL, NL/2000 = x / 2.5
∴ NL = 2000 x/2.5 = 800 x
Similarly, ML = 2000 x/2 = 1000x
∴ 1800 x = 3000 or x = 5/3

Frequency = 50 − 5/3 = 145/3 Hz.
(a) NL = 800 × 5/3 = 1333 kW (assuming u.p.f.)

ML= 1000 × 5/3 = 1667 kW (assuming u.p.f.)
(b) For getting maximum load, DE is extended to cut

AB at F. Max. load = DF.

Now, EF = 2000 × 2/3.5 = 1600 kW
∴ Max. load = DF = 2,000 + 1,600

= 3,600 kW.

TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No.  37.7  37.7  37.7  37.7  37.7

1. Two similar 6,600-V, 3-φ, generators are running in parallel on constant-voltage and frequency bus-
bars.  Each has an equivalent resistance and reactance of 0.05 Ω and 0.5 Ω respectively and supplies
one half of a total load of 10,000 kW at a lagging p.f. of 0.8, the two machines being similarly excited.
If the excitation of one machine be adjusted until the armature current is 438 A and the steam supply
to the turbine remains unchanged, find the armature current, the e.m.f.  and the p.f. of the other
alternator. [789 A, 7200 V, 0.556] (City & Guilds, London)
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2. A single-phase alternator connected to 6,600-V bus-bars has a synchronous impedance of 10Ω and
a resistance of 1 Ω.  If its excitation is such that on open circuit the p.d. would be 5000 V, calculate
the maximum load the machine can supply to the external circuit before dropping out of step and the
corresponding armature current and p.f. [2864 kW, 787 A, 0.551] (London Univ.)

3. A turbo-alternator having a reactance of 10 Ω has an armature current of 220 A at unity power factor
when running on 11,000 V, constant-frequency bus-bars.  If the steam admission is unchanged and
the e.m.f.  raised by 25%, determine graphically or otherwise the new value of the machine current
and power factor.  If this higher value of excitation were kept constant and the steam supply gradu-
ally increased, at what power output would the alternator break from synchronism? Find also the
current and power factor to which this maximum load corresponds.  State whether this p.f.  is
lagging or leading.

[360 A at 0.611 p.f.  ; 15.427 kW ; 1785 A at 0.7865 leading] (City & Guilds, London)
4. Two single-phase alternators are connected to a 50-Hz bus-bars having a constant voltage of

10 ∠  0º kV.  Generator A has an induced e.m.f. of 13 ∠  22.6° kV and a reactance of 2 Ω; generator
B has an e.m.f. of 12.5 ∠  36.9° kV and a reactance of 3 Ω.  Find the current, kW and kVAR supplied
by each generator. (Electrical Machine-II, Indore Univ. July 1977)

5. Two 15-kVA, 400-V, 3-ph alternators in parallel supply a total load of 25 kVA at 0.8 p.f. lagging.  If
one alternator shares half the power at unity p.f., determine the p.f.  and kVA shared by the other
alternator.                        [0.5548; 18.03 kVA] (Electrical Technology-II, Madras Univ. Apr. 1977)

6. Two 3-φ, 6,600-V, star-connected alternators working in parallel supply the following loads :

(i) Lighting load of 400 kW (ii) 300 kW at p.f.  0.9 lagging

(iii) 400 kW at p.f. 0.8 lagging (iv) 1000 kW at p.f.  0.71 lagging

Find the output, armature current and the p.f.  of the other machine if the armature current of one
machine is 110 A at 0.9 p.f. lagging. [970 kW, 116 A, 0.73 lagging]

7. A 3-φ, star-connected, 11,000-V turbo-generator has an equivalent resistance and reactance of 0.5 Ω
and 8 Ω respectively.  It is delivering 200 A at u.p.f. when running on a constant-voltage and con-
stant-frequency bus-bars.  Assuming constant steam supply and unchanged efficiency, find the
current and p.f. if the induced e.m.f.  is raised by 25%. [296 A, 0.67 lagging]

8. Two similar 13,000-V, 3-ph alternators are operated in parallel on infinite bus-bars.  Each machine
has an effective resistance and reactance of 0.05 Ω and 0.5 Ω respectively.  When equally excited,
they share equally a total load of 18 MW at 0.8 p.f.  lagging.  If the excitation of one generator is
adjusted until the armature current is 400 A and the steam supply to its turbine remains unaltered, find
the armature current, the e.m.f.  and the p.f.  of the other generator.

[774.6 A; 0.5165 : 13,470 V] (Electric Machinery-II, Madras Univ.  Nov.  1977)

37.41.37.41.37.41.37.41.37.41. Time-period of OscillationTime-period of OscillationTime-period of OscillationTime-period of OscillationTime-period of Oscillation
Every synchronous machine has a natural time period of free oscillation.  Many causes, including the

variations in load, create phase-swinging of the machine.  If the time period of these oscillations coincides
with natural time period of the machine, then the amplitude of the oscillations may become so greatly devel-
oped as to swing the machine out of synchronism.

The expression for the natural time period of oscillations of a synchronous machine is derived below :

Let T = torque per mechanical radian (in N-m/mech.  radian)
J = Σ m r2 —moment of inertia in kg-m2.

The period of undamped free oscillations is given by t = 2π 
J
T

.

We have seen in Art. 37.32 that when an alternator swings out of phase by an angle α (electrical
radian), then synchronizing power developed is

PSY = α E2/Z — α in elect. radian
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=
2E

Z
 per electrical radian per phase.

Now, 1 electrical radian  = 
2
P  × mechanical radian—where P is the number of poles.

∴ PSY per mechanical radian displacement = 
2

.
2
E P

Z

The synchronizing or restoring torque is given by

TSY =
2

2 4
SY

S S

P E P
N ZN

=
π π

—NS in r.p.s.

Torque for three phases is T = 3TSY = 
23

4 S

E P
ZNπ

where E is e.m.f.  per phase ...(i)

Now E/Z = short-circuit current = ISC

f = PNS/2 ; hence P/NS = 2 f/NS
2

Substituting these values in (i) above, we have

TSY = ( ) 2 2
23 3. . . . . . 0.477

4 4
SC

SC
S S S

EI ffE PE I E
Z N N N

= =
π π

Now, t = 22 9.1 second
. .0.477 /

S
SCSC S

J JN
E I fE I f N

π =

= 9.1 NS 1 . . . ( / ) .
3 L SC

J

E I I I f

= 9.1 NS 1 . 3 . . ( / ) .
2 L SC

J

E I I I f

= 9.1 NS 3 . .1000 . .
3 1000

SCL

J
IE I

f
I

 
  

=
9.1 3

. .
. ( / )1000 S

SC

JN
kVA I I f

×

∴ t = 0.4984 NS . ( / ) .SC

J
kVA I I f

where kVA = full-load kVA of the alternator; NS = r.p.s.  of the rotating system

If NS represents the speed in r.p.m., then

t = 0.4984 . . 0.0083 second
60 . ( / ) . ( / ) .S S

SC SC

J JN N
kVA I I f kVA I I f

=

Note.  It may be proved that ISC/I = 100/percentage reactance = 100/% XS.

Proof. Reactance drop = I.XS = 
%

100
sV X×

∴ XS = 
reactance drop

full-load current
 = 

%
100

SV X

I

×
×

www.EngineeringBooksPdf.com



Alternators 1481

* It means that synchronous reactance of the alternator is 20 %.

Now ISC = 100 100 100; or
% % %

SC

S S S S

IV IV I
X V X X I X

× ×= = × =
×

For example, if synchronous reactances is 25 per cent, then

ISC/I =100/25 = 4 (please see Ex. 37.64)

Example 37.63.  A 5,000-kVA, 3-phase, 10,000-V, 50-Hz alternate runs at 1500 r.p.m. con-
nected to constant-frequency, constant-voltage bus-bars.  If the moment of inertia of entire rotating
system is 1.5 × 104 kg.m2 and the steady short-circuit current is 5 times the normal full-load current,
find the natural time period of oscillation. (Elect. Engg. Grad. I.E.T.E. 1991)

Solution.  The time of oscillation is given by

t = 0.0083 NS . ( / )SC

J
kVA I I f  . second

Here, NS = 1500 r.p.m. ; ISC/I = 5* ; J = 1.5 × 104 kg-m2 ; f = 50 Hz

t = 0.0083 × 1500 
41.5 10

5000 5 50
×
× ×

 = 1.364 s.

Example 37.64.  A 10,000-kVA, 4-pole, 6,600-V, 50-Hz, 3-phase star-connected alternator has a
synchronous reactance of 25% and operates on constant-voltage, constant frequency bus-bars.  If
the natural period of oscillation while operating at full-load and unity power factor is to be limited to
1.5 second, calculate the moment of inertia of the rotating system.

(Electric Machinery-II, Andhra Univ. 1990)

Solution. t = 0.0083 NS ( / )SC

J
kVA I I f  second.

Here  ISC/I = 100/25 = 4; NS = 120 × 50/4 = 1500 r.p.m.

∴ 1.5 = 0.0083 × 1500 
10,000 4 50

J
× ×

 = 12.45 × 310 2
J

×

∴ J = (1.5 × 103 × 2 /12.45)2 = 2.9 ××××× 104 kg-m2

Example 37.65.  A 10-MVA, 10-kV, 3-phase, 50-Hz, 1500 r.p.m.  alternator is paralleled with
others of much greater capacity.  The moment of inertia of the rotor is 2 × 105 kg-m2 and the
synchronous reactance of the machine is 40%.  Calculate the frequency of oscillation of the rotor.

(Elect. Machinery-III, Bangalore Univ. 1992)

Solution.  Here, ISC/I = 100/40 = 2.5

t = 0.0083 × 1500 
5

4

2 10

10 2.5 50

×
× ×  = 5 second

Frequency = 1/5 = 0.2 Hz.
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TTTTTutorutorutorutorutorial Prial Prial Prial Prial Problem No.oblem No.oblem No.oblem No.oblem No.  37.8  37.8  37.8  37.8  37.8

1. Show that an alternator running in parallel on constant-voltage and frequency bus-bars has a natural
time period of oscillation.  Deduce a formula for the time of one complete oscillation and calculate its
value for a 5000-kVA, 3-phase, 10,000 V machine running at 1500 r.p.m.  on constant 50-Hz bus-
bars.

The moment of inertia of the whole moving system is 14112 kg-m2 and the steady short-circuit
current is five times the normal full-load value. [1.33 second]

2. A 10,000-kVA, 5-kV, 3-phase, 4-pole, 50-Hz alternator is connected to infinite bus-bars.  The short-
circuit current is 3.5 times the normal full-load current and the moment of inertia of the rotating
system is 21,000 kg-m2.  Calculate its normal period of oscillation. [1.365 second]

3. Calculate for full-load and unity p.f., the natural period of oscillation of a 50-Hz, 10,000-kVA, 11-kV
alternator driven at 1500 r.p.m.  and connected to an infinite bus-bar.  The steady short-circuit
current is four times the full-load current and the moment of the inertia of the rotating masses is
17,000 kg-m2.      [1.148 s.] (Electrical Machinery-II, Madras Univ. Apr. 1976)

4. Calculate the rotational inertia in kg-m2 units of the moving system of 10,000 kVA, 6,600-V, 4-pole,
turbo-alternator driven at 1500 r.p.m.  for the set to have a natural period of 1 second when running
in parallel with a number of other machines.  The steady short-circuit current of the alternator is five
times the full-load value. [16,828 kg-m2] (City & Guilds, London)

5. A 3-φ, 4-pole, 6,000 kVA, 5,000-V, 50-Hz star-connected alternator is running on constant-voltage
and constant-frequency bus-bars.  It has a short-circuit reactance of 25% and its rotor has a mo-
ment of inertia of 16,800 kg-m2.  Calculate its natural time period of oscillation. [1.48 second]

37.42.37.42.37.42.37.42.37.42. Maximum Power OutputMaximum Power OutputMaximum Power OutputMaximum Power OutputMaximum Power Output
For given values of terminal voltage, excitation and frequency, there is a maximum power that the

alternator is capable of delivering.  Fig. 37.103 (a) shows full-load conditions for a cylindrical rotor where
IRa drop has been neglected*.

The power output per phase is

P = VI cos φ = 
cosS

S

VIX
X

φ

Now, from ∆ OBC, we get

sin
SIX
α

=
sin (90 ) cos

E E=
+ φ φ

IXS cos φ = E sin α

∴ P =
sin

S

EV
X

α

Power becomes maximum when
α = 90°, if V, E and XS are regarded
as constant (of course, E is fixed by
excitation).

∴ Pmax = EV/XS

It will be seen from Fig. 37.103
(b) that under maximum power
output conditions, I leads V by φ and
since IXS leads I by 90°, angle φ and
hence cos φ is fixed = E/IXS.

* In fact, this drop can generally be neglected without sacrificing much accuracy of results.

Fig. 37.103

a

f

f

f

E

E

B

B

a=90
o

90 +
o f IX

sIX
s

V

A
A

I

I

O

O

C

V

( )a ( )b
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Now, from right-angled ∆ AOB, we have that IXS = 2 2E V+ .  Hence, p.f. corresponding to maxi-
mum power output is

cos φ =
2 2

E

E V+
The maximum power output per phase may also be written as

Pmax = VImax cos φ = VImax 2 2

E

E V+
where Imax represents the current/phase for maximum power output.

If If is the full-load current and % XS is the percentage synchronous reactance, then

% XS = 100f SI X

V
× ∴

100

%
f

S S

IV
X X

×
=

Now, Pmax = VImax 2 2

100

%
f

S S

EIE EV
X XE V

×
= =

+
Two things are obvious from the above equations.

(i) Imax =
2 2100

%
f

S

I E V

X V

+
×

Substituting the value of %XS from above,

Imax =
2 2 2 2100

100
f

f S S

I E V E V
V

I X V X

+ +
× × =

(ii) Pmax =
100 100. per phase

% %
f

f
S S

EI E VI
X V X

= ×

=
100.

% S

E
V X

×  F.L.  power output at u.p.f.

Total maximum power output of the alternator is

=
100.

% S

E
V X

×  F.L.  power output at u.p.f.

Example 37.66.  Derive the condition for the maximum output of a synchronous generator
connected to infinite bus-bars and working at constant excitation.

A 3-φ, 11-kV, 5-MVA, Y-connected alternator has a synchronous impedance of (1 + j 10) ohm
per phase.  Its excitation is such that the generated line e.m.f. is 14 kV.  If the alternator is connected
to infinite bus-bars, determine the maximum output at the given excitation

(Electrical Machines-III, Gujarat Univ. 1984)

Solution.  For the first part, please refer to Art. 37.41

Pmax per phase = 
S

EV
X  — if Ra is neglected = 

s

V
Z  (E − V cos θ) —if Ra is considered

Now, E = 14,000/ 3 =8,083 V ; V = 11,000/ 3  =6352 V

cos θ = Ra/ZS =1 2 21 10+  = 1/10.05

∴ Pmax per phase =
8083 6352

10 1000
×

×
 = 5,135 kW

Total Pmax = 3 × 5,135 = 15,405 kW

More accurately, Pmax/phase = ( )6352 6352 6352 74518083
10.05 10.05 10.05 1000

− = ×  = 4,711 kW

Total Pmax = 4,711 × 3 = 14,133 kW.
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Example 37.67.  A 3-phase, 11-kVA, 10-MW, Y-connected synchronous generator has synchro-
nous impedance of (0.8 + j 8.0) ohm per phase.  If the excitation is such that the open circuit
voltage is 14 kV, determine (i) the maximum output of the generator (ii) the current and p.f.  at the
maximum output.

(Electrical Machines-III, Gujarat Univ. 1987)

Solution.  (i) If we neglect Ra*, the Pmax per phase = EV/XS

where V is the terminal voltage (or bus-bar voltage in general) and E the e.m.f.  of the machine.

∴ Pmax = (11,000 / 3) (14,000 / 3) 154,000
8 24
× = kW/phase

Total Pmax = 3 × 154,000/24 = 19,250 kW = 19.25 MW
Incidentally, this output is nearly twice the normal output.

(ii) Imax =
2 2 2 2[(14,000 / 3) (11,000 / 3) ]

8S

E V

X

+ +
=  = 1287 A

(iii) p.f. =
2 2 2 2

14000 / 3

(14,000 / 3) (11,000 / 3)

E

E V
=

+ +
 = 0.786 (lead).

QUESTIONS AND ANSWERS ON ALTERNATORS

Q. 1. What are the two types of turbo-alternators ?

Ans. Vertical and horizontal.
Q. 2. How do you compare the two ?
Ans. Vertical type requires less floor space and while step bearing is necessary to carry the weight of

the moving element, there is very little friction in the main bearings.  The horizontal type requires
no step bearing, but occupies more space.

Q. 3. What is step bearing ?
Ans. It consists of two cylindrical cast iron plates which bear upon each other and have a central

recess between them.  Suitable oil is pumped into this recess under considerable pressure.
Q. 4. What is direct-connected alternator ?
Ans. One in which the alternator and engine are directly connected.  In other words, there is no

intermediate gearing such as belt, chain etc. between the driving engine and alternator.
Q. 5. What is the difference between direct-connected and direct-coupled units ?
Ans. In the former, alternator and driving engine are directly and permanently connected.  In the latter

case, engine and alternator are each complete in itself and are connected by some device such as
friction clutch, jaw clutch or shaft coupling.

Q. 6. Can a d.c. generator be converted into an alternator ?
Ans. Yes.
Q. 7. How ?
Ans. By providing two collector rings on one end of the armature and connecting these two rings to

two points in the armature winding 180° apart.
Q. 8. Would this arrangement result in a desirable alternator ?
Ans. No.

* If R
a
 is not neglected, then Pmax = 

S

V
Z

 (E − V cos θ) where cos θ = R
a
/Z

S
 (Ex. 37.66)
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Q. 9. How is a direct-connected exciter arranged in an alternator ?
Ans. The armature of the exciter is mounted on the shaft of the alternator close to the spider hub.  In

some cases, it is mounted at a distance sufficient to permit a pedestal and bearing to be placed
between the exciter and the hub.

Q. 10. Any advantage of a direct-connected exciter ?
Ans. Yes, economy of space.

Q. 11. Any disadvantage ?
Ans. The exciter has to run at the same speed as the alternator which is slower than desirable.  Hence,

it must be larger for a given output than the gear-driven type, because it can be run at high speed
and so made proportionately smaller.

OBJECTIVE TESTS – 37

1. The frequency of voltage generated by an alter-
nator having 4-poles and rotating at 1800 r.p.m.
is .......hertz.

(a) 60 (b) 7200

(c) 120 (d) 450.

2. A 50-Hz alternator will run at the greatest
possible speed if it is wound for .......  poles.

(a) 8 (b) 6

(c) 4 (d) 2.

3. The main disadvantage of using short-pitch wind-
ing in alterators is that it

(a) reduces harmonics in the generated voltage

(b) reduces the total voltage around the arma-
ture coils

(c) produces asymmetry in the three phase
windings

(d) increases Cu of end connections.

4. Three-phase alternators are invariably Y-con-
nected because

(a) magnetic losses are minimised

(b) less turns of wire are required

(c) smaller conductors can be used

(d) higher terminal voltage is obtained.

5. The winding of a 4-pole alternator having 36
slots and a coil span of 1 to 8 is short-pitched
by .......  degrees.

(a) 140 (b) 80

(c) 20 (d) 40.

6. If an alternator winding has a fractional pitch of
5/6, the coil span is .......  degrees.

(a) 300 (b) 150

(c) 30 (d) 60.

7. The harmonic which would be totally eliminated
from the alternator e.m.f.  using a fractional pitch

of 4/5 is

(a) 3rd (b) 7th

(c) 5th (d) 9th.

8. For eliminating 7th harmonic from the e.m.f.
wave of an alternator, the fractional-pitch must
be

(a) 2/3 (b) 5/6

(c) 7/8 (d) 6/7.

9. If, in an alternator, chording angle for funda-
mental flux wave is α, its value for 5th har-
monic is

(a) 5α (b) α/5

(c) 25α (d) α/25.

10. Regarding distribution factor of an armature
winding of an alternator which statement is
false?

(a) it decreases as the distribution of coils
(slots/pole) increases

(b) higher its value, higher the induced e.m.f.
per phase

(c) it is not affected by the type of winding
either lap, or wave

(d) it is not affected by the number of turns
per coil.

11. When speed of an alternator is changed from
3600 r.p.m.  to 1800 r.p.m., the generated
e.m.f./phases will become

(a) one-half (b) twice

(c) four times (d) one-fourth.

12. The magnitude of the three voltage drops in an
alternator due to armature resistance, leakage
reactance and armature reaction is solely deter-
mined by

(a) load current, Ia
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(b) p.f. of the load

(c) whether it is a lagging or leading p.f.  load

(d) field construction of the alternator.

13. Armature reaction in an alternator primarily af-
fects

(a) rotor speed

(b) terminal voltage per phase

(c) frequency of armature current

(d) generated voltage per phase.

14. Under no-load condition, power drawn by the
prime mover of an alternator goes to

(a) produce induced e.m.f.  in armature wind-
ing

(b) meet no-load losses

(c) produce power in the armature

(d) meet Cu losses both in armature and rotor
windings.

15. As load p.f. of an alternator becomes more lead-
ing, the value of generated voltage required to
give rated terminal voltage

(a) increases

(b) remains unchanged

(c) decreases

(d) varies with rotor speed.

16. With a load p.f.  of unity, the effect of armature
reaction on the main-field flux of an alternator is

(a) distortional (b) magnetising

(c) demagnetising (d) nominal.

17. At lagging loads, armature reaction in an alter-
nator is

(a) cross-magnetising (b) demagnetising

(c) non-effective (d) magnetising.

18. At leading p.f., the armature flux in an alternator
.......  the rotor flux.

(a) opposes (b) aids

(c) distorts (d) does not affect.

19. The voltage regulation of an alternator having
0.75 leading p.f.  load, no-load induced e.m.f.
of 2400V and rated terminal voltage of 3000V is
...............  percent.

(a) 20 (b) − 20

(c) 150 (d) − 26.7

20. If, in a 3-φ alternator, a field current of 50A
produces a full-load armature current of 200 A
on short-circuit and 1730 V on open circuit, then
its synchronous impedance is .......  ohm.

(a) 8.66 (b) 4

(c) 5 (d) 34.6

21. The power factor of an alternator is determined
by its

(a) speed

(b) load

(c) excitation

(d) prime mover.

22. For proper parallel operation, a.c.  polyphase al-
ternators must have the same

(a) speed (b) voltage rating

(c) kVA rating (d) excitation.

23. Of the following conditions, the one which does
not have to be met by alternators working in
parallel is

(a) terminal voltage of each machine must be
the same

(b) the machines must have the same phase
rotation

(c) the machines must operate at the same
frequency

(d) the machines must have equal ratings.
24. After wiring up two 3-φ alternators, you checked

their frequency and voltage and found them to
be equal.  Before connecting them in parallel,
you would

(a) check turbine speed

(b) check phase rotation

(c) lubricate everything
(d) check steam pressure.

25. Zero power factor method of an alternator is
used to find its

(a) efficiency
(b) voltage regulation

(c) armature resistance

(d) synchronous impedance.

26. Some engineers prefer `lamps bright' synchro-
nization to ‘lamps dark’ synchronization because
(a) brightness of lamps can be judged easily

(b) it gives sharper and more accurate synchro-
nization

(c) flicker is more pronounced
(d) it can be performed quickly.

27. It is never advisable to connect a stationary
alternator to live bus-bars because it

(a) is likely to run as synchronous motor
(b) will get short-circuited

(c) will decrease bus-bar voltage though mo-
mentarily

(d) will disturb generated e.m.fs.  of other al-
ternators connected in parallel.
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ANSWERS

  1. a   2. d   3. b    4. d   5. d   6. b   7. c   8. d   9. a 10. b 11. a
12. a 13. d 14. b 15. c 16. a 17. d 18. b 19. b 20. c 21. b 22. b
23. d 24. b 25. b 26. b 27. b 28. a 29. c 30. c. 31. c 32. b

28. Two identical alternators are running in parallel
and carry equal loads.  If excitation of one al-
ternator is increased without changing its steam
supply, then

(a) it will keep supplying almost the same load

(b) kVAR supplied by it would decrease

(c) its p.f.  will increase

(d) kVA supplied by it would decrease.

29. Keeping its excitation constant, if steam supply
of an alternator running in parallel with another
identical alternator is increased, then

(a) it would over-run the other alternator

(b) its rotor will fall back in phase with respect
to the other machine

(c) it will supply greater portion of the load

(d) its power factor would be decreased.

30. The load sharing between two steam-driven
alternators operating in parallel may be adjusted
by varying the

(a) field strengths of the alternators

(b) power factors of the alternators

(c) steam supply to their prime movers

(d) speed of the alternators.

31. Squirrel-cage bars placed in the rotor pole faces
of an alternator help reduce hunting

(a) above synchronous speed only

(b) below synchronous speed only

(c) above and below synchronous speeds both

(d) none of the above.

(Elect.  Machines, A.M.I.E.  Sec.  B, 1993)
32. For a machine on infinite bus active power can

be varied by

(a) changing field excitation

(b) changing of prime cover speed

(c) both (a) and (b) above

(d) none of the above .

(Elect.  Machines, A.M.I.E.  Sec.  B, 1993)
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38.1. Synchronous Motor—General

A synchronous motor (Fig. 38.1) is electrically identical with an alternator or a.c. generator.
In fact, a given synchronous machine may be used, at least theoretically, as an alternator, when driven
mechanically or as a motor, when driven electrically, just as in the case of d.c. machines. Most

synchronous motors are rated between
150 kW and 15 MW and run at speeds
ranging from 150 to 1800 r.p.m.

Some characteristic features of a
synchronous motor are worth noting :

1.  It runs either at synchronous speed
or not at all i.e. while running it main-
tains a constant speed. The only way to
change its speed is to vary the supply
frequency (because Ns = 120�f / P).

2.  It is not inherently self-starting. It has
to be run upto synchronous (or near
synchronous) speed by some means,
before it can be synchronized to the
supply.

3.  It is capable of being operated under
a wide range of power factors, both lag-
ging and leading. Hence, it can be used
for power correction purposes, in addi-
tion to supplying torque to drive loads.

38.2. Principle of Operation

As shown in Art. 34.7, when a 3-φ winding is fed by a 3-φ supply, then a magnetic flux of
constant magnitude but rotating at synchronous speed, is produced. Consider a two-pole stator of
Fig. 38.2, in which are
shown two stator poles
(marked N S  and SS )
rotating at synchronous
speed, say, in clockwise
direction. With the rotor
position as shown,
suppose the stator poles
are at that instant situated
at points A  and B. The two
similar poles, N (of rotor)
and NS (of stator) as well
as S and SS will repel each
other, with the result that
the rotor tends to rotate
in the anticlockwise
direction.

Fig. 38.1

Synchronous motor

Stator

Slip
rings

Rotor

Exciter
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But half a period later, stator poles, having rotated around, interchange their positions i.e. NS is at
point B and SS at point A . Under these conditions, NS attracts S and SS attracts N. Hence, rotor tends to
rotate clockwise (which is just the reverse of the first direction). Hence, we find that due to continuous
and rapid rotation of stator poles, the rotor is subjected to a torque which is rapidly reversing i.e., in
quick succession, the rotor is subjected to torque which tends to move it first in one direction and then
in the opposite direction. Owing to its large inertia, the rotor cannot instantaneously respond to such
quickly-reversing torque, with the result that it remains stationary.

Fig. 38.2 Fig. 38.3 Fig. 38.3

Now, consider the condition shown in Fig. 38.3 (a). The stator and rotor poles are attracting each
other. Suppose that the rotor is not
stationary, but is rotating clockwise,
with such a speed that it turns through
one pole-pitch by the time the stator
poles interchange their positions, as
shown in Fig. 38.3 (b). Here, again
the stator and rotor poles attract each
other. It means that if the rotor poles
also shift their positions along with
the stator poles, then they will con-
tinuously experience a unidirectional
torque i.e., clockwise torque, as
shown in Fig. 38.3.

38.3. Method of Starting

The rotor (which is as yet unex-
cited) is speeded up to synchronous
/ near synchronous speed by some ar-
rangement and then excited by the
d.c. source. The moment this (near)
synchronously rotating rotor is
excited, it is magnetically locked into
position with the stator i.e., the rotor
poles are engaged with the stator poles and both run synchronously in the same direction. It is because
of this interlocking of stator and rotor poles that the motor has either to run synchronously or not at
all. The synchronous speed is given by the usual relation NS = 120 f / P.

N

S

A

B

( )a

SS

NS

S

N

A

B

( )b

SS

NS

A

B

N

S

3 Supplyf

SS

NS

The rotor and the stator parts of motor.
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However, it is important to understand that the arrangement between the stator and rotor poles is
not an absolutely rigid one. As the load on the motor is increased, the rotor progressively tends to fall
back in phase (but not in speed as in d.c. motors) by some angle (Fig. 38.4) but it still continues to
run synchronously.The value of this load angle or coupling angle (as it is called) depends on the
amount of load to be met by the motor. In other words, the torque developed by the motor depends on
this angle, say, α.

NS NS

S S

Light Load

( Small)a
Heavy Load

( Large)a

aa

P Q

Driver Load

The working of a synchronous motor is, in many ways, similar to the transmission of mechanical
power by a shaft. In Fig. 38.5 are shown two pulleys P and Q transmitting power from the driver to the
load. The two pulleys are assumed to be keyed together (just as stator and rotor poles are interlocked)
hence they run at exactly the same (average) speed. When Q is loaded, it slightly falls behind owing
to the twist in the shaft (twist angle corresponds to α in motor), the angle of twist, in fact, being a
measure of the torque transmitted. It is clear that unless Q is so heavily loaded as to break the
coupling, both pulleys must run at exactly the same (average) speed.

38.4. Motor on Load with Constant Excitation

Before considering as to what goes on inside a synchronous motor, it is worthwhile to refer
briefly to the d.c. motors. We have seen (Art. 29.3) that when a d.c. motor is running on a supply of,
say, V  volts then, on rotating, a back e.m.f. Eb is set up in its armature conductors. The resultant
voltage across the armature is (V  − Eb) and it causes an armature current Ia = (V  − Eb)/ Ra to flow
where Ra is armature circuit resistance. The value of Eb depends, among other factors, on the speed of
the rotating armature. The mechanical power developed in armature depends on Eb Ia (Eb and Ia being
in opposition to each other).

Similarly, in a synchronous machine, a back e.m.f. Eb is set up in the armature (stator) by the
rotor flux which opposes the applied voltage V . This back e.m.f. depends on rotor excitation only (and
not on speed, as in d.c. motors). The net voltage in armature (stator) is the vector difference (not
arithmetical, as in d.c. motors) of V  and Eb. Armature current is obtained by dividing this vector
difference of voltages by armature impedance (not resistance as in d.c. machines).

Fig. 38.4 Fig. 38.5

          Fig. 38.6              Fig. 38.7                                                    Fig. 38.8
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Fig. 38.6 shows the condition when the
motor (properly synchronized to the supply)
is running on no-load and has no losses.* and
is having field excitation which makes Eb = V .
It is seen that vector difference of Eb and V  is
zero and so is the armature current. Motor in-
take is zero, as there is neither load nor losses
to be met by it. In other words, the motor just
floats.

If motor is on no-load, but it has losses,
then the vector for Eb falls back (vectors are
rotating anti-clockwise) by a certain small
angle α (Fig. 38.7), so that a resultant voltage
ER and hence current Ia is brought into existence, which supplies losses.**

If, now, the motor is loaded, then its rotor will further fall back in phase by a greater value of
angle α − called the load angle or coupling angle (corresponding to the twist in the shaft of the
pulleys). The resultant voltage ER is increased and motor draws an increased armature current
(Fig. 38.8), though at a slightly decreased power factor.

38.5. Power Flow within a Synchronous Motor

Let Ra = armature resistance / phase ; XS =  synchronous reactance / phase

then ZS =  Ra + j X S ; Ia = bR

S S

V EE
=

Z Z
−

;  Obviously, V = Eb + Ia ZS

The angle θ (known as internal angle) by which Ia lags behind ER is given by tan θ = X S / Ra.
If Ra is negligible, then θ = 90º. Motor input = V Ia cos φ —per phase
Here, V  is applied voltage / phase.
Total input for a star-connected, 3-phase machine is, P = 3 V L . IL cos φ.
The mechanical power developed in the rotor is

Pm = back e.m.f. × armature current × cosine of the angle between the two i.e.,
angle between Ia and Eb reversed.

= Eb Ia cos (α − φ) per phase ...Fig. 38.8
Out of this power developed, some would go to meet iron and friction and excitation losses.

Hence, the power available at the shaft would be less than the developed power by this amount.
Out of the input power / phase V Ia cos φ, and amount Ia

2 Ra is wasted in armature***, the rest
(V . Ia cos φ − Ia

2 Ra ) appears as mechanical power in rotor; out of it, iron, friction and excitation
losses are met and the rest is available at the shaft. If power input / phase of the motor is P, then

P = Pm + Ia
2 Ra

or  mechanical power in rotor Pm = P − Ia
2 Ra —per phase

For three phases Pm =  3 V L IL cos φ − 3 Ia
2 Ra

The per phase power development in a synchronous machine is as under :

* This figure is exactly like Fig. 37.74 for alternator except that it has been shown horizontally rather than
vertically.

** It is worth noting that magnitude of E
b
 does not change, only its phase changes.  Its magnitude will change

only when rotor dc excitation is changed i.e., when magnetic strength of rotor poles is changed.
*** The Cu loss in rotor is not met by motor ac input, but by the dc source used for rotor excitation.

Stator of synchronous motor
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Power input/phase in stator

P = VIa cos φ

Armature (i.e., stator) Cu loss Mechanical power in armature
=  Ia

2Ra Pm =  Eb Ia cos (α − φ)

Iron, excitation & friction losses Output power Pout

Different power stages in a synchronous motor are as under :

A C Electrical

Power Input to

Stator (Armature)

Pin

Gross Mechanical

Power Developed

in Armature

Pm

Net Mechanical

Power Output at

Rotor Shaft,

Pout

Stator

Cu

Loss

Iron Friction

& Excitation

Loss

38.6. Equivalent Circuit of a Synchronous Motor

Fig. 38.9 (a) shows the equivalent circuit model for one armature phase of a cylindrical rotor
synchronous motor.

It is seen from Fig. 38.9 (b) that the phase applied voltage V  is the vector sum of reversed back
e.m.f. i.e., −Eb and the impedance drop Ia ZS. In other words, V  = (−Eb + Ia ZS). The angle α* between
the phasor for V  and Eb is called the load angle or power angle of the synchronous motor.

a
f

Eb

Xs
Ra IfIa

Ia

I Z
a

s

I
X

a
s

I Ra a

E
V

F
ie

ld

W
in

d
in

g

D.C.

Source

( )b( )a

V

Fig. 38.9

38.7. Power Developed by a Synchronous Motor

Except for very small machines, the armature resistance of a synchronous motor is negligible as
compared to its synchronous reactance.  Hence, the equivalent circuit for the motor becomes as
shown in Fig. 38.10 (a).  From the phasor diagram of Fig. 38.10 (b), it is seen that

AB = Eb sin α = Ia X S cos φ

or VIa cos φ = sinb

S

E V
X

α

Now, VIa cos φ = motor power input/phase

* This angle was designated as δ when discussing synchronous generators.
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∴ Pin = sinb

S

E V
X

α ...per phase*

= 3 sinb

S

E V
X

α ... for three phases

Since stator Cu losses have been
neglected, Pin also represents the gross
mechanical power {Pm} developed by the
motor.

∴ Pm =
3

sinb

S

E V
X

α

The gross torque developed by the motor
is Tg = 9.55 Pm / Ns N–m ...Ns in rpm.

Example 38.1.  A 75-kW, 3-φ, Y-connected, 50-Hz, 440-V cylindrical rotor synchronous motor
operates at rated condition with 0.8 p.f. leading. The motor efficiency excluding field and stator
losses, is 95% and X S = 2.5 Ω.  Calculate (i) mechanical power developed (ii) armature current
(iii) back e.m.f. (iv) power angle and (v) maximum or pull-out torque of the motor.

Solution. NS = 120 × 50/4 = 1500 rpm = 25 rps
(i) Pm = Pin = Pout / η = 75 × 103/0.95 = 78,950 W

(ii) Since power input is known

∴ 3  × 440 × Ia × 0.8 =78,950; Ia = 129 A

(iii) Applied voltage/phase = 440/ 3 = 254 V. Let V = 254
∠ 0º as shown in Fig. 38.11.

Now, V  = Eb + j IXS or Eb = V  − j Ia X S = 254 ∠  0º − 129 ∠
36.9º × 2.5 ∠  90º = 250 ∠  0º − 322 ∠  126.9º = 254 − 322 (cos
126.9º + j sin 126.9º) = 254 − 322 (− 0.6 + j 0.8) = 516  ∠−∠−∠−∠−∠− 30º

(iv) ∴  α  = −−−−−30º
(v) pull-out torque occurs when α = 90º

maximum Pm = 3 b

S

E V
X

 sin δ = 3 
256 516

2.5
×

 = sin 90º = 157,275 W

∴ pull-out torque= 9.55 × 157, 275/1500 = 1,000 N-m

38.8. Synchronous Motor with Different Excitations

A synchronous motor is said to have normal excitation when its Eb = V . If field excitation is such
that Eb < V , the motor is said to be under-excited. In both these conditions, it has a lagging power
factor as shown in Fig. 38.12.

On the other hand, if d.c. field excitation is such that Eb > V , then motor is said to be over-excited
and draws a leading current, as shown in Fig. 38.13 (a). There will be some value of excitation for
which armature current will be in phase with V , so that power factor will become unity, as shown in
Fig. 38.13 (b).

Fig. 38.10

Xs

Eb

Ia

+Ia

I
X

a

s

V

( )b( )a

E

+

A

B

f

a

Fig. 38.11

f
d

Ia

Eb

I Xa s

V=254ÐOo

516 Ð -30 o

O

* Strictly speaking, it should be P
in
 = sin

E Vb
X S

−
α
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The value of α and back e.m.f. Eb can be found with the help of vector diagrams for various
power factors, shown in Fig. 38.14.

a a a a aaa a
f f

f
f=0

q q q q

Eb
Eb

EbEb

E Vb=

Lagging PF

E Vb >

Lagging PF

E Vb >

Unity PF

E Vb <

Lagging PF

ER
ERER

ER

Ia

Ia

Ia

Ia

V V V
O

( )a ( )a( )b ( )b

OOO V

Fig. 38.12 Fig. 38.13

(i) Lagging p.f. As seen from Fig. 38.14 (a)
AC2 = A B2 + BC2 = [V  − ER cos (θ − φ)]2 + [ER sin (θ − φ)]2

∴ Eb = 2 2[ cos ( )] [ sin ( )]a S a SV I Z I Z− θ − φ + θ − φ

Load angle α = tan−1 ( )BC
AB

 = tan−1 sin ( )
cos ( )

a S

a S

I Z
V I Z

θ − φ 
 − θ − φ 

(ii) Leading p.f. [38.14 (b)]

Eb = V  + Ia ZS cos [180º − (θ + φ)] + j Ia ZS sin [180º − (θ + φ)]

α = tan−1 
sin [180º ( )]

cos[180º ( )]
a S

a S

I Z
V I Z

− θ + φ
+ − θ + φ

(iii) Unity p.f. [Fig. 38.14 (c)]
Here, OB = Ia Ra and  BC  =  Ia XS

∴ Eb = (V  − Ia Ra) + j Ia XS ;  α = tan−1 a S

a a

I X
V I R

 
 − 

a a a aq
q

q
f

f

Eb

E
b

E
b

Ia

E
I

Z
R

a
s

=

E
I

Z
R

=
a

sE
I

Z

R
a

s

=

Ia

Ia

( )a ( )b ( )c

B
B

B

C
C

C

A A
AV

O O
O

a

V

Fig. 38.14

38.9. Effect of Increased Load with Constant Excitation

We will study the effect of increased load on a synchronous motor under conditions of normal,
under and over-excitation (ignoring the effects of armature reaction). With normal excitation, Eb = V ,
with under excitation, Eb < V  and with over-excitation, Eb > V . Whatever the value of excitation, it
would be kept constant during our discussion. It would also be assumed that Ra is negligible as
compared to X S so that phase angle between ER and Ia i.e., θ = 90º.

(i) Normal Excitation

Fig. 38.15. (a) shows the condition when motor is running with light load so that (i) torque angle
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α1 is small (ii) so ER1 is small
(iii) hence Ia1 is small and (iv) φ1 is
small so that cos φ1 is large.

Now, suppose that load on the motor
is increased as shown in Fig. 38.15
(b). For meeting this extra load,
motor must develop more torque by
drawing more armature current.
Unlike a d.c. motor, a synchronous
motor cannot increase its Ia by

decreasing its speed and hence Eb because both are constant in its case. What actually happens is as
under :

1. rotor falls back in phase i.e.,
load angle increases to α2 as shown in
Fig. 38.15 (b),

2. the resultant voltage in
armature is increased considerably to
new value ER2,

3. as a result, Ia1 increases to Ia2,
thereby increasing the torque develop-
ed by the motor,

4. φ1 increases to φ2, so that
power factor decreases from cos φ1 to
the new value cos φ2.

Since increase in Ia is much greater
than the slight decrease in power factor,
the torque developed by the motor is
increased (on the whole) to a new value sufficient to meet the extra load put on the motor. It will be
seen that essentially it is by increasing its Ia that the motor is able to carry the extra load put on it.

f 2

f 2

a2

a2

a1

a1
f 1f 1

Eb

Eb

Eb

Eb

E Vb <

Under ExcitationE Vb=

ER2
ER2

ER1
ER1

Ia1 Ia1

Ia2

Ia2

V

V

O

O

( )a ( )b

Fig. 38.16

A phase summary of the effect of increased load on a synchronous motor at normal excitation is
shown in Fig. 38.16 (a) It is seen that there is a comparatively much greater increase in Ia than in φ.

Fig. 38.15

Geared motor added to synchronous servo motor line offers a
wide range of transmission ratios, and drive torques.

a1 a2

f 1
f 2

Eb

Eb

E Vb=E Vb=

ER1

ER2

Ia1

Ia2

V V

( )a ( )b

O O
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(ii) Under-excitation
As shown in Fig. 38.16 (b), with a small load and hence, small torque angle α1, Ia1 lags behind V

by a large phase angle φ1 which means poor power factor. Unlike normal excitation, a much larger
armature current must flow for developing the same power because of poor power factor. That is why
Ia1 of Fig. 38.16 (b) is larger than Ia1 of Fig. 38.15 (a).

As load increases, ER1 increases to ER2, consequently Ia1 increases to Ia2 and p.f. angle decreases
from φ1 to φ2 or p.f. increases from cos φ1 to cos φ2. Due to increase both in Ia and p.f., power
generated by the armature increases to meet the increased load. As seen, in this case, change in
power factor is more than the change in Ia.

(iii) Over-excitation
When running on light load, α1 is small but

Ia1 is comparatively larger and leads V by a larger
angle φ1. Like the under-excited motor, as more
load is applied, the power factor improves and
approaches unity. The armature current also
increases thereby producing the necessary
increased armature power to meet the increased
applied load (Fig. 38.17). However, it should be
noted that in this case, power factor angle φ
decreases (or p.f. increases) at a faster rate than
the armature current thereby producing the
necessary increased power to meet the increased load applied to the motor.

Summary
The main points regarding the above three cases can be summarized as under :
1. As load on the motor increases, Ia increases regardless of excitation.
2. For under-and over-excited motors, p.f. tends to approach unity with increase in load.
3. Both with under-and over-excitation, change in p.f. is greater than in Ia with increase in load.
4. With normal excitation, when load is increased change in Ia is greater than in p.f. which

tends to become increasingly lagging.

Example 38.2. A 20-pole, 693-V, 50-Hz, 3-φ, ∆-connected synchronous motor is operating at
no-load with normal excitation. It has armature ressistance per phase of zero and synchronous
reactance of 10 Ω . If rotor is retarded by 0.5º (mechanical) from its synchronous position, compute.

(i) rotor displacement in electrical degrees

(ii) armature emf / phase (iii) armature current / phase

(iv) power drawn by the motor (v) power developed by armature

How will these quantities change when motor is loaded and the rotor displacement increases to
5º (mechanical) ?
(Elect. Machines, AMIE Sec. B,
1993)

Solution. (a) 0.5º (mech) Dis-
placement [Fig 38.18 (a)]

(i) α (elect.) = 
2
P × α  (mech)

∴ α  (elect)

=
20 0.5
2

×  = 5º (elect)

f 2

a2
a1

f 1

Eb

Eb

Over Exicitation

E > Vb

ER1

ER2

Ia2

Ia1

V
O

a
a

f 1

f 2

Ia

Ia

ER

ER

E
b =

400VE
b =400V

Vp=400V
Vp=400V

( )b( )a

O
O

Fig. 38.17

Fig. 38.18
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(ii) Vp = V L / 3 = 693 / 3

= 400 V,
Eb = V p = 400 V

∴ ER = (V p − Eb cos α) + j Eb sin α = (400 − 400 cos 5º + j 400 sin 5º)

= 1.5 + j 35 = 35 ∠∠∠∠∠  87.5 V/phase
(iii)  ZS = 0 + j10 = 10 ∠  90º; Ia = ER / ZS = 35 ∠  87.5º/10 ∠ 90º = 3.5 ∠∠∠∠∠  −−−−−2.5º A/phase

Obviously, Ia lags behind V p by 2.5º

(iv) Power input/phase V p Ia cos φ = 400 × 3.5 × cos 2.5º = 1399 W
Total input power = 3 × 1399 = 4197 W

(v) Since Ra is negligible, armature Cu loss is also negligible.  Hence 4197 W also represent
power developed by armature.

(b) 5º (mech) Displacement – Fig. 38.18 (b)

(i) α (elect) = 
20 5º
2

×  = 50º

(ii) ER = (400 − 400 cos 50º) + j400 sin 50º = 143 + j 306.4 = 338.2 ∠∠∠∠∠  64.9º
(iii) Ia = 338.2 × 64.9º/10 ∠  90º = 33.8 ∠∠∠∠∠  −−−−−25.1º A/phase
(iv) motor power/phase = V p Ia cos φ = 400 × 33.8 cos 25.1º = 12,244 W

Total power = 3 × 12,244 = 36,732 W = 36.732 kW
It is seen from above that as motor load is increased
1. rotor displacement increases from 5º (elect) to 50º (elect) i.e. Eb falls back in phase

considerably.
2. ER increases from 35 V to 338 V/phase
3. Ia increases from 3.5 A to 33.8 A

4. angle φ increases from 2.5º to 25.1º so that p.f. decreases from 0.999 (lag) to 0.906 (lag)
5. increase in power is almost directly proportional to increase in load angle.
Obviously, increase in Ia is much more than decrease in power factor.

It is interesting to note that not only power but even Ia, ER and φ also increase almost as many
times as α.

Special Illustrative Example 38.3
Case of Cylindrical Rotor Machine :
A 3-Phase synchronous machine is worked as follows: Generator - mode : 400 V/Ph, 32 A/Ph,

Unity p.f. XS = 10 ohms. Motoring - mode : 400 V/Ph, 32 A/Ph, Unity p.f. , XS = 10 ohms.  Calculate
E and δ in both the cases and comment.

Fig. 38.19 (a)  Generator-mode
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Solution.  In Fig. 38.19 (a), V  = OA = 400, IXS = A B = 320 V

E = OB = 512.25, δ = tan−1 320
400

 = 38.66º

Total power in terms of parameters measurable at terminals (i.e., V , I, and φ)
= 3 V ph Iph cos φ = 3 × 400 × 32 = 38.4 kW

Total power using other parameters = 3 × 3sin 10 kW
S

VE
X

− 
δ × 

 

= 3400 512.25
3 (sin 38.66º ) 10

10
−×× × ×  = 38.4 kW

Since losses are neglected, this power is the electrical output of generator and also is the required
mechanical input to the generator.

For motoring mode : V = OA = 400,  − IXS = A B = 320
E = OB = 512.25, as in Fig. 38.19 (b)

Hence, | δ | = 38.66°, as before.
Comments :  The change in the sign of  δ has to be noted in the two modes.  It is +ve for

generator and –ve for motor.  E happens to be equal in both the cases due to unity p.f.  At other p.f.,
this will be different.

As before, power can be calculated in two ways and it will be electrical power input to motor and
also the mechanical output of the motor.

Naturally,           Power   =   38.4 kW

Fig. 38.19 (b)  Motoring mode

38.10. Effect of Changing Excitation on Constant Load

As shown in Fig. 38.20 (a), suppose a synchronous motor is operating with normal excitation
(Eb = V ) at unity p.f. with a given load.  If Ra is negligible as compared to X S, then Ia lags ER by 90º
and is in phase with V  because p.f. is unity.  The armature is drawing a power of V .Ia per phase which
is enough to meet the mechanical load on the motor.  Now, let us discuss the effect of decreasing or
increasing the field excitation when the load applied to the motor remains constant.

(a) Excitation Decreased
As shown in Fig. 38.20 (b), suppose due to decrease in excitation, back e.m.f. is reduced to Eb1

at the same load angle α1.  The resultant voltage ER1 causes a lagging armature current Ia1 to flow.
Even though Ia1 is larger than Ia in magnitude it is incapable of producing necessary power VIa for
carrying the constant load because Ia1 cos φ1 component is less than Ia so that VIa1 cos φ1 < VIa.

Hence, it becomes necessary for load angle to increase from α1 to α2.  It increases back e.m.f.
from Eb1 to Eb2 which, in turn, increases resultant voltage from ER1 to ER2.  Consequently, armature
current increases to Ia2 whose in-phase component produces enough power (VIa2 cos φ2) to meet the
constant load on the motor.
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(b) Excitation Increased
The effect of increasing field excitation is

shown in Fig. 38.20 (c) where increased Eb1 is
shown at the original load angle α1.  The resultant
voltage ER1 causes a leading current Ia1 whose
in-phase component is larger than Ia.  Hence,
armature develops more power than the load on
the motor. Accordingly, load angle decreases
from α1 to α2 which decreases resultant voltage
from ER1 to ER2. Consequently, armature current
decreases from Ia1 to Ia2 whose in-phase
component Ia2 cos φ2 = Ia.  In that case, armature
develops power sufficient to carry the constant
load on the motor.

Hence, we find that variations in the
excitation of a synchronous motor running with
a given load produce variations in its load angle
only.

38.11. Different Torques of a
Synchronous Motor

Various torques associated with a synchro-
nous motor are as follows:

1. starting torque
2. running torque
3. pull-in torque and

4. pull-out torque
(a) Starting Torque
It is the torque (or turning effort) developed

by the motor when full voltage is applied to its
stator (armature) winding.  It is also sometimes
called breakaway torque.  Its value may be as low
as 10% as in the case of centrifugal pumps and as
high as 200 to 250% of full-load torque as in the
case of loaded reciprocating two-cylinder com-
pressors.

(b) Running Torque
As its name indicates, it is the torque devel-

oped by the motor under running conditions. It is
determined by the horse-power and speed of the driven machine. The peak horsepower determines
the maximum torque that would be required by the driven machine. The motor must have a break-
down or a maximum running torque greater than this value in order to avoid stalling.

(c) Pull-in Torque
A synchronous motor is started as induction motor till it runs 2 to 5% below the synchronous

speed.  Afterwards, excitation is switched on and the rotor pulls into step with the synchronously-
rotating stator field. The amount of torque at which the motor will pull into step is called the pull-in
torque.

Torque motors are designed to privide maximum
torque at locked rotor or near stalled conditions

Fig. 38.20
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(d) Pull-out Torque
The maximum torque which the motor can develop without pulling out of step or synchronism is

called the pull-out torque.
Normally, when load on the motor is increased, its rotor progressively tends to fall back in phase

by some angle (called load angle) behind the synchronously-revolving stator magnetic field though it
keeps running synchronously.  Motor develops maximum torque when its rotor is retarded by an
angle of 90º (or in other words, it has shifted backward by a distance equal to half the distance
between adjacent poles). Any further increase in load will cause the motor to pull out of step (or
synchronism) and stop.

38.12. Power Developed by a Synchronous Motor

In Fig. 38.21, OA represents supply voltage/phase and Ia = I is the armature current, AB is back
e.m.f. at a load angle of α. OB gives the resultant volt-
age ER = IZS (or IXS if Ra is negligible). I leads V  by φ
and lags behind ER by an angle θ = tan−1(X S / Ra). Line
CD is drawn at an angle of θ to A B. AC and ED are ⊥  to
CD (and hence to AE also).

Mechanical power per phase developed in the rotor
is

Pm = Eb I cos ψ ...(i)
In ∆ OBD, BD = I ZS cos ψ
Now, BD = CD − BC = AE − BC

I ZS cos ψ = V cos (θ − α) − Eb cos θ

∴ I cos ψ =
S

V
Z

cos (θ − α) − b

S

E
Z

 cos θ

Substituting this value in (i), we get

Pm per phase =
2

cos ( ) cos cos ( ) cos *
 θ − α − θ = θ − α − θ 
 

b b b
b

S S S S

E E V EVE
Z Z Z Z

* ...(ii)

This is the expression for the mechanical power developed in terms of the load angle (α) and the
internal angle (θ) of the motor for a constant voltage V  and Eb (or excitation because Eb depends on
excitation only).

If Tg is the gross armature torque developed by the motor, then
Tg × 2 π NS = Pm or Tg = Pm /ωs = Pm / 2 π NS –NS in rps

Tg =
60 . 9.55

2 / 60 2
= =

π π
m m m

S S S

P P P
N N N –NS in rpm

Condition for maximum power developed can be found by differentiating the above expression
with respect to load angle and then equating it to zero.

∴
α

md P
d

= − b

S

E V
Z

 sin (θ − α) = 0 or sin (θ − α) = 0 ∴ θ  = α

Fig. 38.21

Xs

Eb

Ia

+Ia

I
X
a

s

V

( )b( )a

E

+

A

B

f

a

* Since Ra is generally negligible, ZS = X S so that θ ≅  90º.  Hence

Pm = b

S

E V
X

 cos (90º − α) = b

S

E V
X

 sin α

This gives the value of mechanical power developed in terms of α − the basic variable of a synchronous
machine.
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∴ value of maximum power (Pm)max =  
2

−b b

S S

E V E
Z Z

 cos α or  (Pm)max = 
2

−b b

S S

E V E
Z Z

cos θ. ...(iii)

This shows that the maximum power and hence torque (∵  speed
is constant) depends on V  and Eb i.e., excitation. Maximum value of
θ (and hence α) is 90º.  For all values of V  and Eb, this limiting value
of α is the same but maximum torque will be proportional to the
maximum power developed as given in equation (iii). Equation (ii) is
plotted in Fig. 38.22.

If Ra is neglected, then ZS ≅ X S and θ = 90º  ∴  cos θ = 0

Pm =  b

S

E V
X

sin α    ...(iv)    (Pm)max =  b

S

E V
X

 ... from equation

(iii)* The same value can be otained by putting α = 90º in equation
(iv). This corresponds to the ‘pull-out’ torque.

38.13. Alternative Expression for Power Developed

In Fig. 38.23, as usual, OA represents the supply volt-
age per phase i.e., V  and AB (= OC) is the induced or back
e.m.f. per phase i.e., Eb at an angle α with OA. The arma-
ture current I (or Ia) lags V  by φ.

Mechanical power developed is,
Pm = Eb . I × cosine of the angle between

Eb and I
= Eb I cos ∠  DOI
= Eb I cos (π − ∠  COI)
= − Eb I cos (θ + γ)

= − Eb 
 
 
 

R

S

E
Z

 (cos θ cos γ − sin θ sin γ ) ...(i)

Now, ER and functions of angles θ and γ will be eliminated as follows :
From ∆ OAB ; V /sin γ  =  ER / sin α   ∴ sin γ  = V  sin α / ER

From ∆ OBC ; ER cos γ + V cos α = Eb ∴ cos γ = (Eb − V  cos α)/ER

Also cos θ = Ra / ZS and sin θ = X S / ZS

Substituting these values in Eq. (i) above, we get

Pm =
. cos sin

. .
− α α− − 

 
b R a b S

S S R S R

E E R E V X V
Z Z E Z E

=
2

b

S

E V

Z
 (Ra cos α + X S sin α) − 

2

2
b a

S

E R
Z

...(ii)

It is seen that Pm varies with Eb (which depends on excitation) and angle α (which depends on the
motor load).

Note. If we substitute Ra = ZS cos θ and X S = ZS sin θ in Eq. (ii), we get

Pm = 
2

b

S

E V

Z
(ZS cos θ cos α + ZS sin θ sin α) − 

2

2 cosb S

S

E Z
Z

θ
 = b

S

E V
Z

 cos (θ − α) − 
2b

S

E

Z
 cos θ

It is the same expression as found in Art. 38.10.

* It is the same expression as found for an alternator or synchronous generator in Art. 37.37.

Fig. 38.22

Fig. 38.23
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a a
yf f y

y

I Xd d I Xd d

I
X
a

q

I Xq q

I Xq q

I Ra a

Eb
Iq

IaId

Eb

Id
Ia

O O

V

( )a ( )b

A

VB

D

38.14. Various Conditions of Maxima

The following two cases may be considered :
(i) Fixed Eb, V, Ra and XS. Under these conditions, Pm will vary with load angle α and will be

maximum when dPm / dα = 0. Differentiating Eq. (ii) in Art. 38.11, we have

2
m b

s

dP E V

d Z
=

α  (X S cos α − Ra sin α) = 0 or tan α = X S / Ra = tan θ or α = θ

Putting α = θ in the same Eq. (ii), we get

(Pm)max = 
2

b

s

E V

Z
 (Ra cos θ + X S sin θ) − 

2

2
b a

s

E R

Z
 = 

2

2 2
. .b a S b a

a S
S Ss s

E V R X E R
R X

Z ZZ Z

 + − 
 

=

2 2 2 2

2 2 2
b a s b a b b a

S Ss s s

E V R X E R E V E R
Z ZZ Z Z

 +
− = −   

...(i)

This gives the value of power at which the motor falls out of step.
Solving for Eb from Eq. (i) above, we get

Eb = 2 4 . ( )
2

 ± − 
S

a m max
a

Z
V V R P

R

The two values of Eb so obtained represent the excitation limits for any load.
(ii) Fixed V, Ra and XS.  In this case, Pm varies with excitation or Eb.  Let us find the value of the

excitation or induced e.m.f. Eb which is necessary for maximum power possible.  For this purpose,
Eq. (i) above may be differentiated with respect to Eb and equated to zero.

∴ ( )m max

b

d P
d E

=
2

2
− a b

S S

R EV
Z Z

 = 0 ; Eb  =  
2

*S

a

V Z
R

...(ii)

Putting this value of Eb in Eq. (i) above, maximum power developed becomes

(Pm )max =
2 2 2

2 4 4
− =

a a a

V V V
R R R

38.15. Salient Pole Synchronous Motor

Cylindrical-rotor synchronous motors are much easier to analyse than those having salient-pole
rotors.  It is due to the fact that cylindrical-rotor motors have a uniform air-gap, whereas in salient-
pole motors, air-gap is much greater between the poles than along the poles.  Fortunately, cylindrical
rotor theory is reasonably accurate in predicting the steady-state performance of salient-pole motors.
Hence, salient-pole theory is required only when very high degree of accuracy is needed or when
problems concerning transients or power system stability are to be handled.

Fig. 38.24

* This is the value of induced e.m.f. to give maximum power, but it is not the maximum possible value of the
generated voltage, at which the motor will operate.
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The d-q currents and reactances for a salient-pole synchronous motor are exactly the same as
discussed for salient-pole synchronous generator.  The motor has d-axis reactance X d and q-axis
reactance X q. Similarly, motor armature current Ia has two components : Id and Iq. The complete
phasor diagram of a salient-pole synchronous motor, for a lagging power factor is shown in
Fig. 38.24 (a).

With the help of Fig. 38.24 (b), it can be proved that tan ψ = 
sin

cos

φ −
φ −

q q

a a

V I X

V I R
If Ra is negligible, then tan ψ = (V  sin φ + Ia X q ) / V  cos φ
For an overexcited motor i.e., when motor has leading power factor,

tan ψ = (V  sin φ + Ia X q ) / V  cos φ
The power angle α is given by α�= φ − ψ
The magnitude of the excitation or the back e.m.f. Eb is given by

Eb = V  cos α − Iq Ra − Id Xd

Similarly, as proved earlier for a synchronous generator, it can also be proved from Fig. 38.24 (b)
for a synchronous motor with Ra = 0 that

tan α =
cos

sin

φ
− φ
a q

a q

I X

V I X

In case Ra is not negligible, it can be proved that

tan α =
cos sin

sin cos

φ − φ
− φ − α
a q a a

a q a a

I X I R

V I X I R

38.16. Power Developed by a Salient Pole Synchronous Motor

The expression for the power developed by a salient-pole synchronous generator derived in
Chapter 35 also applies to a salient-pole synchronous motor.

∴ Pm =

2 ( )
sin sin 2

2

−
α + αd qb

d d q

V X XE V
X X X ... per phase

=

2 ( )
3 sin sin 2

2

 −
 × α + α
  

d qb

d d q

V X XE V
X X X ... per three phases

Tg = 9.55 Pm / NS ...NS in rps.
As explained earlier, the power consists of two components, the first component is called excita-

tion power or magnet power and the second is called reluctance power (because when excitation is
removed, the motor runs as a reluctance motor).

Example 38.4. A 3-φ, 150-kW, 2300-V, 50-Hz, 1000-rpm salient-pole synchronous motor has Xd
= 32 Ω / phase and Xq = 20 Ω / phase.  Neglecting losses, calculate the torque developed by the
motor if field excitation is so adjusted as to make the back e.m.f. twice the applied voltage and
α = 16º.

Solution. V = 2300 / 3 = 1328 V ; Eb = 2 × 1328 = 2656 V

Excitation power / phase = b

d

E V
X

 sin α = 2656 1328
32
×  sin 16º = 30,382 W

Reluctance power / phase =
2 ( )

2

−d q

d q

V X X

X X
 sin 2α = 

21328 (32 20)
2 32 20

−
× ×

sin 32º = 8760 W

Total power developed, Pm = 3 (30382 + 8760) = 117, 425 W
Tg = 9.55 × 117,425/1000 = 1120 N-m

www.EngineeringBooksPdf.com



1506 Electrical Technology

Example 38.5.  A 3300-V, 1.5-MW, 3-φ, Y-connected synchronous motor has Xd = 4Ω / phase
and Xq = 3 Ω / phase. Neglecting all losses, calculate the excitation e.m.f. when motor supplies rated
load at unity p.f.  Calculate the maximum mechanical power which the motor would develop for this
field excitation.(Similar Example, Swami Ramanand Teertha Marathwada Univ. Nanded 2001)

Solution. V = 3300 / 3  = 1905 V;  cos φ = 1;  sin φ = 0 ;  φ = 0º

Ia =1.5 × 106 / 3  × 3300 × 1 = 262 A

tan ψ =
sin 1905 0 262 3

cos 1905

φ − × − ×=
φ
a qV I X

V
 = − 0.4125 ; ψ = − 22.4º

α = φ − ψ = 0 − ( − 22.4º) = 22.4º

Id = 262 × sin (− 22.4º) = − 100 A;  Iq = 262 cos (− 22.4º) = 242 A
Eb = V  cos α − Id X d = 1905 cos (− 22.4º) − (− 100 × 4) = 2160 V

= 1029 sin α + 151 sin 2 α

Pm = b

d

E V
X

 sin α + 
2 ( )

2

−d q

d q

V X X

X X
 sin 2α ... per phase

=
22160 1905 1905 (4 3)

sin 2
4 1000 2 4 3 1000

× −+ α
× × × ×

...kW/phase

= 1029 sin α + 151 sin 2α ...kW/phase

If developed power has to achieve maximum value, then

α
mdP

d
= 1029 cos α + 2 × 151 cos 2α = 0

∴ 1029 cos α + 302 (2 cos2 α − 1) = 0 or 604 cos2α + 1029 cos α − 302 = 0

∴ cos α =
21029 1029 4 604 302

2 604
− ± + × ×

×
 = 0.285 ;  α = 73.4º

∴ maximum Pm = 1029 sin 73.4º + 151 sin 2 × 73.4º = 1070 kW/phase

Hence, maximum power developed for three phases = 3 × 1070 = 3210 kW

Example 38.6. The input to an 11000-V, 3-phase, star-connected synchronous motor is 60 A.
The effective resistance and synchronous reactance per phase are respectively 1 ohm and 30 ohm.
Find (i) the power supplied to the motor (ii) mechanical power developed and (iii) induced emf for a
power factor of 0.8 leading. (Elect. Engg. AMIETE (New Scheme) June 1990)

Solution.  (i)  Motor power input = 3  × 11000 × 60 × 0.8 = 915 kW

(ii) stator Cu loss/phase = 602 × 1 = 3600 W; Cu loss for three phases = 3 × 3600 = 10.8 kW
Pm = P2 − rotor Cu loss = 915 − 10.8 = 904.2 kW

Vp = 11000/ 3  = 6350 V ; φ = cos−1 0.8 = 36.9º ;

θ = tan−1 (30/1) = 88.1º
ZS ≅ 30 Ω; stator impedance drop / phase = Ia ZS

= 60 × 30 = 1800 V
As seen from Fig. 38.25,

Eb
2 = 63502 + 18002 − 2 × 6350 × 1800 × cos (88.1º + 36.9º)

= 63502 + 18002 − 2 × 6350 × 1800 × − 0.572

∴ Eb = 7528 V ; line value of Eb = 7528 × 3  = 13042

Fig. 38.25

E
b =7528V1

8
0
0
V 88.1

o

36.9
o

6350V
A

O
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Special Example 38.7. Case of Salient - Pole Machines
A synchronous machine is operated as below :

As a Generator : 3 -Phase, Vph = 400, Iph = 32, unity p.f.

As a Motor : 3 - Phase, Vph = 400, Iph = 32, unity p.f.

Machine parameters : Xd = 10 Ω, Xq = 6.5 Ω
Calculate excitation emf and δ in the two modes and deal with the term power in these two

cases.

Fig. 38.26  (a) Generator-action

Solution.
Generating Mode :
Voltages : OA = 400 V, AB = IXq

= 32 × 6.5 = 208 V

OB = 2 2400 208+  = 451 V,

 δ =
1 1 208tan tan 27.5º

400
− −= =AB

OA

BE = Id (X d − Xq)

= 140 × 3.5 = 51.8 V,

E = OE = OB + BE = 502.8 V
Currents :  I = OC = 32, Iq = I cos δ = OD = 28.4 amp., Id = DC = I sin δ = 14.8 amp. E leads V

in case of generator, as shown in Fig. 38.26 (a)
Power (by one formula) = 3 × 400 × 32 × 10−3 = 38.4 kW

or Power (by another formula) = ( )2400 502.8 400 3.53 sin 27.5º sin 55º
10 2 65

 ×× + × ×  
= 38.44 kW
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Fig. 38.26 (b)  Phasor diagram :  Motoring mode

Motoring mode of a salient pole synchronous machine
Voltages : OA = 400 V, AB = − IXq = 208 V

OB = 2 2400 208+  = 451 V

δ = 1 1 208tan tan 27.5º
400

− −= =AB
OA

 as before but now E lags behind V .

BE = Id (X d − Xq) = 51.8 V in the direction shown.  OE = 502.8 V as before
Currents :  OC = 32 amp. OD = 28.4 amp. DC = 14.8 amp.  Naturally,  Iq = 28.4 amp. and

Id = 14.8 amp
Power (by one formula) = 38.4 kW
Power (by another formula) = 38.44 kW
Note.  Numerical values of E and δ are same in cases of generator-mode and motor-mode, due to unity p.f.

δ has different signs in the two cases.

Example 38.8. A 500-V, 1-phase synchronous motor gives a net output mechanical power of
7.46 kW and operates at 0.9 p.f. lagging. Its effective resistance is 0.8 Ω.  If the iron and friction
losses are 500 W and excitation losses are 800 W, estimate the armature current. Calculate the
commercial efficiency. (Electrical Machines-I, Gujarat Univ. 1988)

Solution. Motor input = VIa cos φ ; Armature Cu loss = Ia Ra
2

Power developed in armature is Pm = VIa cos φ − Ia
2 Ra

∴ Ia
2 Ra − VIa cos φ + Pm = 0 or Ia = 

2 2cos cos 4

2

φ ± φ − a m

a

V V R P

R
Now, Pout = 7.46 kW = 7,460 W

Pm = Pout + iron and friction losses + excitation losses

= 7460 + 500 + 800 = 8760 W ... Art. 38.5

Ia =
2500 0.9 (500 0.9) 4 0.8 3760

2 0.8
× ± × − × ×

×

=
450 202,500 28,030 450 417.7 32.3

1.6 1.6 1.6
± − ±= =  = 20.2 A
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Motor input = 500 × 20.2 × 0.9 = 9090 W

ηc = net output / input = 7460 / 9090 = 0.8206 or 82.06%.

Example 38.9. A 2,300-V, 3-phase, star-connected synchronous motor has a resistance of
0.2 ohm per phase and a synchronous reactance of 2.2 ohm per phase. The motor is operating at
0.5 power factor leading with a line current of 200 A. Determine the value of the generated e.m.f. per
phase. (Elect. Engg.-I, Nagpur Univ. 1993)

Solution.  Here, φ = cos−1 (0.5) = 60º (lead)

θ = tan−1 (2.2/0.2) = 84.8º
∴ (θ + φ) = 84.8º + 60º = 144.8º

cos 144.8º = − cos 35.2º

V = 2300/ 3  =1328 volt

ZS = 2 20.2 2.2+  = 2.209 Ω

IZS = 200 × 2.209 = 442 V

The vector diagram is shown in Fig. 38.27.

Eb = 2
2 2 . cos ( )+ − θ + φRR

V E V E

= 2 21328 442 2 1328 442 cos 35.2º+ + × × ×  = 1708 Volt / Phase

Example 38.10. A 3-phase, 6,600-volts, 50-Hz, star-connected synchronous motor takes 50 A
current. The resistance and synchronous reactance per phase are 1 ohm and 20 ohm respectively.
Find the power supplied to the motor and induced emf for a power factor of (i) 0.8 lagging and
(ii) 0.8 leading. (Eect. Engg. II pune Univ. 1988)

Solution.  (i) p.f. = 0.8 lag (Fig. 38.28 (a)).

Power input = 3  × 6600 × 50 × 0.8 = 457,248 W

Supply voltage / phase = 6600 / 3  = 3810 V

φ = cos−1 (0.8) = 36º52′; θ = tan−1 (X S / Ra) = (20/1) = 87.8′

ZS = 2 220 1+  = 20 Ω (approx.)

Impedance drop = Ia ZS = 50 × 20 = 1000 V/phase

∴ Eb
2 = 38102 + 10002 − 2 × 3810 × 1000 × cos (87º8′ − 36º52′) ∴ Eb = 3263 V / phase

Line induced e.m.f. = 3263 × 3  = 5651 V
(ii) Power input would remain the same.
As shown in Fig. 38.28 (b), the current

vector is drawn at a leading angle of
φ = 36º52′

Now, (θ + φ) = 87º8′ + 36º52′ = 124º,
cos 124º = − cos 56º

∴   Eb
2  =  38102 + 10002 − 2 × 3810 ×

1000 × − cos 56º ∴   Eb  =  4447 V / phase

Line induced e.m.f. = 3  × 4447
= 7,700 V

Note.  It may be noted that if Eb > V , then motor has a leading power factor and if Eb < V .

Fig. 38.27

q
Eb

Ia
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o

A

B

O
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Fig. 38.28 (a) Fig. 38.28 (b)
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f
f
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IaE
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E
b =3263V
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O

B

B

A A
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www.EngineeringBooksPdf.com



1510 Electrical Technology

Example 38.11.   A synchronous motor having 40% reactance and a negligible resistance is to
be operated at rated load at (i) u.p.f. (ii) 0.8 p.f. lag (iii) 0.8 p.f. lead.  What are the values of induced
e.m.f. ?  Indicate assumptions made, if any. (Electrical Machines-II, Indore Univ. 1990)

Solution.  Let            V  =  100 V, then reactance drop = Ia X S = 40 V
(i) At unity p.f.

Here, θ = 90º, Eb = 2 2100 40+  = 108 V ...Fig. 38.29 (a)

(ii) At p.f. 0.8 (lag.)  Here ∠  BOA = θ − φ = 90º − 36º54′ = 53º6′
Eb

2 = 1002 + 402 − 2 × 100 × 40 × cos 53º6′;  Eb = 82.5 V, as in Fig. 38.29 (b)

q
q

q
a

a
f

f

Eb
Eb

Eb

Ia

Ia

Ia

40 V

100 V
A

A

AO

O

B B

B

( )a ( )b ( )c

M

40
V

100A
M

4
0

V

100 V

Fig. 38.29

 Alternatively, Eb = AB = 2 2 2 276 32+ = +AM MB = 82.5 V

(iii) At p.f. 0.8 (lead.) Here, (θ + φ) = 90º + 36.9º = 126.9º
Eb

2 = 1002 + 402 − 2 × 40 × cos 126.9º = 128 V
Again from Fig. 38.29 (c), Eb

2 = (OM + OA)2 + MB2 = 1242 + 322 ; Eb = 128 V.

Example 38.12.  A 1,000-kVA, 11,000-V, 3-φ, star-connected synchronous motor has an armature
resistance and reactance per phase of 3.5 Ω and 40 Ω respectively.  Determine the induced e.m.f.
and angular retardation of the rotor when fully loaded at (a) unity p.f. (b) 0.8 p.f. lagging
(c) 0.8 p.f. leading. (Elect. Engineering-II, Bangalore Univ. 1992)

q=85
o q

q
a

a
a

f f

Eb

E
b=5190 V Eb

Ia

Ia

Ia

2
1
0
0

V

6351 V
A

A

AO

O

O

B
B

B

( )a ( )b ( )c

21
00

V

6351 V

2100
V

6351 V

6513 V

7670 V

Fig. 38.30

Solution. Full-load armature current = 1,000 × 1,000 / 3  × 11,000 = 52.5 A

Voltage / phase = 11,000 / 3  = 6,351 V ; cos φ = 0.8 ∴  φ = 36º53′
Armature resistance drop / phase = Ia Ra = 3.5 × 52.5 = 184 V

reactance drop / phase = Ia XS = 40 × 52.5 = 2,100 V

∴ impedance drop / phase = Ia ZS = 2 2(184 2100 )+ = 2,100 V ( approx.)

tan θ = X S / Ra ∴ θ  = tan−1 (40 / 3.5) = 85º
(a) At unity p.f.  Vector diagram is shown in Fig. 38.30 (a)
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Eb
2 = 6,3512 + 2,1002 − 2 × 6,351 × 2,100 cos 85º; Eb = 6,513 V per phase

Induced line voltage = 6,513 × 3  = 11,280 V

From ∆ OAB,  2100
sin α

= 6153 6153
sin 85º 0.9961

=

sin α = 2,100 × 0.9961 / 6,513 = 0.3212 ∴ α  = 18º44′′′′′
(b) At p.f. 0.8 lagging – Fig. 38.30 (b)

∠  BOA = θ − φ = 85º − 36º53′  = 48º7′
Eb

2 = 6,3512 + 2,1002 − 2 × 6,351 × 2,100 × cos 48º7′
Eb = 5,190 V per phase

Induced line voltage = 5,190 × 3  = 8,989 V
Again from the ∆ OAB of Fig. 36.30 (b)

2100
sin α

= 5190 5.190
sin 48º 7 0.7443

=
′

∴ sin α = 2100 × 0.7443/5190 = 0.3012 ∴ α = 17º32′′′′′
(c) At p.f. 0.8 leading [Fig. 38.30 (c)]

∠ BOA = θ + φ = 85º + 36º53′ = 121º53′
∴ Eb

2 = 6,3512 + 2,1002 − 2 × 6,351 × 2,100 × cos 121º53′
∴ Eb = 7,670 volt per phase.

Induced line e.m.f = 7,670 × 3  = 13,280 V

Also,   2,100
sin α

= 7,670 7,670
sin 121º53 0.8493

=
′

∴ sin α = 2,100 × 0.8493 / 7,670 = 0.2325  ∴ α  = 13º27′′′′′
Special Example 38.13. Both the modes of operation : Phase - angle = 20º Lag

Part (a) :  A three phase star-connected synchronous generator supplies a current of 10 A
having a phase angle of 20º lagging at 400 volts/phase. Find the load angle and components of
armature current (namely Id and Iq) if Xd = 10 ohms, Xq = 6.5 ohms. Neglect ra. Calculate voltage
regulation.

Solution.  The phasor diagram is drawn in Fig 38.31 (a)

Fig. 38.31 (a) : Generator-mode
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OA = 400 V, OB = 400 cos 20° = 376 V, A B = 400 sin 20° = 136.8 V

AF = IXq = 10 × 6.5 = 65 V, BF = BA + AF = 201.8 V

OF = 2 2376 201.8+  = 426.7 V, δ = 8.22º

DC = Id = Ia sin 28.22º = 4.73 amp, DC perpendicular to OD,
OD = Iq = Ia cos 28.22º = 8.81 amp
FE = Id (X d − X q) = 4.73 × 3.5 = 16.56 V.  This is along the direction of ‘+q’ –axis

E = OE = OF + FE = 426.7 + 16.56 = 443.3 V

% Regulation =
443 400

400
−

 × 100% = 10.75 %

If the same machine is now worked as a synchronous motor with terminal voltage, supply-current
and its power-factor kept unaltered, find the excitation emf and the load angle.

Fig. 38.31 (b) Motoring-mode

AF = − Ia X q = − 65 V, AB = 136.8 V, FB = 71.8 V
OB = 400 cos 20º = 376 V

OF = 2 2376 71.8+  = 382.8 V

20º − δ = tan−1 BF/OB = tan−1 71.8/376 = 10.8º, δ = 9.2º

FE = − Id (X d − X q) = − 1.874 × (3.5) = − 6.56 volts, as shown in Fig.38.31 (b)
E = OE = OF + FE = 382.8 − 6.56 = 376.24 volts

Currents :
Ia = OC = 10 amp
Iq = OD = 10 cos 10.8º = 9.823 amp, Id = DC = sin 10.8º = 1.874 amp

Note.  Id is in downward direction.

Hence,  − Id (X d − X q) will be from F towards O i.e., along ‘−q’ direction.
Thus, Excitation emf = 376.24 Volts, Load angle = 9.2°

(Note.  With respect to the generator mode, E has decreased, while  δ has increased.)

Power (by one formula) = 11276 watts, as before
Power (by another formula)

= 3 [(V E/X d) sin δ + (V 2/2) {(1/X q) sin 2δ}]
= 3 [(400 × 376.24/10) sin 9.2º + (400 × 400/2) (3.5/65) sin 18.4º]
= 3 × [2406 + 1360] = 11298 watts.

[This matches quite closely to the previous value calculated by other formula.]
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Fig. 38.33 (a)

Example 38.14. A 1-φ alternator has armature impedance of (0.5 + j0.866). When running as a
synchronous motor on 200-V supply, it provides a net output of 6 kW. The iron and friction losses
amount to 500 W. If current drawn by the motor is 50 A, find the two possible phase angles of current
and two possible induced e.m.fs. (Elec. Machines-I, Nagpur Univ. 1990)

Solution.  Arm. Cu loss/phase  =  Ia
2 Ra = 502 × 0.5 = 1250 W

Motor intake = 6000 + 500 + 1250 = 7750 W
p.f. = cos φ = Watts / VA = 7750 / 200 × 50 = 0.775 ∴ φ  = 39º lag or lead.

θ = tan−1 (X S /Ra) = tan−1 (0.866 / 0.5) = 60º ;

39
o

q=60o q=60
o

f=39
o

Eb EbI
Z

a
s

Ia

Ia

A

A

O

O

B
B

( )a ( )b

200 V

200 V

Fig. 38.32

∠  BOA = 60º − 39º = 21º – Fig. 38.32 (a)

ZS = 2 20.5 0.866+  = 1 Ω ; Ia ZS  = 50 × 1 = 50 V

AB = Eb = 2 2200 50 2 200 50 cos 21º+ − × × ;  Eb = 154 V.

In Fig. 38.32 (b), ∠  BOA = 60º + 39º = 99º

∴ AB = Eb = 2 2(200 50 ) 2 200 50 cos 99º+ − × × ;  Eb = 214 V.

Example 38.15. A 2200-V, 3-φ, Y-connected, 50-Hz, 8-pole synchronous motor has
ZS = (0.4 + j 6) ohm/phase. When the motor runs at no-load, the field excitation is adjusted so that E
is made equal to V.  When the motor is loaded, the rotor is retarded by 3º mechanical.

Draw the phasor diagram and calculate the armature current, power factor and power of the
motor. What is the maximum power the motor can supply without falling out of step?

(Power Apparatus-II, Delhi Univ. 1988)

Solution.  Per phase  Eb = V  = 2200/ 3  = 1270 V

α = 3º (mech) = 3º × (8/2) = 12º (elect).
As seen from Fig 38.33 (a).

ER = (12702 + 12702 − 2 × 1270 × 1270 × cos 12º)1/2

= 266 V;  ZS = 2 20.4 6+  = 6.013 Ω

Ia = ER / ZS = 266 / 6.013 = 44.2 A. From ∆ OAB,

we get, 1270
sin ( )θ − φ

= 266
sin 12º

∴ sin (θ − φ) = 1270 × 0.2079/266 = 0.9926  ∴  (θ − φ) = 83º

Now, θ = tan−1 (X S / Ra) = tan−1 (6 / 0.4) = 86.18º
φ = 86.18º − 83º = 3.18º ∴   p.f. = cos 3.18º = 0.998(lag)

Total motor power input = 3 VIa cos φ = 3 × 1270 × 44.2 × 0.998 = 168 kW

ER

Ia

E
b =1270V

12
o

V=1270V
AO f

q

B
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Total Cu loss = 3 Ia
2 Ra = 3 × 44.22 × 0.4 = 2.34 kW

Power developed by motor = 168 − 2.34 = 165.66 kW

Pm(max) =
2 2

2 2
1270 1270 1270 0.4

6.013 6.013
b b a

S s

E V E R

Z Z

× ×− = −  = 250 kW

Example 38.16.  A 1−φ, synchronous motor has a back e.m.f. of 250 V, leading by 150 electrical
degrees over the applied voltage of 200 volts. The synchronous reactance of the armature is 2.5
times its resistance. Find the power factor at which the motor is operating and state whether the
current drawn by the motor is leading or lagging.

Solution.  As induced e.m.f. of 250 V is greater than
the applied voltage of 200 V, it is clear that the motor is
over-excited, hence it must be working with a leading power
factor.

In the vector diagram of Fig. 38.33 (b), OA represents
applied voltage, AB is back e.m.f. at an angle of 30º
because ∠  AOC = 150º and ∠  COD = ∠ BAO = 30º. OB
represents resultant of voltage V and Eb i.e. ER

In ∆ OBA,

ER = 2 2( 2 cos 30º )+ −b bV E V E

= 2 2(220 250 2 200 250 0.866)+ − × × ×  = 126 V

Now,
sin 30º

RE
=

sin ( )θ + φ
bE

or 126
0.5

 = 
250

sin ( )θ + φ
∴ sin (θ + φ) = 125/126 (approx.)  ∴  (θ + φ) = 90º

Now tan θ = 2.5 ∴  θ = 68º12′ ∴  φ  = 90º − 68º12′ = 21º48′
∴ p.f. of motor = cos 21º48′  = 0.9285 (leading)

Example 38.17.  The synchronous reactance per phase of a 3-phase star-connected 6,600 V
synchronous motor is 10 Ω. For a certain load, the input is 900 kW and the induced line e.m.f. is
8,900 V. (line value) . Evaluate the line current. Neglect resistance.

(Basic Elect. Machines, Nagpur Univ. (1993)

Solution.  Applied voltage / phase = 6,600 / 3  = 3,810 V

Back e.m.f. / phase = 8,900 / 3  = 5,140 V

Input = 3 V L  . I cos φ = 900,000

∴ I cos φ = 9 × 105 / 3 × 6,600 = 78.74 A

In ∆ ABC of vector diagram in Fig. 38.34, we have A B2 = AC2 + BC2

Now OB = I . X S = 10 I

BC = OB cos φ = 10 I cos φ
= 10 × 78.74 = 787.4 V

∴ 5,1402 = 787.42 + AC2 ∴  AC = 5,079 V

∴ OC = 5,079 − 3,810  = 1,269 V

tan φ = 1269/787.4 = 1.612; φ = 58.2º, cos φ = 0.527

Now I cos φ = 78.74 ; I = 78.74/0.527 = 149.4 A

Fig. 38.33 (b)

Fig. 38.34
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Example 38.18.  A 6600-V, star-connected, 3-phase synchronous motor works at constant voltage
and constant excitation. Its synchronous reactance is 20 ohms per phase and armature resistance
negligible when the input power is 1000 kW, the power factor is 0.8 leading. Find the power angle
and the power factor when the input is increased to 1500 kW.

(Elect. Machines, AMIE Sec. B 1991)

Solution.  When Power Input is 1000 kW (Fig. 38.35 (a))

3  × 6600 × Ia1 × 0.8 = 1000,000; Ia1=109.3 A

ZS = X S = 20 Ω ; Ia1 ZS = 109.3 × 20 = 2186 V ; φ1 = cos− 1 0.8 = 36.9º; θ = 90º

Eb
2 = 38102 + 21862 − 2 × 3810 × 2186 × cos (90º + 36.9º)

= 38102 + 21862 − 2 × 3810 × 2186 × − cos 53.1º; ∴   Eb = 5410 V
Since excitation remains constant, Eb in the second case would remain the same i.e., 5410 V.

When Power Input is 1500 kW :

3  × 6600 × Ia2 cos φ2 =
1500,000; Ia2 cos φ2 = 131.2 A

As seen from Fig. 38.35 (b),
OB = Ia2 ZS = 20 Ia

BC = OB cos φ2 = 20 Ia2

cos φ2 = 20 × 131.2 = 2624 V
In ∆ ABC, we have, A B2 = AC2

+ BC2 or 54102 = AC2 + 26242

∴ AC = 4730 V; OC = 4730 − 3810 = 920 V

tan φ2 = 920 / 2624 ; φ2 = 19.4º; p.f. = cos φ2 = cos 19.4º = 0.9432 (lead)
tan α2 = BC / AC = 2624/4730; α2 = 29º

Example 38.19. A 3-phase, star-connected 400-V synchronous motor
takes a power input of 5472 watts at rated voltage. Its synchronous reactance
is 10 Ω per phase and resistance is negligible. If its excitation voltage is
adjusted equal to the rated voltage of 400 V, calculate the load angle, power
factor and the armature current.          (Elect. Machines AMIE Sec. B, 1990)

Solution. 3  × 400 × Ia cos φ = 5472 ; Ia cos φ = 7.9 A
ZS = 10 Ω; ER = Ia ZS = 10 Ia

As seen from Fig. 38.36,  BC = OB cos φ = 10, Ia cos φ = 79 V

AC = 2 2231 79−  = 217 V;  OC = 231 − 217=14 V

tan φ = 14 / 79; φ = 10º; cos φ = 0.985 (lag)
Ia cos φ = 7.9; Ia = 7.9 / 0.985 = 8 A;  tan α = BC / AC = 79 / 217; α = 20º

Example 38.20.  A 2,000-V, 3-phase, star-connected synchronous motor has an effective resis-
tance and synchronous reactance of 0.2 Ω and 2.2 Ω respec-
tively. The input is 800 kW at normal voltage and the induced
e.m.f. is 2,500 V. Calculate the line current and power factor.

(Elect. Engg. A.M.I.E.T.E., June 1992)

Solution.  Since the induced e.m.f. is greater than the ap-
plied voltage, the motor must be running with a leading p.f.  If
the motor current is I, then its in-phase or power component is I
cos φ and reactive component is I sin φ.

Fig. 38.35

Fig. 38.36

Fig. 38.37
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Let I cos φ = I1 and I sin φ = I2 so that I = (I1 + j I2)

I cos φ = I1 = 800,00 / 3  = 231 A

Applied voltage / phase = 2,000 / 3  = 1,154 V

Induced e.m.f. / phase = 2500 / 3  =1,443 V
In Fig. 38.37 OA = 1154 V and

AB = 1443 V, OI leads OA by φ
ER = I ZS and θ = tan−1 (2.2 / 0.2) = 84.8º

BC is ⊥  AO produced.

Now, ER = I ZS = (I1 + j I2) (0.2 + j2.2)
= (231 + jI2) (0.2 + j2.2) = (46.2 − 2.2 I2) + j (508.2 + 0.2 I2)

Obviously, OC = (46.2 − 2.2 I2) ; BC = j (508.2 + 0.2 I2)

From the right-angled ∆ ABC, we have
AB2 = BC2 + AC2 = BC2 + (AO + OC)2

or 14432 = (508.2 + 0.2 I2)2 + (1154 + 46.2 − 2.2 I2)2

Solving the above quadratic equation, we get I2 = 71 A

I = 2 2 2 2
1 2 231 71+ = +I I  = 242 A

p.f. = I1/I = 231/242 = 0.95 (lead)

Example 38.21.  A 3 phase, 440-V, 50 Hz, star-connected synchronous motor takes 7.46 kW
from the three phase mains. The resistance per phase of the armature winding is 0.5 ohm. The motor
operates at a p. f. of 0.75 lag. Iron and mechanical losses amount to 500 watts. The excitation loss is
650 watts. Assume the source for excitation to be a separate one.

Calculate. (i) armature current, (ii) power supplied to the motor, (iii) efficiency of the motor
(Amravati University 1999)

Solution.   A 3 -phase synchronous motor receives power from two sources :
(a) 3-phase a. c. source feeding power to the armature.
(b) D.C. source for the excitation, feeding electrical power only to the field winding.
Thus, power received from the d. c. source is utilized only to meet the copper-losses of the field

winding.
3 Phase a.c. source feeds electrical power to the armature for following components of power:
(i) Net mechanical power output from the shaft

(ii) Copper-losses in armature winding
(iii) Friction, and armature-core-losses.
In case of the given problem

3  × Ia × 440 × 0.75 = 7460
Ia = 13.052 amp

Total copper-loss in armature winding = 3 × 13.0522 × 0.50 = 255 watts
Power supplied to the motor = 7460 + 650 = 8110 watts

efficiency of the motor =
Output
Input

Output from shaft = (Armature Input) − (Copper losses in armature winding)
− (friction and iron losses)

= 7460 − 255 − 500 = 6705 watts

Efficiency of the motor = 6705
8110

 × 100% = 82.7%
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Example 38.22.  Consider a 3300 V delta connected
synchronous motor having a synchronous reactance per
phase of 18 ohm. It operates at a leading pf of 0.707 when
drawing 800 kW from mains. Calculate its excitation emf and
the rotor angle (= delta), explaining the latter term.

(Elect. Machines Nagpur Univ. 1993)

Solution.  3  × 3300 × Ia × 0.707 = 800,000

∴ Line current = 198 A, phase current, Ia = 198 / 3 =114.3 A;

ZS = 18 Ω ; Ia ZS = 114.3 × 18 = 2058 V

φ = cos−1 0.707; φ = 45º; θ = 90º;
cos (θ + φ) = cos 135º = − cos 45º = − 0.707

From Fig. 38.38, we find

Eb
2 = 33002 + 20582 − 2 × 3300 × 2058 × − 0.707

∴ Eb = 4973 V
From ∆ OAB, we get 2058/sin α = 4973/sin 135º. Hence, α = 17º

Example 38.23.  A 75-kW, 400-V, 4-pole, 3-phase star connected synchronous motor has a
resistance and synchronous reactance per phase of 0.04 ohm and 0.4 ohm respectively. Compute for
full-load 0.8 p.f. lead the open circuit e.m.f. per phase and mechanical power developed. Assume an
efficiency of 92.5%. (Elect. Machines AMIE Sec. B 1991)

Solution. Motor input = 75,000 / 0.925 = 81,080 Ω

Ia = 81,080 / 3 × 400 × 0.8 =146.3 A ; ZS = 2 20.04 0.4+ = 0.402 Ω

Ia ZS = 146.3 × 0.402 = 58.8 V; tan φ = 0.4 / 0.04 = 10 ;
θ = 84.3º; φ = cos− 1 0.8 ; φ = 36.9º; (θ + φ) = 121.2º;

Vph = 400 / 3  = 231 V

As seen from Fig. 36.39,
Eb

2 = 2312 + 58.82 − 2 × 231 × 58.8 × cos 121.2; Eb / phase = 266 V

Stator Cu loss for 3 phases = 3 × 146.32 × 0.04 = 2570 W;
Ns = 120 × 50/40 = 1500 r.p.m.
Pm = 81080 − 2570 = 78510 W ; Tg = 9.55 × 78510/1500 = 500 N-m.

Example 38.24.  A 400-V, 3-phase, 50-Hz, Y-connected synchronous motor has a resistance and
synchronous impedance of 0.5 Ω and 4 Ω per phase respectively. It takes a current of 15 A at unity
power factor when operating with a certain field current. If the load torque is increased until the line
current is increased to 60 A, the field current remaining unchanged, calculate the gross torque
developed and the new power factor. (Elect. Machines, AMIE Sec. B 1992)

Solution.  The conditions corresponding to the first case are shown in Fig. 38.40.

Voltage/phase = 400/ 3  = 231 V ; Ia ZS = OB = 15 × 4 = 60 V

XS = 2 2−S aZ R  = 2 24 0.5−  = 3.968 Ω

θ = tan−1 (3.968/0.5) = tan−1 (7.936) = 81.8º

Eb
2 = 2312 + 602 − 2 × 231 × 60 × cos 81º 48′; Eb = 231 V

It is obvious that motor is running with normal excitation because Eb = V

Fig. 38.38

Fig. 38.39
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When the motor load is increased, the phase
angle between the applied voltage and the
induced (or back) e.m.f. is increased. Art (38.7).
The vector diagram is as shown in Fig. 38.41.

Let φ be the new phase angle.
Ia ZS = 60 × 4 = 240 V

∠ BOA = (81º48′  − φ).

Since the field current remains constant, the value of Eb remains the same.
∴ 2312 = 2312 + 2402 − 2 × 231 × 240 cos (81º48′ − φ)
∴ cos (81º48′ − φ) = 0.4325 or 81º 48′ − φ = 64º24′
∴ φ = 81º48′  − 64º24′ = 17º24′. New p.f. = cos 17º24′ = 0.954 (lag)

Motor input = 3  × 400 × 60 × 0.954 = 39,660 W
Total armature Cu loss = 3 × 602 × 0.5 = 5,400 W

Electrical power converted into mechanical power = 39,660 − 5,400 − 34,260 W
NS = 120 × 50/6 = 1000 r.p.m. Tg = 9.55 × 34,260/1000 = 327 N-m

Example 38.25.  A 400-V, 10 h.p. (7.46 kW), 3-phase synchronous motor has negligible armature
resistance and a synchronous reactance of 10 W / phase. Determine the minimum current and the
corresponding induced e.m.f. for full-load conditions. Assume an efficiency of 85%.

                                                              (A.C. Machines-I, Jadavpur Univ. 1987)
Solution.  The current is minimum when the power factor is unity

i.e., when cos φ = 1. The vector diagram is as shown in Fig. 38.42.
Motor input = 7460 / 0.85 = 8,775 W

Motor line current = 8,775 / 3 × 400×1 = 12.67 A
Impedance drop = Ia XS = 10 × 12.67 = 126.7 V

Voltage / phase = 400 / 3   = 231 V

Eb = 2 2231 126.7+  = 263.4 V

Example 38.26.  A 400-V, 50-Hz, 3-phase, 37.5 kW, star-connected synchronous motor has a
full-load efficiency of 88%. The synchronous impedance of the motor is (0.2 + j 1.6) ohm per phase.
If the excitation of the motor is adjusted to give a leading power factor of 0.9, calculate the following
for full load :

(i) the excitation e.m.f.
(ii) the total mechanical power developed (Elect.Machines, A.M.I.E. Sec. B, 1989)

Solution.  Motor input = 37.5/0.88 = 42.61 kW; Ia = 42,610 / 3 × 400 × 0.9 = 68.3 A

V = 400 / 3  = 231 V; ZS = 0.2 + j 1.6 = 1.612 ∠  82.87º
ER = Ia ZS = 68.3 × 1.612 = 110 V;

φ = cos−1 (0.9) = 25.84º
Now, (φ + θ) = 25.84º + 82.87º = 108.71º
cos (φ + θ) = cos 108.71º = − 0.32
(a)  ∴ Eb

2 = V 2 + ER
2 − 2 VER  cos 108.71º or Eb = 286 V

Line value of excitation voltage = 3  × 285 = 495 V

(b) From ∆ OAB, (Fig. 38.43) ER / sin α = Eb / sin (φ + θ), α = 21.4º

Pm = 3
b

S

E V
Z  sin α = 3 

286 231
1.612

×
 sin 21.4º = 14,954 W

Fig. 38.40 Fig. 38.41

Fig. 38.42

Fig. 38.43
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Example 38.27.  A 6600-V, star-connected, 3-phase synchronous motor works at constant voltage
and constant excitation. Its synchronous reactance is 20 ohm per phase and armature resistance
negligible. When the input power is 1000 kW, the power factor is 0.8 leading. Find the power angle
and the power factor when the input is increased to 1500 kW.

(Elect. Machines, A.M.I.E., Sec. B, 1991)

Solution.  V = 6600 / 3  = 3810 V, Ia = 1000 × 103 / 3  × 6600 × 0.8 = 109.3 A
The phasor diagram is shown in Fig. 38.44. Since Ra is

negligible, θ = 90º
ER = Ia XS = 109.3 × 20 = 2186 V

cos = 0.8, φ = 36.87º

Eb
2 = V 2 + ER

2 − 2EbV  cos (90º + 36.87º) ;
Eb = 5410 V

Now, excitation has been kept constant but power has been
increased to 1500 kW

∴ 3 b

S

E V
Z

 sin α = P ;  3 × 5410 3810
20
× sin α = 1500 × 103 ; α = 29º

Also,
(sin 90º )+ φ

bE
=

sin [180º ( 90 )] cos ( )
=

− α + + φ α + φ
V V

or
cos φ

bE
=

cos ( )α + φ
V

or
b

V
E

 = 
cos (29º )

cos
+ φ

φ
 = 0.3521

∴ φ = 19.39º, cos φ = cos 19.39º = 0.94 (lead)

Example 38.28.  A 400-V, 50-Hz, 6-pole, 3-phase, Y-connected synchronous motor has a
synchronous reactance of 4 ohm/phase and a resistance of 0.5 ohm/phase. On full-load, the excitation
is adjusted so that machine takes an armature current of 60 ampere at 0.866 p.f. leading.

Keeping the excitation unchanged, find the maximum power output. Excitation, friction, wind-
age and iron losses total 2 kW. (Electrical Machinery-III, Bangalore Univ. 1990)

Solution.   V = 400/ 3  = 231 V/phase; ZS = 0.5 + j 4 = 4.03 ∠  82.9º; θ = 82.9º

Ia ZS = 60 × 4.03 = 242 V; cos φ = 0.866

φ = 30º (lead)
As seen from Fig. 36.45,

Eb
2 = 2312 + 2422 − 2 × 231 × 242 cos 112.9º

Eb = 394 V

(Pm)max =
2

2 2

2

394 231 394 0.5
4.03 4.03

× ×− = −b b a

S S

E V E R
Z Z

= 17,804 W/phase. –Art. 38.12
Maximum power developed in armature for 3 phases

= 3 × 17,804 = 52,412 W
Net output = 52,412 − 2,000 = 50,412 W = 50.4 kW

Example 38.29.  A 6-pole synchronous motor has an armature impedance of 10 Ω and a resistance
of 0.5 Ω. When running on 2,000 volts, 25-Hz supply mains, its field excitation is such that the e.m.f.
induced in the machine is 1600 V. Calculate the maximum total torque in N-m developed before the
machine drops out of synchronism.

Fig. 38.44

Fig. 38.45
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Solution.  Assuming a three-phase motor,
V  = 2000 V, Eb = 1600 V ; Ra = 0.5 Ω; ZS = 10 Ω; cos θ = 0.5/10 = 1/20

Using equation (iii) of Art. 37-10, the total max. power for 3 phases is

(Pm)max =
2 22000 1600 1600 1

cos
10 10 20
× ×− θ = −

×
b b

S S

E V E
Z Z

 = 307,200 watt

Now, NS = 120 f /P = 120 × 25/6 = 500 r.p.m.
Let Tg . max be the maximum gross torque, then

Tg max = 9.55 ×  
307200

500  = 5,868 N-m

Example. 38.30.  A 2,000-V, 3-phase, 4-pole, Y-connected synchronous motor runs at 1500
r.p.m. The excitation is constant and corresponds to an open-circuit terminal voltage of 2,000 V.  The
resistance is negligible as compared with synchronous reactance of 3 Ω per phase. Determine the
power input, power factor and torque developed for an armature current of 200 A.

(Elet. Engg.-I, Nagpur Univ. 1993)

Solution. Voltage/phase = 2000/ 3  = 1150 V

Induced e.m.f. = 1150 V – given
Impedance drop = 200 × 3 = 600 V

As shown in Fig. 38.46, the armature current is assumed to lag
behind V  by an angle φ.  Since Ra is negligible, θ = 90º.

∠ BOA = (90º − φ)
Considering ∆ BOA, we have

11502 = 11502 + 6002 − 2 × 600 × 1150 cos (90 − φº)
sin φ = 0.2605; φ = 16.2º; p.f. = cos 16.2º = 0.965 (lag)

Power input = 3  × 2,000 × 200 × 0.965 = 668.5 kW

NS = 1500 r.p.m.  ∴ Tg = 9.55 × 66,850/1500 = 4,255 N-m.

Example 38.31.  A 3-φ, 3300-V, Y-connected synchronous motor has an effective resistance and
synchronous reactance of 2.0 Ω and 18.0 Ω per phase respectively. If the open-circuit generated
e.m.f. is 3800 V between lines, calculate (i) the maximum total mechanical power that the motor can
develop and (ii) the current and p.f. at the maximum mechanical power.

(Electrical Machines-III. Gujarat Univ. 1988)

Solution. θ = tan−1 (18/2) = 83.7º; V ph = 3300 / 3  = 1905 V; Eb = 3800 / 3   = 2195 V
Remembering that α = θ for maximum power development (Ar. 38-10)

ER = (19052 + 21952 − 2 × 1905 × 2195 × cos 83.7º)1/2 = 2744 volt per phase

∴ Ia ZS = 2,744 ; Now, ZS = 2 22 18+ = 18.11 Ω
∴ Ia = 2744/18.11 = 152 A/phase ; line current = 152 A

(Pm)max per phase = 
2

2 2

2

2195 1905 2195 2
18.11 18.11

× ×− = −b b a

S S

E V E R
Z Z

= 230,900 − 29,380 = 201520 W per phase

Maximum power for three phases that the motor can develop in its armature

= 201, 520 × 3 = 604,560 W
Total Cu losses = 3 × 1522 × 2 = 138,700 W

Motor input = 604,560 + 138,700 = 743,260 W

∴ 3  × 3300 × 152 × cos φ = 743,260 ∴ cos φ = 0.855 (lead).

Fig. 38.46
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Example 38.32.  The excitation of a 415-V, 3-phase, mesh-connected synchronous motor is such
that the induced e.m.f. is 520 V. The impedance per phase is (0.5 + j4.0) ohm. If the friction and iron
losses are constant at 1000 W, calculate the power output, line current, power factor and efficiency
for maximum power output. (Elect. Machines-I, Madras Univ. 1987)

Solution.  As seen from Art. 38-12, for fixed Eb, V , Ra and X S, maximum power is developed
when α = θ.

Now, θ = tan−1 (4/0.5) = tan−1 (8) = 82.90º = α

ER = 2 2415 520 2 415 520 cos 82.9º+ − × × ×  = 625 V per phase

Now, IZS = 625 ; ZS = 2 24 0.5+  = 4.03 Ω ∴ I  =  625/4.03 = 155 A

Line current = 3  × 155 = 268.5 A

(Pm)max =
2 2

2
520 415 520 0.5

4.03 16.25
b b a

S S

E V E R

Z Z

× ×− = −  = 45,230 W

Max. power for 3 phases  = 3 × 45,230 = 135,690 W
Power output = power developed − iron and friction losses

= 135,690 − 1000 = 134,690 W = 134.69 kW
Total Cu loss = 3 × 1552 × 0.5 = 36,080 W

Total motor input = 135,690 + 36,080 = 171,770 W

∴ 3  × 415 × 268..5 × cos φ = 171,770 ; cos φ = 0.89 (lead)

Efficiency = 134,690/171,770 = 0.7845 or 78.45%

Tutorial Problems 38.1

1. A 3-phase, 400-V, synchronous motor takes 52.5 A at a power factor of 0.8 leading. Calculate the
power supplied and the induced e.m.f. The motor impedance per phase is (0.25 + j3.2) ohm.

[29.1 kW; 670V]
2. The input to a 11-kV, 3φ, Y-connected synchronous motor is 60 A. The effective resistance and

synchronous reactance per phase are I Ω and 30 Ω respectively.  Find (a) power supplied to the
motor and (b) the induced e.m.f. for a p.f. of 0.8 leading.

[(a) 915 kW (b) 13kV]  (Grad. I.E.T.E. Dec. 1978)
3. A 2,200-V, 3-phase, star-connected synchronous motor has a resistance of 0.6 Ω and a synchronous

reactance of 6 Ω. Find the generated e.m.f. and the angular retardation of the motor when the input is
200 kW at (a) power factor unity and (b) power factor 0.8 leading.

[(a) 2.21 kV; 14.3º (b) 2.62 kV; 12.8º]

4. A 3-phase, 220-V, 50-Hz, 1500 r.p.m., mesh-connected synchronous motor has a synchronous im-
pedance of 4 ohm per phase. It receives an input line current of 30 A at a leading power factor of 0.8.
Find the line value of the induced e.m.f. and the load angle expressed in mechanical degrees.

If the mechanical load is thrown off without change of excitation, determine the magnitude of the
current under the new conditions. Neglect losses. [268 V; 6º, 20.6 A]

5. A 400-V, 3-phase, Y-connected synchronous motor takes 3.73 kW at normal voltage and has an
impedance of (1 + j8) ohm per phase. Calculate the current and p.f. if the induced e.m.f. is 460 V.

                                         [6.28 A; 0.86 lead] (Electrical Engineering, Madras Univ. April 1979)
6. The input to 6600-V, 3-phase, star-connected synchronous motor is 900 kW. The synchronous reac-

tance per phase is 20 Ω and the effective resistance is negligible. If the generated voltage is 8,900 V
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(line), calculate the motor current and its power factor.

                                         [Hint. See solved Ex. 38.17 ] (Electrotechnics, M.S. Univ. April 1979)

7. A 3-phase synchronous motor connected to 6,600-V mains has a star-connected armature with an
impedance of (2.5 + j15) ohm per phase. The excitation of machine gives 7000 V. The iron, friction
and excitation losses are 12 kW. Find the maximum output of the motor. [153.68 kW]

8. A 3300-V, 3-phase, 50-Hz, star-connected synchronous motor has a synchronous impedance of
(2 + j15) ohm. Operating with an excitation corresponding to an e.m.f. of 2,500 V between lines, it
just falls out of step at full-load. To what open-circuit e.m.f. will it have to be excited to stand a 50%
excess torque. [4 kV]

9. A 6.6 kV, star-connected, 3-phase, synchronous motor works at constant voltage and constant exci-
tation. Its synchronous impedance is (2.0 + j 20) per phase. When the input is 1000 kW, its power
factor is 0.8 leading. Find the power factor when the input is increased to 1500 kW (solve graphi-
cally or otherwise).

[0.925 lead] (AMIE Sec. B Advanced Elect. Machines (E-9) Summer 1991)
10. A 2200-V, 373 kW, 3-phase, star-connected synchronous motor has a resistance of 0.3 Ω and a

synchronous reactance of 3.0 Ω per phase respectively. Determine the induced e.m.f. per phase if the
motor works on full-load with an efficiency of 94 per cent and a p.f. of 0.8 leading.

[1510 V] (Electrical Machinery, Mysore Univ. 1992)
11. The synchronous reactance per phase of a 3-phase star-connected 6600 V synchronous motor is 20

Ω. For a certain load, the input is 915 kW at normal voltage and the induced line e.m.f. is 8,942 V.
Evaluate the line current and the p.f. Neglect resistance. [97 A; 0.8258 (lead)]

12. A synchronous motor has an equivalent armature reactance of 3.3 Ω. The exciting current is adjusted
to such a value that the generated e.m.f. is 950 V.  Find the power factor at which the motor would
operate when taking 80 kW from a 800-V supply mains. [0.965 leading] (City & Guilds, London)

13. The input to an 11000 V, 3-phase star-connected synchronous motor is 60 A. The effective resistance
and synchronous reactance per phase are respectively 1 ohm and 30 ohms.  Find the power supplied
to the motor and the induced electromotive force for a power factor of 0.8 leading.

[914.5 kW, 13 kV] (Elect. Machines, A.M.I.E. Sec. B, 1990)
14. A 400-V, 6-pole, 3-phase, 50-Hz, star-connected synchronous motor has a resistance and synchro-

nous reactance of 0.5 ohm per phase and 4-ohm per phase respectively. It takes a current of 15 A at
unity power factor when operating with a certain field current. If the load torque is increased until the
line current is 60 A, the field current remaining unchanged, find the gross torque developed, and the
new power factor. [354 Nm; 0.93] (Elect. Engg. AMIETE Dec. 1990)

15. The input to a 11,000-V, 3-phase, star-connected synchronous motor is 60 amperes. The effective
resistance and synchronous reactance per phase are respectively 1 ohm and 30 ohm. Find the power
supplied to the motor and the induced e.m.f. for power factor of 0.8 (a) leading and (b) lagging.

[915 kW (a) 13 kV (b) 9.36 kV] (Elect. Machines-II, South Gujarat Univ. 1981)
16. Describe with the aid of a phasor diagram the behaviour of a synchronous motor starting from no-

load to the pull-out point.

What is the output corresponding to a maximum input to a 3-φ delta-connected 250-V, 14.92 kW
synchronous motor when the generated e.m.f. is 320 V ? The effective resistance and synchronous
reactance per phase are 0.3 Ω and 4.5 Ω respectively. The friction, windage, iron and excitation
losses total 800 watts and are assumed to remain constant. Give values for (i) output (ii) line current
(iii) p.f.

[(i) 47.52 kW (ii) 161 A (iii) 0.804] (Elect. Machines, Indore Univ. Feb. 1982)
17. A synchronous motor takes 25 kW from 400 V supply mains. The synchronous reactance of the

motor is 4 ohms. Calculate the power factor at which the motor would operate when the field excita-
tion is so adjusted that the generated EMF is 500 volts.

[ 0.666 Leading] (Rajiv Gandhi Technical University, Bhopal, 2000)
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38.17. Effect of Excitation on Armature Current and Power Factor
The value of excitation for which back e.m.f. Eb is equal (in magnitude) to applied voltage V  is

known as 100% excitation. We will now discuss what happens when motor is either over-excited or
under-exicted although we have already touched this point in Art. 38-8.

Consider a synchronous motor in which the mechanical load is constant (and hence output is also
constant if losses are neglected).

ER

ER

ER

ER

Eb
Eb

EbEb

E Vb = E Vb > E Vb >E Vb <

q
q

q
qf f

f = 0f

B B

B

B

O O
O O

I I I

I

V
V V V

A A A A

( )a ( )b ( )c ( )d

Fig. 38.47

Fig. 38.47 (a) shows the case for 100% excitation i.e., when Eb = V . The armature current I lags
behind V  by a small angle φ. Its angle θ with ER is fixed by stator constants i.e. tan θ = X S / Ra.

In Fig. 38.47 (b)* excitation is less than 100% i.e., Eb < V . Here, ER is advanced clockwise and so
is armature current (because it lags behind ER by fixed angle θ). We note that the magnitude of I is
increased but its power factor is decreased (φ has increased).  Because input as well as V  are constant,
hence the power component of I i.e., I cos φ remains the same as before, but wattless component I
sin φ is increased. Hence, as excitation is decreased, I will increase but p.f. will decrease so that
power component of I i.e., I cos φ = OA will remain constant. In fact, the locus of the extremity of
current vector would be a straight horizontal line as shown.

Incidentally, it may be noted that when field current is reduced, the motor pull-out torque is also
reduced in proportion.

Fig. 38.47 (c) represents the condition for overexcited motor i.e. when Eb > V .  Here, the resultant
voltage vector ER is pulled anticlockwise and so is I. It is seen that now motor is drawing a leading
current. It may also happen for some value of excitation, that I may be in phase with V  i.e., p.f. is unity
[Fig. 38.47 (d)].  At that time, the current drawn by the motor would be minimum.

Two important points stand out clearly from the above discussion :
(i) The magnitude of armature current varies with excitation. The current has large value both

for low and high values of excitation (though it is lagging for low excitation and leading for
higher excitation). In between, it has minimum value corresponding to a certain excitation.
The variations of I with excitation are shown in Fig. 38.48 (a) which are known as ‘V ’ curves
because of their shape.

(ii) For the same input, armature current varies over a wide range and so causes the power factor
also to vary accordingly. When over-excited, motor runs with leading p.f. and with lagging
p.f. when under-excited. In between, the p.f. is unity. The variations of p.f. with excitation

* These are the same diagrams as given in Fig. 38.7 and 8 expect that vector for V has been shown vertical.
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are shown in Fig. 38.48 (b). The curve for p.f. looks
like inverted ‘V ’ curve. It would be noted that mini-
mum armature current corresponds to unity
power factor.

It is seen (and it was pointed out in Art. 38.1)
that an over-excited motor can be run with leading
power factor. This property of the motor renders it
extremely useful for phase advancing (and so power
factor correcting) purposes in the case of industrial
loads driven by induction motors (Fig. 38.49) and
lighting and heating loads supplied through
transformers. Both transformers and induction
motors draw lagging currents from the line.
Especially on light loads, the power drawn by them
has a large reactive component and the power factor
has a very low value. This reactive component,
though essential for operating the electric
m a c h i n e r y ,
entails appreci-
able loss in many
ways. By using
s y n c h r o n o u s
motors in
conjunction with
induction motors
and transformers,
the lagging
reactive power
required by the
latter is supplied locally by the leading reactive
component taken by the former, thereby relieving
the line and generators of much of the reactive
component. Hence, they now supply only the active
component of the load current. When used in this
way, a synchronous motor is called a synchronous
capacitor, because it draws, like a capacitor,
leading current from the line. Most synchronous
capacitors are rated between 20 MVAR and 200
MVAR and many are hydrogen-cooled.

Example 38.33.  Describe briefly the effect of vary-
ing excitation upon the armature current and p.f.
of a synchronous motor when input power to the
motor is maintained constant.

A 400-V, 50-Hz, 3-φ, 37.3 kW, star-connected synchronous motor has a full-load efficiency of
88%. The synchronous impedance of the motor is (0.2 + j 1.6) Ω per phase. If the excitation of the
motor is adjusted to give a leading p.f. of 0.9, calculate for full-load (a) the induced e.m.f. (b) the
total mechanical power developed.

Solution.  Voltage / phase = 400 / 3  = 231 V;

Fig. 38.49

Induction
Motors

Synch
Motor

Inductor motor

Fig. 38.48
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ZS = 2 2(1.6 0.2 )+  = 1.61 Ω;

Full-load current = 37,300
3 400 0.88 0.9× × ×

= 68 A
∴ I ZS = 1.61 × 68 = 109.5 V

With reference to Fig. 38.50
tan θ = 1.6 / 0.2 = 8, θ = 82º54′
cos φ = 0.9, φ = 25º50′.

∴ (θ + φ) = 82º54′  + 25º50′ = 108º44′
Now cos 108º44′ = − 0.3212
(a) In ∆ OAB, Eb

2 = 2312 + 109.52 − 2 × 231 × 109.5 × (− 0.3212) = 285.62 ; Eb = 285.6 V

Line value of Eb = 3  × 285.6 = 495 V

(b) Total motor input = 37,300 / 0.88 = 42,380 W

Total Cu losses = 3 × I2 Ra = 3 × 682 × 0.2 = 2,774 W
∴ Electric power converted into mechanical power = 42,380 − 2,774 = 39.3 kW.
Example 38.34. A 3-φ, star-connected synchronous motor takes 48 kW at 693 V, the power

factor being 0.8 lagging. The induced e.m.f. is increased by 30%, the power taken remaining the
same. Find the current and the p.f.  The machine has a synchronous reactance of 2 W per phase and
negligible resistance.

Solution.  Full-load current

= 48.000/ 3  × 693 × 0.8 = 50 A

Voltage/phase = 693/ 3  = 400 V
ZS = X S = 2 Ω  ∴   IZS = 50 × 2 = 100 V

tan θ = 2/0 = ∞ ∴ θ  = 90º; cos φ = 0.8, sin φ = 0.6
The vector diagram is shown in Fig. 38.51. In ∆ OAB,

Eb
2 = 4002 + 1002 − 2 × 400 × 100 × cos (90º − φ)

= 4002 + 1002 − 2 × 400 × 100 × 0.6 = 3492 ∴   Eb = 349 V.
The vector diagram for increased e.m.f. is shown in Fig. 38.52. Now, Eb = 1.3 × 349 = 454 V.

It can be safely assumed that in the second case, current is leading V  by some angle φ′.
Let the new current and the leading angle of current by I′  and φ′ respectively. As power input

remains the same and V is also constant, I cos φ should be the same far the same input.
∴ I cos φ = 50 × 0.8 = 40 = I′ cos φ′
In ∆ ABC, A B2 = AC2 + BC2

Now BC = I′ X S cos φ′ (∵ OB = I′ XS)
= 40 × 2 = 80 V

∴ 4542 = AC2 + 802 or AC = 447 V

∴ OC = 447 − 400 = 47 V
∴ tan φ′ = 47/80, φ′ = 30º26′
∴ New p.f. = cos 30º26′

= 0.8623 (leading)
Also,  I′ cos φ′ = 40 ∴    I′ = 40/0.8623 = 46.4 A.

Fig. 38.50

Fig. 38.51

Fig. 38.52
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Fig. 38.54

Example 38.35.  A synchronous motor absorbing 60 kW is connected in parallel with a factory
load of 240 kW having a lagging p.f. of 0.8. If the combined load has a p.f. of 0.9, what is the value
of the leading kVAR supplied by the motor and at what p.f. is it working ?

(Electrical Engineering-II, Banglore Univ. 1990)

Solution.  Load connections and phase relationships are shown in Fig. 38.53.
Total load = 240 + 60 = 300 kW; combined p.f. = 0.9 (lag)

φ = 25.8º, tan φ = 0.4834, combined kVAR = 300 × 0.4834 = 145(lag)

Factory Load
cos φL = 0.8, φL = 36.9º, tan φL = 0.75, load kVAR = 240 × 0.75 = 180 (lag)

or load kVA = 240/0.8 = 300, kVAR = 300 × sin φL = 300 × 0.6 = 180

∴ leading kVAR supplied by synchronous motor = 180 − 145 = 35.
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0.8 p.f.
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Fig. 38.53

For Synchronous Motor
kW = 60, leading kVAR = 35, tan φm = 35/60 ; φm = 30.3º ; cos 30.3º = 0.863

∴ motor p.f. = 0.863 (lead). Incidentally, motor kVA = 2 260 35+ = 69.5.

38.18. Constant-power Lines

In Fig. 38.54, OA represents applied voltage /
phase of the motor and AB is the back e.m.f. / phase,
Eb.  OB is their resultant voltage ER. The armature
current is OI lagging behind ER by an angle θ =
tan−1X S / Ra. Value of I = ER / ZS. Since ZS is constant,
ER or vector OB represents (to some suitable scale)
the main current I.  OY is drawn at an angle φ with OB
(or at an angle θ with CA). BL is drawn perpendicular
to OX which is at right angles to O Y.  Vector OB, when
referred to O Y, also represents, on a different scale,
the current both in magnitude and phase.

Hence, OB cos φ = I cos φ = BL

The power input / phase of the motor

= VI cos φ = V  × BL.
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As V  is constant, power input is dependent on BL. If motor is working with a constant intake, then
locus of B is a straight line || to OX and ⊥  to O Y i.e. line EF for which BL is constant.  Hence, EF,
represents a constant-power input line for a given voltage but varying excitation.  Similarly, a series
of such parallel lines can be drawn each representing a definite power intake of the motor.  As regards
these constant-power lines, it is to be noted that

1. for equal increase in intake, the power lines are parallel and equally-spaced

2. zero power line runs along OX

3. the perpendicular distance from B to OX (or zero power line) represents the motor intake

4. If excitation is fixed i.e. A B is constant in length, then as the load on motor is increased,
increases.  In other words, locus of B is a circle with radius = AB and centre at A.  With
increasing load, B goes on to lines of higher power till point B1 is reached.  Any further
increase in load on the motor will bring point B down to a lower line.  It means that as load
increases beyond the value corresponding to point B1, the motor intake decreases which is
impossible.  The area to the right of AY 1 represents unstable conditions.  For a given voltage
and excitation, the maximum power the motor can develop, is determined by the location of
point B1 beyond which the motor pulls out of synchronism.

38.19. Construction of V-curves

The V -curves of a synchornous motor show how armature current varies with its field current
when motor input is kept constant. These are obtained by plotting a.c. armature current against d.c.
field current while motor input is kept constant
and are so called because of their shape (Fig.
38.55). There is a family of such curves, each
corresponding to a definite power intake.

In order to draw these curves experimen-
tally, the motor is run from constant voltage
and constant-frequency bus-bars.  Power
input to motor is kept constant at a definite
value. Next, field current is increased in small
steps and corresponding armature currents are
noted.  When plotted, we get a V-curve for a
particular constant motor input.  Similar curves
can be drawn by keeping motor input constant
at different values.  A family of such curves is
shown in Fig. 38.55.

Detailed procedure for graphic construction of V-curves is given below :

1. First, constant-power lines are drawn as discussed in Art. 38.14.

2. Then, with A  as the centre, concentric circles of different radii A B, A B1, A B2, etc. are drawn
where A B, A B1, A B2, etc., are the back e.m.fs corresponding to different excitations.  The
intersections of these circles with lines of constant power give positions of the working points
for specific loads and excitations (hence back e.m.fs).  The vectors OB, OB1, OB2 etc.,
represent different values of ER (and hence currents) for different excitations.  Back e.m.f.
vectors A B, A B1 etc., have not been drawn purposely in order to avoid confusion (Fig. 38.56).

Fig. 38.55
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Fig. 38.57

3. The different values of back e.m.fs like A B, A B1, A B2, etc., are projected on the magnetisation
and corresponding values of the field (or exciting) amperes are read from it.

4. The field amperes are plotted against the corresponding armature currents, giving us ‘V ’
curves.

38.20. Hunting or Surging or Phase Swinging

When a synchronous motor is used for driving a varying load, then a condition known as hunting
is produced.   Hunting may also be caused if supply frequency is pulsating (as in the case of genera-
tors driven by reciprocating internal combustion engines).

We know that when a synchronous
motor is loaded (such as punch presses,
shears, compressors and pumps etc.), its
rotor falls back in phase by the coupling
angle α.  As load is progressively
increased, this angle also increases so as
to produce more torque for coping with
the increased load.  If now, there is sudden
decrease in the motor load, the motor is
immediately pulled up or advanced to a
new value of α corresponding to the new
load.  But in this process, the rotor
overshoots and hence is again pulled back.
In this way, the rotor starts oscillating (like
a pendulum) about its new position of

Salient
Field Poles

Shaft

Slip
Rings

Squirrel
Winding

Fig. 38.56
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equilibrium corresponding to the new load.
If the time period of these oscillations
happens to be equal to the natural time
period of the machine (refer Art.  37.36)
then mechanical resonance is set up.  The
amplitude of these oscillations is built up
to a large value and may eventually become
so great as to throw the machine out of
synchronism.  To stop the build-up of these
oscillations, dampers or damping grids (also
known as squirrel-cage winding) are
employed.  These dampers consist of short-
circuited Cu bars embedded in the faces of
the field poles of the motor (Fig.  38.57).
The oscillatory motion of the rotor sets up
eddy currents in the dampers which flow in
such a way as to suppress these oscillations.

But it should be clearly understood that
dampers do not completely prevent hunt-

ing because their operation depends upon the presence of some oscillatory motion.  Howover, they
serve the additional purpose of making the synchronous motor self-starting.

38.21. Methods of Starting

As said above, almost all synchronous motors are equipped with dampers or squirrel cage wind-
ings consisting of Cu bars embedded in the pole-shoes and short-circuited at both ends. Such a motor
starts readily, acting as an induction motor during the starting period. The procedure is as follows :

The line voltage is applied to the armature (stator) terminals and the field circuit is left unex-
cited. Motor starts as an induction motor and while it reaches nearly 95% of its synchronous speed,
the d.c. field is excited.  At that moment the stator and rotor poles get engaged or interlocked with
each other and hence pull the motor into synchronism.

However, two points should be noted :

1. At the beginning, when voltage is applied, the rotor is stationary. The rotating field of the
stator winding induces a very large e.m.f. in the rotor during the starting period, though the
value of this e.m.f. goes on
decreasing as the rotor gath-
ers speed.

Normally, the field windings
are meant for 110-V (or 250
V for large machines) but
during starting period there
are many thousands of volts
induced in them.  Hence, the
rotor windings have to be
highly insulated for with-
standing such voltages.

Salient - poled squirrel eage motor

Fig. 38.58
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2. When full line voltage is switched on to the armature at rest, a very large current, usually 5
to 7 times the full-load armature current is drawn by the motor.  In some cases, this may not
be objectionable but where it is, the applied voltage at starting, is reduced by using auto-
transformers (Fig. 38.58). However, the voltage should not be reduced to a very low value
because the starting torque of an induction motor varies approximately as the square of the
applied voltage. Usually, a value of 50% to 80% of the full-line voltage is satisfactory.

Auto-transformer connections are shown in Fig. 38.58. For reducing the supply voltage, the
switches S1 are closed and S2 are kept open. When the motor has been speeded-up, S2 are
closed and S1 opened to cut out the transformers.

38.22. Procedure for Starting a Synchronous Motor

While starting a modern synchronous motor provided with damper windings, following procedure
is adopted.

1. First, main field winding is short-circuited.

2. Reduced voltage with the help of auto-transformers is applied across stator terminals.  The
motor starts up.

3. When it reaches a steady speed (as judged by its sound), a weak d.c. excitation is applied by
removing the short-circuit on the main field winding.  If excitation is sufficient, then the
machine will be pulled into synchronism.

4. Full supply voltage is applied across stator terminals by cutting out the auto-transformers.

5. The motor may be operated at any desired power factor by changing the d.c. excitation.

38.23. Comparison Between Synchronous and Induction Motors

1. For a given frequency, the synchronous motor runs at a constant average speed whatever the
load, while the speed of an induction motor falls somewhat with increase in load.

2. The synchronous motor can be operated over a wide range of power factors, both lagging
and leading, but induction motor always runs with a lagging p.f. which may become very
low at light loads.

3. A synchronous motor is inherently not self-starting.

4. The changes in applied voltage do not affect synchronous motor torque as much as they
affect the induction motor torque.  The breakdown torque of a synchronous motor varies
approximately as the first power of applied voltage whereas that of an induction motor
depends on the square of this voltage.

5. A d.c. excitation is required by synchronous motor but not by induction motor.

6. Synchronous motors are usually more costly and complicated than induction motors, but
they are particularly attractive for low-speed drives (below 300 r.p.m.) because their power
factor can always be adjusted to 1.0 and their efficiency is high.  However, induction motors
are excellent for speeds above 600 r.p.m.

7. Synchronous motors can be run at ultra-low speeds by using high power electronic converters
which generate very low frequencies.  Such motors of 10 MW range are used for driving
crushers, rotary kilns and variable-speed ball mills etc.
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38.24. Synchronous Motor Applications

Synchronous motors find extensive application for the following classes of service :

1. Power factor correction

2. Constant-speed, constant-load drives

3. Voltage regulation

(a) Power factor correction

Overexcited synchronous motors having leading power factor are widely used for improving
power factor of those power systems which employ a large number of induction motors (Fig. 38.49)
and other devices having lagging p.f. such as welders and flourescent lights etc.

(b) Constant-speed applications

Because of their high efficiency and high-speed, synchronous motors (above 600 r.p.m.) are
well-suited for loads where constant speed is required such as centrifugal pumps, belt-driven
reciprocating compressors, blowers, line shafts, rubber and paper mills etc.

Low-speed synchronous motors (below 600 r.p.m.) are used for drives such as centrifugal and
screw-type pumps, ball and tube mills, vacuum pumps, chippers and metal rolling mills etc.

(c) Voltage regulation

The voltage at the end of a long transmission line varies greatly especially when large inductive
loads are present.  When an inductive load is disconnected suddenly, voltage tends to rise considerably
above its normal value because of the line capacitance.  By installing a synchronous motor with a
field regulator (for varying its excitation), this voltage rise can be controlled.

When line voltage decreases due to inductive load, motor excitation is increased, thereby raising
its p.f. which compensates for the line drop. If, on the other hand, line voltage rises due to line
capacitive effect, motor excitation is decreased, thereby making its p.f. lagging which helps to maintain
the line voltage at its normal value.

QUESTIONS AND ANSWERS ON SYNCHRONOUS MOTORS

Q. 1. Does change in excitation affect  the synchronous motor speed ?
Ans. No.
Q. 2. The power factor ?
Ans. Yes.
Q. 3. How ?
Ans. When over-excited, synchronous motor has leading power factor. However, when

underexcited, it has lagging power factor.

Q. 4. For what service are synchronous motors especially suited ?
Ans. For high voltage service.
Q. 5. Which has more efficiency; synchronous or induction motor ?
Ans. Synchronous motor.
Q. 6. Mention some specific applications of synchronous motor ?
Ans. 1. constant speed load service 2. reciprocating compressor drives

3. power factor correction 4.  voltage regulation of transmission lines.
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Q. 7. What is a synchronous capacitor ?
Ans. An overexcited synchronous motor is called synchronous capacitor, because, like a capacitor,

it takes a leading current.
Q. 8. What are the causes of faulty starting of a synchronous motor ?
Ans. It could be due to the following causes :

1. voltage may be too low – at least half voltage is required for starting
2. there may be open-circuit in one phase – due to which motor may heat up
3. static friction may be large – either due to high belt tension or too tight bearings
4. stator windings may be incorrectly connected
5. field excitation may be too strong.

Q. 9. What could be the reasons if a synchronous motor fails to start ?
Ans. It is usually due to the following reasons :

1. voltage may be too low
2. some faulty connection in auxiliary apparatus
3. too much starting load
4. open-circuit in one phase or short-circuit
5. field excitation may be excessive.

Q. 10. A synchronous motor starts as usual but fails to develop its full torque. What could it
be due to ?

Ans. 1. exciter voltage may be too low  2. field spool may be reversed  3. there may be either
open-circuit or short-circuit in the field.

Q. 11. Will the motor start with the field excited ?
Ans. No.

Q. 12. Under which conditions a synchronous motor will fail to pull into step ?
Ans. 1. no field excitation 2. excessive load 3. excessive load inertia

(c) synchronous

(d) universal

4. While running, a synchronous motor is com-
pelled to run at synchronous speed because of

(a) damper winding in its pole faces

(b) magnetic locking between stator and rotor
poles

(c) induced e.m.f. in rotor field winding by
stator flux

(d) compulsion due to Lenz’s law

5. The direction of rotation of a synchronous motor
can be reversed by reversing

(a) current to the field winding

(b) supply phase sequence

(c) polarity of rotor poles

(d) none of the above

OBJECTIVE TESTS – 38

1. In a synchronous motor, damper winding is
provided in order to

(a) stabilize rotor motion
(b) suppress rotor oscillations
(c) develop necessary starting torque
(d) both (b) and (c)

2. In a synchronous motor, the magnitude of stator
back e.m.f. Eb depends on
(a) speed of the motor
(b) load on the motor
(c) both the speed and rotor flux
(d) d.c. excitation only

3. An electric motor in which both the rotor and
stator fields rotates with the same speed is called
a/an ........motor.
(a) d.c.

(b) chrage
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6. When running under no-load condition and with
normal excitation, armature current Ia drawn
by a synchronous motor

(a) leads the back e.m.f. Eb by a small angle

(b) is large

(c) lags the applied voltage V  by a small
angle

(d) lags the resultant voltage ER by 90º.

7. The angle between the synchronously-rotating
stator flux and rotor poles of a synchronous
motor is called........ angle.

(a) synchronizing

(b) torque

(c) power factor

(d) slip

8. If load angle of a 4-pole synchronous motor is
8º (elect), its value in mechanical degrees is
........

(a) 4

(b) 2

(c) 0.5

(d) 0.25

9. The maximum value of torque angle a in a syn-
chronous motor is ........degrees electrical.

(a) 45

(b) 90

(c) between 45 and 90

(d) below 60

10. A synchronous motor running with normal
excitation adjusts to load increases essentially
by increase in its

(a) power factor

(b) torque angle

(c) back e.m.f.

(d) armature current.

11. When load on a synchronous motor running
with normal excitation is increased, armature
current drawn by it increases because

(a) back e.m.f. Eb becomes less than applied
voltage V

(b) power factor is decreased

(c) net resultant voltage ER in armature is
increased

(d) motor speed is reduced

12. When load on a normally-excited synchronous
motor is increased, its power factor tends to

(a) approach unity

(b) become increasingly lagging

(c) become increasingly leading

(d) remain unchanged.

13. The effect of increasing load on a synchronous
motor running with normal excitation is to

(a) increase both its Ia and p.f.

(b) decrease Ia but increase p.f.

(c) increase Ia but decrease p.f.

(d) decrease both Ia and p.f.

14. Ignoring the effects of armature reaction, if
excitation of a synchronous motor running with
constant load is increased, its torque angle must
necessarily

(a) decrease

(b) increase

(c) remain constant

(d) become twice the no-load value.

15. If the field of a synchronous motor is under-
excited, the power factor will be

(a) lagging (b) leading

(c) unity (d) more than unity

16. Ignoring the effects of armature reaction, if
excitation of a synchronous motor running with
constant load is decreased from its normal
value, it leads to

(a) increase in but decrease in Eb

(b) increase in Eb but decrease in Ia

(c) increase in both Ia and p.f. which is
lagging

(d) increase in both Ia and φ
17. A synchronous motor connected to infinite bus-

bars has at constant full-load, 100% excitation
and unity p.f. On changing the excitation only,
the armature current will have

(a) leading p.f. with under-excitation

(b) leading p.f. with over-excitation

(c) lagging p.f. with over-excitation

(d) no change of p.f.

(Power App.-II, Delhi Univ. Jan 1987)

18. The V -curves of a synchronous motor show
relationship between

(a) excitation current and back e.m.f.

(b) field current and p.f.

(c) d.c. field current and a.c. armature current

(d) armature current and supply voltage.
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19. When load on a synchronous motor is in-
creased, its armature currents is increas- ed pro-
vided it is
(a) normally-excited

(b) over-excited
(c) under-excited

(d) all of the above
20. If main field current of a salient-pole

synchronous motor fed from an infinite bus and
running at no-load is reduced to zero, it would
(a) come to a stop

(b) continue running at synchronous speed
(c) run at sub-synchronous speed

(d) run at super-synchronous speed
21. In a synchronous machine when the rotor speed

becomes more than the synchronous speed
during hunting, the damping bars develop

(a) synchronous motor torque
(b) d.c. motor torque

(c) induction motor torque
(d) induction generator torque

(Power App.-II, Delhi Univ. Jan. 1987)

ANSWERS

  1. d   2. d   3. c   4. b   5. b   6. c   7. b   8. a   9. b 10. d 11. c
12. b 13. c 14. a 15. a 16. d 17. b 18. c 19. d 20. b 21. d 22. d
23. c 24. c

22. In a synchronous motor, the rotor Cu losses are
met by

(a) motor input

(b) armature input

(c) supply lines

(d) d.c. source

23. A synchronous machine is called a doubly-
excited machine because

(a) it can be overexcited

(b) it has two sets of rotor poles

(c) both its rotor and stator are excited

(d) it needs twice the normal exciting current.

24. Synchronous capacitor is

(a) an ordinary static capacitor bank

(b) an over-excited synchronous motor driv-
ing mechanical load

(c) an over-excited synchronous motor run-
ning without mechanical load

(d) none of the above 623

(Elect. Machines, A.M.I.E. Sec. B, 1993)
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39.1. Introduction
This chapter provides a brief introduction to electrical machines which have special applications.

It includes machines whose stator coils are energized by electronically switched currents. The examples
are: various types of stepper motors, brushless d.c. motor and switched reluctance motor etc. There is
also a brief description of d.c./a.c. servomotors, synchro motors and resolvers. These motors are
designed and built primarily for use in feedback control systems.

39.2. Stepper Motors

These motors are also called
stepping motors or step motors. The
name stepper is used because this
motor rotates through a fixed angular
step in response to each input current
pulse received by its controller. In
recent years, there has been wide-
spread demand of stepping motors
because of the explosive growth of
the computer industry. Their
popularity is due to the fact that they
can be controlled directly by
computers, microprocessors and
programmable controllers.

As we know, industrial motors
are used to convert electric energy
into mechanical energy but they cannot be used for precision positioning of an object or precision
control of speed without using closed-loop feedback. Stepping motors are ideally suited for situations
where either precise positioning or precise speed control or both are required in automation systems.

Apart from stepping motors, other devices used for the above purposes are synchros and resolvers
as well as dc/ac servomotors (discussed later).

The unique feature of a stepper motor is that its output shaft rotates in a series of discrete angular
intervals or steps, one step being taken each time a command pulse is received. When a definite
number of pulses are supplied, the shaft turns through a definite known angle. This fact makes the
motor well-suited for open-loop position control because no feedback need be taken from the output
shaft.

Such motors develop torques ranging from 1 µN-m (in a tiny wrist watch motor of 3 mm diameter)
upto 40 N-m in a motor of 15 cm diameter suitable for machine tool applications. Their power output
ranges from about 1 W to a maximum of 2500 W. The only moving part in a stepping motor is its rotor
which has no windings, commutator or brushes. This feature makes the motor quite robust and reliable.

Step Angle
The angle through which the motor shaft rotates for each command pulse is called the step angle

β. Smaller the step angle, greater the number of steps per revolution and higher the resolution or
accuracy of positioning obtained. The step angles can be as small as 0.72º or as large as 90º. But the
most common step sizes are 1.8º, 2.5º, 7.5º and 15º.

The value of step angle can be expressed either in terms of the rotor and stator poles (teeth) Nr
and Ns respectively or in terms of the number of stator phases (m) and the number of rotor teeth.

Stepper Motor
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β =
( )

360º
.
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−
×

or β = 360º 360º
No. of stator phases  No. of rotor teethrm N

=
×

For example, if Ns = 8 and Nr = 6, β = (8 – 6) × 360 / 8 × 6 = 15º
Resolution is given by the number of steps needed to complete one revolution of the rotor shaft.

Higher the resolution, greater the accuracy of positioning of objects by the motor
∴ Resolution = No. of steps / revolution = 360º / β
A stepping motor has the extraordinary ability to operate at very high stepping rates (upto 20,000

steps per second in some motors) and yet to remain fully in synchronism with the command pulses.
When the pulse rate is high, the shaft rotation seems continuous. Operation at high speeds is called
‘slewing’. When in the slewing range, the motor generally emits an audible whine having a fundamental
frequency equal to the stepping rate. If f is the stepping frequency (or pulse rate) in pulses per second
(pps) and β is the step angle, then motor shaft speed is given by

n = β × f / 360 rps = pulse frequency resolution
If the stepping rate is increased too quickly, the motor loses synchronism and stops. Same thing

happens if when the motor is slewing, command pulses are suddenly stopped instead of being
progressively slowed.

Stepping motors are designed to operate for long periods with the rotor held in a fixed position
and with rated current flowing in the stator windings. It means that stalling is no problem for such
motors whereas for most of the other motors, stalling results in the collapse of back emf (Eb) and a
very high current which can lead to a quick burn-out.

Applications :
Such motors are used for operation control in

computer peripherals, textile industry, IC fabrications
and robotics etc. Applications requiring incremental
motion are typewriters, line printers, tape drives,
floppy disk drives, numerically-controlled machine
tools, process control systems and X -Y  plotters.
Usually, position information can be obtained simply
by keeping count of the pulses sent to the motor
thereby eliminating the need for expensive position
sensors and feedback controls. Stepper motors also
perform countless tasks outside the computer
industry. It includes commercial, military and medical
applications where these motors perform such
functions as mixing, cutting, striking, metering,
blending and purging. They also take part in the
manufacture of packed food stuffs, commercial end-
products and even the production of science fiction movies.

Example 39.1.  A hybrid VR stepping motor has 8 main poles which have been castleated to
have 5 teeth each.  If rotor has 50 teeth, calculate the stepping angle.

Solution. Ns = 8 × 5 = 40; Nr = 50
∴ β = (50 − 40) × 360 / 50 × 40 = 1.8º.

Example 39.2.  A stepper motor has a step angle of 2.5º.  Determine (a) resolution (b) number
of steps required for the shaft to make 25 revolutions and (c) shaft speed, if the stepping frequency is
3600 pps.

Connecting a stepper motor to the interface
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Solution.  (a) Resolution = 360º / β = 360º / 2.5º = 144 steps / revolution.

(b) Now, steps / revolution = 144. Hence, steps required for making 25 revolutions = 144 × 25
= 3600.

(c) n = β × f / 360º = 2.5 × 3600 / 360º = 25 rps

39.3. Types of Stepper Motors

There is a large variety of stepper motors which can be divided into the following three basic
categories :

(i) Variable Reluctance Stepper Motor
It has wound stator poles but the rotor poles are made

of a ferromagnetic material as shown in Fig.39.1 (a). It can
be of the single stack type (Fig.39.2) or multi-stack type
(Fig.39.5) which gives smaller step angles. Direction of
motor rotation is independent of the polarity of the stator
current. It is called variable reluctance motor because the
reluctance of the magnetic circuit formed by the rotor and
stator teeth varies with the angular position of the rotor.

(ii) Permanent Magnet Stepper Motor
It also has wound stator poles but its rotor poles are

permanently magnetized. It has a cylindrical rotor as shown
in Fig. 39.1 (b). Its direction of rotation depends on the
polarity of the stator current.

(iii) Hybrid Stepper Motor
It has wound stator poles and permanently-magnetized rotor poles as shown in Fig.39.1(c).  It is

best suited when small step angles of 1.8º, 2.5º etc. are required.

Fig. 39.1

As a variable speed machine, V R motor is sometime designed as a switched-reluctance motor.
Similarly, PM stepper motor is also called variable speed brushless dc motor. The hybrid motor
combines the features of VR stepper motor and PM stepper motor. Its stator construction is similar to
the single-stack VR motor but the rotor is cylindrical and is composed of radially magnetized permanent
magnets. A recent type uses a disc rotor which is magnetized axially to give a small stepping angle
and low inertia.

Permanent magnet stepper motor
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39.4. Variable Reluctance Stepper Motors

Construction : A variable-reluctance motor is constructed from ferromagnetic material with
salient poles as shown in Fig. 39.2. The stator is made from a stack of steel laminations and has six
equally-spaced projecting poles (or teeth) each wound with an exciting coil. The rotor which may be
solid or laminated has four projecting teeth of the same
width as the stator teeth. As seen, there are three
independent stator circuits or phases A , B and C and
each one can be energised by a direct current pulse from
the drive circuit (not shown in the figure).

A simple circuit arrangement for supplying current
to the stator coils in proper sequence is shown in Fig.
39.2 (e). The six stator coils are connected in 2-coil
groups to form three separate circuits called phases.
Each phase has its own independent switch.
Diametrically opposite pairs of stator coils are
connected in series such that when one tooth becomes a N-pole, the other one becomes a S-pole.
Although shown as mechanical switches in Fig. 39.2 (e), in actual practice, switching of phase currents
is done with the help of solid-state control. When there is no current in the stator coils, the rotor is
completely free to rotate. Energising one or more stator coils causes the rotor to step forward (or
backward) to a position that forms a path of least reluctance with the magnetized stator teeth. The step
angle of this three-phase, four rotor teeth motor is β = 360/ 4 × 3 = 30º.

Fig. 39.2

Working.  The motor has following modes of operation :

Variable reluctance motor
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(a) 1-phase-ON or Full-step Operation
Fig. 39.2 (a) shows the position of the rotor when switch S1 has been closed for energising phase

A . A magnetic field with its axis along the stator poles of phase A  is created. The rotor is therefore,
attracted into a position of minimum reluctance with diametrically opposite rotor teeth 1 and 3 lining
up with stator teeth 1 and 4 respectively. Closing S2 and opening S1 energizes phase B causing rotor
teeth 2 and 4 to align with stator teeth 3 and 6 respectively as shown in Fig. 39.2 (b). The rotor rotates
through full-step of 30º in the clockwise (CW) direction. Similarly, when S3 is closed after opening
S2, phase C is energized which causes rotor teeth 1 and 3 to line up with stator teeth 2 and 5 respectively
as shown in Fig. 39.2 (c). The rotor rotates through an additional angle of 30º in the clockwise (CW)
direction. Next if S3 is opened and S1 is closed again, the rotor teeth 2 and 4 will align with stator teeth
4 and 1 respectively thereby making the rotor turn through a further angle of 30º as shown in Fig. 39.2
(d). By now the total angle turned is 90º. As each switch is closed and the preceding one opened, the
rotor each time rotates through an angle of 30º.  By repetitively closing the switches in the sequence
1-2-3-1 and thus energizing stator phases in sequence ABCA etc., the rotor will rotate
clockwise in 30º steps. If the switch sequence is made 3-2-1-3 which makes phase sequence CBAC
(or ACB), the rotor will rotate anticlockwise. This mode of operation is known as 1-phase-ON mode
or full-step operation and is the simplest and widely-used way of making the motor step. The stator
phase switching truth table is shown in Fig. 39.2 (f). It may be noted that the direction of the stator
magnetizing current is not significant because a stator pole of either magnetic polarity will always
attract the rotor pole by inducing opposite polarity.

(b) 2-phase-ON Mode
In this mode of operation, two stator phases are excited simultaneously. When phases A  and B

are energized together, the rotor experiences torques from both phases and comes to rest at a point
mid-way between the two adjacent full-step positions. If the stator phases are switched in the sequence
A B, BC, CA, A B etc., the motor will take full steps of 30º each (as in the 1-phase-ON mode) but its
equilibrium positions will be interleaved between the full-step positions. The phase switching truth
table for this mode is shown in Fig. 39.3 (a).

B C qA

Truth Table No. 2

+

+

0

0

+

+

0

15°

45°

75°

105°

+

0

+

+

2 Phase-ON Mode
AB, BC, CA, AB

B C qA

Truth Table No. 3

0

+

0

0

0

+

+

0

0°

45°

65°

90°

+

0

0

+

Half-Stepping Alternate
1-Phase-On &

2-Phase-on Mode
A, AB, B, BC, C, CA, A

+ 0 30°0

+ 0 15°+

0 + 75°+

A

B

C

A

AB

BC

CA

+

Fig. 39.3

The 2-phase-ON mode provides greater holding torque and a much better damped single-stack
response than the 1-phase-ON mode of operation.
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(c) Half-step Operation

Half-step operation or ‘half-stepping’ can be obtained by exciting the three phases in the
sequence A, AB, B, BC, C etc. i.e. alternately in the 1-phase-ON and 2-phase-ON modes. It is sometime
known as ‘wave’ excitation and it causes the rotor to advance in steps of 15º i.e. half the full-step
angle. The truth table for the phase pulsing sequence in half-stepping is shown in Fig. 39.3 (b).

Half-stepping can be illustrated with the help of Fig. 39.4 where only three successive pulses
have been considered. Energizing only phase A causes the rotor position shown in Fig. 39.4 (a).
Energising phases A and B simultaneously moves the rotor to the position shown in Fig. 39.4 (b)
where rotor has moved through half a step only. Energising only phase B moves the rotor through
another half-step as shown in Fig. 39.4 (c). With each pulse, the rotor moves 30 / 2 = 15º in the CCW
direction.

It will be seen that in half-stepping mode, the step angle is halved thereby doubling the resolution.
Moreover, continuous half-stepping produces a smoother shaft rotation.

q = 0
o 15

o

1 1

1 1
6 6

5 53 3
3 3

2 2

2
2

4 4

4 4

A A

B B

C C
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B¢ B¢
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(a) (b) (c)
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1
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5 3
3

2

2

4

4

A

B

C

A¢

B¢

C¢

A Only A & B
Half-Step Operation

B Only

Fig. 39.4

(d) Microstepping

It is also known as mini-stepping. It utilizes two phases simultaneously as in 2-phase-ON mode
but with the two currents deliberately made unequal (unlike in half-stepping where the two phase
currents have to be kept equal). The current in phase A is held constant while that in phase B is
increased in very small increments until maximum current is reached. The current in phase A is then
reduced to zero using the same very small increments. In this way, the resultant step becomes very
small and is called a microstep. For example, a VR stepper motor with a resolution of 200 steps / rev
(β = 1.8º) can with microstepping have a resolution of 20,000 steps / rev (β = 0.018º). Stepper motors
employing microstepping technique are used in printing and phototypesetting where very fine resolution
is called for.  As seen, microstepping provides smooth low-speed operation and high resolution.

Torque.  If Ia is the d.c. current pulse passing through phase A, the torque produced by it is given
by T = (1 / 2) Ia

2 dL / dθ. VR stepper motors have a high (torque / inertia) ratio giving high rates of
acceleration and fast response. A possible disadvantage is the absence of detent torque which is
necessary to retain the rotor at the step position in the event of a power failure.
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39.5. Multi-stack VR Stepper Motor
So, far, we have discussed single-stack V R motors though multi-stack motors are also available

which provide smaller step angles. The multi-stack motor is divided along its axial length into a
number of magnetically-isolated sections or stacks which can be excited by a separate winding or
phase. Both stator and rotor have the same number of poles. The stators have a common frame while
rotors have a common shaft as shown in Fig. 39.5 (a) which represents a three-stack VR motor. The
teeth of all the rotors are perfectly aligned with respect to themselves but the stator teeth of various
stacks have a progressive angular displacement as shown in the developed diagram of Fig. 39.5 (b)
for phase excitation.

Three-stack motors are most common although motors with upto seven stacks and phases are
available. They have step angles in the range of 2º to 15º. For example, in a six-stack V R motor
having 20 rotor teeth, the step angle β = 360º / 6 × 20 = 3º.

Stack
A

Rotor

Stack
C

Rotor

Stack
B

Rotor

Rotor
Teeth

Stator
Teeth

Stator

iB iCiAA B C

Rotor

Stack
A

Stack
B

Stack
C

(a) (b)

Fig. 39.5

39.6. Permanent-Magnet Stepping
Motor

(a)   Construction.  Its stator construction is
similar to that of the single-stack V R motor
discussed above but the rotor is made of a
permanent-magnet material like magnetically
‘hard’ ferrite. As shown in the Fig. 39.6 (a), the
stator has projecting poles but the rotor is
cylindrical and hasradially magnetized permanent
magnets. The operating principle of such a motor
can be understood with the help of Fig. 39.6 (a)
where the rotor has two poles and the stator has
four poles. Since two stator poles are energized by
one winding, the motor has two windings or phases
marked A  and B.  The step angle of this motor
β = 360º / mNr = 360º / 2 × 2 = 90º or β = (4 − 2)
× 360º / 2 × 4 = 90º. Permanent magnet stepper motor
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Fig. 39.6

(b) Working.  When a particular stator phase is energized, the rotor magnetic poles move into
alignment with the excited stator poles. The stator windings A  and B can be excited with either
polarity current (A + refers to positive current  iA+  in the phase A  and A – to negative current iA −).
Fig.39.6 (a) shows the condition when phase A  is excited with positive current   iA+. Here, θ = 0º.
If excitation is now switched to phase B as in Fig. 39.6 (b), the rotor rotates by a full step of 90º in
the clockwise direction.  Next, when phase A  is excited with negative current  iA

−, the rotor turns
through another 90º in CW direction as shown in Fig. 39.6 (c). Similarly, excitation of phase B with
iB

− further turns the rotor through another 90º in the same direction as shown in Fig. 39.6 (d). After
this, excitation of phase A  with  iA+ makes the rotor turn through one complete revolution of 360º.
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It will be noted that in a permanent-magnet stepper motor, the direction of rotation depends on
the polarity of the phase currents as tabulated below :

 iA+ ;   iB+ ;  iA
− ; iB−; iA+ , ..............

A +; B+; A−; B − ; A +; .................... for clockwise rotation

 iA+ ; iB− ;  iA − ;  iB+ ;  iA+ ; ...........

A +; B −; A −; B+; A +; .................... for CCW rotation

Truth tables for three possible current sequences for producing clockwise rotation are given in
Fig. 39.7. Table No.1 applies when only one phase is energized at a time in 1-phase-ON mode giving
step size of 90º. Table No.2 represents 2-phase-ON mode when two phases are energised simultaneously.
The resulting steps are of the same size but the effective rotor pole positions are midway between the
two adjacent full-step positions. Table No.3 represents half-stepping when 1-phase-ON and 2-phase-
ON modes are used alternately. In this case, the step size becomes half of the normal step or one-
fourth of the pole-pitch (i.e. 90º / 2 = 45º or 180º / 4 = 45º). Microstepping can also be employed
which will give further reduced step sizes thereby increasing the resolution.

(c) Advantages and Disadvantages. Since the permanent magnets of the motor do not require
external exciting current, it has a low power requirement but possesses a high detent torque as compared
to a VR stepper motor. This motor has higher inertia and hence slower acceleration. However, it
produces more torque per ampere stator current than a VR motor.  Since it is difficult to manufacture
a small permanent-magnet rotor with large number of poles, the step size in such motors is relatively
large ranging from 30º to 90º. However, recently disc rotors have been manufactured which are
magnetized axially to give a small step size and low inertia.

Example 39.3.  A single-stack, 3-phase VR motor has a step angle of 15º. Find the number of its
rotor and stator poles.
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Solution. Now, β = 360º / mNr or 15º = 360º / 3 × Nr; ∴  Nr = 8.

For finding the value of Ns, we will use the relation β = (Ns  − Nr) × 360º / Ns . Nr

(i) When Ns > Nr.  Here, β = (Ns − Nr) × 360º / Ns . Nr

or 15º = (Ns − 8) × 360º / 8 Ns ; ∴ Ns = 12
(ii) When Ns < Nr.  Here,15º =  (8 −�Ns) × 360º / 8 Ns; ∴  Ns = 6.

Example 39.4.  A four-stack VR stepper motor has a step angle of 1.8º. Find the number of its
rotor and stator teeth.

Solution.  A four-stack motor has four phases. Hence, m = 4.

∴ 1.8º = 360º / 4 × Nr ; ∴ Nr = 50.
Since in multi-stack motors, rotor teeth equal the stator teeth, hence Ns = 50.

39.7. Hybrid Stepper Motor

(a) Construction. It combines the features of
the variable reluctance and permanent-magnet
stepper motors. The rotor consists of a permanent-
magnet that is magnetized axially to create a pair
of poles marked N and S in Fig. 39.8 (b). Two end-
caps are fitted at both ends of this axial magnet.
These end-caps consist of equal number of teeth
which are magnetized by the respective polarities
of the axial magnet. The rotor teeth of one end-cap
are offset by a half tooth pitch so that a tooth at one
end-cap coincides with a slot at the other. The cross-
sectional views perpendicular to the shaft along
X -X ′ and Y -Y ′ axes are shown in Fig. 39.8 (a) and (c) respectively. As seen, the stator consists of four
stator poles which are excited by two stator windings in pairs. The rotor has five N-poles at one end
and five S-poles at the other end of the axial magnet. The step angle of such a motor is = (5 − 4) × 360º
/ 5 × 4 = 18º.

(a) (b) (c)

B¢ B¢
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S
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N

N N
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B B

A A

Air Gap Stator
Winding

Stator

Outer
Casing

End Cap

Shaft

N

N S
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Fig. 39.8

(b) Working.  In Fig.39.8 (a), phase A is shown excited such that the top stator pole is a S-pole
so that it attracts the top N-pole of the rotor and brings it in line with the A -A ′ axis. To turn the rotor,

Hybrid stepper motor
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phase A  is denergized and
phase B  is excited posi-
tively. The rotor will turn in
the CCW direction by a full
step of 18º.

Next, phase A and B are
energized negatively one
after the other to produce
further rotations of 18º each
in the same direction. The
truth table is shown in Fig.
39.9 (a). For producing
clockwise rotation, the
phase sequence should be
A +; B−; A−; B+; A + etc.

Practical hybrid stepping
motors are built with more
rotor poles than shown in

Fig. 39.9 in order to give higher angular resolution.  Hence, the stator poles are often slotted or
castleated to increase the number of stator teeth. As shown in Fig. 39.9 (b), each of the eight stator
poles has been alloted or castleated into five smaller poles making Ns = 8 × 5 = 40º. If rotor has 50
teeth, then step angle = (50 − 40) × 360º / 50 × 40 = 1.8º. Step angle can also be decreased (and hence
resolution increased) by having more than two stacks on the rotor.

This motor achieves small step sizes easily and with a simpler magnet structure whereas a purely
PM motor requires a multiple permanent-magnet. As compared to VR motor, hybrid motor requires
less excitation to achieve a given torque. However, like a PM motor, this motor also develops good
detent torque provided by the permanent-magnet flux. This torque holds the rotor stationary while the
power is switched off. This fact is quite helpful because the motor can be left overnight without fear
of its being accidentally moved to a new position.

39.8. Summary of Stepper Motors

1. A stepper motor can be looked upon as a digital electromagnetic device where each pulse
input results in a discrete output i.e. a definite angle of shaft rotation. It is ideally-suited for open-loop
operation because by keeping a count of the number of input pulses, it is possible to know the exact
position of the rotor shaft.

2. In a VR motor, excitation of the stator phases gives rise to a torque in a direction which
minimizes the magnetic circuit reluctance. The reluctance torque depends on the square of the phase
current and its direction is independent of the polarity of the phase current. A VR motor can be a
single-stack or multi-stack motor. The step angle β = 360º / mNr where Nr is the number of rotor teeth
and m is the number of phases in the single-stack motor or the number of stacks in the multi-stack
motor.

3. A permanent-magnet stepper motor has a permanently-magnetized cylindrical rotor. The
direction of the torque produced depends on the polarity of the stator current.

4. A hybrid motor combines the features of VR and PM stepper motors. The direction of its
torque also depends on the polarity of the stator current. Its step angle β = 360º / mNr.

5. In the 1-phase ON mode of excitation, the rotor moves by one full-step for each change of
excitation.  In the 2-phase-ON mode, the rotor moves in full steps although it comes to rest at a point
midway between the two adjacent full-step positions.

Fig. 39.9
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6. Half-stepping can be achieved by alternating between the 1-phase-ON and 2-phase-ON modes.
Step angle is reduced by half.

7. Microstepping is obtained by deliberately making two phase currents unequal in the 2-phase-
ON mode.

Tutorial Problems 39.1

1. A stepper motor has a step angle of 1.8º. What number should be loaded into the encoder of its drive
system if it is desired to turn the shaft ten complete revolutions ? [2000]

2. Calculate the step angle of a single-stack, 4-phase, 8/6-pole VR stepper motor. What is its resolution ?
[15º; 24 steps/rev]

3. A stepper motor has a step angle of 1.8º and is driven at 4000 pps. Determine (a) resolution (b)
motor speed (c) number of pulses required to rotate the shaft through 54º.

[(a) 200 steps/rev (b) 1200 rpm (c) 30]
4. Calculate the pulse rate required to obtain a rotor speed of 2400 rpm for a stepper motor having a

resolution of 200 steps/rev. [4000 pps]
5. A stepper motor has a resolution of 500 steps/rev in the 1-phase-ON mode of operation. If it is

operated in half-step mode, determine (a) resolution (b) number of steps required to turn the rotor
through 72º. [(a) 1000 steps/rev (b) 200]

6. What is the required resolution for a stepper motor that is to operate at a pulse frequency of 6000 pps
and a travel 180º in 0.025 s ? [300 steps/rev]

39.9. Permanent-Magnet DC Motor
A permanent-magnet d.c. (PMDC) motor is similar

to an ordinary d.c. shunt motor except that its field is
provided by permanent magnets instead of salient-pole
wound-field structure. Fig. 39.10 (a) shows 2-pole PMDC
motor whereas Fig. 39.10 (b) shows a 4-pole wound-field
d.c. motor for comparison purposes.

(a) Construction
As shown in Fig. 39.10 (a), the permanent magnets of

the PMDC motor are supported by a cylindrical steel stator
which also serves as a return path for the magnetic flux.
The rotor (i.e. armature) has winding slots, commutator
segments and brushes as in conventional d.c. machines.

(a) (b)

Rotor

Parmanent
Magnet

S S

N

N

N S

Fig. 39.10

Permanent magnet DC - motor
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There are three types of permanent magnets used for such motors. The materials used have
residual flux density and high coercivity.

(i) Alnico magnets – They are used in motors having ratings in the range of 1 kW to 150 kW.

(ii) Ceramic (ferrite) magnets – They are much economical in fractional kilowatt motors.

(iii) Rare-earth magnets – Made of samarium cobalt and neodymium iron cobalt which have the
highest energy product. Such magnetic materials are costly but are best economic choice for small as
well as large motors.

Another form of the stator construction is the one in which permanent-magnet material is cast in
the form of a continuous ring instead of in two pieces as shown in Fig. 39.10 (a).

(b) Working

Most of these motors usually run on 6 V, 12 V or 24 V dc supply obtained either from batteries
or rectified alternating current. In such motors, torque is produced by interaction between the axial
current-carrying rotor conductors and the magnetic flux produced by the permanent magnets.

(c) Performance
Fig. 39.11 shows some typical performance

curves for such a motor. Its speed-torque curve is a
straight line which makes this motor ideal for a
servomotor. Moreover, input current increases
linearly with load torque. The efficiency of such
motors is higher as compared to wound-field dc
motors because, in their case, there is no field Cu
loss.

(d) Speed Control
Since flux remains constant, speed of a PMDC motor
cannot be controlled by using Flux Control Method
(Art 33.2). The only way to control its speed is to
vary the armature voltage with the help of an
armature rheostat (Art 33.2) or electronically by
using x-choppers. Consequently, such motors are
found in systems where speed control below base
speed only is required.

(e) Advantages
(i) In very small ratings, use of permanent-magnet excitation results in lower manufacturing

cost.

(ii) In many cases a PMDC motor is smaller in size than a wound-field d.c. motor of equal
power rating.

(iii) Since field excitation current is not required, the efficiency of these motors is generally
higher than that of the wound-field motors.

(iv) Low-voltage PMDC motors produce less air noise.

(v) When designed for low-voltage (12 V or less) these motors produced very little radio
and TV interference.

(f) Disadvantages
(i) Since their magnetic field is active at all times even when motor is not being used, these

motors are made totally enclosed to prevent their magnets from collecting magnetic
junk from neighbourhood. Hence, as compared to wound-field motors, their temperature

Fig. 39.11
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tends to be higher. However, it may not be much of a disadvantage in situations where
motor is used for short intervals.

(ii) A more serious disadvantage is that the permanent magnets can be demagnetized by
armature reaction mmf causing the motor to become inoperative. Demagnetization can
result from (a) improper design (b) excessive armature current caused by a fault or
transient or improper connection in the armature circuit (c) improper brush shift and
(d) temperature effects.

(g) Applications
(i) Small, 12-V PMDC motors are used for driving automobile heater and air conditioner

blowers, windshield wipers, windows, fans and radio antennas etc. They are also used
for electric fuel pumps, marine engine starters, wheelchairs and cordless power tools.

(ii) Toy industry uses millions of such motors which are also used in other appliances such
as the toothbrush, food mixer, ice crusher, portable vacuum cleaner and shoe polisher
and also in portable electric tools such as drills, saber saws and hedge trimmers etc.

39.10. Low-inertia DC Motors

These motors are so designed as to make their armature mass very low. This permits them to
start, stop and change direction and speed very quickly making them suitable for instrumentation
applications. The two common types of low-inertia motors are (i) shell-type motor and (ii) printed-
circuit (PC) motor.

39.11. Shell-type Low-intertia DC Motor

Its armature is made up of flat aluminium or copper coils bonded together to form a hollow
cylinder as shown in Fig. 39.12.  This hollow cylinder is not attached physically to its iron core which
is stationary and is located inside the shell-type rotor.  Since iron does not form part of the rotor, the
rotor inertia is very small.

(a)
(b)

Stationary
Magnets

Stationary
Iron Core

Shell
Armature

Commutator

Fig. 39.12

39.12. Printed-circuit (Disc) DC Motor
(a) Constructional Details
It is a low-voltage dc motor which has its armature (rotor) winding and commutator printed on a

thin disk of non-magnetic insulating material.  This disk-shaped armature contains no iron and etched-
copper conductors are printed on its both sides.  It uses permanent magnets to produce the necessary
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magnetic field.  The magnetic circuit is completed through the flux-return plate which also supports
the brushes. Fig. 39.13 shows an 8-pole motor having wave-wound armature.  Brushes mounted in an
axial direction bear directly on the inner parts of the armature conductors which thus serve as a

commutator.  Since the number of
armature conductors is very large, the
torque produced is uniform even at low
speeds.  Typical sizes of these motors are
in the fractional and subfractional
horsepower ranges.  In many
applications, acceleration from zero to a
few thousand rpm can be obtained within
10 ms.
      (b)  Speed Control
The speed can be controlled by varying
either the applied armature voltage or
current. Because of their high efficiency,
fan cooling is not required in many

applications. The motor brushes require periodic inspection and replacement. The rotor disk which
carries the conductors and commutator, being
very thin, has a limited life. Hence, it requires
replacing after some time.

(c) Main Features
The main features of this motor are

(i) very low-inertia (ii) high overload current
capability (iii) linear speed-torque
characteristic (iv) smooth torque down to
near-zero speed (v) very suitable for direct-
drive control applications (vi) high torque/
inertia ratio.

(d) Advantages
(i) High efficiency (ii) Simplified

armature construction (iii) Being of low-
voltage design, produces minimum of radio
and TV interference.

(e) Disadvantages
(i) Restricted to low voltages only

(ii) Short armature life (iii) Suited for inter-
mittent duty cycle only because motor
overheats in a very short time since there is
no iron to absorb excess heat (v) liable to burn
out if stalled or operated with the wrong
supply voltage.

(f ) Applications
These low-inertia motors have been

developed specifically to provide high
performance characteristics when used in
direct-drive control applications.  Examples
are :

Printed Circuit
Armature

Brushes

Magnets

Fig. 39.13

Low voltage DC motor
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(i) high speed paper tape readers (ii) oscillographs (iii) X -Y  recorders (iv) layer winders
(v) point-to-point tool positioners i.e. as positioning servomotors (vi) with in-built optical position
encoder, it competes with stepping motor (vii) in high rating is being manufactured for heavy-duty
drives such as lawn mowers and battery-driven vehicles etc.

39.13. Permanent-Magnet Synchronous Motors

(a) Construction and Performance
Such motors have a cage rotor having rare-earth permanent magnets instead of a wound field.

Such a motor starts like an induction motor when fed from a fixed-frequency supply. A typical 2-pole
and 4-pole surface-mounted versions of the rotor are shown in Fig. 39.14. Since no d.c. supply is
needed for exciting the rotor, it can be made more robust and reliable. These motors have outputs
ranging from about 100 W upto 100 kW. The maximum synchronous torque is designed to be around

(a)
(b)

N

S

Parmanent
Magnets

Fig. 39.14

150 per cent of the rated torque. If loaded beyond this point, the motor loses synchronism and will run
either as an induction motor or stall.

These motors are usually designed for direct-on-line (DOL) starting. The efficiency and power
factor of the permanent-magnet excited synchronous motors are each 5 to 10 points better than their
reluctance motor counterparts.

(b) Advantages
Since there are no brushes or slip-

rings, there is no sparking. Also, brush
maintenance is eliminated. Such motors can
pull into synchronism with inertia loads of
many times their rotor inertia.

(c) Applications
These motors are used where precise

speed must be maintained to ensure a
consistent product. With a constant load,
the motor maintains a constant speed. Permanent magnetic synchronous motor
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Hence, these motors are used for synthetic-fibre drawing where constant speeds are absolutely essential.

39.14. Synchros

It is a general name for self-synchronizing machines which, when electrically energized and
electrically interconnected, exert torques which cause two mechanically independent shafts either to
run in synchronism or to make the rotor of one unit follow the rotor position of the other. They are
also known by the trade names of selsyns and autosyns. Synchros, in fact, are small cylindrical motors
varying in diameter from 1.5 cm to 10 cm depending on their power output. They are low-torque
devices and are widely used in control systems for transmitting shaft position information or for
making two or more shafts to run in synchronism. If a large device like a robot arm is to be positioned,
synchros will not work. Usually, a servomotor is needed for a higher torque.

39.15. Types of Synchros

There are many types of synchros but the four basic types used for position and error-voltage
applications are as under :

(i) Control Transmitter (denoted by
CX) – earlier called generator (ii) Control
Receiver (CR) – earlier called motor
(iii) Control-Transformer (CT) and
(iv) Control Differential (CD). It may be
further subdivided into control differential
transmitter (CDX) and control differential
receiver (CDR).

All of these synchros are single-phase
units except the control differential which
is of three-phase construction.

(a) Constructional Features

1. Control Transmitter

Its constructional details are shown in Fig. 39.15 (a). It has a three-phase stator winding similar
to that of a three-phase synchronous generator. The rotor is of the projecting-pole type using dumbell
construction and has a single-phase winding. When a single-phase ac voltage is applied to the rotor
through a pair of slip rings, it produces an alternating flux field along the axes of the rotor. This
alternating flux induces three unbalanced single phase/voltage in the three stator windings by
transformer action. If the rotor is aligned with the axis of the stator winding 2, flux linkage of this
stator winding is maximum and this rotor position is defined as the electrical zero. In Fig. 39.15 (b),
the rotor axis is displaced from the electrical zero by an angle displaced 120º apart.

(b) Control Receiver (CR)

Its construction is essentially the same as that of the control transmitter shown in Fig. 39.15 (a).
It has three stator windings and a single-phase salient-pole rotor. However, unlike a CX, a CR has a
mechanical viscous damper on the shaft which permits CR rotor to respond without overshooting its
mark. In normal use, both the rotor and stator windings are excited with single-phase currents. When
the field of the rotor conductors interacts with the field of the stator conductors, a torque is developed
which produces rotation.

Synchros
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Fig. 39.15

(c) Control Transformer (CT)

As shown in Fig. 39.15 (b) its stator has a three-phase winding whereas the cylindrical rotor has
a single-phase winding. In this case, the electrical zero is defined as that position of the rotor that
makes the flux linkage with winding 2 of the stator zero. This rotor position has been shown in
Fig. 39.15 (b) and is different from that of a control transmitter.

(d) Control Differential (CD)
The differential synchro has a balanced three-phase distributed winding in both the stator and the

rotor. Moreover, it has a cylindrical rotor as shown in Fig. 39.16 (a). Although three-phase windings
are involved, it must be kept in mind that these units deal solely with single-phase voltages. The three
winding voltages are not polyphase voltages. Normally, the three-phase voltages are identical in
magnitude but are separated in phase by 120º. In synchros, these voltages are in phase but differ in
magnitude because of their physical orientation.
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Fig. 39.16

(e) Voltage Relations
Consider the control transmitter shown in Fig. 39.17. Suppose that its rotor winding is excited by

a single-phase sinusoidal ac voltage of rms value Er and that rotor is held fast in its displaced position
from the electrical zero. If K = stator turns / rotor turns, the rms voltage induced in the stator winding
is E = KEr. However, if we assume K = 1, then E = Er.

The rms value of the induced emf in stator
winding 2 when the rotor displacement is ‘a’ is given
by

E2 s = Er cos α.
Since the axis of the stator winding 1 is located

120º ahead of the axis of winding 2, the rms value of
the induced emf in this winding is

E1s = Er cos (α − 120º).
In the same way since winding 3 is located behind

the axis of winding 2 by 120º, the expression for the
induced emf in winding 3 becomes

E3s = Er cos (α + 120º).
We can also find the values of terminal induced

voltages as
E12 = E1s + Es2 = E1s − E2s

= Er cos α cos 120º + Er sin α sin 120º − Er cos α

= Er 
3 3cos sin
2 2

 − α + α  

= ( )1 13 cos sin
2 2rE − α + α

= 3  Er cos (α − 150º)
E23 = E2 s + Es3 = E2 s − E3s

= 3 3 3 13 3 cos ( 30º )cos sin cos sin
2 2 2 2r r rE E E   = = α −α + α α + α      

E31 = E3 s + Es1 = E3s − E1s

= Er cos (α + 120º) − Er cos (α − 120º)

= − 3  Er sin α = 3  Er cos (α + 90º)

Fig. 39.17
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Example 39.5.  The rotor of a control transmitter (CX) is excited by a single-phase ac voltage of
rms value 20 V.  Find the value of E1s, E2s and E3s  for rotor angle α = + 40º and − 40º. Assume the
stator/rotor turn ratio as unity.  Also,  find the values of terminal voltages when α = + 30º.

Solution. Since K = 1, the voltage relations derived in will be used.

(a) α = + 40º

E2s = Er cos α = 20 cos 40º = 15.3 V

E1s = Er cos (α − 120º) = 20 cos (40º − 120º) = 3.5 V

E3s = Er cos (α + 120º) = 20 cos 160º = −−−−− 18.8 V
(b) α = − 40º

E2s = 20 cos (− 40º) = 15.3 V

E1s = 20 cos (− 40º − 120º) = 20 cos (− 160º) = − 18.8 V

E3s = 20 cos (− 40º + 120º) = 20 cos 80º = 3.5 V

(c) E12 = 3  × 20 × cos (30º − 150º) = − 17.3 V

E23 = 3  Er cos (α − 30º) = 3 Er cos (30º− 30º) = 34.6 V

E31 = 3 Er cos (α + 90º) = 3  × 20 × cos (30º + 90º) = −−−−− 17.3 V

39.16. Applications of Synchros

The synchros are extensively used in servomechanism for torque transmission, error detection
and for adding and subtracting rotary angles. We will consider these applications one by one.

(a) Torque Transmission

Synchros are used to transmit torque over a long distance without the use of a rigid mechanical
connection. Fig. 39.18 represents an arrangement for maintaining alignment of two distantly-located
shafts. The arrangement requires a control transmitter (CX) and a control receiver (CR) which acts as
a torque receiver. As CX is rotated by an angle α, CR also rotates through the same angle α. As
shown, the stator windings of the two synchros are connected together and their rotors are connected
to the same single-phase ac supply.

Working.  Let us suppose that CX rotor is displaced by an angle α and switch S W1 is closed to
energize the rotor winding. The rotor winding flux will induce an unbalanced set of three single-phase
voltages (in time phase with the rotor voltage) in the CX stator phase windings which will circulate
currents in the CR stator windings. These currents produce the CR stator flux field whose axis is fixed
by the angle α. If the CR rotor winding is now energized by closing switch S W2, its flux field will
interact with the flux field of the stator winding and thereby produce a torque. This torque will rotate
the freely-moving CR rotor to a position which exactly corresponds with the CT rotor i.e. it will be
displaced by the same angle α as shown in Fig. 39.18. It should be noted that if the two rotors are in
the same relative positions, the stator voltages in the two synchros will be exactly equal and opposite.
Hence, there will be no current flow in the two stator windings and so no torque will be produced and
the system will achieve equilibrium. If now, the transmitter rotor angle changes to a new value, then
new set of voltages would be induced in the transmitter stator windings which will again drive
currents through the receiver stator windings. Hence, necessary torque will be produced which will
turn the CR rotor through an angle corresponding to that of the CT rotor. That is why the transmitter
rotor is called the master and the receiver rotor as the slave, because it follows its master. It is worth
noting that this master-slave relationship is reversible because when the receiver rotor is displaced
through a certain angle, it causes the transmitter rotor to turn through the same angle.

www.EngineeringBooksPdf.com



1556 Electrical Technology

a a

S1

SW1 SW2

S1
S3 S3

S2

S2

CX
CR

Control
Lines

1-f
AC Supply

Fig. 39.18

(b) Error Detection
Synchros are also used for error detection in a servo control system. In this case, a command in

the form of a mechanical displacement of the CX rotor is converted to an electrical voltage which
appears at the CT rotor winding terminals which can be further amplified by an amplifier.

For this purpose, we require a CX synchro and a CT synchro as shown in Fig. 39.19. Only the CX
rotor is energized from the single-phase ac voltage supply which produces an alternating air-gap flux
field. This time-varying flux field induces voltages in the stator windings whose values for α = 30º are
as indicated in the Fig. 39.19. The CX stator voltages supply magnetizing currents in the CT stator

a

S1 S1S3
S3

S2 S2

++
0

0

3
2

3
2

Er

Er

1-f
AC Supply

CX CT

F

Fig. 39.19

windings which, in turn, create an alternating flux field in their own air-gap. The values of the CT
stator phase currents are such that the air-gap flux produced by them induces voltages that are equal
and opposite to those existing in the CX stator. Hence, the direction of the resultant flux produced by
the CX stator phase currents is forced to take a position which is exactly identical to that of the rotor
axis of the CT.

If the CT rotor is assumed to be held fast in its electrical zero position as shown in Fig.39.19, then
the rms voltage induced in the rotor is given by E = Emax sin α, where Emax is the maximum voltage
induced by the CT air-gap flux when coupling with the rotor windings is maximum and α is the
displacement angle of the CT rotor.
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In general, the value of the rms voltage induced in the CT rotor winding when the displacement
of the CX rotor is αx and that of the CT rotor is αT is given by

E = Emax sin (αx − αT)

39.17. Control Differential Transmitter

It can be used to produce a rotation equal to the sum of difference of the rotations of two shafts.
The arrangement for this purpose is shown in Fig. 39.20 (a). Here, a CDX is coupled to a control
transmitter on one side and a control receiver on the other. The CX and CR rotor windings are energized
from the same single-phase voltage supply.

Fig. 39.20

It has two inputs : Mechanical θ and Electrical φ and the output is Machnical (θ − φ).  The
mechanical input (θ) to CX is converted and applied to the CDX stator. With a rotor input (φ), the
electrical output of the CDX is applied to the CR stator which provides the mechanical output (θ − φ).

As shown in Fig. 39.20 (b), if any two stator connections between CX and CDX are transposed,
the electrical input from CX to CDX becomes −θ, hence the output becomes (−θ − φ) = − (θ + φ).

39.18. Control Differential Receiver

In construction, it is similar to a CDX but it accepts two electrical input angles and provide the
difference angle as a mechanical output (Fig. 39.21).

The arrangement consists of two control transmitters coupled to a CDR. The two control
transmitters provide inputs to the CDX, one (θ) to the stator and the other (φ) to the rotor. The CDX
output is the difference of the two inputs i.e. (θ − φ).
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Switched reluctance motor
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39.19. Switched Reluctance Motor

The switched reluctance (SR) motor operates on the same basic principle as a variable reluctance
stepper motor (Art. 39.4).

(a) Construction

Unlike a conventional synchronous motor, both the rotor and stator of a SR motor have salient
poles as shown in Fig. 39.22. This doubly-salient arrangement is very effective for electromagnetic
energy conversion.

The stator carries coils on each pole, the coils on opposite poles being connected in series. The
eight stator coils shown in Figure are grouped to form four phases which are independently energized
from a four-phase converter. The laminated rotor has no windings or magnets and is, therefore cheap
to manufacture and extremely robust. The motor shown in Fig. 39.22 has eight stator poles and six
rotor poles which is a widely-used arrangement although other pole combinations (like 6/4 poles) are
used to suit different applications.

(b) Working

Usual arrangement is to energize stator coils
sequentially with a single pulse of current at high
speed.  However, at starting and low speed, a

current-chopper type control is used to limit the
coil current.

1

2

3

4

1¢

4¢

3¢

2¢

Fig. 39.22
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The motor rotates in the anticlockwise direction when the stator phases are energized in the
sequence 1, 2, 3, 4 and in clockwise direction when energized in the sequence 1, 4, 3, 2. When the
stator coils are energized, the nearest pair of rotor poles is pulled into alignment with the appropriate
stator poles by reluctance torque.

Closed-loop control is essential to optimize the switching angles of the applied coil voltages.
The stator phases are switched by signals derived from a shaft-mounted rotor position detectors such
as Hall-effect devices or optical sensors Fig. (39.23). This causes the behaviour of the SR motor to
resemble that of a dc motor.

Fig. 39.23

(c) Advantages and Disadvantages
Although the newest arrival on the drives scene, the SR motor offers the following advantages:
(i) higher efficiency (ii) more power per unit weight and volume (iii) very robust because rotor

has no windings or slip rings (iv) can run at very high speed (upto 30,000 rpm) in hazardous
atmospheres (v) has versatile and flexible drive features and (vi) four-quadrant operation is possible
with appropriate drive circuitry.

However, the drawbacks are that it is (i) relatively unproven (ii) noisy and (iii) not well-suited for
smooth torque production.

(d) Applications
Even though the SR technology is still in its infancy, it has been successfully applied to a wide

range of applications such as (i) general purpose industrial drives (ii) traction (iii) domestic appliances
like food processors, vacuum cleaners and washing machines etc., and (iv) office and business
equipment.

39.20. Comparison between VR Stepper Motor and SR Motor

VR Stepper Motor                  SR Motor

1. It rotates in steps. It is meant for continuous rotation.

2. It is designed first and foremost for Closed-loop control is essential for its

open-loop operation. optimal working.

3. Its rotor poles are made of ferromagnetic Its rotor poles are also made of ferromagnetic

material. material.

4. It is capable of half-step operation It is not designed for this purpose.

and microstepping.

5. Has low power rating. Has power ratings upto 75 kW (100 hp).

6. Has lower efficiency. Has higher overall efficiency.
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39.21. The Resolver

In many ways, it is similar to a synchro but differs from it in the following respects : (i) Electrical
displacement between stator windings is 90º and not 120º (ii) It has two stator windings and two rotor
windings (Fig. 39.24) (iii) Its input can be either to the stator or to the rotor (iv) They are usually not
used as followers because their output voltage is put to further use.

S1

S4

S2
R3

R1

R2

R4

Stator

S3

(a)

S1

S2

S1

R3 R4

R2

R1

S2

(b)

Fig. 39.24
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(a) Construction

The main constructional features and the symbol for a resolver are shown in Fig. 39.24. There
are two stator windings which are wound 90º apart.  In most applications, only one stator winding is
used, the other being short-circuited.  The two rotor winding connections are brought out through slip
rings and brushes.

(b) Applications

Resolvers find many applications in navigation and height determination as shown in Fig. 39.25
(a) and (c) where Fig. 39.25 (b) provides the key.

(i) Navigation Application

As shown in Fig. 39.25 (a), the purpose is to determine the distance D to the destination. Suppose
the range R to a base station as found by a radar ranging device is 369 km. The angle θ is also
determined directly. If the amplifier scale is 4.5 V per 100 km, the range would be represented by
369 × (4.5 / 100) = 16.6 V. Further suppose that angle θ is found to be 52.5º. Now, set the resolver at
52.5º and apply 16.6 V to rotor terminals R3 R4. The voltage which appears at terminals S1 S2 represents
D. If we assume K = stator turns / rotor turns = 1, the voltage available at S1 S2 will be = 16.6 / cos
52.5º = 16.6 / 0.6088 = 27.3 V. Since 4.5 V represents 100 km, 27.3 V represents 27.3 × 100 / 4.5 =
607 km.

(ii) Height Determination

Suppose the height H of a building is to be found. First of all, the oblique distance D to the top of
the building is found by a range finder. Let D = 210 m and the scale of the amplifier to the resolver
stator be 9 V per 100 m. The equivalent voltage is 9 × 210 / 100 = 18.9 V. This voltage is applied to
stator terminals is S1 S2 of the resolver. Suppose the angle θ read from the resolver scale is 61.3º. The
height of the building is given in the form of voltage which appears across the rotor terminals R1 R2.
Assuming stator / rotor turn ratio as unity and the same amplifier ratio for the rotor output, the voltage
across R1 R2 = 18.9 × sin 61.3º = 16.6 V.  Hence, H = 16.6 × 100 / 9 = 184 m. It would be seen that in
using the resolver, there is no need to go through trigonometric calculations because the answers
come out directly.

Fig. 39.25
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DC servo motor

39.22. Servomotors

They are also called control motors and have high-torque capabilities. Unlike large industrial
motors, they are not used for continuous energy conversion but only for precise speed and precise
position control at high torques. Of course, their basic principle of operation is the same as that of
other electromagnetic motors. However, their construction, design and mode of operation are different.
Their power ratings vary from a fraction of a watt upto a few 100 W. Due to their low-inertia, they
have high speed of response. That is why they are smaller in diameter but longer in length. They
generally operate at vary low speeds or sometimes zero speed. They find wide applications in radar,
tracking and guidance systems, process controllers, computers and machine tools. Both dc and a.c.
 (2-phase and 3-phase) servomotors are used at present.

Servomotors differ in application capabilities from large industrial motors in the following
respects :

1. They produce high torque at all speeds including zero speed.

2. They are capable of holding a static (i.e. no motion) position.

3. They do not overheat at standstill or lower speeds.

4. Due to low-inertia, they are able to reverse directions quickly.

5. They are able to accelerate and deaccelerate quickly.

6. They are able to
return to a given position time
after time without any drift.

These motors look like
the usual electric motors.
Their main difference from
industrial motors is that more
electric wires come out of
them for power as well as for
control.  The servomotor
wires go to a controller and
not to the electrical line
through contactors.  Usually,
a tachometer (speed indicating
device) is mechanically
connected to the motor shaft.
Sometimes, blower or fans
may also be attached for
motor cooling at low speeds.

39.23. DC Servomotors

These motors are either separately-excited dc motors or permanent-magnet dc motors. The
schematic diagram of a separately-excited d.c. motor alongwith its armature and field MMFs and
torque/speed characteristics is shown in Fig. 39.26.  The speed of d.c. servomotors is normally
controlled by varying the armature voltage.  Their armature is deliberately designed to have large
resistance so that torque-speed characteristics are linear and have a large negative slope as shown in
Fig. 39.26 (c).  The negative slope serves the purpose of providing the viscous damping for the servo
drive system.
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As shown in Fig. 39.26 (b), the armature m.m.f.
and excitation field mmf are in quadrature. This
fact provides a fast torque response because
torque and flux become decoupled.
Accordingly, a step change in the armature
voltage or current produces a quick change in
the position or speed of the rotor.

39.24. AC Servomotors

Presently, most of the ac servomotors are
of the two-phase squirrel-cage induction type
and are used for low power applications.
However, recently three-phase induction
motors have been modified for high power
servo systems which had so far been using high
power d.c. servomotors.

(a) Two-phase AC Servomotor
Such motors normally run on a frequency of 60 Hz or 400 Hz (for airborne systems). The stator

has two distributed windings which are displaced from each other by 90º (electrical). The main

Permanent magnet stepper motor
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HighRotor
Resistance
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Fig. 39.27

winding (also called the reference or fixed phase) is supplied from a constant voltage source, V m ∠ 0º
(Fig. 39.27). The other winding (also called the control phase) is supplied with a variable voltage of
the same frequency as the reference phase but is phase-displaced by 90º (electrical). The control-
phase voltage is controlled by an electronic controller. The speed and torque of the rotor are controlled
by the phase difference between the main and control windings. Reversing the phase difference from
leading to lagging (or vice-versa) reverses the motor direction.
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Since the rotor bars have high resistance, the torque-speed characteristics for various armature
voltages are almost linear over a wide speed range particularly near the zero speed.  The motor
operation can be controlled by varying the voltage of the main phase while keeping that of the reference
phase constant.

(b) Three-phase AC Servomotors
A great deal of research has been to modify a three-phase squirrel-cage induction motor for use

in high power servo systems. Normally, such a motor is a highly non-linear coupled-circuit device.
Recently, this machine has been operated successfully as a linear decoupled machine (like a d.c.
machine) by using a control method called vector control or field oriented control.  In this method,
the currents fed to the machine are controlled in such a way that its torque and flux become decoupled
as in a dc machine.  This results in a high speed and a high torque response.

OBJECTIVE TESTS – 39

1. A single-stack, 4-phase, 6-pole VR stepper
motor will have a step angle of
(a) 15º

(b) 30º

(c) 45º

(d) 90º
2. In a three-stack 12/8-pole VR motor, the rotor

pole pitch is

(a) 15º
(b) 30º

(c) 45º

(d) 60º
3. A three-stack VR stepper motor has a step angle

of 10º.  What is the number of rotor teeth in
each stack ?

(a) 36
(b) 24

(c) 18

(d) 12

4. If a hybrid stepper motor has a rotor pitch of
36º and a step angle of 9º, the number of its
phases must be

(a) 4
(b) 2

(c) 3

(d) 6

5. What is the step angle of a permanent-magnet
stepper motor having 8 stator poles and 4 rotor
poles ?

(a) 60º
(b) 45º

(c) 30º

(d) 15º

6. A stepping motor is a .................. device.

(a) mechanical

(b) electrical

(c) analogue

(d) incremental

7. Operation of stepping motors at high speeds is
referred to as

(a) fast forward

(b) slewing

(c) inching

(d) jogging

8. Which of the following phase switching
sequence represents half-step operation of a VR
stepper motor ?

(a) A, B, C, A .......................

(b) A, C, B, A .......................

(c) AB, BC, CA, AB .......................

(d) A, AB, B, BC .......................

9. The rotational speed of a given stepper motor
is determined solely by the

(a) shaft load

(b) step pulse frequency

(c) polarity of stator current

(d) magnitude of stator current.

10. A stepper motor may be considered as a
.................. converter.

(a) dc to dc

(b) ac to ac

(c) dc to ac

(d) digital-to-analogue

11. The rotor of a stepper motor has no
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(a) windings

(b) commutator

(c) brushes
(d) all of the above.

12. Wave excitation of a stepper motor results in

(a) microstepping

(b) half-stepping
(c) increased step angle

(d) reduced resolution.

13. A stepper motor having a resolution of 300
steps/rev and running at 2400 rpm has a pulse
rate of— pps.

(a) 4000

(b) 8000
(c) 6000

(d) 10,000

14. The torque exerted by the rotor magnetic field
of a PM stepping motor with unexcited stator
is called ..................torque.

(a) reluctance

(b) detent
(c) holding

(d) either (b) or (c)

15. A variable reluctance stepper motor is
constructed of .................. material with
salient poles.

(a) paramagnetic

(b) ferromagnetic
(c) diamagnetic

(d) non-magnetic

16. Though structurally similar to a control
transmitter, a control receiver differs from it in
the following way :

(a) it has three-phase stator winding

(b) it has a rotor of dumbell construction
(c) it has a mechanical damper on its shaft

(d) it has single-phase rotor excitation.

17. The control ........................ synchro has three-
phase winding both on its stator and rotor.
(a) differential

(b) transformer

(c) receiver
(d) transmitter

18. Regarding voltages induced in the three stator
windings of a synchro, which statement is
false ?
(a) they depend on rotor position.

(b) they are in phase.

(c) they differ in magnitude.

(d) they are polyphase voltages.

19. The low-torque synchros cannot be used for
(a) torque transmission

(b) error detection

(c) instrument servos
(d) robot arm positioning.

20. Which of the following synchros are used for
error detection in a servo control system ?

(a) control transmitter
(b) control transformer

(c) control receiver

(d) both (a) and (b).
21. For torque transmission over a long distance

with the help of electrical wires only, which of
the following two synchros are used ?

(a) CX and CT

(b) CX and CR

(c) CX and CD

(d) CT and CD.

22. The arrangement required for producing a
rotation equal to the sum or difference of the
rotation of two shafts consists of the following
coupled synchros.
(a) control transmitter

(b) control receiver

(c) control differential transmitter

(d) all of the above.
23. Which of the following motor would suit

applications where constant speed is absolutely
essential to ensure a consistent product ?
(a) brushless dc motor

(b) disk motor

(c) permanent-magnet synchronous motor

(d) stepper motor.
24. A switched reluctance motor differs from a V R

stepper motor in the sense that it

(a) has rotor poles of ferromagnetic material
(b) rotates continuously

(c) is designed for open-loop operation only

(d) has lower efficiency.

25. The electrical displacement between the two
stator windings of a resolver is

(a) 120º

(b) 90º
(c) 60º

(d) 45º.
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26. Which of the following motor runs from a low
dc supply and has permanently magnetized
salient poles on its rotor ?

(a) permanent-magnet d.c. motor

(b) disk d.c. motor

(c) permanent-magnet synchronous motor
(d) brushless d.c. motor.

27. A dc servomotor is similar to a regular d.c.
motor except that its design is modified to cope
with
(a) electronic switching

(b) slow speeds

(c) static conditions
(d) both (b) and (c).

28. One of the basic requirements of a servomotor
is that it must produce high torque at all

(a) loads
(b) frequencies

(c) speeds

(d) voltages.
29. The most common two-phase ac servomotor

differs from the standard ac induction motor
because it has

(a) higher rotor resistance

(b) higher power rating

(c) motor stator windings

(d) greater inertia.

30. Squirrel-cage induction motor is finding
increasing application in high-power servo
systems because new methods have been found
to

(a) increase its rotor resistance

(b) control its torque

(c) decrease its intertia

(d) decouple its torque and flux.

QUESTIONS AND ANSWERS ON SPECIAL MACHINES

ANSWERS

1. a   2. c   3. d   4. a   5. b   6. d   7. b  8. d   9. b   10. d   11. d   12. b   13. c   14. d   15. b  16. c
17. a   18. d   19. d   20. d   21. b   22. d   23. c  24. b   25. b   26. a   27. d   28. c   29. a   30. d.

Q.1. Do stepper motors have internal or external fans ?

Ans. No. Because the heat generated in the stator winding is conducted through the stator
iron to the case which is cooled by natural conduction, convection and radiation.

Q.2. Why do hybrid stepping motors have many phases sometime more than six ?

Ans. In order to obtain smaller step angles.

Q.3. Any disadvantage(s) of having more phases?

Ans. Minor ones are: more leads have to be brought out from the motor, more
interconnections are required to the drive circuit and more switching devices are needed.

Q.4. What is the main attraction of a multi-stack VR stepper motor ?

Ans. It is well-suited to high stepping rates.

Q.5. You are given a V R motor and a hybrid stepper motor which look exactly similar.
How would you tell which is which ?

Ans. Spin the rotor after short-circuiting the stator winding. If there is no mechanical
resistance to rotation, it is a V R motor and if there is resistance, then it is a hybrid motor.
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Q.6. How do you explain it ?
Ans. Since V R motor has magnetically neutral rotor, it will not induce any e.m.f. in the short-

circuited winding i.e. the machine will not act as a generator and hence experience no drag on its
rotation. However, the rotor of a hybrid motor has magnetic poles, hence it will act as a generator
and so experience a drag.

Q.7. Will there be any harm if the rotor of a hybrid stepper motor is pulled out of its
stator ?

Ans. Yes. The rotor will probably become partially demagnetized and, on reassembling, will
give less holding torque.
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